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Abstract

In the following report we describe a method for calculating the envelopes of coasting
beams in linear coupled storage rings and transport systems in the presence of transverse
space charge forces. This work is an extension of earlier calculations[2,3] to include
coupled beam optics and energy deviations. The extension is achieved by defining a 5-
dimensional ellipsoid in the z — p, — z — p, — Ap/p space. The motion of this ellipsoid
under the influence of the external fields and the instantaneous space charge forces can
‘be described by five generating orbit vectors which can be combined into a 5-dimensional
matrix B(s). This "bunch -shape matrix”, B(s), contains complete information about
the configuration of the bunch. The solution of the equations of motion is carried through
in the thin lens approximation.
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1 Introduction

In simple treatments of beam transport in storage rings and beam lines, one neglects
electromagnetic interactions between the particles. The evolution of the beam envelope can
then be calculated from a knowledge of the single particle motion as determined by the
external guide field of the lens system.

This approximation is justified when the particles are highly relativistic. In this case the
electrostatic and magnetic forces between pairs of particles essentially cancel since they have
similiar magnitudes and opposite signs[1].

The position is different, however, when the particles are travelling slowly compared to
the speed of light as, for example, in the case of heavy ions. Then, the electrostatic repulsion
is stronger than the magnetic attraction and there is a net force on the particles over and
above that due to the lens system.

When such a space charge force is present it is no longer possible to calculate beam
envelopes in r — p, — z — p. space using the independent particle approach; the motion of a
single particle is influenced by the electromagnetic forces of all the remaining particles of the
beam. Since these forces are on balance repulsive. the beam has a tendency to expand and
particles can be lost if the physical machine aperture is not correspondingly increased.

In the following. we show how to calculate the envelopes and sizes of coasting beams in
the presence of transverse space charge forces so that more accurate estimates of the required
machine aperture can be made. '

If the coupling between the betatron oscillations and the energy deviations of the parti-
cles is neglected the formalismn developed here contains the results of J.M.Kapchinskij and
V.V.Vladimirskij {2,3| as a special case.

2 Equations of Motion

The calculation begins with the equation of motion of a particle of charge e:

dZ €
Mo -
¢

ol )= A B) Y (21
where B is the external guide field and F*1J is the space charge force due to the beam itself.

For sitplicity, we make the following assumptions about the charge distribution of the
bunch:

1.} We consider a coasting beam whence the longitudinal dimension is much greater than
the transverse dimension. Only transverse forces are included.

2.)At position s. the beam has an ellipse-like cross section in the x-z plane given by the

equation 7.8.9.
E'_2 cx? o 2E,.G, vz + Ei S (2.2)

where E.. E., G, G. are defined by Fig.1 and

e.= E.-JE?— G2 = E.-\/E2 - G*; | (2.3)

(J 15 the area of the ellipse).
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3.) The charge density is a constant independent of position within the bunch. F.J.Sacherer
has shown that in general for practical distributions, the dependence of the envelope equations
on the type of distribution can be neglected [4]. However, since with a uniform distribution,
the space charge varies linearly [2] with x and z , the formalism can be greately simplified
and the usual techniques of linear optics used (see section 3)[3].

4.) In calculating space charge forces we neglect the small spread in longitudinal momenta.

Fig. 1

With assumptions 1), 2), 3) and 4} and following J.M.Kapchinskij and V.V. Vladimirskij
(2], in the rest system Iy of the beam defined by Ap/p = 0, the components of F**// along
the symmetry axes (%, 7) are given by (E;, E; = half axes of the ellipse) :

1
self -

- = -4A P . ; 2.5
50 N BB+ E) (2.52)

1

self -

L' YL N : 2.5b
0 * Ey(Ey + By) (2.5b)
Fg!l = 0; . (2.5¢)

(Ao = line charge demnsity in Z).
Then, with respect to the (x,z) axes we obtain:

Fr = FEY . cos® — F o 5in0

&
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ot = Fi o sin® + FEY - cos® . (2.6)

Transforming into the lab. system I we have:

1 14
F = R
v
1
Frelf = = et (2.7)
i
Fself =0
or, if we use the relation
)\ =" /\0 (2.8)

(line charge density in X)

(a calculation of A may be found in Ref.{5]) and substitute (2.5) and (2.6) in (2.7) :

