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Triangular Discretization Method for the Evaluation of RF-Fields
in Waveguides and Cylindrically Symmetric Cavities

U.VAN RIENEN AND T.WEILAND

ABSTRACT. The design of rf accelerating structures nowadays is largely based on mesh-codes that
solve for fields and eigenfrequencies in arbitrarily shaped cavities. The most developed codes deal
with structures of cylindrical symmetry. However, no program is available that can solve for fields
with azimuthal variation in cavities with dielectric and/or permeable insertions.

Here we describe a discretization method using an "orthogonal triangular double grid”. The
special mesh and the FIT-discretization {11] enable the treatment of cavities and waveguides with
arbitrary material insertions and combines the features of SUPERFISH [2] (triangular mesh, rotation-
ally symmetric fields) and URMEL 9], [12] (rectangular mesh but fields with or without azimuthal
variation).



1. INTRODUCTION

1.1 Cylindrical Cavities. In cavities of cylindrical symmetry the electromagnetic fields
are periodic in the azimuthal variable () with period 2#. This fact and the harmonic time
dependence of the fields allow their description by a Fourier series:

—

o0
F(r,p,z,t) = Z Re {{ F,(r, z)eim(’oé}
m=0

(r.2)e"™ e, (1)

+F_(r, z)eim(‘oé‘z} eim}

with the complex magnitude E = E or ﬁ and the unit vectors €, €,, €, in 1,z direction.
Furthermore the materials are assumed loss free, i.e. €, are real and the conductivity is
equal to zero.

So we may write

v Zosin wtE'

v/ YocoswtH' (2)

IR
Il

fl

with Zy =+/po/€0, Yo =v/€o/po, ¢ = 14 /ticeq.

Then Maxwell’s equations are given by
— W —
curl H = ¢, — E'
c

curl E'zurgﬁ' (3)

The azimuthal dependence ™% leads to several groups of modes:
m = 0: "TE-" or ”H-"modes with E = (0, E,,,0)
m = 0: "TM-" or "E-"modes with H = (0, H,,0) (accelerating modes)
m > 0: these so called deflecting or transverse modes are excited by off-axis particles

1.2 Waveguides. In waveguides which don’t change their characteristics in the z-direction,
using cartesian coordinates, waves with pure exponential dependence of z are proper solutions
of Maxwell’s equations. Consequently we may write for waves travelling in the negative z-
direction

ﬁ(.’lj, ysz:t) = Re {{ EI(I’y)eiffzé«r
+F (2, y)e e, (4)
+F,(z,y)e?E,} ')

with the complex magnitude E = _E or ﬁ and the cartesian unit vectors e, €, €.
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With

we get for Maxwell’s equations

\/— inwtE’

ng
v/ Yo cos wtH’

T by
fi

- w —
curl H = ¢, F'
¢

— W —
curl ' = p,—H'
¢



2. DISCRETIZATION

Because of the cylindrical symmetry of the cavity {respectively the z-independence of the
waveguide shape), a two dimensional grid is sufficient. As we will see the azimuthal depen-
dence or else the z-dependence of the fields can be taken out of the numerical computation

(compare [9], {10],[11}).

WAV
SO ITH,

)

WAVAVAN
AT oA,

Figure 1 Pillbox cavity with triangular mesh

The basic ideas of the FIT-method have been transferred to a triangular mesh. This
mesh has the advantage of approximating well the cavity or waveguide geometry even for
elliptical or circular structures with relatively coarse grids.

o= e e e e —

Figure 2

Approximation with a triangular
mesh

(N = 16 mesh points)

Figure 3

Approximation with a rectangular
mesh using also diagonals

(N = 64 mesh points)



2.1 Allocation of the field components to the grid. In the rectangular mesh of URMEL
the field components E,, E, E, of E' and H., H,, H, of H' (respectively E,, E,, E, of E’
and H,, H,, H, of H') are represented as shown in figure 4 {9} .

! I
|
| l
1
E. |
! l
I A T
|
3 e
H H
Lo Ha) Mo ]

|
I
|
t
I
- — — =
|
|
I
I
-——t
|
I
I
|
!

Figure 4 Rectangular mesh and its dual mesh with E., E,, E, and H,, H,, H,

Two dual grids are used - one for the electric and one for the magnetic field components.
Different components associated with one mesh point are allocated at different locations of
the grid. The characteristic and the advantage of this allocation is the preservation of the
interrelation between the integrals over areas and the line integrals in Maxwell’s equations.
For the triangular mesh we proceed in full analogy.

