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Abstract

A general and simple framework for treating path integrals on curved mani-
folds is presented. The crucial point will be a product ansatz for the metric ten-
sor and the quantum Hamiltonian, i.e. we shall write go3 = havhg, and H =
ﬁh“*papghﬁ“f + V 4+ AV, respectively, a prescription which we shalt call "product
form”-definition. The p, are hermitian momenta and AV is a well-defined quantuin
correction. We shall show that this ansatz, which looks quite special, is in fact - under
reasonable assumptions in quantum mechanics - a very general one. We shall derive
the Lagrangian path integral in the "product form”-defiriition and shall also prove
that the Schrodinger equation can be derived from the corresponding short-time ker-
nel. We shall discuss briefly an application of this prescription to the problem of free
quantum motion on the Poincaré upper half-plane.

* Supported by Graduiertenstipendium Universitit Hamburg



1. Introduction

Many problems in theoretical physics make it desirable to have a precise and
comfortable formulation of path integrals on curved manifolds. Approaches towards
a general theory exist due to DeWitt [3], McLaughlin and Schulman (18], Dowker and
Mayes [4], Mizrahi [19], Gervais and Jevicki [8], Omote [21], Marinov [17], T.D.Lee
[16] and Grosche and Steiner [10]. Let us recall first the most important facts.

We start with the generic case where the time dependent Schrodinger equation
in some Riemannian manifold M with metric go3 and line element ds* = gaﬁdq"‘dq’a

is given by’
2

- Eas v@|uat) = T ovten), 1)

1 1s some state function, defined in the Hilbert space LZ(M ) - the space of all square
integrable functions in the sense of the scalar product (f1, f2) = f,, v/9/1(9)f; (g)dq
lg :=det(gap), f1,f2 € L*(M)] and App is the Laplace-Beltrami operator App :=
g 30,97 9%P 83 = g*P0,03 + ¢*?(8a In /)08 + g“f’aaﬁ (implicit sums over repeated
indices are understood).

The Hamiltonian H := —%ALB + V(q) is usually defined in some dense subset
D(H) C L*(M), such that H is selfadjoint. In contrast to the time independent
Schrodinger equation Hiy = E+, which is an eigenvalue problem, and equation (1)
which are both defined on D(H), the unitary operator U(T) := e iTH#/% describes
the time evolution of arbitrary states 3 € L*(M) (time-evolution operator); H is the
infinitesimal generator of U. The time evolution for some state ¥ reads: |(t") >=
e TH/R () > (T = t" — t'). Rewriting the time evolution with U(T') as an integral

operator we get :
q”;t")=/vg(q’)K(q",q';T)¢(q';t’)dq', (2)

where K(T') is the celebrated Feynman kernel. Equations (1) and (2) are connected.
Having an explicit expression for K(T') in (2) one can derive in the imit T = ¢ — 0
equation (1). This, on the other hand proves that K(T') is indeed the correct integral
kernel corresponding to U(T). A rigorous proof includes, of course, the check of the
selfadjointness of H,i.e. H = H*.

It was Feynman’s (and Dirac’s) genius [6] to see that K(T') can be expressed
as a sum over all possible paths connecting the points ¢ and ¢"” with weight factor
exp [£5(¢",¢';T)] where S is the action, i.e.

K(q",q';T) = Z E%S(QH:Q':T)_ _ (3)

all paths
In the case of an Euclidean space, where gap = 0ap, S is just the classical action,
Sci = [ [2¢*~V(q)]dt = [ Lci(g,§)dt, and we get explicitly [Ag'?) := (¢ —gli~V)),

¢ = q(t;), t; =t +je, e = (" — ')/N, N - o, d = dimension of the Euclidean
spacel:

~nd N— . N
" m z H 1 Z .

J=1

(4)

1We only consider systems which such a simple structure; see [19] for a generalistion.
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For a proof see e.g. [20,24].