4\
F;elf — *;'E'(sz'a""{'Fz'z);'
Y
4
F;ezf ——5'6"(an:'m+Fl: -::) ‘ (2.9)
with
1 11 '
FQ-;:FZI:__———_' (—“——H;)'Sin@(:osg;
(E1+E2) El Ez
1 1 !
Fo.- — (_ ccos? @ + = sin’ 9) ; 10
(B + E2) \Ey B -
1 1 ! o
FL=— (—-r sin® O + — ‘COS;@) .
(Ey+ Ex) \E B

If the closed orbit is straight, equation (2.1), when written in terms of the x-z-s compo-
nents, takes the form [7,8] ‘

1
§ = — .(iB,—$B.)+ — - F<Y, (2.11a)
moyc gy
. € . : 1
P ($B, — #B,) + Rt (2.11b)
Moyce et
€
§ = (2B, — £B,) . (2.11c)
MgYye ‘
We now introduce s as independent variable:
dr ds
'PIE{;'B}::C’."; i=a" P+ -5 (2.12a)
T Y T (2.12b)



so that eqn.(2.11) becomes:

€

= —V1ta?+22.[2 B, ~(1+2%) B, +z' B,]+
p-c
1 ; 12 :f2 1
A= 2+ ). L Felf (2.14a)
v ™oy
Moo= _;_C 1+a?+22- [z -B,—(1+2%) B, +a's-B.} +
1 2 zr2 1
Are"¥=) 1 por, (2.14b)
v mey
Putting:
N - 1 € 8B, OB,
T2 p.c\ B 8: ) _._o
1
H = _-—B,;
2 p-c

and using the relations:

oo o B: 0B. 0B,
e =t dr a9z ds
. o8B, 8B,
rotB =0 = — = ,
e 8z 0:

equation (2.14) in linearised form is then:

2" tgox = (N+H')-z+2H-z'+*—~—5-F;df; (2.15a)
Yrie?
) ‘
Mgz = (N-H)-e-2H '+ — F* . (2.15b)
Y

Equation {2.15) is valid for a straight design orbit. If on the contrary, the design orbit 1s
curved in the horizontal plane, one must include an inhomogeneous term6]

1 Ap
pls) p

on the r.h.s. of equ. (2.15a), where p(s) = curvature of the reference trajectory and Ap is
the deviation from the reference momentum pe. Furthermore, the factor g is replaced by:

L1
g - .
p?

[ ]



The complete equations of motion (see (2.9)) including the effect of self fields and external
guide fields are then:

4x . 1
; ¢ > (Fop -z + Fpr - 2]+ 2P ; (2.16a)
7% - mov p(s) p
' —g-z2-(N-H)-z2+2H -2’ =
4\ - -
C  Fhz+F.,-z). (2.16b)
~3 - gl
In detail, one has:
1
a) ¢g # 0; N=H=-=0: quadrupole;
P
1
b) N # 0, ¢g=H=-=0: skew quadrupole;
p
1
¢} — # 0; g=N=H =0: bending magnet;
.
1
d) H # 0; ¢g=N=—-=0: solenad.

The term F,. = F., appearing in (2.16} describes the self-coupling of the bunch and
vanishes for a cylindrical bunch according to egn. (2.10) (E; = E;).
For later developments, it is useful to introduce the momentum variables

pe=u' — H z; (2.17)
p.=2 +H-x.
Equation (2.16) then becomes:
' =p,+ H: z; ,
, 1 4) - 1 A
P, = — g+ — + H? -:E+N-:+H-pz+—e [Fm-;r—{—-Fm':}+—-—-P;
p* 73 - mor? pls) p
z':p:—H-m;
4 € .
p’::N-m——H-pw—F[g—Hz}vz-{——ﬁ-{FzI-mﬁkF;:-:j. (2.18})
RS-

Remark:

To handle particles with different energy deviations in a uniform manner we take for the
constants v and v appearing in eqn. (2.18) the values belonging to Ap/p = 0 (see eqn. (2.1)).



