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Abstract: It is shown that a state carrying an "electrie" charge which can be
determined with the help of Gauss' law cannot be an eigenstate of the mass ope-

rator.

There is ample evidence, both from the study of exactly soluble modelg and
from more abstract arguments, that particles carrying an electric charge are
inevitably accompanied by clouds of soft photons, and therefore cannot be des-
cribed by eigenstates of the mass operator. {For a review of this "infraparticle
problen” cf. [1].) It is the aim of the present letter to provide a general argu-

ment which traces back this fact to its very origin: Gauss' law.

1, If one wants to determire the electric charge of a physical state with

‘the help of Gsauss' law one must be able to measure the spacelike asymptotic electro-—

magnetic field of this state with sufficient precision, Let us Ffirst discuss how
this regquirement can be expressed in terms of a simple condition which must be
satisfied by the vectors describing such states, To this end we consider the -

smoothed-out electromagnetic field operators

Pl = [l 0[5} F o, ()

where Q is an arbitrary real testfunction which has compact support in the space-
11ke complemant of the origiﬁ of Minkowski space, and R>(0 is a scaling parameter.
As R increases, the electromagnetic field in (1) is mveraged over regions whose
diameter and spacelike distance from the origin grows like R, and this average

is rescaled by the factor RHZ according to the engineering dimension - of the

field.

The ¢lass of vectors 4? describing physiecal states in which the asymptotic
electromagnetic field can reliably be determined, can now be characterized by the
property that, firstly, the expectation values of the operators P;Lv((PR) converge

for all above-mentioned testfunctions ? .

Lim (&, F (%) &) = {09, (22)
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and, secondly, the mean square deviations of these quantities stay bounded,

Lism sup n('.: LR -

N F OB P < o (20)
R — oo

Although these conditions seem to be -a. minimal requirement if CGauss' law is to
be verifiable in experiments, it is worth-while to examine whether they are satis-
rfied in models of physical interest, such a8 gquantum electrodynamics., There exist
two theoretical obstructions to these conditions [21. Firstly, the state @ may
be packed with a multitude of particles, giving rise to large absolute values of
the electromegnetic field. But since we are only interested in the elementary

systems of the theory, we do not have to worry sbout this pessibility here.

The second theoretical obstruction to be discussed is the possibility that the
Fpo (250

fluctuations of the electromagnetic field which are in confliet with condition [2b).

quantum effect of the measuring process deseribed by gives rise to
In order to gét an idee of the magnitude of this effect let us consider the fluc-
tuations of F‘wq U{’R) in the vacuum state Q . It follows from the first

. v = “ .
Maxwell equation ) F’mﬁo that the Kdllen-Lehmann reprecentation of the two-

point Wightmen-function of F;w has the form ( f.:.%:\? and no summations involved)

(Fotn Q| FL &R
B dp % z LpxX=y)
2 jd/}.tml j 2, ( Pu Gov ~ Po Gpp) ,
where = ( 1 ?')“1 d i iti i
P, = E + m , and {u(m) is some positive measure which has
a discrete part S(mjcim due to the intermediate one-photon states contributing

to (3). Proceeding as in [3] it is then straight-forward to show that

_ 2 4b 2 -2 Br=a
[;L:,,;nr}“wﬂ)@ll = Em( P Ges” Pa gwﬂi‘?tpﬂ, (%)

where we have put . Thus the fluctuations of ':P"'" [‘{PR)

E = (lE L, E)
:-'.n the vacuum state stay bounded in the limit R —* co . Using the spacelike
commutativity of observables, the same result can be established for a dense set
of vectors in the superselection sector of states carrying the charge quantum
numbers of the vecuwn {c¢f. the discussion below), But one finds in:this sector
locally slready sll possible configurations of charged particles (the compensating
charges sitting "behind the moon"), so this result provides evidence to the effect
that the quantum fluctuations 6:‘.’ F}u_a U'?R) stay bounded alsc in charged

sectors. We therefore hold that condition (2} characterizes &ll states of interest

here.

