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Abstract: Using reCently derived explicit formulae for the 2- and 3-cochains 

in SU(2) gauge theory, we are able to integrate the Chern-Simons density ana

lytically. We arrive - in SU(2) - at a local algebraic expression for the 

topological charge, which is the sum of local winding numbers associated with 

the corners {lattice points} of the cells covering the manifold plus contri

butions from possible isolated gauge singular.ities which manifest themselves 

as "vortices" in the 1-, 2- or 3-cochains. Among others we consider hypercubic 

geometry - i.e. covering the manifold by hypercubes - '"hich is of particular 

interest to lattice Monte Carlo applications. Finally, we extend our results 

to SU(3) gauge theory. 
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I. Introduction 

Differentiable SU{N) gauge fields on a compact manifold /f1carry a topo

logical charge1) 

Q " - "~"'· J ri ~x rvs<r T.,- l 'Ffv 1J.-] , ( 1) 

where 

1f..v = 'JrAv-'JvA/' + [Af',Av]· (1) 

The charge Q is a measure for topologically non-trivial properties of the 

gauge fields, which have been argued to play an important role in the physics 

of the vacuum of QCD and SU{N) gauge theories. 

Preliminary results of calculations of Q in SU(2) gauge theory on the 

lattice2 •3 ) hold out hope for a quantit~tive resolution of the U(l) prob

lem4>. The recent finding5 l that the vacuum of the quantized {pure) SU{2) 

gauge theory possesse$· an underlying instanton structure brings us furthemore 

in touch with semi-classical ideas of the QCD vacuum6 ) and a possible mecha

nism for chiral symmetry breaking7 l, which could be the beginning of a better 

understanding of the non-perturbative phenomena of these theories. 

So far these investigations have been limited to smaller lattices and 

hence to smaller values of~. The difficulty involved is that a meaningful 

transcription of the topological charge {1). as it stands-, -onto the (periodic) 

lattice8 l is mathematically voluminous and very time consuming to compute, 

s i nee the trans it ion functions and their derivatives must be constructed 

everywhere on the boundary of each hypercube. 

We realize, however, that the 4-dfmensional integral in eq. (1} can be 

performed analytically with the help of the cochain reduction given in ref.9. 

The outcome is a local algebraic expression for the topological charge (1) in 

the continuum, which is relatively easy to implement on the lattice and fast 

to compute. The derivation of this result, which we believe is also of 

interest beyond the scope of lattice gauge theory applications as it allows a 

simple geometrical interpretation of topology, will be given in the present 

paper. 
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The paper is organized as follows. Sections II and III deal with the con

tinuum: in section II we do the integral for SU(Z) gauge fields covering the 

manifold/11 by a "generic" set of cells, while in section III we takef!1to be 

the 4-torus and cover it by hypercubes. In section IV we briefly outline 

what it involves to evaluate the ne1~ expression for Q on the lattice. In 

section V we extend our results to gauge group SU(3). We finish with some con

cluding remarks in section VI. 

II. Continuum SU(2) gauge fields and generic geometry 

The derivation in this section will follow the cochain reduction of the 

Chern-Simons density given in ref.9. 

with 

We cover the compact manifold!Mby a set of cells ci, i.e. 

/!1 '" U C,: 
~ 

c · 11 c. ~ 0c. " 'Jc · 
' ; ' ? 

(3) 

(4) 

The cel1s are chosen such that 5-n cells overlap in an n-dimensional inter

section. This we refer to as generic geometry. The topological charge (1) can 

then be written 

I 
Q = - J'Z;;'l. f If [ i ,. 

Z:. rL X "f.vJ'.- 7;- fj.v if., J, 
-&. c,: 

where the index i on the fields refers to the gauge in the cell 

cell we may gauge transform the gauge fields into a complete axial 

1\.-i _, ... · ('\) 
Ar = ~i (AI'+ "'t' ~.; . 

( 5) 

c
1

. In each 

gauge by 

(6) 

Making use of the fact that the Chern-Pontryagin density is a total diver

gence, i.e. 

p --'- E ..1z:n::.~ -rvJ...- y., 
. . (0) 

tr;..~ "!'!:. J = 'Jr .Qr c ·"~ (7) 

with 

{oJ I ll'v"l. ""',: .-..t·l'\.,· 
S2./' Cil = -4• 1-"!..-T., A" (~A.-+ j A J'A.- ] (8) 

we obtain 

r :1 co; 
Q. = z J "- .,-- _rr ( ,') 

.; '<lc~ r I 
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(OJ (tJJ 

= .1 L J ri 1~ (Q (,') -.I2.~ (o· J) 
z .. .l'· f r ,v) 

. "'''fC.;"~i 

where c1n cj has the orientation of Jc 1. 