3 The Beam Envelopes

3.1 The 5-dimensional ellipsoid in = — p, — z — p, — Ap/p space

In obtaining equation (2.18), we have assumed that the beam cross section remains
ellipse-like as the bunch travels along the closed orbit. This is indeed the case as we prove
below but we must regard the Fy,, Fe,, Fiy, F.. as varying and as yet unknown functions of
s. Equations (2.18) are then linear and their solutions can be expressed in the form

ZJ(S) = M(s, s0) 3_1:(30) (3.1a)
with
7 ¥ L e ]
- ( Ap/p ) 7 Y= > ’ (3.1b)
pZ
- M(s,s0) Z(s,$0
M(s,s0) = ( _(O’ ) = 1 ) ) . (3.1¢)

M is the transfer matrix associated with the homogeneous part of eqn. (2.18), ¥ is a special
solution for the inhomogeneous system (2.18) with Ap/p = 1 and for which

Z(s0,50) = 0. (3.1d)
Since, according to (2.10) we have
.F:nz('s) = sz—(s) 3

we can represent the equation of motion (2.18) in Hamiltonian form

, 8H ,  8H
T T e
, oH 0H

with the Hamiltonian|7,8]

~ 1 1

H = ;-{[Q+'§]-;x2_g-zz2N-:cz+{pm+H_z]2_€_[p:"H-$].2}_
- p 7
5-73'77?.01)2.[}?‘7"“.1 +2sz$Z+FzzZ]_
1 A
IO (3.2b)
p(s) P

Because the variables z,p,, z,p. are canonical, the transfer matrix is symplectic[7,8]:
M7 (s,50)- 8- M(s,50) = § (3.3a)

7



where

0 -1 0 0
1 00 O

=10 00 -1 (3.3b)
0 01 0

As we prove later, we may ensure that the projections in the z - z (and the z — p, and
z — p.) plane is elliptical by choosing a particle ensemble ( at s = s} which occupies a five
dimensional ellipsoid in # — p, — z —~ p. — Ap/p space whose surface is of the form[9l:

g(sg;go,x,él,(ﬁu) = COSY COSY - [( %1(so) ) -cos by + ( yz(OSO) ) -siné;] +

cos i - siny - [( ) -cos bpr + ( y4(030) ) . sin 511] +

: ¥s(s0)
sing - ( (Ap/p), ) (3.4)

The ¥;(sy) are five independent fixed orbit vectors:

Ll
— p:ck :
( lgc ) = | 2 ;0 (k=1,2,3,4); (3.5a)
Pk
0
L5
— p335
Ye _ .
(WE )] 5 v
D:s .
(AP/P)O

which are determined by the shape of the ellipsoid at sy and the surface is spanned by varying
¥y X5 61! ors.

We can see that eqn. (3.4) represents an ellipsoid as follows:

Equ. (3.4) can also be written in the form:

— — —_ — — —

¥ = (41,92, 3,94, ¥s) - ¢ (3.6)
with
cosp - cosy - C080;
cosy - cosy - sind;
g =1 cosp-siny -coséyr |

(%)
ys_( Ap/po)'

8

cosp - siny - coséyy
sinp

o‘fl

=1,2,3,4);



It follows from {3.6) that

=y
i

i~

2]

where

—

Z_l == (ylag27yn3:g\4ag5) .
(Note that the vectors Gk = 1,2,3,4,5) are linearly independent. Therefore the matrix

(yl, Uz Tas s ys) 1s nonsingular and the inverse of this matrix exists.)
Furthermore, if we use the relation

GHE+E+g =1

we And that ;

S [Tw-wl=1. (3.7)

=1
Since the matrix T is nonsingular, the left hand side of eqn. (3.7) represents a positive definite
quadratic form from which ¢, x, é;, 6;7 have been eliminated. This confirms that eqn. (3.4)

indeed represents the surface of an ellipsoid in z — p, — z — — Ap/p space.
During the particle motion, the eqn. (3.4) transforms to

75(3 ¥y X 515511) = M(S’So) 33(50;997 X=51,511) =

COSp - COS ) - [( —'1[(}5) ) - cos 87 + ( Q}{(}S) ) .sin(ﬁ]} +
COSw -sIny - [( ‘*3(()5) ) ccos by + ( _‘4((15) ) 51n6H] +
o wls) ) |
111 40 ( (Ap/2), ) (3.8)
with
Yils) = M(s,s0) yu(so) ;{k=1,2,3,4); (3.9a)
ys(s) = M(s, s0) ys(so) + (%E) - T(s,50) (3.9b)

so that the beam envelope keeps its ellipsoidal form. It is thereby already clear that if the
heam cross section, which is the projection of the ellipsoid {3.4) on the z — = plane, is elliptical
as required by (2.18), then the projection remains elliptical and can be described by eqn. (2.2)
and (2.3).

