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ABSTRACT. Symanzik's improvement programme is pursued for Wilson fermions using 
the concept of "on shell" imprO\·ement. Twisted antiperiodic boundary conditions for 
lattice fermions are introduced. The energy "~mlues and wave functions of quarks in the 
twisted world are considered to one loop order perturbation theory. The coefficient 
c(gg) of the proposed 0{ a)- "on shell" -improved action is calculated t.o first nontrivial 
order by considering a suitable '·on shell" quantity. 

1. INTRODUCTION 

In lattice gauge theory a gauge invariant ultraviolet cutoff is introduced through the finite 
lattice spaci.ng 1a 1

._ Consequently all physical amplitudes become cutoff-dependent. 
From the _work of Symanzik [1] one learns that for perturbative calculations the fol.lowing 
expansion holds for lattice Feynman diagrams 

~ I 

D "" a-"' L L Cnma"(loga)"' ·-' (1.1) 
n=:oOm=O 

where w ::=: 0 depends on the superficial degree of divergence of the diagram and l is the 
number of loops contained in it. 
From this formula one sees that if after renormalization the lattice spacing 'a' is decreased 
then the corrections to the continuum limit terms only die off relatively slowly. It is there
fore worthwhile thinking about how to improve the continuum limit behaviour of the lattice 
approximation. 
To this end two procedures have been proposed. One is due to Wilson and is basically non
perturbative [2]. The other approach given by Symanzik uses weak coupling perturbational 
methods [3]. 
Symanzik's met-hod employs the fact that a lattice action for a given continuum theory is not 
unique, i.e. various lattice actions yielding the same continuum limit e"x:ist. Given one lattice 
action for a certain continuum theory other lattice actions with the same continuum limit 
can be produced by adding operators obeying the symmet.ries of t.he theory and containing 
higher powers of the cutoff. 
The main idea of Symanzik's improvement programme is to fine tune the coefficients of these 
operators in such a way as to eliminate the cutoff dependency up to a given order in the lattice 
spacing. The values of these cOefficients can be det.ermined perturbatively or experimentally 
via Monte Carlo simulations. 
The adion obtained by pursuing t.his programme is universal in the sense that all physical 
quantities calculated with it are supposed to be improved. Whether this is true in the franie
work of lattice gauge theory is however not yet clear. Symanzik himself was able to show 
however that this was indeed possible for the .P4-theory [1 J and for the nonlinear a--model 
[4]. 
For the nonlinear u-model Monte Carlo ·simulations employing this action yielded encourag
ing results [5,6], 
Despite of the mncephtal problems still pending much effort was invested in extending 
Symanzik's programme to lat.tice gauge theory. 
This was first pursued for pure Yang Mills theory in a paper by Weisz [7] dealing mainly with 
the general form of the action and tree level improvement-. 
He found that at most three next to nearest neighbom terms have to be added to t.he standard 
one plaquette W_ilson action to perform O(a2

) improvement and by considering "classical" 
improwment found for the tree level values of their coefficients 

5 
c~o) = 3' 

where 

(0) 1 
cl = --

12 

X 

c;o) = c~o) = 0 

I 'I " '" '"' c; 9o = !........ Yo C; · 

U-"'0 

(1.2) 

(1.3) 
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.The n~~t_ ste:Q was _an ~Hempt to calculate these coefficients to one loop order perturbation 

theOrY. 'fhiS_:Gil~Ulation:-~was::::-pe~fol'iiied~bY:weis-~o.and_-_the_,autlior~ by _q)_~si~ITj:pg)J~e statk 

(iiiai_k-~aitt[gii_li[kP~Qtili[iY.: [~]. _ Jft~!!J,~~f_C?~~- _h9_W~_y_~r_1ha_t_ Uiis _qua:tit.ity~oilly yielcled lnforma

-tiQ~Q~~-ili~Irie&-I"'~9:.WPJTI:~M>~il ?~~pi_e;J}ij'~e-:fo~f!iSi~t~_ j~i! ::(o,t:)l!-~;~t:=~~~~~UJN_)_ Wilson 
action ----- - -- - ---- ---- ------ -- ---- -~- - -

f•V-- -UJ---\-1)-_ -
ct - Cz - c3 -

(2N' 3) 
- N(0.0012167(1)) + 

12
;; (c~"'(o.0305219) + c~"l(1.1043780)). (1.4) 

The last steps to complete the treatment of Symanzik's improvement programme for pure 

Yang Mills theory were then made by Liischer and Weisz. In a sequeme of papers [9-12] they 

presented both theoretical contributions and numerical C'alculations. 

As an import-ant c.onceptual tool they introduced the coneept of "on shell11 improvement. 