(9) 

We introduce transition functions relating the gauges i,j in the cells 

c 1 , cj by 

~ q 
Ar 

-I I"V ..,· 

= '1i"·· (A +? ).,;- .. 
'' r r '? 

Comparing this with eq. (6) one finds 
-I 

'IJ..? = if, ~~ 

( 10) 

( 11) 

We recognize now that the integrand on the r.h.s. of eq. (9) is the coboundary 

operation 
lO) (PJ 

nr (<) - n_rcr"~ 
(OJ (I} 

= £1 Qr (1;jJ = 'Jv _Qf'V (,;?)I ( 12 I 

which is again a total divergence. This excludes singular points 

X E (C·nC·) \'J(C·nC·) 
'1: J (.. I ) 

( 13) 

at which 

--~ 1) . . = <1-'<t ·~?; 
·~ 

.... -'> 
c.>r<><+·>s,:..ore,(c, o<Elo,T<] (141 

Cecomes -1, i . e. o< = n:, 

'" SLrv c1~i! 

where9 l 

_ .1_ (q-sW.-<4'-1-<) E'..,v1.-<r"' -(J,e ,.':! ~~> 
J>rr}· ,. ...;.,t, o-""'(15) 

- -' < <:•v•.- T.- ['J,-u:· · 1J:. :'A,:] 
<fTC t .:. ..:, "'1' 1-( C" 

has a "vortex" 

with 

Applying Gauss' 

__. -'> __. 

.fn:; 'J<.vJ'""'eo< ·{';Jf~~?.-"-<). 

theorem, eq. (9) then reduces to 

a.= a'"+ Q;_' 
{I} I .,..- f .. t'l n (I} • • 

(16) 

( 1 7) 

O.z: = z:, <:-. "- "'rv u.tv ''-'?! 
' -~.,,~(C,;nC·) ( 18) lj 'l w en {I) 

= } 1 :[::- li "rv [Sl.rvc•;il-~vc•;<l +Sl.v Cf,~J] 
• "'111lt.. C~nCj' .. Cit.. r 
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and 

u 1 1 .,-----. J .t.z J -+ ~ ~ 
Q. ; -, Z. L--.. • '?-'J'n:. J.-.rre-<·0~~~<;,),(191 

-t. <1 ~ xE(C.nC·)\'JCC·nO·) .S (),) 
f ... 1 " I E 

~ . 
where .SE.(x.) is a sphere of radius € around x and where C;/\ cj'' ck and Se6c) 

have the orientation of~ {ci'' cj). 

The integral in eq. {19) gives 

S .J ·- .L .... "" ... (I) "'- "'.t.va)o-"!.-e<><.('O.e"'><'J.,.o;._) = '1!. (><;·i,-j! 1 (201 
.S._Cx) I. " 

• 
where n{l) is the s2 winding number associated with the singularity at x. In 

the vicinity of x we can write 

1). · c -I+.,; f?..,,t OC>< '/:A f ··· J 

~~ 1 "' I 

which for det M f 0 results in 
(!) . . . (./ 1 "') n 6<j ""11) = S<"J"k oct c.. I ( = :t I. 

In total we then obtain 

nO> ..,. ~{!)( .. 
"' = L-" """?) /\(/) .J I 

where the sum is over all singular points x, i.e. 

;\ (!/ = U. { x € (c.-,-,ci) 1 Wc,,'?.J j. 
•,; 

From eq. (11) we derive the cocycle condition 

1) .. 1)., = -zr., 
'J ?"- ~ ... ' 

which, writing ---'I>_., ,-..to_,. 

'll;,i r <Z'<f(,"p(, •l:)' -DJ;,_ = e><r(~fT:) ' ...,;:;.;,_ s 6'<f(~"/{7:) 

( 21 I 

(221 

(231 

( 24 I 

(251 

(261 

defines a spherical triangle as has been shown in ref.9. The integrand on the 

r.h.s. of eq. (18) is the coboundary operation 

" 6 " 

(IJ (/) (f) (1/ (:Z..J • 

.Qf'" (">iJ- .Q.f"y (,;.kJ +.{2r (i,iJ ~ ,1Qf'V (,;?;.{) r ~~~J(<;?,l), (271 

which again is a total divergence. This excludes singular points 

"€ (c;,-.c;r.c"-) '";l(c.-,-.c1,...c._) 
1 

(281 

at which 

_,. __ _.. -.--- ---~ 

ro<-!(l-,Oe-< ~ ("'-~f-<OJ. =- (t><+f-C)e~-- .(Tc, (291 

i.e. where the spherical triangle defined by the transition functions (26) 

degenerates to a circle, where9) 

(Z..) .L . .<! .A • ·'it l _, 

.Q.f''l';j,l,_) ~ -J'It' ~-~.- (I+ Zt.I-Sc<,at>/ Mo - 4N >( -<Wr -<!.I> If') 

·l {;.+7 -t).(.r.:..(l(-;,.) f'J.,.(l..:.f~)·(.S..:.l?>-(-rkf~>~..:.t~) 1 

f c;.f-iJ.(-:6)/~.,.(~...:~(s~~)-(....:t;,>.';J.,t-r...:ol~>] 

+ (~tf-tJ · (s..:.r<.> ['<J .. (•..:..t_.>.(--f?>- (~..:..ct<·V-f~> 1} 

has a "vortex" 

- .L E 'I-tt~ rvJ<r 

"""""'-"' -~ (-<j6-<fJ.(<) .. s,s) 
.$ .. 

