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Abstract 

The logical foundation of the probabilistic interpretation of 

quantum-mechanical states is re-examined in view of Fukuda's new 

theory of measurement. We suggest that the probabilistic inter­

pretation could be viewed as a natural consequence of the 

reduction of states upon measurement, rather than an a priori 

ansatz contained in the "external observation" framework of 

quantum mechanics. 
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1. Introduction 

Recently much attentions have been paid to the apparent limitati­

on of the "external observation" formalism of quantum mechanics, 

since this kind of formalism does not look applicable to any 

isolated and closed quantum system, for example the whole 

universe, involving the measuring apparatus and observers inside. 

To get rid of this difficulty many physicists l) have been 

tempted to adopt the "many-worlds interpretation" of quantum 

mechanics suggested by Everett, III some years ago 21 

Although this latter scheme of quantum theory, known as the 

"relative state" formulation, poses a possible closed theory 

based exclusively on the superposition principle and the 

causal-unitary timedevelopment of the quantum states, there are 

still some difficulties with conceiving infinite multiple of the 

whole world. On the other hand it has long been an open question 

}) whether or not the reduction of wave-packet could well be 

described in some way as a physical process of measurement and 

not as an axiomatic proposition. 

In this connection, a new approach to the theory of measurement, 

developed recently by Fukuda 4 ) looks particularly appealing to 

us. As it will be outlined in the next section he treated the 

motion of measuring apparatus in the large number limit of a 

many-body quantum mechanical system and proved that the Hilbert 

space for the states of macroscopic detector undergoes a sort of 

phase-transition, converting itself into a set of a large number 

of disconnected subspaces in an extremely short period of time. 

If one takes this view-point for granted, one may then ask 

whether or not the probabilistic interpretation of the state 

should really be regarded as one of the starting hypothesis for 

the quantum theory. 

The point is that now it is no longer necessary to treat the 

measurement in terms of the "external observation" formalism. 
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The present note addresses some points concerning this issue, 

which may suggest a new way of axiomatization of quantum 

mechanics. In Section 3, the probabilistic interpretation of the 

state, i.e. Born's ansatz S), is re-examined not as starting 

hypothesis but as a notion which acquires meaning connected only 
with the measurement through the macroscopic apparatus. The last 
section of the paper will be devoted to discuss of these results. 

2. Macroscopic variables in the measuring process 

As a preparation to the later discussion we recapitulate briefly 

the essential aspects of the theory of measurement developed by 

Fukuda 4 ) 

The measuring apparatus, as a macroscopic system, consists of, in 

general, an infinitely large number (N?O<l) of degrees of 

freedom. The relevant quantities which, somehow, record the 

results of measurement are the Class I intensive variablesFl), 

which are obtained by averaging the local variables over a 

macroscopic region. These variables remain finite in the limit 

V~oo with N/V fixed. The volume V denotes the spatial extension 

of the relevant part of the measuring apparatus; this volume 

could be very small but it is assumed to be infinitely larger 

than the size of atoms or nuclei. Now it is evident that such a 

macroscopic variable thus defined obeys the individual c-number 

equation of motion without any quantum fluctuations. But how does 

this come about in terms of the large number limit of quantum 

mechanics? This is just the problem which Fukuda treated 

successfully by using the method of functional integration, 

Fll We follow Fukuda's terminology here. The intensive variables 
not belonging to the Class I are called Class II. On the 
contrary, the extensive variables cannot exist in the limit V~Oc 
since they are infinite operators. This section does not contain 
any new result beyond Fukuda's treatment, except for a minor 
change of notations. The inter~~ted reader can obtain further 
details in the original paper . 
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thereby clarifying the structure of the Hilbert space for any 

macroscopic system. 

The arguments proceed as follows. Let z; (!..}be a quantized field 

which, with its canonical conjugate, represent the infinitely 

many degrees of freedom of the macroscopic system under 

consideration. Then the state prepared at the time i 0 , ~~~.) 
is written as a wave functional <r; \.(£!"') ==.~"'[~] and 
the subsequent time development of the state is prescribed by the 

kernel K as 

if>JsJ = r l<.HJ~. ~.)it, [~.1 Cd.~o] , 

where, as is well-known, K is computed by the method of 

functional path-integration: 

k ~ J [.t·nOl<,c~r~ ce;ci). ~(t'JJ.tt') 
~. 