For an arbitrary metric g,.g things are unfortunately not so easy. The first
formulation for this case is due to DeWitt [3]. His result reads: '

K(¢",¢iT)= _/Dew VIDq(t)exp {% /: [%gaa(q)é“q'" —-Vig)+ f:—mR}dt}

Nd N 1
= i A/ () N
N (Zﬂzeh / 9(¢'7)dg
i o [m n?
I~ Gy A AGB) _ V(D) + el (gD
et i) [26.%3(9 A DAL — eV (qUD) 4 el-R)| | ()
(R=g"P(T5s, ~Tl5,+ I‘éﬁlﬂ — I“sﬁl"aa) - scalar curvature; I'g. = 9*(gssy +

Gb~.3 — §B~.6) - Christoﬁ'el symbols}. Two comments are in order:

1) Equation (5) has the form (3) but the corresponding § = [ Ldt is not the classical
action, respectively the Lagrangian £ is not the classical Lagrangian Lci(g, ¢) =
2 gas g™ i® — V(q), but rather an effective one:
2 9289 4

Sersr = f Leppdt = / (Lot — AVpew)dt. (6)

The quantum correction AVp.w = ———R is indispensible in order to derive
from the time evolution equation (2) the Schrodinger equation (1) - see also [5].
The .appearance of a quantum correction AV is a very general feature for path
integrals defined on curved manifolds; but, of course, AV ~ 1% depends on the
lattice definition.

2) A specific lattice definition has been chosen. The metric terms in the action are
evaluated at the "prepoint” ¢/~1). Changing the lattice definition,i.e. evaluation
of the metric terms at other points, e.g. the "postpoint” ¢} or the "midpoint”
g9 = (q(J) +¢7~1)) changes AV, because in a Taylor expansion of the relevant
terms, all terms of O(e) contnbute to the path integral. This fact is particularly
important in the expansion of the kinetic term in the Lagrangian, where we have

Atqlid /e ~ O(e).

A very convenient lattice prescription is the midpoint definition, which is con-
nected to the Weyl-ordering prescription in the Hamiltonian H. Let us discuss this
prescription in some detail. First we have to construct momentum operators [22]:

Ry @ ' o1
pa=:(_+“)’ r, - 500 ()

g™ 2 g

which are hermitian with respect to the scalar product (f1,f:) = f fif;/ddg. In
terms of the momentum operators (7) we rewrite H by using the Weyl-ordering pre-
scription ([10,16,19],W=Weyl):

1, o
H(p,q) = g;;;(g 8 paps + 200 %2 ps + Paps 9*%) + AV (q) + V{g). (8)



In equation (8) appears a well-defined quantum correction which is given by {10,19,21]:

h2 [ [ o
o[0Tl + 25" Ta) s + 9%%5]  (9)

h2
Vw = —(¢* 1%, T3, — R) =
AVw = Bm( P )

. ) ) N

Using the Trotter formula e *4+8) = 4 _limpy_, o, (e 74/ N e #B/V)" (e.g. [24]) and
the short-time approximation for the matrix element < ¢"|e”*H/*|¢' > one obtains
the Hamiltonian path integral

) A (4)
K", ¢sT) = lo(@)sa 4 [T [a6 - T] [ 2

7
i N . . L
X exp Z[Aqm_p(:)_efH(p(:),q(:))] . (10)

The effecive Hamiltonian to be used in the path integral (10) reads,

1

— g% (’(’))p(’)p(J)«{»V( )+AVW(—(J)) (11)

The midpoint prescription arises here in a very natural way, as a consequence of the
Weyl-ordering prescription. This is a general feature that ordering prescriptions lead
to specific lattices.! The Lagrangian path integral reads (M P=MidPoint):

K(g",5T) = lo()ola")] j VaDalt)ewp [ & [f"ceff.(q,q)dt]

= [9(g')g(g")] 7% Yim_ (_2,:65 ) H f dg'? H\/g(é(“

X exp {l [ggaﬁ(ﬁ(j))Ag“’(j)Aqﬂ’(j) _ eV(—(J)) _ eAVW('( ))] } . (12)

h

Equation (12) is equivalent with (5). This is due to the fact that different lattices
define different AV. '

It is straightforward but tedious (see e.g.[21]) to deduce from the short-time
kernel of (12) and the time evolution equation the Schrédinger equation (1).