We note that the functional F}N {.Y in (2a), being the scaling limit of a
distribution, is again a distribution which is defined on the region {x ixte O}
and which is homogenous of degree -2, corresponding to the scaling transformation
in (t). Knowing this spacelike asymptotic electromagnetic field of a state @ one
can determine its electriec charge by means of Causs' law Jf*: (Bq Ff*” , glving

(@081 tm L EV (@, 300 @Y = £, (37, (5)

L
Here }ﬁ is any testfunction whose spatial derivatives ) x have support in the
. L. . . &)
region {)( P x'L £ O} , and which is normalized in such & way that dex X(x)S (>_(_)
Loy = exy pix)

testfunctions with !5(:4_\ =4 rer IXlg 4 , o(x)=0 for

A simple example of such a function is , where 0(,'3 7 ar
%, 12 472,
and deuo((xa) = 1 . Actually, the expressicn (5) should not depend on
the specific choice of )6 within the above limitations. This is the case if

]C_/’“, (BQ(F) = (0 for all testfunctions ¥ with support in {X i x2« 0} .

i.e. if there sre no sources of the electromagnetic fisld in the stete & at

=1.
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spacelike infinity. But we will make no use of this assmflption here. What will
be used, however, is the fact that £fw must be different frem U if CL) carries

anon-zero electric charge.

2, Let us now turn to the discussion of the implications of condition (2},
Of central importance for our argument is the notion of superselection sector [ L ],
whose verious aspects are briefly recalled for later reference : according to its
basic definiticn, a superselection sector is & closed subspace QCS of the physical
Hilbert space, which is stable under the action of the algebra @(_ generated by all
local observables of the theory *), and in which the superposition principle holds
unrestrictedly, i.e. every unit vector in g’ﬁs induces a pure state on O{, . Equi-
valently, one can characterize the supersslection sectors 385 by the fact that for
every non-zero vector dg € ’}ﬁs the set of wvectors @L@ is dense in ’}65 . 8till
another characterization of superselection sectors is based on Schur's lemma,

saying that every hermitian {(but not necessarily bounded) cperator on IRS commuting
with all elem_ents of O[ is necessarily a multiple of the unit operator ls on }ES .
From the latter fact it is obvious that all vectors in RS carry the same charge
guantum numbers, It should also be noticed that the energy-momentum operators P N

being the 1limit of local observables [5], lzave each superselection sector invari-

ant.

How let Z{’S 'be eny superselection sector and let Cl;) c Gﬂs be any unit vector
setisfying the conditions (2}. It then follows that the sequence of vectors
F}w‘, U—PR) @ ¢ 'J{S , @ as in (1), converge weakly as R tends to

infinity, and

%
In order to avoid discussions of domain questions we assume that @L is &

¥ —algebra of bounded operators, and that the unbounded local cobservables,
such as F,nw UPR) , are affiliated with this algebra in the sense that their

bounded functions are elements of G(_ .

we b F (@) = & Y- O, (6
}4.-3 R )4.\2
R— oo -
The broof of this statement is based on standard arguments and is given only for
completeness: according to condition (2b) the norms || an’ {U?R]@ [ are uniformiy
bounded in R . Since the urnit ball in & Hilbert space 1s weekly compsact, we must
therefore only show that all weakly convergent subseguences of the sequence
Frou (0 &

some Iindex set) be any such subsequence and let

have the same limit (6). So let F}«NL(PR.} O .iel (T being

Because of the loecalization properties of the operators F—)‘“’ UPR) and the
spacelike commutativity of observables we have that for any given Ae O(. the
commutator [F}N UPR))A] vanishes for sufficiently large R . Thus it follows

From (7) that for all A € at

‘ . ' {8)
ol PR - A D

But, as was discussed, the set of vectors ol @ is dense in :J{‘ﬁs , hence
relation (8) shows that the sequence of hermitian operstors F}M? (CPRL) cOnverges
weakly on the domain OL@ , the limit being again a hermitian operstor. It is
also clear from the previous remarks that this limit operator commutes with all
elements of @[_ - According to Schur's lemma i1t must therefore be a multiple of
the identity 15 , and consequently (:DJI_ = C}I.‘ @ , where C]L is some
constant. Taking scalar products of the vectors in (7) with @ and making use of
condition {2a) it follows that CE = ?}Lv (¢) . This shows that the limit in
(7) does not depend on the specific choice of the .'subsequence F}w CC?R)@ , and
i

thereby proves the assertion (6}.