Instead of demanding the improvement of all Greens functions this means improvement of 

only all "on shell" quantities, i.e. low lying (with momenta small compared to the c.utoff) 

energy levels, S-matrix elements ete-. 
By studying the behaviour oft.he action under transformations t-hat-leave "on shell" quantities 

unchanged it is possible to distinguish between two kinds of operators. If the coefficient of 

an operator changes under such a spectrum conserving transformation of the action then its 

value has no effect on ''on she:Il~, qttaritii"leS:ubtYerators with this property are called redun

dant, their coefficients are arbit.rary and can be chosen for convenience. This property is valid 

to all orders of perturbation theory. 
It is therefore orifY'Ule~:coe~:AtCieilfS~Ot'oPera:tOiSl.Kat' remBittUiichaiiged under spe(·trum con

serving transformations that have to be d~termined perturbatively or via Monte Carlo. 

In the Case of pure Y8:lig. MITis theory this means tlutt. one of the ,oefiicients was found to be 

redundant. It was then set eQual to zero for convenience so that after a change of notation 

com-part--d: to [7,8) i.e. cz +-+ c3-only the remaining t.wo coefficients c1 and c2 had to be deter-

mined. -,. 
The main nul11"eric.al r_e_s_ult presenteO bf-Liischet and \¥eisz is the cakulation of these coef

ficiE:ll.ls to fiisT"UQnt:Ii:viai=·ora~- pern:u}>Ji_ttoTI-tlmiry-, ~rtfying als-o the result given in [·8] by 

means of a completely independent calculation. 

FOr this c~c:':l~lJ:tlon they deVeloped several effiCient and useful numerical techniques [12], 
whioh -a.IsOJi~v~~l?_~_e_I_!·-e"Ji~ple_yeU~f6r t:he .wor.k~p:re-s_err_t:e-d-h~"I:e. 

Op.e--:i& __ ~·-hlglilX..:iffi~r~nt-ii"ti8J::&ti&n.!~ni~iiie.J6-r:.petiotlic.-func.t:ions. ens:u:rtng exp.onenttal con

,:e;s~nc~-by-equi1ii~t;1int ~atiOli;~~hi-(b~tn---=aadi~-~~;J~c;-.g~V(;S~a~-reliiOfe' estiliiate-ror the 

er"i.-Oi Of Hie numerical mtegt:at.i_on.- ~= ~- -~-

The second important method is to compactify two space-dimensions by introducing twisted 

periodtc "boumlEcy ·cmrditimrs-·thus provid.ing··aR exPlicit- -infrared -cut.ofF·-and··giving· complete 

cq_nt.rOt Qf ~~ ,?i~~~ ~o~e-s-. T-lre t:lieo-ey ·t_lie[l _liM) a mags: -gap -and· tire lowest lyin,g s_t~b_le 

p_mJlCTe-s __ canJJ~e,-~~p_i-~§~~<i Jij:~-g~llg~:i_ii~i¥! 9_Ei_t.'!t9Js. (t- :i-~ t:~-~~_efQ·re ~O~?f~fe -tO --~~jSM~ 
gl_u_Qn~gtu_Qll:o-S.c,~t_t_e_t:iJJ.g~<:!.~U:L0a_).~-:;_e_'!J,_t_ll~L "mJ. §_.h§ll » ~l!,l}~~_ftj_e_s fQ:r -the c al_cti_iaiion of-t~e im-