In our previous publications [10,11,12], we have calculated the path integral for
the d-dimensional rotator (including a discussion of some other interesting problems),
the path integral on the Poincaré upper half-plane and for Liouville guantum mechan-
ics, and for the d-dimensional pseudosphere, respectively. The midpoint prescription
turned out to be a bit bothersome, such that we have always turned to a path integral
defined in a "product form”. This was possible because the metric gog in the above
examples had the general form gag(q) = f2(g)8a8p with functions f,(v=1,...,d).
We then have changed in (12) the metric expressions as follows :

9ap(8?) = F1(@)8arb8y = F+(67)F1(4" )80 b5+ (13)

1¥or a general discussion see e.g. [14,15].



This prescription has to be accompanied by a Taylor expansion in the kinetic energy
term 2 gas()Ag* ) Ag? ) up to fourth order in Ag. This formulation turned out
to be more appropriate to our problems. :

Our paper is organised as follows:

In section II we shall develop the precise formulation of the “product form”-
definition in the path integral. We shall write the metric tensor gqg in the form
(”product form”),

Jag = ha.,h,@.,, (14)

and the Hamiltonian (”product ordering”),

1
H=—"—h"p,psh?" +V + AV 15
o Papsh”T +V + A (15)

with a well-defined quantum correction AV. We shall show that this ansatz, which
looks quite special, is natural for reasonable manifolds M. An expression like (14)
for the metric one has e.g. also in lattice gauge theories. hog can be identified in
this case with the Maurer Cartan form o (see e.g. [2]). We shall also prove that with
K(T) in the "product form”-definition the time-dependent Schrodinger equation can
be derived.

In section III we shall discuss the "product form”-definition for the example of
quantum motion on the Poincaré upper half plane.

Section IV will summarize our results.
II. The Product Form

In order to develop the "product form”-definition in path integrals we consider
the generic case of a classical Lagrangian on the d-dimensional manifold M given by
Lot = 29ap(q)§™¢°. We assume that the metric tensor gog is real and symmetric
and has rank(g,s) = d, i.e. we have no constraints on the coordinates. Thus one
can always find a linear transformation C : g, = Cypyg such that Loy = %Aa,@y“y'ﬁ

with Ags = Cay946Csp and where A is diagonal. C has the form C,pg = uﬁf’ ) where

the @4 (8 € {1,...,d}) are the eigenvectors of go3 and Ags = f38anbpy where
f2 # 0 (a € {1,...,d}) are the eigenvalues of g,5. Without loss of generality we
assume f2 > 0 for all @ € {1,...,d}. (For a time like coordinate g, one might have
e.g. fi < 0, but cases like this we want to exclude). Thus one can always find a
representation for g,3 which reads,

9ap(q) = har(@)hs4(q)- ‘ (1)

Here the hog = Coy f7Cqp = ug,,“) f,ugr’a ) are real symmetric d X d matrices and satisfy
hagh®? = 6). Because there exists the orthogonal transformation C equation (1)
yields for the y-coordinate system (denoted by M,):

Aaply) = fs (¥)6arbp+- (2)



Equation (2) includes, of course, the special case gag = Aag. The square-root
of the determiant of go3,./g and the Christoffels I'y read in the g-coordinate system
(denoted by M,):

hoo h(d ha
\/E = det(hag) = h, Pa = T, Pa = '; (WBHE;* + —2");) . (3)

The Laplace-Beltrami-operator expressed in the h*® reads on M,:

&7 Oh™Y Bhﬁ“’ h a
M,y oy, B BBY 4 pov & g oy g, BY 4
818 = {h o { o " M g TR }39"’3} @

and on M,:
M, _ 1 f8.0 W?_,__
sth= gz gz + (5 -2 ) 5] )