In the next section we calculate the projections of the ellipsoid on the — Pey 2 — p, and
r — = planes.

3.2 The projection of the five dimensional ellipsoid

To calculate the projection and the equatlon of the ellipsoid (3.8) we first of all express
eqn. (3.8) in component form:

T(s19,X,01,011) = cosp-cosy - [yni(s) - coséy + ya1(s) - sin &7) +

9



cos - siny - iya(8) - cosdpy + yar(s) - sinég] +

sin g - ys1(8) ; (3.10a)
o850, %, 67.817) = cosg-cosy - |yia(s)  cosér + yaa(s) -sinéy] +
cos - siny - [y3a2(s) - cosbyy + yazls) - sinéyy| +
sinw - ysa(s); (3.10b)
(830, x,87,871) = cosg - cosy - [yals) - cosép + yus(s) - sinéy] +
cos @ - siny - [ysa(s) - cos bz + yaa(s) - sinbppl -
SN @ - Ysa(s) ; (3.10c)
P800, 81, 851) = cosg - cosy - |yia(s) - cosdy + yaa(s) - sinédy] 4

cos @ sy - [Yag(8) - cos by + yasls) -sindyy +
S - Ysa(s) . (3.10d}

The projections are then obtained by investigating the functional dependences of pairs of
components|9]. ‘

3.2.1  Projection on the z — : plane.

The projection on the  — = plane describes the boundary of the beam cross section. Thus
it is useful to calculate the maximum amplitudes in the two directions.

a) Maximum oscillation amplitude in x direction:
By using the relation

Maz, {A-cosp+ B -sing} = VA? + B?

we see from (3.10a) that the maximum amplitude in the x direction is

Maz g, 6,6, T(si¢,x-81,611) = \/yfl +yn ot VRt Yh - Y (3.11a)

If we anticipate that the projection is an ellipse, the maximum amplitude in (3.11a) can be
1dentified with the ellipse envelope parameter of equn. (2.2}, i.e.

Eo(s) = /vl + vh + ¥ + vh + vh - (3.11b)
This amplitude is reached for the case where the angles ér, 877, x,» are given by

Y21 .
vV y121 + yg]

Yn

Y11 .
cos by = ——Zemem—e ¢ sinédy =
= hl

\/9121 + y%l
Y

1 B
cosbys \/m sin é;; — :
R (TR R R
sin y = \/rng—;-; 1;421 :

V¥ +vh v vk

10



\/yfl + Y4 T Yt Y

Cos @ =
2 2 2 2 2
\/;11 Yyt yh T YLt R

. Y51
sl = - ; : = . (3.12)
VY T Y T s T VG T Ua

The corresponding z coordinate can then be obtained from egn. (3.10¢):
1

G, = Eis) (s) Ay s Y21 Yas T Ya cYaz F yanc Ya3 T Ys1c Yss) o (3.13)

h

b) Maximum oscillation amplitude in z direction:
The maximum amplitude in z direction is calculated in the same way. From equ. (3.10¢):

Maz(g 5,6, (850, X001, 611) = \/y%?, + Y3y +ys + yis +yls = Eils) . (3.14)
The corresponding x coordinate is then
1
G. = s () Ay s+ Ya1 - Yaa + Yn - Y3z F Yar - Yas T Ys1 o Ysa) - (3.15)

Thus we see

B, G,=E.-G.. (3.16)

¢) Maximum oscillation amplitude at the angle ¥ with the x axis.

To calculate the equation of the beam cross section we now consider the largest amplitude
that can occur along some direction which makes an angle 9 with the x axis in the z —z plane.
It is useful to introduce a rotated coordinate system & — # according to the transformation

z(d) =z -cosd + z-sind ;
Z2(¥)=—x-sind + z.cosv .