provement.= c~ffi:{'-i;~ts=bffl;Umes--~Vafi~hl:e.- - -

~~~~~~g;.ilii~~c_~R.~·;it~w~~-JiOSSllil~- t~~-92i<iiR i.~~-:~~~?!1.~ r:e!!~i<?~-.~-~e~e.d:-f?F_ the deter

IniJJl"It~f~il) ID'lil""i5~1·-L}>y.--'eorr-iicl_eiini'~''<H~I#qpr.tat-e-.gl~ob:..,t:lfr~e-o;p-oin~1finotion. 
'Fii~- ne~t-- step:i"n l:lie: iijijili~Rtion of:-Symanztk..!s "improveinent:-pt ugrannne wm-:tlre- in·clusi·on of 

Iii~fcf:ffiiifii - -

:..'lUll~pmOlero~Js--r:eie~Yani egp:emJdl~ he"t>-auS:€ of Ur.e .wen ,k.nown. ,p_:eo:Oli:Ii;i. §f:;;~p_,_c;c:~s.--~OJJHliJJ,g 
. --- ---
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which can only be rendered completely by t.he sacrifice of chiral symmetry. As this, at least 

in the framework of the fermion lattice action proposed by Wilson [13], is already performed 

by adding an operator eont.aining a higher power of the cutoff it is quite suggestive to try to 

soften the breaking of chiral symmetry with an improved action. This could ultimately lead 

to a quicker regain of chiral symmetry when taking the continuum limit. 

Although some early attempts [14-16] had been made in that direction no systematic treat

ment using especially the fruitful concept of "on shell" -improvement had been given. 

The first steps in that direction were made by B. Sheikholeslami and the author [17]. 
In [17] the structure of the action suitable to perform improvement for Wilson lattice fermions 

was studied and tree· level improvement was carried out. 

In-the work presented here the improvement coefficient emerging in the scheme of O(a)-"on 

shell,, improvement is calculat.ed t.o one loop order perturbation theory. 

To this end the results obtained in j17] are summarized in Section 2. 
The remainder of the paper is then organized as follows. 

In Section 3 the notations used are given. 
Section 4 deals with the extension of the concept of twisted boundary conditions introduced 

in j12] to latt.ice fermions. 
In Section 5 the propagator and vertices emerging from the action quoted in Section 2 are 

elaborated for quarks with antiperiodic twisted boundary conditions. 

In Section 6 the problem of the sped rum and stable particles is discussed. 

The purpose of Section 7 is to find a suitable "on shell, quantity to yield the necessary im

provement condition to Olle loop order. To this end a quantity is studied that. yields the tree 

level improvement condition. 
Section 8 deals with t-he fermion energy and the fermion wave functions t.o one loop order. 

In Section 9 the definition of the quantity for which improvement will be demanded is given 

and the Feynman diagrams contributing t.o its calculation are depicted. 

Section 10 deals with the integration routines used to perform t-he lattice integrals in the 

continuous directions. 
In Section 11 the technical aspects of the calculation are discussed. 

In Section 12 the results are summarized and discussed, the final result of the computation 

is presented and possibilities t-o extend the calculation t.o two loop order are proposed. 

Further technical and conceptual aspects of the calculation are presented in the Appendices 

A,B. 
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2. '10N SHELL" IMPROVEMENT FOR WILSON FERMIONS 

Here the main results obtained by B. Sheikholeslami and the author aie summarized because 
they are the basis for the work presented in the following Sections. 
While in pure Yang Mills Theory only lattice artifacts with even powers of the cutoff appear 
(i.e. 0( a2 ) ,0( a4 ) ••• corrections to the continuum limit) in lattice QCD with Wilson fermions 
also odd powers of the cutoff emerge. As stressed in [17] for lattice fermions two different ap
proaches of improvement are possible, In the minimal approach only the especially disturbing· 
O(a) terms are intended to be cancelled. This concept will be called O(a) improvement in 
the following. More ambi_tious is the task to additionally remove the O(a2 ) correctiOns to 