With the help of the momentum operators (3) we rewrite the Hamiltonian in the
"product-ordering” form (PF=Product-Form) '

h? 1
H = =5 8uh+V(e) = 5ok (a)papsh™(9) + Vig) + AVpg(a),  (6)

with the well-defined quantum correction

2
M h o~y By g By a8
vMe _ el vy,8
AV = [417, B g+ 2hTHT

h o h h.ah
+ DR (hﬁ‘r }; —l-hﬁ'* M_ﬁé) R BB ’hzvﬂ]_ (7)

On M, the corresponding A.VFI,V';? is given by

2 -
M f,@a faaa faa fo:or f,B,q f,@a
AVyY = ( ) —4—— +4 ( +2 8
PF ™ gm f2 [ fs fa fa fa fs f8 /o ®)
Note that we have chosen a specific ordering prescription of momentum and position
operators in the Hamiltonian (6). The expressions (7) and (8) look somewhat cir-

cumstantial, so we shall display a special case and the connection to the quantum
correction AVy which corresponds to the Weyl-ordering prescription.

1) Let us assume that Ayp is proportional to the unit tensor, i.e. Aqg = f28ap-
Then AV}‘;\;{E’ simplifies into

d—2(4—-d)f% +2 aa‘
AvMy - prd 2l )f4 I (9)

8m

This implies an important corollary:

Corollary: Assume that the metric has or can be transformed into the special
form A,s = f2843. If the dimension of the space is d = 2, then the quantum

) M, )
correction AVpy vanishes.

An example is the Poincaré upper half plane - see section III.
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2) A comparison between (7) and (1.9) gives the connection with the quantum cor-
rection corresponding to the Weyl-ordering prescription:

2

h
AVEE = AViw + o (2R - RIS SRR ) . (10)
In the case of equation (2) this yields:
o~ fofa,

These equations often simplify practical applications.

Next we have to consider the short-time matrix element < ¢"|e”*TH|¢' > in order
to derive the path integral formulation corresponding to the ordering precription (6).
We consider position |¢ > and momentum eigenstates |p > with the property

<q"ld >=(g'g")"i6(¢" — d') (12)
<glp>= (271')_%5"“'"

We have for the Feynman kernel for an arbitrary N € N [which is due to the half-
group property of U(T), i.e. U(t; +t2) = U(t1)U(t2)):

N-1
K(¢",¢T) =< ¢"le7x™H|¢' >= | ]] /vg“ dg'¥ H < gD ek FH gL >

‘ (13)
We consider the short-time approximation to the matrix element [¢ = T/N, g9 =
(71y].
g(g")]: -

< gD e FH|gUD soc g1 - i H|glU=D >=

Y _
[9(‘7)(9(] );)] * /e%pAq(:')dp
2

1€
~ 2mh

The matrix element of the potential terms is simple, yielding

V) + avpig)] [ e,

(15)
The choice of the "post point” ¢'9) in the potential terms is not unique. A ”prepoint”,
"midpoint” or a ?product form”-expansion is also legitimate. However, changing from
one to another formulation does not alter the path integral, because differences in the
potential terms are of O{¢), i.e. of O(€?) in the short-time Feynman kernel and
therefore do not contribute.

< ¢D|hTpapshPg Y > “E < MV + AVMq|q(J Vs (14)

(glD gli-D]=4
(2m)

The kinetic term gives:
< q(j)|h°7pap,ghﬂ"’1q(j_1) >
= h“*(q(j))hﬁ*(q(j"l’)fdédq < ¢ |papslp >< plg >< qld¥ ™" >

() gli-1N—%
ey (A (i-1)y 9 g ]
= KRN

/ eﬂ;PAq(j)pap'@dp. (16)



Therefore we get for the short-time matrix element (e < 1):

. , () g=1)]~%
(31— it H | G-1) o o 1979 /d
< g?e g >0 (o) P

) ~ 1€ : . 1€ : 1€ M, ;
X exp EpAq(J) — Eﬁhm(q(J))hﬂT(q(J 1))Pap,s _ 71{V(Q.,(J)) — EAVPF?(Q(J)) )

(17)

The Trotter formula e *T(4+8) .= 5 _limpy_, o, (e 7 TA/N e~ TB/N)N [94] states that
all approximations in equations (13) to (17) are valid in the limit N — oo and
we get for the Hamiltonian path mtegral in the ”product form”-definition
(s = hap(g):

N-1

! -1 do(?)
K(q",q;T) = [9(¢)g(¢")) ™ Jim II / dquﬂ P

N—oo (27!'