Figure 5 Figure 6

Triangular mesh and its dual Triangular mesh with dual mesh
(hexagonal) mesh with E,, Ey, E., and H,, Hy. He, Hs. Dy, Dy, D,
E, and B,, By, B, By,, By, D, , D,

But here we have to distinguish two cases:

(1) If all triangles of the mesh inside the cavity have angles less than or equal to 7 /2
we choose as dual mesh lines the perpendicular bisectors of the sides {see figures 5

-

0



and 6). These intersect in the center of a circle drawn through the three vertices of
the triangle.

{(2) The program starts with a mesh of regular triangles and varies it in order to ap-
proximate the given boundaries as well as possible. In this process it can not always
avoid triangles with an angle over 7/2.

If this happens the use of the above-defined dual mesh points would lead to the
following problem: Some dual mesh points are outside the proper triangles.
In this case we use the centres of mass as dual mesh points.

It should be noted that the F -component in this dual mesh is in general not per-
pendicular to the F-component (see figure 8).

In the following we will denote the dual mesh with perpendicular bisectors for sides as
G, that with centres of mass as Gg and the triangular mesh as G.

Figure 7 Figure 8

For flat triangles the center Dual mesh with centres of mass as
of the circumscribed circle lies mesh points; (F,F):(E,B) or (H,D}
outside

The numbering of mesh points and the allocation of the triangles to these points is
explained in the following. The numbering of the mesh points is done analogously to URMEL
as may be seen in figure 9. This picture also demonstrates that there are two kinds of triangles
alternating in the rows: one has the vertex on top while the other one is standing upright. One
of each kind is associated to each mesh point & (k = (- 1)-J+:iwithj=1,...,J,1 =1,....I).
The triangle of the first kind is named (1, k) and the second (2, k). As figure 9 demonstrates
the order of the triangles starts with one of the first kind in the rows with an odd number
(7) and with one of the second kind in all rows with an even number (7).

Figure 10 shows for a general mesh point & all adjacent triangles, triangle-sides and mesh
points. Evidently a part of this is nil for boundary points.

In some places in the formulas, following here and in the appendix, superposed indices are
used. The upper one always refers to the formula for a point £ = (7 — 1) - J + ¢ in row j with
even j (type I} , while the lower one refers to the formula for £ in row 7 with odd j (type 1I).
The allocation of the all field components, associated to a mesh point, is illustrated in figure
11 for the points ! of the type I and k of type Il.



IxJ

|

Tz

Figure 9 Numbering of the mesh points

e ale+d) Laje

(2.1}

c (k)

b{f}

[-] alt-J} £-J+1

Withk:{j-”-]+i

s 1<% borl ] 257

Figure 10 Points, sides and triangles adjacent to a mesh point



triangle (1,k) triangle {2, k)
/

row triangle (1,1}
with jeven

point L={j-1}+J+i

Figure 11 Location of the field components and
the triangles associated with one mesh point

2.2 Allowed material properties in the different grids. As mentioned above, the per-
mittivity and the permeability shall be real. For Gng as dual mesh any inserted material may
have u, # 1 and ¢, # 1 and either E or H could be chosen for F{see figures 12 and 13). In
figure 12 it may be seen that only continuous components (i.e. tangential E and normal B)
occur so that triangles of G may be filled with materals with u, # 1 and ¢, # 1 and varying
from triangle to triangle. Similarly in figure 13 only tangential H and normal D occur at the
triangle boundaries.

£3
€5
e
Ha ]
]
1 [
L"‘q
-~ \NQ’/
| 1
) i
Figure 12 Figure 13
EonG,Bon Gpg, ur # 1, €, £ 1 Hon G,Don Gm, ur # 1, €, # 1

If only the dual mesh Gg can be used we have to place a restriction to assure the
continuity of the field components: Only insertions with g, # 1 but ¢, = 1 or ¢, # 1 but

8



i, = 1 are allowed and F will be taken as shown in figures 14 and 15. In figure 14 it is
seen that (continuous) tangential E occurs at the triangle interfaces, and so €, can vary from
triangle to triangle. However since on the dual mesh the magnetic field component is not
normal to the interfaces, u, can not vary from triangle to triangle . Similarly, in figure 15 it
can be seen that, with H on the mesh G, y, can vary whereas ¢, cannot.

