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Abstract 

Vile examine patterns where ratios of t.he fermion masses and the H' -boson mass 
(x, ~ m;/mw) are proportional to powers of a small parameter). (x; = c,,\P•). 
For a simple estimate of the uncertainty in the coefficients c; we determine tlw 
allowed values of P; and the corresponding range of ,\. 

Using this information we search for realistic patterns in a large class of 
anomaly free 5U(3)x SU('2)x U( 1) XU( 1) models where,\ is related to a symmetry 
breaking scale and the P; follow from the quantum number,;. No realistic model 
is found. In contrast realistic mass patterns can he induced from an anomalous 

U(l) symmetry. 

It has been proposed [1] that small quantities appearing in the fermion mass matrices 
correspond to different powers of a small parameter>.. 11odels haYe been constructed where 
all small mixing angles and small mass rat-ios ;r; = m;Jmw can be understood in t.erms of a 
symmetry [2]. The parameter>. is a ratio of symmetry breaking scales and the various powers 
of). follow from the quantum numbers under this symmetry. No small quantities besides >. 
are needed. In particular all the dimensionl!O'ss couplings (Yukawa, gauge and scalar) are 
supposed to be of the same order of magnitude. 

First we discuss in what sense ). and P; determine the various quantities. Then we give 

an approximate diagonalization of the fermion mass matrices and use this to estimate the 
uncertainty in c,. This information toget.her with the experimental values of the fermion 
masses and mixiugs then fix the allowed regions of,\ and powers P,. A typical Yukawa 
coupling of the order of the weak gauge coupling leads to a fermion mass of order mw. \:Ve 
writ.e the dimensionless mass ratios and the mixing angles as 

m, 
= c;,\P, I 1 l J:; = 

mn· 

O;j = C;),\P,,. (2) 

In (2) O,J is the mixing angle beh•:een generation i and j. \\'e now want to fix,\ and P;. P,i 
from tlw a·, and O;j· This of course depends on the allowed range of values for the c, and C;r 

Th(•se quantities cannot be understood purely in terms of symmetry and their values depend 
on SJWCific details of a model. For the models considered in ~2: these coefficients are- given by 
ratios of dime-nsionless coupling constants. In thC' context of higher dimensional unification 
they correspond to generalized Clebsch Gordan: coefficients [3]. In addition the c; often have 
several contributions. The number of contributions typically increases "-ith a higher power P,. 
VVt> therefore expect a larger uncertainty for the smaller quantities. in particular for the first 
generation masses. \\"e will take the c, t.o be equal to one within a multiplicatiYe uncertainty 
6.; which reflects our lack of knowledge of the details of a model. 

1 
0.., .:::. c, :::._ 0..; (3) 

So if J."7 and .r; are the experimental upper and lower bound for ,l", the allowed Yalues for,\ 
for a given P; are those that satisfy 

.r; 
c,, 

,\r, :__ ~,.r,+. (4) 

In t liis letter we ·will take for thC' masse;; oft he third f.(eneration a standard mH·ertainty ~ = 2 
The UIH"(•rtainty fur the other J.", fJ,-' i:; taken as /il-;,j, and /~...).with n, discussed belmL 

Tlw powers P, and the coefficients c, <"ome fron1 a diagonalization of the fermion mass 
m<ttrin·s. \Vc will perform this diagonalization ('Xplicitly. Th(' elements of the up quark mass 
mntrix .~~{- are giw·n b? 

II ;_1 o::- 1"~.:-\ / ·,, Ill 11·. (5) 

Here i labels the species of right hamlcd quarb 1!: and j stnwls for the generation of left 
hand('d quarks uJ. \Vc a,;sume the matrix to he properly ordert>el so that u:n is the largest 
element., i.<>. the mas~ of th(' top quark m,. \Yc are oul~· interested in the power of,\ and 
ne)!;if'rt unnatural <·aneellations. This allmy,., u" to u~e the oh,;t'rYerl smallne;;,; of the mixings 
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with the third generation to perform a simplified diagonalization of llfu. We first rotak the 

elements u 13 and u. 23 to zero. The 33 element of the resulting matrix t';j det<'rmines the top 

quark mass (m 1 = v33 :::: u.33 ). The other matrix elements indun;·d hy this rotation are of 

order1 

UJtiLI3 li2JU2J!I13 
(6) 1'II = un + --- + mf m, 

U3•{U 13 u22unun 
(T) I't2 = lltz + --------

~~;f 111 t 

IIJ1U23 lltJIIBIIJJ 
(8) 1'21 1121 + --- __;___ ----,--

1n1 111 1 

!13211-23 llnllnUn 
(9) l'22 = ·un-+ -~ --

mf 711t 

u21 ttn II II II \3 
( 10) 1'31 u:n + ----

m, m, 

1'32 
ltnll21 'UJ2IIJ3 

un + --- + ---. (11) 
m, m, 

Next we rotate away the elements 1'31 and 't'n· This defines the •ontrilmtions from ,Uu to the

mixing angles with the third generation : 

fi. 11 31 l/2\t/23. lljfllt3• 
13=-+--,- +--,-

mt n1 1 m 1 

( 12) 