N>
- N

Fig. 2

From egns. (3.10a) and (3.10c¢)
#HP) = cosgcosy [(yy - cos? + ypz-sind)cos by + (Y21 - cosP + yaq - sin ) sin by] +

11



cos @ sin x [(ys1 - cos ¥ + ya3 - sin ) cos 817 + (yq1 - cos VP + yaa - sind?) sin b7 +

sin g - (ys1 - cos?d + ys3 - sind)

and for the maximum amplitude in the rotated frame

Maw(ﬂansél,éfI) i(19) =

in the ¥ direction one obtains

1 1 1/2
E(9) = {5 [E2 ~ ] -cos20 + B.G. -sin20 + [E2+E2]} .

This amplitude is reached for the case where the angles é;, 611, x,» are given by

with

The angles ¥, and ¥, corresponding to the extrema of E(d#) are given by

0

d
)

E(9)

£1(9) : £2(9)
COS & = —epmiteiee + sind; = :
Vé + & €+ &3
v ?
cos b1 = M ; sindyr = &(9)
V& + & ¢ + €}
VE + &
COSX froed ;
VE+8+8+¢
: V& + 6
siny = ;
Jerg+a+d
Je+g+a+d
COS(p = ;
JE+rat+ g+
o £s
sin e = .
JE+Era+ 8+
£1(¥) = y11 - cos ¥ + yg3 - sind ;
£2(V) = yz1 - cos ¥ + ya3 - sin ¥ ;
53(19) = y31 - cos¥ + ya3 - sind ;
64(19) = Ya1 cos ¥ + Y43 - sin? ;

Es(F) = ys1 - cos ¥ + ys3 - sindd .

B*$) = - [BX- E!]-sin2d + 2E,G, - cos 29

for 4 = 'L?]_‘g

12
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e T mm— ey wme— g, ——— ——— T ——

whence

2E,G,
tan 29, 5 = T g (3.18a)
E2 _ E2
cos 29y 5 = = & (3.18b)
+V/B2 - B2 + 4E2G?
corresponding to extrema
2 1 z gl 2 2)? 2632
BEip=35- B E?| +\[E2 - B} + 4E2G2 | . (3.18¢)

From (3.18b) we see that the directions corresponding to the angles ¥; and J; are perpen-
dicular as one expects if the z — z projection is elliptical.

Eqn. (3.17) describes the envelope of the beam in the 1 direction. In particular
ford =0

and for ¥ = 1/2
E(r/2)=E, .

The  component corresponding to the & component E(9) of eqn. (3.17) is given by

1 1.
i9) = 2 {3 (22 £ nai s £ conod) |
(9) E(9) { 5 [Ez Ez] sin2d + E.G, - cos 29 (3.19)
Special cases of eqn.(3.19) are: -
' G(0) = G,
for ¢ = 0 and
G(r/2) = G,

for ¢ = 7 /2 (see eqn.(3.16)).

d) The boundary curve of the beam cross section.
We will now show that the projection of the ellipsoid onto the = — = plane is indeed
elliptical. To achieve this, consider the ellipse:

r(s50) _ E. (s} . cos v b 0 Lsiny ‘
(:(s;'d’) ) _ ( Gx(s)) K (\/ﬂ) y (3.20)

where t is a free parameter and where E.(s), G.(s) and E.(s} are given by eqns. (3.11),
(3.13) and (3.14). We see that if one takes the projection of the ellipse of (3.20) onto the z
and ? axes for each ¥ (Fig. 2) one just obtains the expression E(#) of equ. (3.17) and G(J)
of eqn. (3.19) . Thus the ellipse (3.20) is identical to the boundary of the beam cross section
in the z — z plane.

Furthermore by eliminating cos > and sin one obtains the ellipse of eqns. (2.2) and (2.3)
which was used in Chapter 2 to calcnlate the space charge forces.

13



3.2.2 Projection on the z — p, plane.

For the projection of the ellipsoid (3.8) onto the x — p. plane the corresponding equations
are (3.10a), (3.10b). Since these two relations have the same form as equs. (3.10a) and
(3.10c), we obtain an elliptical projection onto the = — p. plane by analogy with eqns. {2.2),
(2.3). We write the ellipse in the form:

Al.z* —2E.E, -zp.+ E?-pl=¢l (3.21)
with
Az(s) = Ma:c(w.xé;.ﬁz) pz("": ¥y X5 51; 511) = \/yfz + y§2 + y%z + yiz + y?z ; (3-22)
1
E,.(s)= _E__(:j Ay Y1z + Yo - Y22 + Y31 - Y32 + Ya1 Va2 + Ys1 - Ys2} (3-23)

me; = m - EpJAZ ~ B2 : (3.24)

(area of the ellipse(3.21)).