Although the constants uo and €o are shown in figure 14 and 15, in fact if the cavity or
waveguide were completely filled with a medium with constant u, or constant ¢,, respectively,
only continuous field components would occur.

g =
a2
D H X
\
\
///\‘\"* =
i
I
Figure 14 Figure 15
Eon G,Bon Gs, g = o, € # 1 Hon G, Don Gs, - # 1, ¢ = €¢

However for nearly all structures it is possible to find a mesh which renders G possible
as dual mesh. :



2.3 Deflecting modes, m > 0. On the given presumptions the electromagnetic fields can

be written as:

—

_+...
+
oQ
ﬁ(r,go,z,t) :\/}70coswt Z{
m=—0
+
+

o0
E(r,p,z,t) =\/Zgsinwt Z{ Epr(r,z) cosmp e,
m==0

Em,ol(r,z)sinmp €, (7}

Emz{r,z)cosmp e, }

Hy, (r,z) sin mp €,

Hopo(r,2) cosmp €, (8)

Hpyz(r,z)sinmp €, }

As in (2) we will use E' and H'. For (F',F') =(H',D') we choose ¢ = ¢ + 7/2 in (7) and
(8). For each azimuthal mode number m Maxwell’s equations in integral form read then as:

fﬁ'-ds*:f/e,ﬁ'-di

(44

}E’-dgzgfprg'-dﬁ'
C

//cré’-dffzo
/fu,ﬁ’-dE_O

These equations are solved for a chosen m > 0 in the following way:

- They are discretized on the triangular mesh G with Gg (respectively Gag) for

(F', FY\=(E', B’} or (H',D’). The boundary conditions are implied in the dis-
cretization. The details are given in the appendix.

- In the resulting equations all F’-components and the azimuthal ﬁ'—component F,

are eliminated.

This leads to a linear algebraic eigenvalue problem connecting each field component

F,, Fy, F, with ten neighbours :

(f)zFa,k = Qaak,0Fak
Qaa,k,1 Fa,k+1

aab,k,OFb,k

ab ke 2Fb k71

aac,k,OFc,k

Qack2Fekogt1

2
(“Y Fyx = ob k0
bk, 1 Fy ks
T k47

+ + 4 b+

aba,k,OFa,k

O k2 Fa ki g1
ope ko

oo k2 Fe ks 1

+ob o+

10

+ 4+ o+

+ 4+ 4t

aaa,k,2Fa,k41
Qabk,1 Fhkrn
Qab,k 3 Fb k- (10)
aac,k,IFc,k+1
aac,k,3Fc,ka

abb,k,zFb k-7

Tk — T4}
Oha k1 Fa,k+.]
Qb k,3F0 k1 (11)
pe k1 Fe Ky
pe k3 Fe k-



(%)2chk = acc,k,OFc)k

acc,k,iF k741 acc.k,2F k-
rok+ T :

+ ¢ + Cip—7—1

+ aca,k,OFa,k + aca,k,lFa,k+Jil

+ aca,k,ZFa,k+J + aca,k,.’f}Fa,k-—i (12)
+ ok, 0F bk + o k1 Fbkey

+ +

och k2 Fo k+1 e k,3Fbk—J

This relation between the field components is schematically illustrated in figure 16.

Figure 16 Illustration of the connection to ten neighbours
by the difference equations for F;, x and Fy

The equations {10)-(12) which are given for every mesh point & correspond in their
matrix representation to a linear algebraic eigenvalue problem. Thus an eigenvalue problem

AZ = k*Z  with the wave number k = - (13)
¢

remains to be solved. Its eigenvalues are the squared wave numbers of the resonant frequencies
and the eigenvectors

— ’ : T
Ir = (Fa’l,...,Fa’N,Fb,] ..... Fb,Nch,I;---aFc,N)

give the corresponding electric and magnetic fields. Here an advantage of the FIT-method
becomes obvious: While other methods {e.g. SUPERFISH [2], PRUD {1]) don’t solve a linear
problem and need an estimation of the frequency sought this method solves a linear problem
of which the solution gives the resonant frequencies.
Since pure TE- and TM-modes (see section 2.4) exist as deflecting modes only for the pillbox
cavity all six field components have to be calculated.