I 
=-~ 

... --
"fvJ.- e"'·(~G><$) 

.t"- ' 

(301 

( 31 I 

-:S = Cv-$(J(.t~f.s>~ '(" ~)(e;.t ~f3~..:V.t-.r~tJ( ~xe: + ~Jf-Sih!o<.r~f ~)<~ , 6 = ~-~ , 

.... 
The vector S defines the orientation of the great sphere (in group space) 

spanned by the transition functions {26) and winds around by 211: as one runs 

round the singularity. 

Applying Gauss' theorem, eq.(l8) then reduces to 

(IJ {V (Z..) 

Q :z:. = Q + 6< z::. 
(321 

with 
CL> J (Z..) •• .&_ 

Q ~ .LI L OC<:fj.'f ..Q_M.f ('•l> ) 
Z. J .. • "'· I · "''1'" vu::;,.,c;"'clt.) 

(.Z.) ll-1 

= .t~ ?;- j li"f.vf [.D..f''!ei,i,I,.J-Sl.f'"J(~;i,lJ 
. "'•i•lc. C,;nCjt1C._nc,(, CL) t'Z.) 

• ..!2..r'! r.;(o -.!2t"! ct/•,l!] 

( 331 
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and 

(Z) f « ~ J! z:; 
i,i,'- z= 

>:E(C,nCjML) 'J(c;fiC-jflCl.,) 

.... .... .... 
S clcr;,vf .1. € ~· (0.-S><b') 
s:(>f) ,. Z.1(: r~!~ 8z. > ( 341 

I 

where SeCx) is a circle of radius € around x 

have the orientation of'J(c.nc.nckl. 

I 

and where c;nCjncknc 1 and ·\(x) 

1 J 

One realizes that the integral in eq. (34) gives 
~ ........ 

r d. , e"'·(q,.S,S) ca1 •. 
'l. "r·J U 12tVJ«' s· = ?'I (X;~,.,,k) 1 (351 

SE<xl 

where n(Z) is the s1 
winding number associated with the singularity x which 

assumes the values 

(<)( •'I +; n x;,,?,._J = _ (361 

depending on 

then obtain 

_, .... 
whether S, ~ wind around in the positive or negative sense. We 

with 

(2.) (2} .. 
Q = z.. ?'1 (>:;•,,.,it) 

/\ (Z.) 

/1 (ZJ = . U { >< E (c,-ncf'Cit) \ ';) (C;~Cji1C4_)} · 
'11(,k 

( 37) 

(381 

Expression (33) brings together 4 spherical triangles, which build a spherical 

tetrahedron as illustrated in ref.9. 

The descent continues: 

(Z.) (V {l.J (f) 

Q_r"! <•;j,!,_J- n,../'-i.t> + nr•tc,;l,o -.ut'"! ('f/•,!J 

"' 
(L) 

Ll _Qf"'! 
(3} 

c~;?,I..J_) = ';Jrr-f2;.vt.,-(';(;I..,D. 
( 391 

In ref.9 we have shown that 

(3) 

.Jlt"trc';i,;,,~J =!,c. 7-"J.- Vc.;;,it,t), (401 

- 8 -

where V{i,j,k,l) is the volume of the spherical tetrahedron defined by the 

transition functions relating the gauges i,j,k,l. We realize that V(i,j,k,l) 

has a discontinuity at points 

)( E (C.;nCj~C~,-,C~) \ ";}(<:;/ICtt1CJt.11"-~) J ( 41 I 

where the spherical tetrahedron degenerates to a sphere. Applying Gauss' 

theorem we then obtain two contributions to eq. (33): 
(Z> 

Glz: 
The first contributions gives 

Q_ (3): L.. 
/\(J) 

with 

(~) 

Q + 

(3} 

(3) 

Q2: 

1'Z (><; ~;.j,J,, <.) 