N
X exp Z [pAq(j) _ E%h“”’(j)hﬁ"’(j_l)pgj)p}(ﬁj) — V(gD - eAVf,\;I;'(qU))]

i=1

S| e

(18)

Performing the momentum integrations we get for the Lagrangian path integral
in the ”product form”-definition:

’ z ¢ m .. '
K(q",¢;T) :f \/g'Dq(t)eXP{gf [ghm«hmq ¢ —.V(Q)~AV3§?(9)] dt}
tr

NdN1

o 1\}i—1»nco(2meh HfV (¢)d (J)

. N -
exp ) Z[m BORGTD A AP _ ¥ (¢D) — cAVMs ((”)} . (19)

i=1

In the last step we have to check that the Schrodinger equation (I.1) can be
deduced from the short-time kernel of equation (19). This is, as for equations (L.5)
and (I1.12) straightforward but tedious. Because one can always transform from the
g-coordinates to the y-coordinates, which is a linear orthogonal transformation and
thus does not produce any quantum correction in the path integral (19) defined on
M,, we shall use in the following the representation of equation (2). We restrict
ourselves to the proof that the short-time kernels of equations (1.12) and (19) are
equivalent, i.e. we have to show (g7 = (y" + y')/2):!

0691 Va0) exp | 37 Aop(0)A" 0 - V() — S AVin(a)|

1

= exp {gj%fa(y')fa(y")azya - FVO") - AR ()] } (20)

1We use the symbol = (following DeWitt [3]) to denote "equivalence as far as use in the path integral
is concerned”.



Clearly, e FVWZe~ ¥V for the potential term. It suffices to show that a Taylor
expansion of the ¢ and the kinetic energy terms on the left-hand side of equation {20)
vield an additional potential AV given by

A‘}(y) = AV;}}I;’.’ (y) — AVW(y) — j’_m a,a(y) ”f.):?;y))fa,aa(y)- (21)

We consider the g-terms on the left-hand side of equation (20) and expand them in a
Taylor-series around y'. This gives ({a = (¥ — v5), fa(¥') = fo):

0@ e V@) & |1 2T res — Fretgeagn) (22)
8 72

Exploiting the path integral identity (see e.g.[7,8,18]}

.eh
£2¢P =g, (23)
m

we get by exponentiating the O(e)-terms,

ihe fafapp — fﬁ,a]

[9(y")9(y™)] ™% 4/9(7) = exp [ T 8m f2f;

Repeating the same procedure for the exponential term gives:

i

exp [ﬁAQ,@(g)EQE"-G] 3'33‘? [%fa(y')fa(y")faﬁa}

: the
X [1 T 8m (fyfvia — f'r,af'r,ﬁ) €a€ﬁ€7§7] - (25)

Note that we have to respect the "product form”-definition in the kinetic term on the
right-hand side of equation (25). We use the path integral identity (see e.g.[7,8,18])

. {teh 2 o o o
grePeel= (*ﬂ;) (9*g7 + ¢°79%° + g*°¢P") (26)
to get
iﬂ'l Tl o ’3 ~ Mim f " Qg
exp {ZCRAaﬁ(y)s ¢ } ~ exp [sza(y )uly" e
ihe fafa,88 — fi,;a the fafa,oa — 02:,0
X €xXp {a fifg + 4_77_: f: (27)

Combining equations (24) and (27) yields the additional potential AV and equation
(20) is proven. Thus we conclude that the path integral (19) is well-defined and is
the correct path integral corresponding to the Schrédinger equation (I.1).