11



Aaa Aab Aac
Ave  Ap  Ape
ACEL Acb Acc

Figure 17 Matrix of the eigenvalue problem for m > 0

The matrix of the eigenvalue problem is sparse and the non-zero elements lie on a few
off-diagonals as shown in figure 17. The matrix is 3N x 3N.

2.4 Monopole modes, m = 0. Here we have to distinguish two classes of modes:

TEO-modes  transversal electric fields with E, = 0;
E,=0, H,=0,H,, H, and E, have to be calculated.
TMO-modes  transversal-magnetic fields with H, = 0;
H,=0,E,=0,F,, E, and H, are calculated.

Maxwell’s equations {9) are solved for m=0 as follows:

- They are discretized on the triangular mesh with (F/, I?’):(E’,E’) for TM-modes
and (F', F")=(H’, D') for TE-modes. (See appendix for details)

- In the resulting equations all F'-components are eliminated . ﬁ"pl and 17“992 are the

only non-zero F ‘-components.
Again we ob~ta.in a linear eigenvalue problem - in this case connecting each field
component F; and F_; with three neighbours:

2z . .
(DT:)) Fove = a11,k,0Fz1,k +  a1z,k,0F02.k
+ gk Fozksr + onzkoFoakog (14)
2 = . .
w _ ]
(?) Fozke = 22 k,0F 02,k + oz k0F01k
+ agrknForezr + a2 k2Fp0 k40 (15)

Figure 18 shows a schematic representation of the relation expressed in (14) and (15).

12



Figure 18 Connection of ﬁlpl and I?lpg to three neighbours
by the difference equations

As for m > 0 a linear eigenvalue problem (13) is to be solved. The eigenvectors are now

E=(Fpr1y o Forn, Fpaase o Fon)™.
The 2N x 2N - matrix A is sparse, can be made symmetric and has only some off-diagonals(see

figure 19).
g ™~

Al Ayg
Ag1 Agg

v

Figure 19 Matrix of the eigenvalue problem for m =0

13



2.5 Waveguides and cavities of translational symmetry. The difference equations for
the waveguide problem are similar to those for the deflecting modes. Instead of a certain
azimuthal dependence we have the Jongitudinal dependance

—

E(z,y, Az) = Eo(z,y)e?2* (16)

which is in first approximation

—

Eo(z,y)(1 + 1fAz) (17)

with the propagation constant 3. The same is true for cavities that are not cylindrically
syminetric but don’t change their geometry in z-direction for 0 < z < L where L is the
longitudinal length of the cavity.

Again Maxwell’s equations are written in integral form and discretized in full analogy
to the case of deflecting modes (compare appendix) with (F', F')=(E', B'). Then all B'-
components and the longitudinal E’-component E, are eliminated . The resulting linear

algebraic eigenvalue problem has the squared propagation constants for a given frequency w
as eigenvalues.

This option of URMEL-T renders it possible to compute the functional relationship
between the frequency and the propagation constant for e.g. dielectric loaded waveguides.

14



3. SOLUTION OF THE EIGENVALUE PROBLEM

We use the same method as in URMEL [7|, [8], [9]. Since we are only interested in
the n lowest eigenvalues the problem can be solved using a basis transformation which leads
to a much smaller dimensional problem. The matrix of this problem acts over the subspace
spanned by the n eigenvectors of the n lowest eigenvalues. This small eigenvalue problem is
then solved by a direct conventional method (e.g. EISPACK-routine, [6]).

15



4. EXAMPLES

We will present calculations for several realistic cavities and waveguides with and without
material insertions. To check the accuracy we consider first the pillbox cavity and a spherical
cavity where we compare the results of URMEL-T with analytically calculated frequencies
and with the results of URMEL. '

4.1 Pillbox cavity and sphere. A detailed error analysis is not given here because of
its extent. Besides the fineness of the mesh the quality of the approximation of the cavity
geometry influences the error and this quality depends heavily on the given cavity.

To get an idea of the magnitude we choose the pillbox cavity for which no error due to
the approximation of the geometry occurs and for which the exact resonance frequencies are
analytically known. We compared an URMEL-run with N, points with an URMEL-T-run
with N, points where 2N; and 3N; have about the same magnitude (because URMEL-T has
three field values associated with each mesh point, while URMEL has two} for the calculation
of deflecting modes {compare 2.3 respectively [9]). These runs used single precision, which
gives on IBM about seven decimal digits. It is obvious that the rounding errors overcome the
better discretization at some point. If very accurate results are needed the code can be run
in double precision where the influence of rounding errors is much smaller.