I 1 I 

I 2 I 

with t {t) "'d.s/d.t, The space coordinate .:!: in t; (3_, t) is 

omitted for brevity. The functional integration here is performed 

over all possible forms of the c-number field ~ ( r. t:') with _, 
t

0
( t'( t, with two boundary functions '(;,t);;; S and 

t; {~ 1 t~) .2:: ~... taking fixed values, respectively. Given the 

Lagrangian of the system, L, our next task is to rewrite the 

kernel (2) as a sum of contributions from the actions, each of 

which now being given in terms of suitably chosen collective 

variables rather than of original canonical field variables. 

Since we are dealing with a macroscopic system, the total action 

obtained by the integration ~d..[~"] must be proportional to the 

volume V, so that the predominant contribution to the action 

density comes solely from the Class I intensive opertors, denoted 
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by A~ (~l:t)] (i = 1,2, ... )~2 ) In other words, Ai's are the set 

of relevant collective variables, all possible values of which 

could contribute to the kernel. However, for the same reason 

that, in the limit of classical action, the classical path of 

motion of a particle determined by the Euler-Lagrange equation 

saturates the contribution to the whole action, the effective 

action density in our case is uniquely determined once we 

evaluate it in terms of the classical solution ai(t) of Ai 

from its equation of motiofi3 l, under the given boundary 

conditions. More precisely, for each Ai there exist a number of 

different c-number solutions corresponding to mutually different 

types of equations of motion. We differentiate labelling them by 

the letter r, say a.C·fl[~, ~") . The set of a(r), \a_l'f'(S_.S
11
)f , 

thus exhausts all the macroscopic properties of the system. Since 

the equation of motions are deterministic, no fluctuation occurs 

in any of their solutions. The state functional ~ t [t;] is now 

written in a form 

~.(0 ~ 'L r Ccl~" J i!>'''l ~) c J 
L'1') J I 3 I 

with 

it>'''lct;.J = c~,>. [c."r~,z;.>]4r\ ~ vr"'[d''l-s·,~.>]J. 14
> 

F2) Operators A. are certain functionals of t; l.~.t) and its 
canonical conj~gate, the latter being rewritten here as a 
function of ~ (t) and ~ (t). 

~3) In general, this kind of equation of motion is derived from 
the requirement that the effective action r[a(t)J should be 
stationary under the variation of a ~ $'a, llr" = 0. 
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where r-c~ is obviously the effective action density responsible 

for the corresponding solution a.ttJ{(t;") , and C is an ampli­

tude associated with the respective action. 

Eqs. (3) and (4) mean that, in the limit V -700, each term in (3) 

gets an infinite phase and the phase difference of any pair of 

terms is, in general, also infinite. Thus the phase correlation 

among the pair of terms in (3) vanish within a short time at 

even if one prepares at t = t
0 

the state ~*0 [~ 6 ] with a 

definite phase. ~t is estimated to be of the order of magnitude 

1/V or equivalently 1/N. It is also easily understood that there 

exist no finite operators which have non-vanishing matrix element 

between any pair of terms in the expansion (3); 

the Hilbert spaces spanned by the set of states 

are completely disjoint of each other. 

this implies that 

\: q>'"' [~, ~.] r 
The last, but the most important observation by Fukuda is the 

disappearance of the Hamiltonian which would govern the time 

evolution of the whole system. A simple reason for this is that 

the total Hamiltonian is an extensive operator and thus infinite. 

The unitary development of the state is only operative within 

each Hilbert space characterized by (r), and the state vectors in 

each space develope themselves controlled by the quantum 

mechanics concerning the Class II intensive variables. 

To summarize, the time development of the macroscopic system is 

describable in a quantum mechanical basis; to each c-number value 

of Class I intensive variable a Hilbert space is associated, and 

these spaces belonging to the different species of solution 

a(r)(~. ~~)are completely disjoint; the development of the state 

(Eqs. (3) and (4)) is not unitary nor time-reversal invariant -

it is a sort of phase-transitions undergone within a very short 

time interval ~t~l/V {or 1/N). 
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3. Measuring process and the probabilistic interpretation 

The measuring process is a change of the state of a system 

composed of a 'to-be-measured' systems and a macroscopic 

detector M, under the interaction between these two. 

We start with the usual notion of the state vector I~) and 

linear operators corresponding to physical observables, but 

without any kind of assumptions concerning the expected values of 

observables, or equivalently. the probabilistic interpretation of 

state vectors (Born's ansatz). 