the continuum limit which will be called O(a2 ) improvement. For both O(a) and O(a2

) im
provement the most general form of the lattice fermion action was derived. This amounts to 
the construction of an action containing (up to total derivatives) all possible gauge-invariant 
scalar operators of at most dimension five for O(a) and six for O(a2 ) improvement that are 
invariant under discrete rotations, parity n.nd charge conjugation transformations, 
For O(a2 ) improvement one ends up with 18 admissable operators, Considering the isospec
tral transformation of the action only five of them are found to be redundant. Although to 
lowest order classical improvement is compatible with "on Shell" improvement and allows for 
a considerable simplification of the action the coefficients of the remaining non redundant op
erators of higher dimensions remain to be cale.ulated in higher orders of perturbation theory. 
Especially the disturbing fOur fermion contact terms eannot be excluded. As moreover for the 
gluon sector the O(a2 ) improved aetion has to be used the approach of O(a2 ) improvement 
for VVilson fermions is impraetable and must be abandoned. 
If one however only pursues O(a) improvement the situation looks favourable. For the gluon 
sector the standard one plaquette Wilson action can be used, because it only produces O(a2

) 

deviations from the continuum limit which are not intended to be cancelled. The action is 
drastically simplified and contains only two admissable operators of dimension five in addition 
to the lowest order operators of dimension less or equal to four. 
Consideration of the isospectral transformation of the action shows that only one of them is 
non-redundant i.e, its coefficient has to be calculated perturbatively, The redundant oper
ator can however be used to break chiral symmetry to lowest order and thus avoid species 
doubling. At first sight it is surprising that the term which removes the unwanted additional 
low lying energy states at the edges of the Brillouin zone gives no effects when considering 
a spectrum conserving transformation. It must be noted however that the concept of "on 
shell" improvement only applies for all momenta small compared to the cutoff i.e. not for the 
large lattice momenta where species doubling arises, 
One ends up with t-he standard Wilson lattice fermion action plus one additional term which 
can still be formulated using only next. neighbour interactions 

a' 
5=-, 2:: 

Yo "' ail 
lattice ~ite~ 

_1_{-2[Moa + 4- gibo(gi)[.J>(x)<l>(x) 
2a 

+ 2:: .J>(x) [(r -<,)U,(x)<l>(x + p) + (r + 7,)U;(x- p)<!>(x- ~)] 
p 

i '"'_· } - 2<(g0 ) L., <!>(x)a,vPpv(x)<l>(x) . 
p,v 

4 

(2.1) 

Where 
P,,(z) = -l (U,(x)U,(x + v)U,;(x + ~)U:(x) 

+U,;(x- v)U;(x- ~- v)U,(x- ~- v)U,(x- {<) 

-U,(x)U;(x- ~ + qu,;(x- ~)U,(x- ~) 

-u,;(x- v)U,(x- v)U.(x- v + ~)U;(x)] 

(2.2) 

is a selfadjoint version of (2.9) in [17] and the shorthand notation ~(a:),IJ'(x) for the Nc 
row and column matri('es of the fermions transforming under the fundamental representation 
of SU(Nc) and UJ'(x) for the SU(Nc) matrix of the parallel transporter has been used. 
Furthermore a mass-subtraction term b0 (g~) has made its appearance. As is well known and 
will be discussed in detail later, this term is necessary in order to remove unwanted 0(! )
effects in perturbation theory for fermions of zero bare mass. 
The coefficient 

c(g~) = L c(v) g~" (2.3) 
v=O 

has to be calculated order by order in perturbation theory by imposing suitable "on shell" im
provement eonditions. 
To lowest order [17] one has 

c(Ol = r (2.4) 

where r is the coefficient of the chirality breaking t-erm introdueed by Wilson. 
As explained above 11on shell" improvement eannot be used to determine suit-able values of r 
because it only puts the constraint (2.4). 
To this purpose the discussion of t-he energy moment-um relation of the lattice fermions as 