Table 1 Lowest transverse mode frequencies in a pillbox of radius 1m
and gap length 2m

anal.,!3] URMEL URMEL-T

mode f/MHz 2N, f/ MHz error 3N, f/MHz error

TM110 182.82 242 182.17 —-36-10"2 216 182.43 ~21-107%
968 18267 —8.2-1071 864 182.73 —4.9-107¢
2178 18276 -3.3.-1071 1944 182.76 —3.3-107*
3872 18279 —-1.6-107% 3348 182.77 -3.7-104
6050 182.76  -—3.3.107% 5016 182.73 -4.9-104

TE110 173.74 6030 17367 —4.0-107* 5016 173.72 ~1.2-107¢

Double precision runs Jead to the following relationship between accuracy and the number
of mesh points:

Af 1

| 7 T 22 N12

(18)

The dependence of the error upon the number of unknown quantities is also illustrated in
figure 20 for URMEL-T as well as for URMEL.
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Figure 20 Relative error of the frequency in dependence upon the number of unknowns

For the spherical cavity a comparison of URMEL and URMEL-T makes evident the
influence that the quality of the geometrical approximation has. This influence obviously
depends on the special mesh used. Here we compared an URMEL-run with N; points with an
URMEL-T-run with N, points where N; and 2N, have about the same magnitude because
URMEL-T has two azimuthal field values per mesh point while URMEL has one for the
calculation of monopole modes (compare 2.4 respectively [9]).
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Table 2 Lowest mode in a spherical cavity of radius 1m. Due to the spherical symmetry
the mode EE1 with the exact frequency 130.911 MHz (/3] ) can be calculated as
TMO-EE-1 or as 1-ME-1; compare |9] for mode notation

URMEL URMEL-T
mode N f / MHz error 2N f/MHz error
TMO-EE-1 121 128.972 —-1.5-10"2 144 130.750  —1.2-10"°
484 130.733 —1.4-1072 576 130.879  —2.4-1074
1089  130.762 —1.1-10"° 1296 130.892 -1.5-10"4
1936  130.655 —-2.0-10"% 2232 130.885  —2.0-104

3025 130.721 -—-1.5-107°% 3510 130.929 +1.4-1074

4.2 Dielectric loaded cavity. A new feature that URMEL-T offers is the possibility to
insert dielectrics in the cavity. To investigate the accuracy of the program referring to this
subject we examined the frequency shift caused by a piece of Teflon in a DORIS-cavity which
has been measured.

vacuum

I linn

Figure 21 Dielectric loaded cavity

{
;

The DORIS-cavity with the inserted small Teflon cylinder is shown in figure 21. The
computed frequency shift caused by this Teflon cylinder (dielectric constant ¢, = 2) shows a
good agreement with the measured data [13]. The reasonable difference found is due to the
slightly modified cavity shape taken for the URMEL-T calculation where the flanges are left
out.

Table 3 Frequency shift by a small Teflon cylinder inserted in a DORIS-cavity (N=968)

calculated measured calculated measured

original original frequency frequency
mode frequency frequency shift shift
TMO10 498.406 MHz 498.488 MHz 6.356 MHz 6.614 MHz
TMO11 739.302 MHz 745.667 MHz 7.419 MH:z 8.399 MHz
TM110 775.286 MHz 775.870 MHz 4.606 MHz 5.980 MHz
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4.3 Waveguide. For a dielectric waveguide we computed the relation between the frequency
w and the propagation constant 3. The highest 3’s have been computed with URMEL-T for
different frequencies. The result is illustrated in figure 22, which fits a few douzen distinct
values of ko(= %) each representing a different URMEL-T run.

B/ ko
1.250 -
et fiy/ kg
flal ko
flcf ko
r Ba’ kg
1.125 =
1.000 -
0.875 =
0‘750 a L 1 " i n i . " L " n a i -
0.0 50.0 100.0 150.0 200.0
kq
Figure 22 Relation between the wave number ko (ko = %)

and kﬁ“ for the dielectric loaded waveguide

Figure 23 shows a cut through the dielectric waveguide together with a possible triangular
mesh. The corresponding transverse fields for the fundamental mode with frequency 3 GHz

are plotted in figure 24.