Here, the function A.(s) represents the maximum amplitude of the momentum p, and could
be called the momentum envelope for the z - p, plane. e, gives the area of the ellipse (3.18)
and the meaning of E,_ is indicated in Fig. 3. ‘

Px
i

Fig. 3

14



3.2.3 Projection on the z — p, plane.

A similar treatment can be used to describe the projection on the z — p, plane.We write

A2 —2B.E, -zp, + B! pl = ¢ (3.25)
where
Au(8) = Maz(gys,5r Po(5,0 %0 61, 811) = /e + Vhe + vhe + vk + ¥e s (3.26)
1
E,(s) = E.(s) {y13 - yia + Y23 - You + Va3 - Yaa + Vaz - Yaa + Y53 Ysab (3.27)

Te, = m- B, \JA? - E2 (3.28)

(area of the ellipse(3.25).)

This is all represented by the ellipse in Fig. 4.

Pz
A

T —e~

Pz

Fig. 4

With the calculation of the beam and momentum envelopes and with the proof that the
" beam cross section for general particle motion can be described by the ellipse of eqn. (2.2)
we are now ready to return to the discussion of space charge forces of Chapter 2.

15



We point out finally that the angle © of Fig.1 is to be identified with the angle ¢, of eqns.
(3.18a,b) and that the quantities F;, E, appearing in eqns. {2.5), (2.10) and (2.18) are given
by eqn. (3.18¢).

A method of approximate solution of the equations of motion (2.16) will be presented in

the next section.

Remark:

If we neglect the momentum spread, the 5-dimensional ellipsoid becomes a 4-dimensional
ellipsoid :

—

9(s;x,81,811) = cosx - |yi(s)-coséy + a(s)-sinédy |4
siny - [§s(s) - cos érp + Yuls) - sin by . (3.29)

In this case the terms E,, E,,E, ,E, ,4;,A.,G.,G., ¢, . are obtained from egns. (3.11),
(3.15), (3.22), (3.24), (3.26 - 28) by setting y5, = 0. The projections onto the r — 2,2 - p,
and » — p. plane are again given by eqns. {2.2), (2.3), (3.21) and (3.25).

4 Solution of the Equations of Motion

4.1 Thin lens approximation

In matrix form, the equations of motion (2.18) are:

d . Ap
Ty Als) g+ =X (4.1)
ds P
with
,41] — O ;
41, = 1;
-413 = H1
Ay, = 0
1 4) ¢
An = =g+ 5+ H| 4 5 Fu s
P v3 gl
.422 - 0
; 4) ¢
:42; = -?\‘F T*Ai Tz o8
¥ mgr
4.24 a '+H .
4, = -—-H
‘432 = 0 ’
‘433 0 1
_4.34 —_ 1 1
4x -
-'4‘41 = N + 2 ¢ 2 F.:r
A g



Ay = —-H;

4\ e
—_ . - 2 . .
—’443 - [9 H]+73'movz Fzza
A44 = 0 (4.2&)
and
0
- 1
7= /o (4.2b)
0
0
or, by using the vector g of egn. (3.1b):
d - A 7Y\ =
ay—(o O)y. (43)

For the transfer matrix M(s,so) defined in eqn. (3.1c) we obtain the defining equation:

d . A
EM_(S,SU) = (AE]S) O)M(STSO)Q (4.4a)

M(SQ,SQ) = 1 N (44b)

which in terms of co1ﬁp0nents M(s,s0) and Z(s,30) gives:
d » I
;lgm(f"aso) = A(s) - T(s,80) +7; Z(s0,80) =03 (4.5a)
& M(s50) = A(s) - M(s,50) 5 M(so50) = 1, (4.5b)
so that in first approximation we may write :
= M(s+ As,s) =1+ As- A(s) , (4.6)

However, M so calculated is not symplectic (see eqn. (2.3)) for finite As .

The solution of eqn. (4.4), and also of eqn. (4.1), can be obtained however in a thin lens
approximation which is also symplectic.