given in [17] proves useful. 
For improved actions these considerations have been first made by LUscher for a free scalar 
field [18[. 
For the action (2.1) the following observations are made. Consider the free massless theory. 
The one-particle energy states are related to the poles of the time Fourier transformed prop
agator. They are given by 

E; = logz; 

where z; are the poles inside the unit circle. 
The main effect that arises is the appealance of ''unphysical" energy states besides the "phys
ical" ones which approximate the continuum energy momentum relation 

E'(i') = p' (j> = (pJ,p,,p,)). 

For r = 0 therl' are two energy states, one real and one complex, whose real parts coincide. 
As a consequence of ehiral symmetry there are additional zeroes of the energy at the edges 
of the Brillouin zone. 
In the ease r f:- 0 the "unphysical" second energy state has a small-p expansion of the form 

1 (r+1) 1 (.\2 +1) 2 3 E(p) = -log--+ -a~~-p + O(a ). 
a (r-1) 4 .\ 

(2.5) 

One sees that for r < 1 the solution is complex but its real part. is shifted to values above the 
"physical" energy values as r approaches 1. 

5 



For r = 1 this solution becomes infinite- corresp;onding to a pole of the propagator at zero while 
for r > 1 E(p) is real and for r » 1 ~g~n tends towards the ~~physical" energy momentum 
relation. - . _ 
The important observation is .th-af fO~ -r·"'-~ 1 thi'§ ulnVKrlte'd; state is complet-ely removed, 
so this is the natural choice ior the coefficient of the chirality breaking term in the action. 
Another merit Q{thiS::-choice--of"r-~-s :tha.\-,htot.he~hopping piir.<'!-rfieter-eXJ)~lS:ion -no backtrac~ing 
is encountered.,-Th~ cal<'.u~a-~ion PFesent~d in the following fS -thus done for 

r = 1 and c~o) = 1 (2.5) 

3. NOTATIONS 

_Thf~~_gh~~i ·t_hYs 'pap~; ~'~{I; -di~e~~~~~''hYPe~;;:h1;1C 1~ttlCfiS ·ccniSiae·re·d-:wah t_lie ·-lattiCe 
Sp"i\tliig ~,ii-, Seteqlr8lto _ ~~-~O-Yittrce·.:si~s~-:C~fe~P'~rrlft3 P~ilifS~ill ;z;r:· tr-necessa~y ·~· can 
~\-ya.Y_~_ be reintrodut.ed throUgh -ditUensibhal~afiiiYsis. 
-A ·d~·iio·t~s -.fhe'~-nit :~~'ttrir 'in~tli~.o p:'illtiJB6ri7- ,~ · .-.. - ·· 
~?"~ _ ~~{Ji~:~!!_ep-t:Rr-fJ>&X!~t~i!~T!~e~~~?.rc:e.~. _____ . 

-Uto-(x) = eil"A"(~) 

with anl_i_hertnitj~ gau-g-e--fret"ds 4 14 -~JQIJgi~gj_o U:u;-_fJ.l:rr:Q{l_!U~!ltal _ _representati9~of SU.UY) is 
mad~.--

For the.-fel'mion,se,-;tor-,S:,sd~Pf e_uc~ide_an cy,mittric_es ;With. the ~P-t:Op!O'rti~s 

-{ip_,_.y~ }~ ==--~~P-~1 
·_ ,~-!'f::~,;y~ 

i 
0:1w .=::::: __ 2~:Ytt,i~J 

is j~t~:oil~~k-<l'. 
Whe_.Q. _p:~~fQtmj!-!g_~~pli~it ~a~~~ial.~'?_ns_ th_e follQ'-''·~~g:r~pres_~~t6.t.ion WRS -Cfl~_iiCD-

··· [u · o ) .. · [ ~- · 
lo_:-= '\ Q ~ 1t. _- :-, iT= -i--, _ ir i 1) 1:=),2--,3 

wqet_e-~ 

·u,~ H" ~y, d,":_c~ "~r ;;~(~ -n· 
For Jattrce- momenta-the __ common·n6fiftt<>rt~:k; ±:- 2:~rrr_~ a;nd-

will often be used. 

., 2:: ., k ~- . k -= - 14 

" 
·kii .. ~ -L·K·.! 

" 
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4. FERMIONS WITH ANTIPERIODIC TWISTED BOUNDARY CONDITIONS 

ON A LATTIC'E WITH TWO COMPACT DIMENSIONS 

The concept of twisted periodic boundary conditions for gluons has been discussed in detail 
in [12]. Here the modifications necessary to formulate this concept for fermion fields are 

elaborated. 
As in [12] <'onsider a lattice with finite size of L lat-tice spacings in the xr and x2-directiorts. 
\i\l'inding once around t-he torus in these mmpact. directions the gluon fields U ,_. transform like 

U,(x + Lv) ~ !l.U,(x)!l;' v = 1, 2. 

In this expression the 0.., are constant SU(1V)-matrices with the following properties 

n1n2 = ::-fhfl1 
!l;:' ~(-l)-"-'11 

·~ ::- =c'N 

v = 1. 2. 

The corresponding gauge group Gn consists of all fields A(x)eSU(Nc) with 

A(x + Lv) ~ !1".\(r)!l;' 

and U,_.(x) transforms according to 

U,(x) ~ A(x)U,(x).\ - 1 (x + p). 

( 4.1) 

(4.2) 

(4.3) 

(4.4) 

To formulate twisted boundary conditions c-onsistently for quark fields one introduces in 