Y v eI |
e ol Vvy\[\.fm
PAVAY '\()’\2{ £y v |
i

s
Lem » iy X

s
Ri0cm
dielectric €, =5
f=30GHz vacuum
Figure 23 Dielectric waveguide with mesh for the part

which is essential for a run of URMEL-T
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Figure 24 Field maps for the fundamental mode

4.4 A multi-cell cavity. To simulate the influence of the beam pipe it is usual to tune
the last cell of a multi-cell cavity: The radius of this cell is modified to achieve a uniform
field distibution in all cells. The triangular mesh is able to follow even very small deviations
between the radii of the middle celis and the outer ceil while a rectangular mesh needs to
be very closely spaced to allow the representation of such an input geometry and to fulfill
stability requirements. This causes a steeply increasing number of mesh points in rectangular
grids for small changes in the radii of only a part of the cells. whereas for the triangular mesh
the mesh size may be left unchanged.

To illustrate this fact we show the tuned 1GHz PETRA nine-cel] superconducting cavity.
The radius of the middle cells is 139.595 mm while the last cell has a radius of 138.345 mimn.
Figure 25 shows the cavity together with the trianguilar mesh of 1960 points. To approximate
this geometry in a rectangular mesh many more points would be necessary. Figure 26 shows
contours of - H, = const of the 7 mode. These lines show the direction of the electric field.
Their density is proportional to r - E. An arrow plot of the electric field of this mode is also
shown in figure 27. The countours of constant r- H,, of an higher monopole mode can be seen
in figure 28. Figures 29, 30 and 31 present arrow plots of the electric respectively magnetic
field of two Dipol modes. The calculates frequencies are compared with measured frequencies
‘5. The measurements have been done with a cavity with only very small differences in the
cavity shape.
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Figure 25 Tuned PETRA nine cell cavity with mesh used

| o o ot o o o e e m W e e M e e A MR M A e m R W e M M M e e e e Mm Mm ew

Figure 26 Contours of constant r - H,, for the m-mode of the tuned nine cell cavity
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Figure 27 Arrow plot of the electric field for the #-mode.
The measurements gave 1000.1 MHz as frequency, URMEL-T calculated 1007.5 MHz.
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Figure 28 Contours of constant r - H,, for the TM011-87/9-mode.
The measurements gave 1983.7 MHz as frequency, URMEL-T calculated 1975.3 MHz.

Figure 29 Arrow plot of the electric field for the "TE111-27,9”-like mode.
The measurements gave 1271.2 MHz as frequency, URMEL-T calculated 1289.8 MHz.

Figure 30 Arrow plot of the magnetic field for the "TE111-27/9”-like mode.
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Figure 31 Arrow plot of the electric field for the "TM110-7 /97 -like mode.
The measurements gave 1428.7 MHz as frequency, URMEL-T calculated 1432.7 MHz.



5. THE PROGRAM

The code of URMEL-T is available at DESY. The structure of the input data is com-
patible with that of URMEL. For the features that URMEL-T offers in addition some new
parameters have been introduced. The interface routines (e.g. for plotting) are the same as
for URMEL and TBCI {10] so that the code can be installed easily. More detailed information
about the program is given in the user’s guide [4..

6. SUMMARY

The computer code URMEL-T enlarges the two dimensional scope of application of the
FIT-discretization method in two directions: -

First it allows the calculation of resonant modes (including the TEO-modes) in cylin-
drically or translationally symmetric cavities with dielectric and; or permeable in-
sertions as well as the calculation of propagation constants in waveguides.

Herewith URMEL-T offers a new feature in the domain of computational evaluation

of RF-fields.

Second URMEL-T is well suited to structures with elliptical or circular parts in
their geometry, and for tuning multi-cell cavities. This is based on the properties of
a triangular mesh combined with the powerful FIT-method. The latter makes sure
that the solutions fulfiil all Maxwell’s equations, i.e. they are physically significant.

So URMEL-T presents a widely useful extension of the program group for the solution
of Maxwell’s equations.
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7. APPENDIX

The discretization of Maxwell’s equations (9) is shown in this chapter. The derivation of
the difference equations includes the incorporation of the boundary conditions. To elucidate

the principle it is sufficient to consider the case (ﬁ’,ﬁ"):(ﬁ', B).

7.1 Integration for E, x, Ei x and E. . We integrate

fﬁ’-dgzk/erﬁ’-di

over the area shown in figure 32 (for cavities) or figure 33 {for waveguides).