The usual assumption of 'good measurement' may of course be 

understood here. - It states that "If a system is in the state 

1.\n), the eigenstate of an observable 1\ associated to its 

eigenvalue Ak , then the result of the measurement of 1\ always 

gives its value Att. . " 

Clearly the above statement, too, does not involve any 

probabilistic conception. 

Now we introduce the statistical ensemble and define the 'state 

of ensemble' through the operators 

(b) U' = ~ ""~lttM)(lf-*1 "'; If, 
} 

L..w~ ~ :1. - r I 51 

(a) U ~ l <1-) ( <1-/ , or 

The former operator (a) represents the state of ensemble in which 

every system lies on one and the same state I~) , and this state 

of ensemble is called 'pure state'. On the contrary, the latter 

(b) represents the state of ensemble in which there exists M 

systems in the state lt.) among the total N systems, AY~ being 

the ratio M/N provided that both M and N are quite large numbers. 

This state of ensemble is called as 'mixture' (Gemisch). 
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All these have been quite well-known as parts of the definition 
of statistical operators. But, in order that U or U' are 

statistical operators in von Neumann's sense 6 ) we need to add 

the 'expected value hypothesis', that is 

(/I. lEv~ 
f T, Ui\ 

I T,U'/\ 

(pure state) 

{mixture), 

where < 1\) is the expected value of the observable 1\ •v 

I 6 I 

In the following, however, we will not impose the above condition 

on our U or U'. Therefore our U (or U') are still not statistical 

operators but the equivalent substitute for the concept of state, 

extended to ensembles~41 The relation (6) will be derived later 

on. One should also notice that the 'statistical' element entered 

in the definition (b) of U' has nothing to do with the 

'statistical interpretation' of quantum mechanics, but concerns 

only the classic calculus of probabilities. We now proceed to 

discuss the measuring process. 

In the presence of the macroscopic detectors M, the state of M, 

I~), receives a change due to the interaction of M with the 

object S. To make the measurement (of the operator 1\ of S) 

successful, we should select an appropriate Class-! variable of 

M, which couples effectively to the operator 1\ one wishes to 

measure. This is actually an abstract criterion to arrange a 

suitable apparatus for a relevant measurement. Provided this has 

been already 

and (2), but 

done, we start with similar equations to Eqs. {1) 

replace them by more general ones 

to the state of S+M, l~;t). That is to say, we 

< - L"'"c · J r;,··l-!',) "'- hfr;, .. J ' ~.z:;; •• 
instead of the old ones. Here (·•) abbreviates 

bles of the object. 

which correspond 

work with 

anctJra~•J[<ll··>J 
the other varia-

F4l Our U (or U') obey the time evolution equation 
1~~U/.Jt = HU-UH as usual. 
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At the time t
0

, before the measurement, the state 1~-t.)is a 

product of two states I tf.to) and I ipt
6
), corresponding to the 

object and the macroscopic detector, respectively: 

I~*)= l ~t. > lf>t. >. < 7 I 

We have assumed here that both are in their pure state. The state 

of ensemble compromising both S and M is, accordingly, expressed 

by an operator 

u$•" = tt~>><tl 119 1~><1>/ ( 81 

at t = t
0

. This definition is unique since at least one of both 

is assumed to be in the pure state, as was proved by von Neumann. 

More specifically, we assume the object was in the state 

I ti-t.) = L. c._ I>- .. ) ... 

and hereafter all the state vectors, we assume , to be 

normalized, e.g. ('1-1'1-) ~c:!, <~.IA~·/=8 .. ·etc. 

( 9 I 

After a very short passage of time t
0 

-7 t
0 

+ 6 t, lS t being 

0(1/V) as was remarked previously, we can reasonably suppose that 

the state / ~!t) still keep the product form of Eq. (7) (and so 

does u~;M) approximately, and suppress the object Lagrangian from 

L {~, S ~ ... ) retaining only the interaction part of s with M: 

Uz;.t;··)~ L~'~r~.S)t-L.,..{~.LA) 
' 

(101 

where the interaction part is introduced through the observable 
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, the function of dynamical variables of the object. The time 

variation of the coefficients in (9) is to be estimated pertur­

bativ~ly. But, for sufficiently small ~t the variation will be 

non-appreciable, or the measurement would lose its physical 

meaning. 

In this situation, it is easy to write 

.::r--.,[~:·J 
-t..ti"bt 

= ~ckct)l.\;Jjra·nld;.J ~r fi ~ott'( L" .. teo .. )) }.:Pj.,r ~.J. < 111 

.... 