addition to the c-olour group SU(I\"c) a so <'ailed "smell group'' SC(Xs) with J.Vs = Nc = N. 
This idea was first developed by Parisi [19] and its pra<'t.i<'aluse has been pointed out t.o the 
author by Liiseher. Omitting spinor and flavour indi<'es the quark fields are then Nc x N s = 
N X N-matrices \{l(.r) = w .. $(.r) with e.g. 

L >l<,c(x)'l>,.(x) ~ Tr(>l<(x)'l>(x)). 
c.• 

Now an analogous condition to (4.1) can be formulated 

rr 
W(.r + Dl) = fl..,'li(.r)fl~ 1 c':\" v = 1,2. (4.5) 

The additional factor c'~ guarantees the antiperiodicity thus· suppressing even multiples of 
the minimal momenta (especially the zero modes) be<'attse of 

'l>(z + N Lv) ~-'I>( xi I/= 1,2. (4.6) 

' 



The gauge transformations of 'l'(:r) and ~(x) under elements of Go are 

>li(x) ~ A(x)>li(x) 

~(x) ~ ~(z)A -'(x) 

A basis of plane waves is -given by 
.r Peipz. 

Antiperiodidty puts the following constraint on the momenta 

rP = -eip;LNrp i = 1,2. 

Thus 

" p; = LN(2v; + 1) Vt, V2~Z. 

The r P are unique up to a phase. As in the gluon case it is chosen to give 

rp = zt(~>J+P2)(vl+v3-l){ll"2{)~1. 

Define 

J=(L'N)-'L]"f ~o ":' 
p Pl. J -1r ~Jr 

with 
P = (po,PJ.,Pl), - 7r :S Po:Pl :S 1r 

" PJ. = (pJ,p:a) = LN(2v1 + 1,21.12 + 1), Vt,V2f[O,LN -1] n Z. 

Then the relations 

and 

for the inverse hold. 

>li(') = Je'P'f/ll(p) 
p 

.t(p) = L'-'P'Tr{r;>li(')} 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

(4.15) 

Apart. from spinor and flavour indices ~(p) is a scalar quantity because the colour and smell 
group structure is absorbed in the r p· 

The analogous formulae for ~ are 

~(.<) = Jc-'P"'f;~(p) (4.16) 

p 

il-(p) ~ L c'P'b{fp~(.c)}. (4.17) 

8 

For quark momenta p,p11 

" P.t = LN(2vl + 1,2v2 + 1) v;~Z 

P' - " (? ' ' .L- LN -v1 + 1,2v2 + 1) v;~z 

as for gluon momenta the symmetrie and antisynunetrie products 

(p,p') = VtV~ + 1.121.1~ + (v1 + v2 )(v~ + v~) 
{p,p') = lltll; - 1.121.1~ 

are introdueed. 
Using these expressions one defines 

z{p,p') = .:il(p,p')-(p,p')) 

If k,k' denot.e gluon momenta [12] v.ith 

kl. - 21f - LN(/lJ,Jl:a), k' 27r 
J. = LN(/l;,p;) lli•lli~Z 

one finds for the products of momenta oecurring in Feynman diagrams 

rkrk' =z{k,k')rk-:--A·' 
rkrp ==(k,p)fk+p 
r;rp. =:;-t<p.p')::(p,p')- 1rp'-p 

(k +pis a fermion momentum) 

(p'- pis a gluon momentum). 

(4.18) 

( 4.19) 

(4.20) 

( 4.21) 

5. PROPAGATOR AND YERTICES OF THE O(a)-"ON SHELL" -IMPROVED LATTICE ACTION 

FOR QtT.'\RI<S WITH ANTIPERIODIC TWISTED BOFNDARY CONDITIONS 

trsing the Ansatz (2.1) with r = c = 1 and taking into aceount the twisted boundary condi
tions for the quark and gluon fidds the quark propagator and the quark-gluon vertices are 
given hy 

' -9oS = 

Jii-(p)(Sj;'(p) -- g;b,(gi)q,(p) + f ~g~ J J 1 
p r= l PI P~ k1 

1 L ... LA",(k,) ... A,.(k,) 
k, l'l I'• 

-~ " •FG --o(p,.p,- L.J•)>Ii(p,)1,. (p,p,;k,,p,; ... ;k.,p,)>li(p,). (5.1) 
j;] 

1 quark monH.>nta art" always dt"noted hy p, Pi etc. whereas for gluon monH•nta A·, k; t"h:. are used. 
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i 
~ 

. 

,. 

. . 

One finds for the inn·rsc propagator 

5 ~ 1 () 'I·"(· · ·o·
2 1''') F p =~I o-:-l..._, 1/JISlllpp:--,---SJH 2- · 

" 
and the qua.rk-glum1 vertices 

Vt0 (Pt,P2i k,p) = 

·(k p ){ _.., cos (p,+p2)" + i sin (p,+p,),. - c(g!.?_ cos !:.e_ """'u sin 1..- } - , 2 IJ.! 2 ' 2 2 2 L pt.< 1' ' 

" 

p, 

> .. k.J' 

p, 

t.-;FG (PI, P2; ~·1, J1; ~·2, I~) = 
- ~z(pl -pz.p2) 

· { 611 v ( [.:(k·l. k·2) + .:(.(·z, kd]_[- cos lp'1'1" + h 11 sin (p•+i' 1
"] 

~c(g!) [ .:( ~-~ .A·2} - .:( .(·z, ~-d] sin (p'7' 1
p L "I•P(sink·1p - sink·2p)] 

p 

2 [ • + io-J.!vc(g0 ) .:(.(·1·.{·2)- .:(k·z.kt)j 

[
?("OS (p,- p 2 I,. ("OS k~,. COS (p, ~p)h_ ("OS ~..llc - ("QS k,,.. <"OS ~] } 
-2 2 2 2 2 2 

p, k2 ,v 

p, kt ,J.L 
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{5.2) 

(5.3) 

(5.4) 

and 

lt0 (pl .p2: lei .J-1; h, P; k3, <7) 