/1 (3) ~ u 
.. ~j,it, {, 

{ x £ Cc,.-,ci"'c"-nc!) '?cc,·n cinCJ..n c<- J} 

(421 

( 431 

(441 

where n( 3) accounts for the change of the orientation of the spherical tetra

hedron at the point x, i.e. 

n (l} c ><; .;;,~.~; = z{ .. ~-r- A Vc.;j,l,L> I = :t 1. 
"' 

For the second contribution we obtain 

(31 I ~ 

Gl.z: = ii! ";\::'e;~c,-nc~_oCe! 
cr- _j_ 

z.n:• Vc-.;;.~, o 

- _j_ 
- .S.' 
~ (S" -'-.I Vc.;1;l,t J- vc.;7),-...; l-Tt 

c~,t~c,·nc4 nct"'c-»~. 

+ v(.;?,t,,..,!- vc .. ;~,t, .... ) + vc1;~,t,-;], 

(451 

(461 

where()=± 1 is a sign factor, which denotes the orientation of :>(c.;nci,ct"c.t)· 

The intersection of 54-dimensional cells defines a point which naturally 

leads to the notation of the "lattice": 

/1 = U c.-/lc1 nc~I1C~,.,C... 
"~?, ~c,e,41.-t 

I 47) 
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Thus we can rewrite eq. (46) in the form 

with 

(3) 

Qz:_ ~ z -n.(-.;-j,J.,t.,-n.J 
/\ 

-n r-.;i,.t, t,,..,_) ~ E' 
2...7[,2. 

l v(.;j,~,t;- Vt-.;#,l,.-,.,; 

T v( .. ;'/.~,m)- vr.;.t,~ .... )+ Vtj,~,t,-.... ) ]. 

(48) 

( 49) 

Note that the 1/5! factor in eq. (46) has disappeared because of the implicit 

summation over all permutations of cells. As we have discussed in ref.9, n 

combines 5 spherical tetrahedra, which wind around s3 , the group space of 

SU(2). Since the volume of s3 is m2 and the 5 spherical tetrahedra together 

are compact and so cover s3 (but at most once), we find 

1-Z=O,t:l. (50) 

The calculation of n(i,j,k,l,m) proceeds as follows. We take the 

transition functions "11""ij''Vjk' ... and determine the angles between adjacent 

spherical triangles intersecting along a "hinge" of the spherical tetrahedra 

(cf. ref.9). In Fig. la we have illustrated this for a particular "hinge" with 

which are associated 3 angles, A1, A2 and A3, belonging to 3 different 

spherical tetrahedra. For geometrical reasons 

-'\;i;; 
-» = 0 +/ r ~ - ) (51 I (A:,-tAz. -tA3) 

a special example of which is given in Fig. lb. If one of the 10 p's is zero, 

then evidently n = 0. If all p's are+ 1, then n = + 1, and if all p's are- l, 

we will haven= - 1. 

Collecting our results now, we obtain for the topological charge 

a. ...,-- • . I ) .,-- (I)( • • 
= L-- ?l c~,,.,,..,(,m + .c.- -n '<; .,,.) 

A /\(1) 

(~) 

+ z: -n (><; ~;?.~) 
Aa.J . 

-t L. n('h,.~;j,/t,{), 
/\ {.,]) 

(52) 
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which is the sum of local winding numbers and, consequently, assumes integer 

values. Expression (52) is gauge invariant by construction. It furthermore has 

a simple, geometrical interpretation. 

In the continuum we can arrange that neither1J. . "' - 1 in (c.,:t~Cj)''Jcc~rte,;>. 
.....,. - - - l,J 

(o< +(l-lf )e-< ~ 21<. in (c,nc;nc,~,.)\""J(~n~i"c4_) nor AVC.;?/•,tlf,. ~ :t.trr:• 
at x € (C;nCinC~t.,rlc..t_)\r;){c,:nf!.ii"'CJ,_I"'C~) , in which case the topological 

charge takes the simple form 

Q = z /}'! (~;i,l, e., ..... ). 
A 

(53) 

For a further discussion see section IV. 

III. Hypercubic geometry 

So far we have considered a generic geometry of cells covering/H. Now we 

come to the case of a hypercubic geometry, which is of special interest to 

1 att ice gauge theory ca 1 cu 1 at ions, and where 11 is the 4- torus T4 . 

The "lattice" is now defined by 

A ~ £ s E /11 I sr E :;!. ) t ~ o, ,, 2 J l J 
The ce 11 s covering fl1 are the hypercubes (of length 1), 

with 

/l1 = J C(-!J 
SEI\ 

CC.s) = fifE 1!1 I sf' :>if!' ~S,..+J } . 