This is again Fukuda's formula, and the second factor in r.h.s. 

of Eq. (11), denoted by (p.rt[~ j Art1, would also have the 

similar form as Eqs. (3) and {4). Since the effective action 

densities derived from the original Lagrangian are different 

corresponding to different values A~ ; the obtained classical 

variables for the relevant Class I operators vary with different 

Ak's; and just this fact enables us to record the results of 

measurement in macroscopic terms. Evidently, any pair of Hilbert 

spaces f 4.rL z;; A•l } and \ ~6J >; ; AI<J} have no phase 
5 

correlation and are completely disconnected as far ask# k'F). 

A state of the ensemble of the system S+M, after measurement, is 

expressed as before by 

U ::'1 =I f6t )(f,t 1. ( 12 I 

F5) Each space {~[r;AtJ 1 is, in general, decomposed further 
into a large number of disconnected subspaces because everywhere 
we have infinite phase differences in the limit V 7 0o. 
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The problem is to define similar operator referring only to the 

system S. We postulate that this can be done by taking the 
'Trace' with respect to the states of M. Then 

us 
lit 2_ ('i,J }ot)(fo,/P~ > 

n I 
(13) 

where /q~)is an arbitrarily chosen complete-orth-normal vector 

in the Hilbert space of M. Substituting the expression (11) into 

Eq. {13) we have 

us= '2:_ "Z tc,.t'l~,./(>..,.l®(il,\~.,Cs;.A._1)(<I • .£{,>..,1I<Ji.) 
~t ..... "" 

~ :LT c,.c:.lx .. )(\,l®(il.I~J;;>..,l)(~)~;>..,.J\<1>.) 
.. ft.:\ It, 

(14) 

where we have omitted some summation symbols such as s (d. r,] 
~ ( ~kbelongs to the k-th Hilbert space) etc. to simplify the 
~. 

notations. It is now immediately clear that the second term in 

r.h.s. of Eq. (14) vanishes in the limit v~oo, because of the 

disjointness of the space of -f~61:[~ J} . However, with respect 

to the first term, some minor portion of ~ may survive for each 

Ak' This would give certain quantum corre~tion coming from the 

Class-!! operators, which would be negligibly small in any 

measurement in terms of classical variables. Thus, discarding 

such a small correction we arrive at the formula 

us~ L I c,.f !,>, .. )(-\~I (15) ot 

This implies that 

state \11-/<.t( I 

.. 
the ensemble state of s, originally in the pure 

converted itself to the mixture state (15). 
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Comparing with the definition of the mixture state (b) given 

earlier, we are forced to interprete lck/~as the probability wk 

for the state fAk) to occur in the mixture, namelyfG) 

lckl'= "-~!<. ( 16) 

From (16), the operators U and U' are shown to become von 

Neumann's statistical operators (or density matrices) so that the 
) 

relations in (6) have been proved a posteriori. 

4. Remarks 

(4-1) No secret exists anywhere in our deduction. A new recipe is 
to regard U and U' defined in Eq. (5) simply as mathematical 

expressions for the 'state of ensemble' just like !if'> fa~ the 

'state of a system'; thereby attaching no statistical meaning to 

them. The path-integral formula does not involve in itself any 

probabilistic notion, since it consists solely of the multiplica­

tion law of amplitudes. 

(4-2) It is desirable to formulate the measuring process on a 

more abstract ground. To this end we have only to establish a 

precise definition of a 'good detector' in terms of quantum­

mechanical language. Such a 'good detector' would have to 

involve, in general, an infinite number of degrees of freedom. A 

macroscopic detector is a possible example of the good detector 

as was shown by Fukuda. 

(4-3) Different discussions of a macroscopic detector have been 

given by Machida and Namiki ?) . Their method of achieving the 

state reduction is, however, not satisfactory for they introduced 

F6J We simply set Ck(t) 
treatment. 

Ck in the spirit of our approximate 
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averaging functions in ad hoc manner, not derivable from the 

quantum theoretical basis. 

(4-4) "Many-worlds interpretation" does not look any longer 

necessary for the quantum mechanics to treat the whole universe, 

provided it does contain an infinite number of degrees of 

freedom. The quantum state of the universe could be known through 

the accumulated results of 'measurements' performed by dividing 
the universe into subsystems in various ways, such that in one 

side of pairs of subsystems there contains a good detector. 
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