= - ~.:(JlJ -- P~·P2) [ [.:(kJ · !..·2 ~ !..·3 ).:(kz, !..·3)--!-- .:(k·3· ~-2 ).:(k2 + k·3, ~·1 )j 

·{I I ('("' cos(p,-1-p~Y--i.::in(p,-tp,)p) 
JU' JHT 3 IJ< 2 ~ 2 

~c(g2 )cosY'~Pz),. '5--..cr (!sin(p -p) -·("OS~,-p,)psin~cos(k,-kslp)) 
' o 2 "---' JlP 6 I 2 P 2 2 2 

p 

..,.. cr!1,.c(g~) [2~v" sin~ cos {P•:::~ cos (p,-:,),. cos 0•+2ksl,. 

+ 6v
07 

sin ik•-;"'sl .. cos ( !y + kz )p 

+ cjl(T sin (k,-l.·s;'" 2""''" cos (p·-:·'·· cos L~.! -~A-,.) .. ]} 

-!- 2 cyd. Perms.]. ( 5.5) 

k 3 ,-r 

p, 

k 2' ll 

p, 
k 1 ,J.L 

For 1[0 (p1 .p2 ;/..·,p) the SlaYHO\" Taylor idmtity holds: 

i.-!1 rt 0 (Pl·Pl= .(·,p) = i:;(~·.p~ J {SF 1{pd- SF 1{Pl 1}. (5.6) 
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6. SPECTRUM AND STABLE PARTICLES 

Calculated in e.g. the Coulomb gauge the fermion two point function is expected to have 

poles corresponding to the existence of massive charged unconfined fermions in the theory. 

The LSZ-construdion can be applied and S-matrix elements calculated in perturbation the

ory. 
Consider momentum configurations p == (w,p) with p == (Pt 1 pz,p:t) = (p_i,P3)· 
Near the pole w = iE(p) the fermion two point function has the form 

F( _) Z(p) 
92 p = ? ' r>?f __ \ + 0(1) 

where E(p) and Z(p) have the power series expansion1 

E(p) ~ ·~:>i" E'"'(p) 
11=0 
00 

Z(p) ~ 2>i" z'"'U>l 
11=0 

(6.1) 

(6.2) 

(6.3) 

To lowest order E< 0 l(p) is given by the location of the pole in the free fermion propagator 

5 -'( -)I ,,.l ~ o. F w,p w=iE(O p (6.4) 

Thus 

3 E(O)(--) o_2 
- sinh2 E 10 )(p) + L sin2 p; + (.M0 - 2 sinh2 

__ P_ + E._ )2 = 0. 
!=l 2 2 

(6.5) 

and hence 

. 2 E(O)(p) M~ + (1 + Mo)j/ ·t- ~((j>2)z- ji4) 
4smh -- · ~ -

2 t 
1 + M 0 + 2 

(6.6) 

_, , 
~p +M0 (1-Afo)+O(a'). 

1 The expansion for the energy E(p) is given in terms of the bare coupling g0 bu\ of course this quantity when 

reexpressed as a function of the renormalized coupling has a finite limit when 'a' goes to zero. 
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\'Vith 

this yields 

Mo 
MR ~ Mo(1- -) 

2 

E( 0 l(p) 2 = p'~ + M1 + O(a4
) = p~ + p~ + M1 + O(a2

), 

(6.7) 

(6.8) 

i.e. up to O(a2 ) corrections the action (5.1) describes a continuum theory with renormalized 

ma'ss MR. 
Furthermore 

E'''(i>) 2 V(Mk +pl.)~ V(Mk + m'((2v, + 1)' + (2v, + 1)')) 

where p_1_ = m(2vt + 1,2v2 + 1), Vt,Vzt:Z, 
~ 

(6.9) 
m~ 

LN 

The introduction of twisted antiperiodic boudary conditions has led to the fact that even for 

zero bare mass the theory has a mass gap. 

For the lowest lying energy levels X and Y one finds 

x' 2 ' ( X X 0 1) p _l = m v 1 , Vz = , -
y2 2 y y 

P_.1_ =10m (v1 =0,-1Av2 =1,-3)V(lt--)2) 
(6.10) 

For the gluon sector qualitatively the same picture holds true. Although here, differing from 

[12], the "unimproved" gluon propagator 

1 . -2 - - 1 
D,"(k) ~ --X,z(k,k)[S,"k +(a- l)k,k"J-.-

2 . (Pf 
(6.11) 

with a general covariant gauge fixing is used, the location of its poles is still to lowest order 

given by 

ko = ±Jk'i + ki. (6.12) 

\k has been introduced by LUscher and Vleisz [12] and performs the supression of the zero 

momentum modes for the gluons: 

xk = { ~ if J..'j_ = 0 (mod N) 

otherwise. 
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(6.13) 



Taking into account (6.13) t.hc lowest. lying massin· particles in the gluon sector are A- and 
B-mesons with 

corresponding to minimal energies of 

kf =4m 2 

l.:f 2 
= 8m 2 

E 101(kf,OJ =2m 

E 101 (kf,o)::.: 2v'2m. 

(6.14) 

(6.15) 

(6.16) 

(6.17) 

To lowest order in 'a' X and)- quarks correspond to stnble partidt>s for th!:'y cannot dl:'cay 
into another quark and a gluon because 

E(O)(p~.Y, 0)
2 

< (E(O)(P:i, 0) + £1° 1(ki, 0)) 2 = ( yl(Jf~ +2m2)+ 2m )2. (6.18) 

At weak coupling this property can be expected to persist. 
\Vhereas in pure Yang Mills theory both A and B mesons are stable particles one finds that 
this only holds true for the lowest lying A mesons when fermions are included. 