The topological charge (1) can then be written 

Q. = z_ J d..*)( 7' J 

S€1\ CC-1! 

where Pis the Chern-Pontryagin density given in eq. (7]. Using 

(0) 

? ~ ';)/' .Q_f C.s) 

(54) 

(55) 

(56) 

(57) 

(58) 
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we can perform one integration as before and obtain 

I 1 (O) (O) _., 

Q = Z :z. oL '?' £ SL.r (<)-.n_ (~--r) J, 
.SE/1 f' fc<,ft) [' 

I 59) 

where f(s.~) are the faces 

160) f(•,f! = CC<>n cc•f!, 
which have the orientation of 'Jcc~) , and p is 

Jl-direction. 
the unit vector in the 

Following the discussion in the previous section we can write 

(pJ (tJ) (o) (I> .., 

Sl.f' (-<>-S2r{$-f> = LJ..Qf' (s,s-f> = ?., ..QI"' cs,sr> 
except for a set of singular points x € f(s,IJ)'- t>f(S,IJ). As before the 

logical charge receives contributions from two terms, Q = Q(l) + Q~) 
now 

{II f t [ (/) " (I) .., "' .., 

Q = z. z: ol. "r" St. tv c•,sr> -~.,c~-v, s-t -n] 
2: .s~/1 ,.,, rcv•,v) 

with 
n "' f'Cs-f•;n = Ccs> /1 C(5'-t!nC(s-v) 

161) 

tapa

where 

161) 

163) 

being a plaquette, which was the orientation of";) f(S,IJ). The contribution{'~ 
which is independent of the particular geometry, is precisely the same as in 

the previous case, 

(I) 

Q = 
(IJ .... z_ 11 (x;s,srJ, 

1\(IJ 
where the sum is over all singular points 

!len= u f x E .fc",t>~ ';;Jfc~t> J _..,r 
Noticing that lcf. eq. 115)) 

(/) A ..., (I) ., A 

..n. t" cs, "t' -o J = - .s:2.,
1 

c ", ~-r -v ! 

(I) ..... ,. _, (/) A "' ;1 

..Qf".) ( ... ..,,st-oJ=- S2.~r (~v,sr-"J, 

164) 

165) 

166) 
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(I) 

QL can be rewritten 

(/I 

Qz: 
2 (1) .., (f) (1) 

z. z: J o{ <Sj.v [.n,_/•,s-r;-.f2 v(s,•f-v!+.Ur!sf,s-f-v!] 
seA f,V 'f'«{",v> r f 

(I) ,.., ., ... > 
Lt S2t" (s,.>-f',•r-o = z_ L J i.'y..v 

-l"EI\ f•V f''Y',V) 

= z: z. 
so\ f',v 

{l.} ., .. .., 

S t{ >"'f.v ";)1 .Qt"! (s,? ,srv > ' 
'JX'/',V> 

167) 

(I) {Z) (l.) 
which gives as before Q.Z: " Q + Q

4 
, where 

(ZI s I l ~~ . () Q) " • " •• '\71 I 
(). -z:. ~ r. L.. "'-"!-"! S2t'11'rf,sf-vJ-.:.<;.v.C"t,<·rf,sr":!'J 68 

so\ f',v,s ((<,,.,v,fl I < 
with 

.e • " " C<,f',v,fJ = C(s>nccsr>nC(.r-v;nC(.s-j> 1691 

being a link, which has the orientation of~p{s,IJ,V). The contribution Q(Z)has 

the form 

where 

a (ZJ = (2) ~ ~ .... z: -n (><;~,s-~,sr-v> , 
/\(Z> I 

/1 C•> = U [ x £ t(.r,t,v> '71-rcy•,v>}. 
"',r,v 

Making use of the fact that9 ) 

U) c~ 

.Qf'"! (r,sf,s-f-~j> = - Sltr(-<;sf,sf-S-j)' 

(2.) "' "t .. .... .. r> (Z.' .. ... "' ....... 
SL!'"f (s,5'-t·",-<'-f-YJ): -.u...Yf'f(s,..._t-v,s-t-V·f), 

('l) .., .., ..... 1'1 ........ 

..n..t"! (s-.f,"·r-r ·-"r·"-.J; 
(Z.) ..... .... ... ., .., ., 

= SL.ftv c.s-.r ,.._t'_f' cr- .,_.f) ' 

I 701 

Ill) 

171) 
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eq. (68) can be written 

(ZJ- z: z_ 
Q Z. - .SEt\ f', J,J 

('l.J a) 

S &(~'! L flr!(~,sf,$-f-~> -.0..('"! (s,sf,sf-lji 
.fcsl'•'•fi 

(2J """'"'"'"' (2>., .. ., ......... 1 
• .n.r•! (•,•·r·',-"1'·'-f > - -'}•/'r,'-r-'·'t-'·1 > 

~ L. L
Sel\ h"•f 

J K"f.vJ 
!(~l'l,Jl 

_ L. Z: S i.Oj.vg 
- .SEA f'•'•~ lU:.f',>l,fl 

(Z} .., .., ., " "' ., 

Ll nt"J (•,st·'-t·v, "t·"•J) 

(l) 
n .Q (. ~ ~~ ~--
".- i"!" s,~t•""t·v, J'-t·•·f) 

{Z) 0) (3) 
This gives, as before Q.Z: "'Q + Q.Z: , where 

with 

Q 
(3) T'" C.S) ' .. .. .. ... ., .. ) 

= "- 'n. (x;s,st,s-r-v,.s-r-v-r 
A"' 

;t(J'= U f><E~cs,l'•"·f>''Jfc.r,r.v,f>}. 
.SJI'/*'/! 