For this, we divide a lens into a sufficient number of thin lenses for which in the power
series expansion of the matrix M(e + As, $0), only the linear terms are needed. Thus we write

(4.7}

ﬂ(s-&&s,s) _ ( M(s+ As,s) 7-As )7

0 1

for which M(s + As, s} is given approximately by eqn. {4.6).
To ensure that the symplecticity of the submatrix M(s + As,s) is rigorously maintained

by the linearisation ( see eqn. (3.3}) we write

Asy A
M{s+ As,s)=Mp (s + As, s+ TS) 1+ Cls)-As] - R(AO)-Mp (5+ Tﬂs) {4.8)

-
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with

C(s) = A(s)-D-F; (4.92)
0100
00 0O
_ . 4.9
D 0001l (4.9b)
0 0 0 0
0 010
0 0 01
F = H 1 o000l (4.9¢)
0 -1 0 0
Mp(s+1s) = 1+41-D; | (4.94)
(transfer matrix for a simple drift space of length 1) ;
cosAQ 0 +sinAG 0-
0 cosAO 0 +stnAO
RIAG)I=1 _inae 0 cosA® 0"’ (4:9¢)
0 —sinAQ 0 cosAQ
(A©® = H - As) .

In linear order, the right kiand side of (4.8) agrees with the r.h.s. of eqn. (4.6). Fur-
thermore, all factor matrices on the r.h.s. of (4.8) and therefore M(s + As,s) itself are
symplectic. '

In this way, the linear approximation (4.6) for M(s + As,s) can be made symplectm by
adding terms of higher order in As.

To compute the matrix M(s + As,s) using eqn. (4.7) and (4.8) the coefficient matrix,
A(s), must be known. But (eqn. (4.2a)), the matrix elements 45, A3, Ag;, Ay contain the
quantities F., F,, F., and F.. and these depend on the space charge forces. Also, according
0 (2.10), {3.19), (3.11), (3.13) and (3.14) the F'* depend on the generating orbit vectors ¥
(k=1,2,3,4,5) whose behaviour also of course depends on the shape of the beam.

However, one should note that the vectors 3 can be calculated using the transfer matrix
M(s + As,s) once the starting conditions are known. By eqn. (3.9):

(360559 o sun (500 103
0 0
for k=12.34 ;
ys{s + As) \ - s+ As s Ysis) )
( eV ) — M(s+ As, s) ( Anime ) (4.10b)
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By using this relation together with (4.7), (4.8), (4.2a,b), (2.10), (3.18) as well as (3.11).
(3.13),(3.14), (3.16) the transfer matrix for a thin slice can be defined and then, by multipli-
cation, the matrix for a thick lens.

Finally we mention, that eqns. (4.10a.b) can be written in a compact form

~

B(s+ As,s) = M(s + As,s) - B(s)
by introducing the "bunch-shape matrix”

" E:(glvg23g3ag47y5)

which already appears in equ. (3.6). This matrix B contains complete information about the
configuration of the bunch - see eqns. (2.2), (3.21) and (3.25).

4.2 TInitial conditions for the ellipsoid

The beam cross section depends both on the shape of the phase ellipsoid at injection
and on the space charge forces. Thus, for example, in a machine with uncoupl}ed optics, 1t 1is
possible for the betatron motion to become coupled if the beam ellipse is tilted in the » — z
plane. This manifests itself by the appearance of a non-zero tilt angle © of the half axes Ej,
E, with respect to the x and z axes.

If the beam is injected with no twist, the ellipsoid can be written in the form 9] :

[ { E.(s0) 0
- _ E,.(s0) €2/ Ez(30)
(8050, %, 6r,817) = cos@-cosy 0 -cos &y + 0 -sinér| +
: " 0 0
i 0 0
i 0 0
0 G
cosy - siny - E.(sg) { -cosd+ 0 sindrr| +
E,.(s0) €./ E.(so0)
i 0
0
0
sin @ - 0 (4.11}
0
(Ap/p

For open ended transport systems, there is little more to be said. But for storage rings
we wish the ellipsoid to be periodic. This then means that the transfer matrix is periodic:

Mfso + L, so) ﬁ_M_(50+2L,50+L) (4.12)