Figure 32 Area of integration for E, x: cavities

The left-hand figure is the mesh drawn in a plane @ ==const, while the right-hand figure
is in the plane used for the integration of E, .

z=0 z=Az
821,k
7?77771)-1-:“/77777;——'?—
b A '
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4 4 h
o |
- I
o A
I A
’ y 12
2 1 1
ZL/JJLQ&-LIJ-AU-
Bzz.x-)

Figure 33 Area of integration for Ej : waveguides

The left-hand figure is drawn in a plane z =const, while the right-hand figure is in the
plane used for the integration of E, &.
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(a)

Cavities

P

cos mp
k-Eqp-cosop-(eyp-m-ly - {ro+n)+eps-7 ly- (ro +r2)) / o dp
o
27y 27rrs ¥ cos myp
= {Be1,k —Beoo kg / dp
(Ber, #1, © K2 k-J o 27
! !

— Box - ( L 2 ) -sinmy, (19)

Hik H2 k-7

with 0 < ¢ < 27, and ok is the angle between E; x and the normal to the plane
used for the integration.
Thus we have an equation of the form, letting ¥» — 0,

kE. k= a1 5Bo1k — a2k Boak—g — mez xBa k (20)

with formal coefficients @y x,a2 x and asz k. In the same way we get linear equations
for By x and E k:

k‘Eb,k = b],k.B(p]’kzl — bz,kaz,k + mba,ka,k, (21)
kE.x = —c1xBo1k + Cz,kBp2,kkl + mez kg Be k, (22)

where the superposed subscripts indicate values to be used for mesh points of type
I or II, respectively (upper=type I; compare section 2.1 and figure 11}.

Waveguides
To first order in Az, and where ay is the angle between E; x and the normal to the
integration-plane,

i-k- Eok - cosop-(e1,x-Az-l1 +eq06_g Az -l2)

1 1
= (Bajg - —— — Baag_y-
Kk M2 k—J

} Az

—Ba,k-(“ L b )-z’-ﬁ-Az. (23)

M1k M2 k—J

This gives, letting Az — 0, an equation of the form
thkE k= a1 4Bk — 021 Bk g — tBas xBak. (24}
Likewise we get for Ep ;. and E_ i:

tkEy i = b1xB,; k=1 — b2k Baak + 18b3k By, (25)
E-kEc’k = 4c1,szl,k -+ Cglk.Bz?’kk + iﬁ63,ch,k, (26)

where again the superposed subscripts denote values to be used depending to the
row of the mesh being considered.
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7.2 Integration for B, x, By xy Bk, Be1,x and By k. The Maxwell equation

fﬁ'-dgzk/u,ﬁ'-dj

is integrated over the areas shown in figures 34 {respectively 35) and in figure 36.

Figure 34 Area of integration for By x; cavities

The shaded path is perpendicular to the triangular mesh and results from sweeping the
mesh through an angle v about the z-axis.

Figure 35 Area of integration for B; x; waveguides

The shaded path is perpendicular to the triangular mesh and results from sweeping the
mesh through a distance Az along the z axis.
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For By we get

(a)

Cavities

. smmm
k-Bb,k-cosﬂk-ﬂ(r k +Tk+.]]'db,k'/ (pd(p
k+1 0 27{
= (-E 2 E 2 ¥sinmp
=By, 2mr s Bewes 2norees) [T

+ Epx - di k- (cosmyp — 1), (27)
with 0 < ¢ < 2w, This gives
kB = *el,kE%kil +ezkEp kg + mes By k. (28)

The integration area is shown in figure 34. Analogously the equations for B, x and
B, ;. are:

kBox = dixEp ik — dakEgp gy — mda i Eq i, (29)
kB, i = fl,kE,p,in-;-l —fokEer +mfaiE k. (30}

Waveguides
To first order in Az

—1-k-Bpi-cosf-Az-dyi
=(-E_ & +Ez,k+_1)-Az+Eb,k-db,k‘i-ﬁ-Az. (31)

Fikt1

Hence, letting Az — 0,

——ika,k = —61,1{:Ez,k_1:1 + 62,kEz,k+J + iﬁt‘s,kEb,k- (32)

The integration area is shown in figure 35. Analogously the equations for B, i and
B,y are:

—tkBok = dykEz g —do Bz kg1 — 18d3 kB i, (33)
ﬁg-ch’k = fl,kEz,kzijl — fg,kEz,k + iﬁfgngc,k. (34)