(JF _ l/32 tlz2t123° , !lt2tl13• 
(13) 23- --+ 2 ---r- --,-

n1 1 n1 1 n1 1 

This, of <"Ourse, again induces elements in the top quark colomn ( u 13 • u 23 ). Tht""_v are, however, 

suppressed by the smallness of the angles 8;3 and the :>mall relatiw size of ·t•;j for i.j = 1, 2. 

VVe neglect. them and ronsidE'r only the remaining two b~· tn·o matrix for the lower generations. 

Pp to negligible coned-ions r-. 8~~8~~ this matrix is giwn h~· l',i (i,j = 1,2). This is easily 

diagonalized and one obtains 

ll32l!n 
m~ = !122 + -- + 

'Tilt 

or Uzt 

" n1,. 

ll:lJII2J. 

7J1~7l1t 

IIJ2ti:!·JliJ3 • 

111 f 
11]]112,111 1-~. 

' nlrnlt 

113]11\~ 
m,=uu+ 

1 113211!3 + -(u 12 + ---){u21 
!131112~ U2JII~J.IIn• 

~)--- mf m, 7lle 7llt 

(14) 

(15) 

116) 

\\'e have neglected tenus which are proportional to other terms up to a factor of order om· 

or smaller. 

Thf' diagonalization of J1Iv i~ similar. The final mixing angles are a cmnhination from Jfr· 

and "UD 

o>J = o:; + e~. ( 1 I) 

For the lepton mass matrix nothing is known about mixing angles. \Ve newrtheless adopt 

the same procedure and take care of the large mixing rase by considering both llh and J.U[ 
as discussed in 12]. 

1 Rt>member that we only dett"rmint> tht' order of magnitude, not the exact \'alue. 
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From (12)-(16) Wf' •an easily COlllJHik the powers P, P,J in terms of U;j, D;j and L;i like 

P~, .,.., D_·n 

P.--= min(D22 • D32 + D 23 - D:n- D 12 ··-DB •- D 13 - 2D33)· 

(18) 

(19) 

For the uncertainty factors we choose n, as tlw umnlwr of undetermined 1natrix elements in 

thf' rip;ht hand sidf' oft hf' corresponding formulae ( 12 )-( 16 ). Here the contributions involving 

IHon• than mw fad or of the heaviest mass are de-uot.f'd with au asterix and are not counted 

in tlw mu·ertainty sine<' they are importa11t only undrr relati\•f'lr rare circumstances. For 

t·xamph-, from (8) one obtains n, = 3 , 11r 4. ( \\'e nolt> that m 1, in contrast with 

all othe-r mass values shfmld he treated a,; an unknown matrix element.) The n; derived 

from (12)-(16) are J->;iven in tahlf' 1. This simplf' <"OUHtiug rule for the uncertainty can be 

motivated by the following reasoning For two matrix e-lements with Ull<"ertainty factors 

~~- 2l..2 . the \Ul('f>rtaint~t of the product (or ratio) is appruximately6.12 = v/6.~- 6.~ if the 

two~, arc treated as statisti•ally iHdt>pendent errors. The error of a sum or difff'rt>uce cannot 

be so easily estimated hut a square root addition 6. 1_2 = /~T --=_-~ rd{P<"ts at lt·ast some 

qualitative features. Our rule for the error then follows if all matrix elements have the same 

tuwertainty factor ,6. and illl terms in (12)-(16) contribute equally. One may argue that often 

IJot all contributions to a give11 quantity are important and therefore tht> uuccrtainty for the 

lowt>r gem·rations i:-. smaller. 011 thf' other hand the- uncertainty of a gin'H nmtrix f'lement 

also tends to increase with the power of..\ since usually more ratios of dimensionless ('(JUplings 

are involved (see [2:,[4: for examples.) Ko more acntrate f'stimat-e of the un<"ertainty invoh•f'd 

seems possihle without using more detailed information about specific modf'l~. Our simple 

estimate should lw regarded as an educated guess which qualitatiw·ly reprodures the increase 

of uncertainty for the lower gellerations. 