One may find the periodic ellipsoid by writing (3.4) in the form [9]
b 1 — vr( s ; oy (s —i
W(s0i @, X, 01, 801) = ;'\/El-cow-cosx-[(W(OO))-e‘“+(l"(0°))-f ‘”]+
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—

~ . \Jerr-cosp -siny - [( ’711((]30) ) e g ( ":’?I(()So) ) _e-ianl n
sin - ( (ffs(So) ) (4.13)

2

AP/P)U
with
Ver - vr(se} = G1{s0) — i - 42(50) 3
e11 - Urr(so) = ¥a(s0) = 2 - Yalso) ; (4.14a)
5?(50) -5 Tp(s0) = 5}'}(-‘)‘0) - S~ U(se) = ¢ . (4.14h)

From this, it is clear that an ellipsoid injected at s = sg, recovers its original form after one
turn if the vectors v7(sg) and v77(so) satisfy the eigen-condition

M(so + L,sg) - i7(s0) = € P97 F(s) ;
M(so+ L,so)-tr(so) = e 720 iipp(s0) (4.15a)

and when ¥;(sg) satisfies the condition

- Us{so) | _ [+ #s(s0) .
oo s 2o (B0 ) = (i, ) (150

Egn.(4.15a,b) can be written as:

-~ — —

M(so+ L,so) - t.(s0) = AL -tu($0) (4.16)
with
iy (s0) = ( 17,—(050) ) PoA = e""z”Qi_; (4.17a)
52(50) = ( 6”(()50) ) D Ay = e VIR, (4.17h)
-53(50) = ( s (s0) ) TA3 = 1. | {4.17¢)
(AP/P)U

Since the transfer matrix ji{(so—{—l}, 30) depends on the eigenvectors {iy(so) and 1ts eigenvalues,
the vectors 5,,(50) must be calculated self consistently by iteration: the calculation of M in
the n-th step relies on knowledge of the eigenvectors of the (n-1)-th step. In the first step the
space charge forces are neglected. The solution so obtained will depend on the form for the
starting ellipsoid and its charge density.

Since the tunes, Q7 and @Qr;, depend on the eigenvalues A; and A; [7,8] (see eqn. (4.17a,b}),
we are also able to obtain the tune shifts caused by the space charge forces.

As shown in Ref.[10], the Q shift can be approximately written in the form

1 s+ L
8Qy = a'f ds - [571())" - S 8A(s) - B Ns) o (k= 1,1T), (4.18)



where 6A(s) represents the perturbations due to space charge forces which appear in eqn.
(4.2a):

4X . e

§Ayny = -~y Faz;
21 73 . TTLO'UZ )
4 -
6A = —3—“% o s
¥° - mov
4) -
6A41 = __i . Fz:c ’
¥? - mov?
4) -
§Ag = ———F.
o Mg

and t?fco) are the eigenvectors of the unperturbed transfer matrix.

However, before eqn. (4.18) can be used for obtaining Q shifts, the forces Foo, Fe.y Fio,
F.. must be known. This will imply that the equilibrium ellipsoid is already known from
iteration of eqn. (4.16) and that the Q-shifts have in any case already been obtained from
the final eigentunes. Thus eqn. (4.18) offers no immediate practical advantage.

5 Summary

We have investigated the influence of space charge forces on the motion of charged particles
in storage rings and transport systems.

In order to describe the bunch we have introduced a 5-dimensional ellipsoid in the z — p, -
z—p.—Ap/p space represented by the "bunch-shape matrix”, B(s}, which contains as columns,
five independent orbit vectors.This matrix B(s) contains the complete information about the
configuration of the bunch at the point s and can be obtained by matrix multiplication with
the transfer matrix M.

In thin lens approximation the matrix takes a simple form which can be conveniently
coded for computer.

In this report we have only considered the transverse betatron motion. The effect of space
charge forces on longitudinal motion has, for example, been investigated by E.A.Karantzoulis
and J.R.M.Maidment [5]. -

The use of the ellipsoid enables us to demonstrate that in general linear coupled systems,
a bunch which has elliptical properties in the ¢ — z, = — p, and z — p, plane will keep its
ellipse-like projections in its subsequent motion. '

The equations so derived could be used for studying beam transport in DESY III .

A generalization to the 6-dimensional case is in preparation.
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