{3) . . 
For QZ:we obta1n, together w1th eq. (40), 

(3) I [ "' "".. .., .., ... 
Q;r:, = Z z:_ j-vg<r z.n.~ V(~,s-r,sr-v,S-f'·"·t> 

.S!EI\ ,..~J,ft"" 

II ..... ... ... ""...... "" ....... .., 1 
- v (.s-v, ~-t·<r-, s-r·~...-, s-r-v·f -r) ' 

(73) 

( 74) 

( 75) 

( 76) 

where V(s,s-f,s-f-S Js~f-~-i) , ... are the volumes of the spherical tetrahedra 

defined by the transition functions "'f' ~, ...• 
s. s -~-~ 
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Again, making use of the symmetry/anti symmetry properties of EJ.v!o-, 
eq. (76) can be written 

(3) I 

Q ; L L. er'!"" .. ~ .. 
l:.. .S€1\ f'/",1.'" 

[v 
... ... ... .... ...... 

(s,s-r,s-t·", s-r·•-J) 

- Vcs,s-f,sf-o,s-f-:;-F; + V(s,~,sf-"·J,s-f-3-j-:r) 
(77) 

\/ .... ... ..... ... .. ., "' .. "' v. .. .. .. .... .. .. "' .... ., ] 
, (s,.s-r-•, s-r-v-g, s-r"·f·r)+ (st"•'T-'•-"t"""·!·-"t·•-J-r) , 

so that finally we obtain 

{,!) "' ,. .. ... .... .. .... ........ 

Q ~ z: ;z: nc.s,s-r,sr,s-r-"-f,<·t·'·t-r), (781 
Z:. sel\ f',<J1

f,<r 

where n is the winding number associated with the 5 spherical tetrahedra 

covering s3 as introduced before with values 0, ±1. 

In total, the topological charge then reads 

Q; z 
"'"' 

z:. ?1.(s,sf,sf-~. s-f.-'·i, .sf-o-}~) 

t-

+ 

z:. 
/\ (/j 

f,IJ,f,r 

(t) .., r (z.) , .., ... 
-n (><;s,s-r)+L-?! (><;s,s-r,~r-v) 

/\(Z.) 

(3.) ... .., .. .. .. .. 

L:- -n (><·Ssts·t·'·"'·r·'·f> A£'!)J ) } ' 

Again, it can be arranged that 
A ",.. "' ".., A..,"' A 

Q = z:. ;:E_ '11 (s,s-r,•r·•,s1 -o-J,"·r'·f·"). 
...s-eA f'•'V,J,r 

(79) 

(80) 

The virtue of this construction of the topological charge Q is that it 

can easily be adopted to any geometry of cells. 
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IV. lattice gauge fields 

In sections II and III we have assumed that the gauge fields are known in 

the continuum (ofiM). This is no longer true if the theory is regularized by 

formulating it on a discrete lattice of points in space-time usually a 

hypercubic lattice, which we shall identify with 1\ (eq. (54)). In this case 

the transition functions ~ 5 - are a priori only given at the corners of the 
s' -)1 

faces f(s,!J), i.e. the lattice points. 

For the computation of Q(f this is all that is required. For the com

putation of Q(l), Q(Z) and Q(J we need- if no further provisions are made-
" (a} .. " (I) .. .. .. r. a> ... " ... .. .... 

to know whether u.Jl.r (s,s'"r> .~n.t'" (.s,s-r,s-r-v> and LiJ.J...f'vJ(s,s-r,s-rv,.s-r->J-:J) 

are singular in f(s,IJ),'Jf(s,IJ), p(s,IJ,\1)'\) p(S,IJ,'>') and {(s,/',Y,f)'"2J((S}!4,V1!), 

respectively. The exact positions of the singularities (xt;'\( 1),1\( 2) and/\(3; 

respectively) are, however, not necessary to know. This requires (only) an 

interpolation of1r - throughout the plaquettes p(s,IJ,V) and, possibly, to a 
S,S-IJ 

single (but arbitrary) point in the interior of f(s,IJ). A potential inter-

polation (which satisfies the cocycle condltion and maintains gauge invariance} 

has been given in the literatureS). 