\\'e now turn to thf' dt>tenuination of the allowrd regions in ..\ and the corresponding 

P,. \Ye as:-umf' first that the rough equality nf Yukawa couplings holds at some large scale 

(nf'ar JI,) ,d!f'rf' al~f' the generat-ion symnwtr_,. i~ spontanf'ousl~- broken. \\'f' correct for 

the ditft:"I"PUI H'ILormalization group belun·iour h~- IJmltiplviug the lepton ma>.ses by a factor 

2.~-3 . .J. A standBnl unrertainty ,:'). = 2 allow" for factors of four in (nJrrected) masses to 

hP t>xplaiued hy diffPreHces in Clehsch Gordm1 n,dficient,.. The rf'gion~ f(Jr the different 

quautitie~ arf' giYen h~-

y, 
,-'!~';~ 

>..}', Y,- \'/t,.3. (20) 

ffn· the quark>- <uHI 

y - ") ~ --
-· /ll;j 

>..1', Y, 3.J.r , 1n,~ (211 

fur the lepton~. The Yalue>: ,IJ,0 are shown in tahlt> 1. Quark masses are takeu from :5: except 

for the recf'nt l'Al lower hound ou the top quark Ina~~ G. \'alue<:> fnr the Htixin~; angles are 

takru from :;- and the lepton masses from the part ide d<1ta book 8. 

The allfmTd Yalues for..\ for the different quanti tie~ in terms of the P, arr plotted in fig. 1. 

Th(' allowed re~io11s of..\ can be diYided aC<"onling t(J P1, equal to 1 or 2. There are no solutions 

for..\ .033 and we do not considn .\ .2.J because theu the distinction het\Yeen differences 

iu c, and different powers of >.. disappears. The rcgion "·ith P0 = 1 can be subdi,·ided in 

Pe o 1 and P~::.:: 2 (ealled I and II in fig.1 ). The allowed \·alm•s of P, for the other quantitif's 

are gin·n in tahlf' 2. The SU(:J) example discusse-d in -2- corresponds to case IL 
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The above regions are those relevant for generation symmetries broken at a large scale. 

We have done the same analysis for a scenario morf' relevant. for composite models. In this 

case there is no extra renormalization group factor for the leptons. Yukawa couplings here 

are a consequence of strong interactions between bound states. Vr./e took this into account. by 

replacing mw in (1) by the vac.uum expedat.ion value 1' = 175 GeV. The resulting values for 

.\ and P; can be found in table 3. 
In models with a generation symmetry broken somt'what below the unification sc-ale the 

powers P; can be computed in terms of the generation quantum numbers [2]. We can use the 

results in table 2 to decide if a given set quantum numbers leads to a realistic fermion_ mass 

pattern. We have investigated a three parameter { m, p, r) set of anomaly free U( 1 )-generation 

symmetries. These models can all be obtained from compactification of a six dimensional 

S0(12) mode-1[9]. The quark and lepton charges are obtained from a linear combination of 

the U(1)J subgroup of a generation group SU(2)t and another abelian symmetry U(1)q 

Q ~ Q, +rQ,. (22) 

The quantum numbers of the fermions under SU(2)I x U(1)q are 

q ·tr3 .!.. Plll/2 + fH3- Pll-~n 

u' [~(3- p + 2mJh/2 + n(3 + p- 2mJ]-1/2 

d' [}(3- p- 2m)h12 + [~(3 + p + 2m)] .. 112 [23) 

L :~(3 -- 3pJh/2 .-:. [~(3 ·t· 3p)_-l/2 

c' [t{3 -1- 3p · 2m lh-'2 ~(3- 3p-- 2mJ]-l/2 

The standard notation is used for the SC(3) x SU(2) / ["(1h· representation. The number 

in brackets is the SU(2)1 representation and tl1e subscript the ["(1)'1 quantum number. A 

negative number in brackets 1neans a mirror particle in the conju~ate representation nuder 

SU(3) x SU(2) X U(1)y X U(1)q whose 5['(2) 1 representation is given by the absulut.e value 

of the number in brackets. The mirror part.icles acquire a mass from spontam·ous breaking 

of the U(1) generation syuunetry. We eliminate the supermassive quark-mirror pairs, taking 

into account the mixing with light fermions acconling to the algorithm for mass matrix 

diagonali;>;ation discussed in detail in sedion 3 of ref. :4J. This leaye:-; us then V'i'ith three 
generations of light fennions which are linear comhinatiuns of those in (23). \Ye t.heu alto\\" 

for au arbitrary charp;eofthe "leading" weak biggs doublet '2: under the extra U(1) and sefll'cll 

for a realistic set of resulting P,. These are given hy, the difference of the fermion biliuenr 

quantmn numbers and the higgs ones [2). VVe haYe performed a eomputerir,ed scan for p = 1. 3 

m -=---- -3. -2, ... , 3 and r = --9/2,-7/2 ..... 9/?... (This leads to integer differences of tlw 

U(1) charge between fermion bilinears.) \Ve foundlw realistic mass pattern:; rurn•:;pomlinv; 

to case I. II or III of table 2. One assignment of quautmn uumbers leads to realistic mas,;es 

and mixings for the up anll down qunrk mass !Wl.trices (case II). hut allleptuu Jllass('S roHH' 
out of the order of m 1• This demonstrate·:; how difficnl t it is to reproduce realistic masst>s from 

higher dimensional field or string theories. (Thesf' theories j.'/'Uerically fulfil our <l%Ulllptiuu 

of dimensionless coupliugs all of tlw .saulf' onln of magnitnd{' so tlwt tlw structun· of ma~, 

G 

matrices should be explained by symmetries.) A realistic fermion mass pattern is therefore a 

very restrictive phenomenological criterion for an acceptable ground states in such theories. 