In the course of this argument we have seen that all states in & superselechion

sector have the same asympbotic electromaghetic field ‘F . This result is physi-

s
cally quite plausible since these states,are obtained from a fixed one by the effect
of loeal operations. But such operations cannot change the field at spacelike in-

finity according to Einstein's principle of causality.

In the final step of our argument we will show that a vector (b satisfying
relation (6} cen only be an eigenstate of the mass—operator E;, Pe ir ‘F}wz 0.
& . G o
So let us assume .that E’gP @ = m (D s and therefeore alsc PGP (‘Yp(jﬂ- m @()‘)’
Ly , .. . R
where @(j): e’ J @ s Ye ]Rq— + Starting from the trivial equaticon {in the

sense of distributions)

(@Cj))[Pg«PG) F}N(X)] @) =0 (9)

and taking into account that L [PG ) F).w Uﬂ] :'BG F}m {(x), it is ocbvicus that

2 (Pehay, P @) - (Do, OF, 0 D)0, (10)

We integrate this expression with testfunchions of the form 4 CP(—;\-) , where @

R

has the properties assumed in (1), giving

2 (PPhy, B (g9 )= by, F ((mey) @), O

Proceeding in this equation to the limit of large R and making use of relation

(6) we thus find that

(e9Qeyr, @) £, (a,9) = 0, (r2)

Now if E}LQ (%G(-P) would be different from U it would follow from (12)
that the Fourier—transform of ¥y — ((I) Ly}) Cb) has support on the (at

most) two-dimensional menifold

{P: PGPg:m ) PG E},Loirag[?)=0 }. (13

But this is impossible since the joint spectrum of the spatial momentum operators

PL ,L="1,2,3 is Lebesgue-absolutely continucus on the orthogonal complement of

the vacuum (as a consequence of the locality of chservables) [5] Hence ;)LVLBGLP):O’

and bearing in mind that f}“_\., is a homogenous distribution of degree -2, we conclude

th =
at TC)H 0

We emphasize that one arrives at the same conclusicn even if one relaxes the

assumption that (@ is an element of a particular superselection sector, i.e. if

‘one allews for the possibility of mixed states. The proof is, however, slightly

more involved: one must first decompose @ into a direct sum (integral) of vectors
@ inducing primary states on OL . Since the energy-momentum cperator Pj‘" is
affiliated with O[,- [5], the components (DP appearing in this decomposition are
again eigenstates of the mass—operator, and they still satisfy condition (2b). The
latter fact is sufficient %o show (using the uniform boundedness prineiple for .
distributions} that all weak limit-points of the "central" sequence F).w: ((PR\ on
OL d":')P are c-number distributicns F;q ((P) . Arguing now as before one finds
that F:q (‘(36‘ Y =0 s showing that F)a_v ((’BG(P) R) (bp converges weakly
to O . Since this holds true for all components @p of @ it then follows from
condition (2a)} that ?F,,L’an:) =0 , and hence ‘F}N = O . This completes our
proof of ihe statement that particles carrying an electric charge cannct be des—

cribed by eigenstates of the mass operator.
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3. It is note-worthy that by a similar reasoning one can alsc establish the
spontaneous breakdown of the Lorentz symmetry in superselection sectors of states
carrying an electric charge {6]. (For o different argument, which is based on the
timelike asymptotics of the radiation field, cf. [71.) Namely, if there exist
unitary operators LJ(A) on 3&5 implementing the Lorentz-transformations /\ s l.e.

UM FL 00 = KATR L) U, (1)

one finds, by taking matrix elements of this equation with respect to the dense
set cf vectors @1@ [ }:1’65

field {}¢Q of the states in

and using equation (6), that the spacelike asymptotic

gﬁs mast satisfy

1

SNt R AT (15)
e = NN va,(Axﬁ,

Fe

But in view of the antisymmetry of {lﬁ° in p oend this is only possible if

f. =0 .

Ju)

By the above discussion the well-knewn Infrared problems in quantum electrodynamics
have been traced back to the fact that the spacelike asymptotic electromagnetic
field is a superselection rule of the theory. On the other hand it should be noticed
that, due to the presence of this superselection rule, the physical state space of
the thecry splits into an abundance of superselection sectors [6], which brings its
structure closer to that of a classical theory. Some aspects of this simplifying

feature of quantum electrodynamics, which is frequently ignored, well be discussed

elsewhere.
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