In order to eliminate the azimuthal (respectively longitudinal) B’-components we inte-
grate this Maxwell-equation over one mesh cell as illustrated in figure 36.
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B w1k
respectively

Bz?,k

Figure 36 Area of integration for By, x respectively B,i k

(a) Cavities

k-Aig- Bcpl,k = Ea,k . da,k + Eb’k:: . db,k:; — Ec,k . dc,k- (35)

Thus we get
kBoik = g1eEak + gQ,kEb’*Il — gz ke k. (36)
kBeak = hixE « - hoxEg kg — haxEp k- (37)

(b) Waveguides

—t-k-Ark-Baige=FEakdok+ Eb’ktl - db,k;:l — Eo g de k. (38)

This gives
—tkBayk = grpBok + 9208y ki — ga k., (39)
—1kBzy ) = hl’kEc-kil —hokbEokig— ha kEp k. (40)

With these equations we can substitute all magnetic quantities in the equations (20)-{22)
or else (24)-(26).

7.3 Integration for F, respectively E,. Finally we want to get a relation between F
or £, and the other electric field components. Since the third Maxwell equation

//E,Endg:o

is automatically fulfilled for time-harmonic fields in the FIT-method [11] we will use this one
to obtain the desired relation.
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Figure 37 Area of integration for E_ i respectively E,

This equation is integrated over the surface shown in figure 37 and leads to

Eok (6141 + €2A2+ -+ + €6 Ag) sin my
+Eq k- {€6F11 + €1F12) fow cos my dp +Ec k- (€1 F9 + nggg)fow cos mp dp (41)
+Eb’kfj. -{e2Fay + €3F32)f0¢ cosmpdp —Egx 1-{eaFaq1 + e4Fy2) fow cos mp dp

~E_ s -(€4F51 + €5F52) fow cosmpde —Ey g (e5Fs + E@F@g)fo"b cosmpdp =0

Crk—g—1
respectively

i'ﬂ-Ez,k'(ElA] + €9 Ag "'+66A6)'AZ

+Eq k- (e6F11 + €61 F12) - Az +E k- (€1 F21 + €2Fp0) - Az (42)
+Eb’kf1 - (£2F31 + E3F32) Az *Ea,k—l . (€3F41 + £4F42) Az
_Ec’ki;ij -(€4F51+€5F52)-A2 _Eb,k_J'(£5F61+EGF62)'AZ =0

which gives the following relation

mEqsk = —lixEax —lapEck — ls,kEb,kfl + 4k Ea k-1 + l5="Ec,kf?i, +le kB kg (43)

respectively

BB k= ~hixEgk— LBk — ts,kEb,kkl tlapBok-y +ispE_ e=r HloxBpk—y  (44)

- k= .F -

Using this relation we finally get (10)-(12).
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LIST OF SYMBOLS

E,H electric and magnetic field
F,F field on the triangular and on the dual mesh
Fok projection of the F - field on the triangle side a attached to mesh node k
ﬁ}m’,k azimuthal F - field component at triangle ¢ of node k;7 = 1,2
Zo, Yo free space impedance, admittance
€0 permittivity of the vacuum, 4]:;
Lo permeability of the vacuum, 47 - 10~
C speed of tight
€7 relative permittivity; material constant e—fj
Hr relative permeability; material constant ﬁ‘?
™m azimuthal mode number,i.e. fields &« cos mp resp. sinmp
1-EE-4 mode with electric boundary on both sides, dipole,
4-th mode found in this subset
2-ME-3 mode with magnetic boundary on the left and electric boundary
on the right, quadrupole, third mode found in this subset
k wave number, k =
G triangular mesh
G dual mesh with perpendicular bisectors for sides
Gs dual mesh with centres of mass of each triangle as {dual) mesh points
1,7 running index for mesh lines/points in r,z (x,y) direction
I.J number of mesh lines in 1 (x) direction, number of points (in z (y)
direction) on each mesh line in r {x) direction
N number of mesh points; N =1-J
k as index: mesh point number £ = (i — 1} - J + j
Ope k. p element of A, where p is 0-3 denoting one of the diagonals
a12,k,p element of A1, where p is 0-2 denoting one of the diagonals
A matrix of the eigenvalue problem
Asa submatrix connecting F, and F,
Ans submatrix connecting F’pg and Iflpl
T column vector holding ail F resp. F field components
€r, €0, €2 unit vector in r,p ,z direction
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