I11. Example

In this section we want to illustrate equation (I1.19) with an example: the quan-
tum motion on the Poincaré upper half-plane U which is defined by

U:={({==z+1iyly >0,z ¢ R}. ‘ (1)

The study of this space (particularly in bounded domains,) arises in the Polyakov
approach of string theory (see e.g.[9,23]), and in the theory of quantum chaos (e.g.
1,18,25].

A detailed discussion of the path integral on U has been given in [11], so we just
state the results. The metric in U is given by gog = Ao = ;—,60,5. It has the form
gap = f26ap with f = 1/y. We can immediately apply the corollary of section II and

deduce that AV}%’ = 0. Thus the path integral in the "product form” reads on the
Poincaré upper half plane:

, Dz(t)Dy(t A A L
K(m",m',y",y;T)—/ ()2 y( )exp [E\/; yzy dt:|

NN 1 0 15(3) dos(F) i o A2z L A2y (D
:1im("_t / i SEPPS RS D T AV (2)
N-+oc \2Tieh y(J)2 2¢h s y(]?y(J*l)

The path integral can be calculated (for details of the calculation, especially for the
simultaneous space-time transformation which has to be done, see [11]) yielding,

K(z",y",2',y;T)
1 = = i 1 . Ii [
= — dkf dppsinhfrpe"%(f’z'*'z) y'y"KipUHy')K,',,(!Hy")e"k(’ —z") (3)
—o 0 4

3

(K, is a modified Bessel function). The energy dependent Green s function G(E) =
[ KE(T)er s TEJT is explicitly given by

G(:c",w',y",y';E) = ?Qw%-ﬁp(COShT)v ‘ (4)

P = y/2mE — i > 0, @, a Legendre function of the second kind, and r > 1 is the
hyperbolic distance in U, which reads
ynz 4+ yl2 + (:I:” _ 2:')2 |C" _ Crlz

coshr = zyryn =1+ 2Im(cr)1m(cu) ) (5)

For details concerning the wave functions and the connection of this problem to
Liouville quantum mechanics consult reference [11].



IV. Summary

In this paper we have presented a new prescription for formulating path integrals
on curved manifolds which we call ”product form”-definition. In order to formulate
our prescription we have written the metric tensor gos in the form:

9ap(q) = har(@)ha(9)- (1)

Then the Hamiltonian in the "product ordering” is given by
hz M,y 1 @y B M,
H = 2 Arpg +Vig) = 'é';;h Papsh”” +V(g) + AVpg (), (2)

m

where the canonical momenta are defined in (II.3), and the quantum correction reads

M, 1 o o h ag
AVpy = 5|4k ThPT 5+ 2k 1’hf’“f—h
h h h .h
asy By o By BY _ pavppytaltg
+ 2k (h s +h "‘_h) h*h, —5 ] (3)

Starting with the Hamiltonian (2), the Lagrangian path integral in the "product
form”-definition can be deduced yielding:

i

Kaheim = [ vivaven|; | [ Dhahanind - Vi@ - aviia]a)
@

with lattice definition (II.19). We have stated a corallary, namely if gos reads or can
be transformed into the form Aap = fzéag with some function f and the dimension
of the Riemannian spaces is d = 2, then we have AV:,‘% = 0. Our example of an
application of the "product form”-definition has been the quantum motion on the
Poincaré upper half plane U endowed with the hyperbolic metric. In this case we
could apply our corollary and found AV:,VII;,‘ =0onU.

Further examples are, as already noted in the introduction, the d-dimensional
sphere $471, d-dimensional polar coordinates, the d-dimensional pseudosphere AdY
and path integrals in lattice gauge theories. A detailed discussion of these examples
is rather lengthy and therefore will be given elsewhere.

In a forthcoming publication we shall apply the ?product form”-definition also
to the path integral problem of the Poincaré disc and the hyperbolic strip.

We think that the direct use of the "product form”-definition in path integrals
will simplify calculations.

Acknowledgement: I would like to thank F.Steiner for good advice and encourage-
ment while writing this paper. :
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