In the "continuum region", where the lattice spacing (which we have set 

to 1) becomes small in physical units and the gauge fields contributing to the 

functional integral have a small (lattice) action density, 

T-r [I- U(Jt> J < E (81) 

(U(~p}: parallel transporter around the plaquette p), the computation of Q" 

" Q(3) + q(ll + q( 2) + Q(3) simplifies greatly. Using LUscher's inter

pola~on8l of the transition functions, one derives the following (sufficient) 
,..., (o> .. o<" ., .. .... (z.) ., .. .. .. .. 

condi t i ens under which Ll ~r (s)~r) , tJ-,.v(s,sy,s-r-v ) and D.SJ.t-YJ(s)sr;-r-Y,si•...;.j> 

have no gauge singularities: 

r:i_(1J: •W 1) f 1/<l.r<!.C()S(I-f_€) _,7[;, .$rr , 

ci. ( ~,•f(sJ, 1) + ri("';_p,sf-J (s), t) + .{ ('l:;,<fC<J-v;_f,>-f-"'"', ~) f6 •r<c<"(/-l<),; .?.;;;, 

oU -u:;,•·F•>, t! + 'll<tlJ( f ri (tr-'f •-t.-v cs> ~~-• c-+.-;-pc•>l~ t) 
o~A~I '1 'I 

(81) 

~ 
+ ~ (-v-;,~f''' -v-'f,.rf-'JCs>[1J.of-v,s-f-•-JC•>] , tj+ ~"'-~ceo•{i-f€)" ~IE 
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for !J,Y,_s> E [2,3,4} (for \J,vor_f = 1 the fields that give rise to gauge 

singularities are of measure zero in the functional integral), where d{U:,11} is 

the metric of SU(2) = s3, i.e. 

c/.(1.1-,1) = /UCCtJs(f:lr«) (83) 

This means that for small E it is possible to gauge transform the transition 

functions - if necessary - such that the bounds (82) are satisfied. The com

putation of Q then reduces to the computation of o'll, and the charge can be 

viewed as the sum over local SU(2) winding numbers. 

For gauge field configurations with larger action density it is also not 

necessary to compute all of the Q's. One finds that it is always possible to 

(explicitly) gauge transform the transition functions such that o:il := q(
2

) := 

" q( 1) "0. This then reduces the problem to determine whether"tJ -"' - 1 in 
S,S-IJ 

f{S,IJ)\ tJ f(S,IJ), which can be done on purely geometrical grounds. 

It is not the purpose of the present paper to go into further details of 

the numerical evaluation of Q on the lattice. This will be the subject of a 

forthcoming publication, where we will also present results of a Monte Carlo 

calculation of <Q 2> on large lattices. 

V. SU( 3) 

It is not trivial to extend the results of sections II and III to the 

physically more interesting case of gauge group SU(3). Therefore one is led to 

ask the question: can we reduce the problem of computing the topological 

charge for SU(3} gauge fields to the case of SU(2)
10 l? 

In the continuum this is possible by means of the so-called reduction of 

the structure group 11 ). This means the following. A fibre bundle, which has 

structure group G and is therefore in general given by G-valued transition 

functions, may under certain circumstances be described by transition 

functions with values in 

ref. 11 it is easily shown 

can be reduced to SU(2). 

a subgroup of G. By means of the theorems proved in 
4 

that the structure group of any SU(3) bundle over T 
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The explicit construction makes use of the fact that SU(3)/SU(2) is equi

valent to s5 . Actually, SU(3) is a SU(2) principal bundle over s5 (cf. ref.12 

for the analogous considerations in case of the unitary 

projection 

SU(3) _,. SU(3)/SU(2.) :;;; Ss 

groups). The 

(84) 

simply maps a SU(3) matrix onto its first column. Here and in the following we 

describe points of s5 by a triplet of complex numbers, 

(t>.,b,c) E:(3
, /Ot/ 2+ tbtz+/Ciz= I. (85) 

As s5 minus one point is a contractible space, SU(3) minus the fibre over the 

removed point is a trivial SU(2) bundle. For example, any 1-t.E SU(3) with « 11 -:f.-1 

may be decomposed as 

1A_ = 4) (U.II I"<-.,' ~M) ( 

I o o) 
0 p( -(" ' 
0 fl ,_, 

(86) 

where [P<l 2 + 1~12 
= 1 and 

• -c• No.. 

( 
tl: -b 

loltt" 

& _L ( ltot-tb/ 2
) b c.' I (87) CJ (o.,b,c) = N4. -I+ ... ~ 

c _ cb• 
.J_ '(1+4.*- I"- I') 

I f tJL 1-NJ.: 

for {a/ 2 + 1bJ 2 + JC/ 2 
= 1, a i -1. The first factor in (86) represents a 

point of the base space s5 in SU(3) while the second one describes the fibre 

SU(2). 