For arbitrary generation symmetries it is in general possible to find quantum numbers to 

reproduce all the different scenarios discussed here. A rather complete list for scenario II can 

he found in [2). We list here a set of quantum numbers for the different fennions under an 
extra F(1) that lead to each of our scf"narios: 

scenario I: q(2,1.0), 1tT?,O,O), lt{2,1.1), £(2.1,0). f'"(2.1,1). 

scenario II: q(2,1,0). uT?,l.O), a'T~.L1), L(~,l.O). fr(3.1,1). 

scenario III: q(3.2,0). uc(3.1,0). a'c(3.2,1), L(3,2,0). f"(4.2.1). 

In each of these cases the biggs doublet has zero charge under the extra ["(1). \'ery similar 
solutions exist for the composite case. 
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Figure captions. 
Fig. 1. Th(' allowt•d regiou;, for ). in tenu:-. of the powf"r P, for all masses aud mixing 

Table 1 
r---------:~-

exp. valu:. ~E·+-~--y,c :-y(-- ; _quantity 

m, 2': 44 Gd; I 1 .21-% ' 

m, 5.3±0.1Gtl" i 1 I .032-.13 : 

mT 1784.2±3.2Mtl' i 1 .028-.15 

angl1·;, for th(' uuiticatiuu sn·uario. For 111 1 ouly P1 0 is allow('d aud there is no restriction 

on A. 

m, 1.35 ± 0.05 GcF I 4 .0040-.069 

m. 175 ±55 .McF I 3 
.00043-.0098 

n1 1, 
-105.695 MeF I 3 .00094-.016 

111~ 5.1 _± 1.5 MeV 12 6.4 X 10-6
- .00056 

m, 8.9±2.6 NfcV 9 1.3 X 10- 5 - .00085 

m, 0.511003 MeV 9 2.6 >-. 10-6
- .00013 

823 0.039 -- 0.050 3 .0113-.173 

e., 0.0-0.008 I 3 0.0-.028 

e, .219-.225 I i .0414-1.19 

.035 .04 .05 .06 .07 .08 .09 .1 .15 .2 .25 

' ' I I 1 I I I I I I I I 
I mb I 1 

I I 
2 

I I : I 2 I J I m'f 1 

1 I I 
I I I mo 2 I I I 

I ms I I 3 
14 

2 I 3 I I I I 
2 I 

I 3 I 
I 4 

m~ 

I d mu : ! 3 4 5 ! J 6 
1 md 3 I 

4 : I 5 I 7 

t! m. 3 4 
I 

5 I 16 17 
I I I I 6 I 7 
I 9n I 2 ! ! 3 ! 8 

-

~ ! : I I 1 
I 812 r i I 2 I I 623 I 1 

' 2 1 p : i I j_ 

Table 2 

A . Pt i Pb i __ PT P~ P~ PI' __ _! P-=-~· p;--tp;~!J3---~-~ 
.033-.069 : 0 1 1 1 1 I 2 2 I 3.4 ' 3A 3,4 L 1 .:·2 : 0.1 

·II I 065 13 o 1 -r 1 ., . :,·313~--4~: 4 ~ 6! 1~-----ol 
~ . -. - _, ; r.' -~ ~ 2_:~---;-~~-r----~-:-___ -. ~ : . ? 

'III 3.4 I .;:,,6,, ! 5,6,, : 6.1.8' - ::::_3; 0,1.-

J J 

Table 3 I n m 
- - r ' ~ ------- --~-~.------:----·---. 

A P,! Pb j Pr_ Pc P, i P1, Pu PJ _J_.~~: P~:-~~-
I ) .015-.020 0 ' 1 ' 1 1 2 j 2 2,3 2,3 I 3 i 1 i .: 1 i 0 i 

II I .12-.15 0,1 r 2 I 2 2,3 3,4 I 4 5.6 : 4.5,6 r-~.2--i -~-=~T: 
III I .17-.22 0,1 I 2 i 3 _3,4 4,514,5 5,6,7 5.6~7~8.9-:---2 ---3 I 0,1 Fig.1 
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