Now the reduction procedure as given in ref.1l goes as follows. LetPbe 

an SU(3) bundle over T4 specified by transition functions (we shall restrict 

ourselves here to hypercubic geometry} 

;;j , c-.> t .£U(:?,) , ., < fcs,J.<) (881 
s 1s-r tJ <1 I 

analogous to the case of SU(2}. We first construct a section of the bundle 

'P/SU(2) which has T4 as base space and s5 .as fibre. Such a section is des

cribed by smooth functions 
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2-s ccs) -4 -S .,. 
(89) 

satisfying 

i!s9! = -v:;,.sfl ('() 2...,_f C(! (90) 

for(/ € f(s.~). The fact thatP/SU(2) admits a section follows from 

7T, ( .Sr) = 71~ (Ss) = ?(., (.SSJ = 0. (91) 

If ?:..sis not surjective - this condition is generically fulfilled - we 

can find a smooth map 

" i?..s ' cc..r> __, .SU(:!.) (92) 

such that the first column ofe.s{Y) coincides with -e..s(y) for all y€ c.{s): 

e_.c1; (i) = ~~9). (93) 

For example, if as{Y) # {-1,0,0} for ally e c.{s) we can define 

~ "-• q; = <0 ( e.c-q!) . (94) 

For y ~ f(s,~} we have 

~_,C(J (i) = i'..sC(! = ~ < 0 (~) e_.r' (o) = ~< ,(q) e ,(o) (6). (95) ,-r• • ,..,.. <-r• o 

Consequently, if we use the functions 2.s to gauge transform the 'lr -, we 
s,s-~ 

arrive at transition functions with values in SU{2): 

~ -I- ~ ( I 0 0 ) 
i'..sC(! ~,_,(if! c._._.Cif) = o 

't r o'l5'.s,sf 
, V:.,sf C¢! ( .S.U(l). (961 

As the topological charge is invariant under gauge transformations like {96), 

it can be computed from the SU(2)-valued transition functions~ -(y). 
s > s -~ 

To carry out the reduction explicitly we need to know <=.s(y}. In the con-

tinuum, where the SU(3}-valued transltion functions ii- - are explicitly 
S,S-\1 

given in the form 

_,_ 
1F ,Co) = q c,J q .c~J 

..s}sr v as (/ f[~r q 

(97) 
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(cf. eq.(ll)) for ally E- f(s,IJ), we may take 

-e.._,(?) ~ 5"..c-q> -I ( i) ) (98) 

which, as is easily seen, satisfies eq.(90)(and, as a result of (91), can be 

extended to c.(s)). On the lattice we follow ref.8 and construct transition 

functions at the corners of f(S,iJ) with help of the standard parallel trans-
-s 

porters~ : 

1f.,sfC¢J ~ .;:j-'(qi ;rs-f(~)-'. ( 99) 

To extend the '1f' - 's to the whole of f(s,IJ} we may take LUscher's 
S S-j.l 

interpolationS) (which is trivial to extend to the case of gauge group SU(3}}. 

It has been shown in ref.l3 that this can be written for ally E f(S,iJ) in the 

form {99). The explicit expressions for the parallel transporters-ii~y),'le:Jca) 
are also given in this reference. We then may define 

-... ( ') i!os((i ~ .._, <:Ji g , ( 100) 

which satisfies eq.(90) and provldes us wlth SU(2)-valued transition functions 

'IT -(y) for all y ~ f(s.~). 
S,S-IJ 

V. Conclusions 

We have i-ntegrated the Chern-Pontryagin density completely and obtained a 

closed expression for the topological charge Q - which requires to know the 

gauge singularities ofd..O.~O) ,4~~) anct4.0.~~} though. This result applies as 

well for gauge group SU{3), whose transition functions can be gauge trans

formed into transition functions with values in SU{2). The practical use of 

the expression is that it allows us to calculate Q, in the continuum and on 

the lattice, without resort to numerical integration. 

We have seen that eq. (79) leaves considerable room for the practical 

evaluation of Q on the lattice - including the choice of an interpolation of 

the transition functions. The by far fastest procedure is the first method 

described in section IV, in which it is sufficient to compute q'1_l. This will 

be applicable in the "continuum region" only. But notice that alone in the 

"continuum region" a lattice gauge field configuration can be assigned a 

unique topological charge
8 l. 
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While we were preparing this paper we received a preprint by Phillips and 

Stone14 l, who also were able to compute the topological charge of SU(2} gauge 

fields by analytical means. The amount of algebra to do in their algorithm is 

similar to that of the second method sketched in section IV, where one has to 

compute Q(l) only. It will be interesting to compare their charge with, e.g., 

LUscher's interpolation of the transition functions on individual gauge field 

configurations at various values of the coupling constant to test for unique

ness of the results. 
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