\~lhile the lowest lying gluon slates can be realized by gauge inYariant operators i.e. V\~ilson 
loops winding around the world in the compact directions. this cannot be ac\omplished for 
the stable quark states. 
For t.he ('Onsiderations of tree level "on shell'' improvemeiJ! made in tlw next S!:'dion one 
temporarily considers the general form of the action giYen in (:?.1) where the coefficient of 
the 'Vilson term has not. yet been fixed, but has still the geueric Yalue 1'. 

Then one would have 

£< 01(pl = tP __;___2m 2 + J!J(l- rMo l + 0(a 2
) 

instead of (6.8) i.e. MR = Mo(l- ~Afo). 

The propagator then has a pole at w = ::r::i£( 0l(p) with the residue Z 101(p). 
It follows that. 

--; [w 2 + (EI 0l(pj2 - Jfk) + (~Ho + ~(w 2 
__;___ £ 10 l(pf- J/kf))]l ~ O(a 2

) 
~ - ~-w••' 

' , , =1+r(l\f0 --Mn)=l+rMR+O(a ). 
2 
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(6.19) 

(6.20) 

Therefore 

zilll(ji) I.._."~'E<l''lp) 
1 

. - -----( 
(1--:- rJ[R) 

-1o ~inh £ 101 (ftl ~ i L -,,. sinp,.- .!U R) + O(a 2 ) 

with 

,,.=] 

[sinh£101(p)- Jfu]-l u~01 (p)il~,01 (ji) -I O(a~) 

' u~01 (p) = -(1 --:- rJfR )-! ( -;o sinh E(U)(p) -f i L ;., sinp., - MR )u~ 
v=l 

' i/~0 \p) -= --(1 -- r.UR )- ~ ii?,( --;o sinh E 101(p)- i L 13 sinp., - AIR) 

(u~b---:- f.aJ -o r o 
!/cl = !/nlO 

vee] 

0 1. 2 

wht'H' o denotes the two possible polarisntions of the quarks. 

(6.21) 

(6.22) 

For later use. n modified Gordan idf'ntity is introduced. Let a,_, be nn arbitrary Yedor then 

( o) - (0)1 _,I 2JfRII 0 (p)p 11 _.3 l' = 

' ii~01 (jJ)~ou(:::inh£! 01 (p) -- o:inh£( 0\p')) -- i L a,.(sinp,.- sinp;,)) 
1'=-l 

' - a,,(a .. uiio:inhE(ji) -· sinhE(j/)) '\~ rr,,.(sinpu- sinp1 ,))~1/;l)(j/). 
.- .::........., r 1- ; ,, 

"-' 

The desired identities are ohtained b~· difft-rentiation with re:>pert to a"' 
Furthnmore one has 

il~01 (p)u 1

3° 1 (p)- 2(1- rJ!R)- 1J!R(::-inh£(Ul(p)- .1!R)f.cd· 
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7. "ON SHELL" -IMPROVEMENT AND LOWEST ORDER 

In [17] the fact that "classical" improvement is compatible with "on shell" improvement was 
employed to deduce the relation {2.4) for the tree level "on shell" improved action. 
In order to perform the t"alculation of c{l) an appropriate "on shell" quantity has to be found 
for which one loop improvement will be demanded. 
To this end one first considers "on shell" quantit-ies to lowest order. If they yield the tree 
level improvement condition (2.4) they are suitable to derive c(l>_ 
In the case of pure Yang Mills theory the mass of the lowest lying gluons and an appropriate 
gluon three point function derived from a gluon S-matrix element were chosen to dedute the 
necessary two independent relations needed to determine the two improvement coefficients 

emerging in this scheme to one loop order. 
The following argument shows that the quantities derived from the fermion two point function 
i.e. the fermion mass renormalisation and the fermion wave function renormalisation cannot 
be used to calculate cO>. 
For the fermion self-energy E{p) and the three point function r3 (p~,p2;k,p) the Ward and 
Slavnov-Taylor identities hold to all orders of perturbation theory. Let 

E(p) ~ L gi"E'"'(p) 
v~J 

= 
rJ(Ph P2; k, 11-) = go L g~"r~"1 (Ph P2; k, P) 

v=O 

then the following relations are valid 

and 

. a "'"'I ) - r'"'l ·o ) -la... p - 3 p,p, ,J1 
p, 

iz(.4:,pz)(E(v)(p2 )- E(vJ(pi)) = i·l--'r~"l(pt,P2;k,p). 

In all orders of perturbation theory the contribution of c(v) to r~v)(PI, P2; 1.·, J1) reads 

(v) c(v) ],_-' • 
r3~ (pJ,pz;k,p) = ------;-z(k,p2)cos ---;- LaJ'Psmkp. 

- - p 

Since 

r~~ 1 (p,p;O,p) = o 

and 

i· 1,r~:)(PI, P2 :"/..·, 11) 

- ~-=U•-P2) L ai--'P sitd·l--' sin kP = 0 

- "' 
the following conclusions can be drawn. 

!6 

(7.1) 

(7.2) 

(7.3) 

(7.4) 

(7.5) 

(7.6) 

(7.7) 

Since the contribution of c(g~) to any difference of fermion self-energies 

E(")(p,)- r;(<-){P2) 

vanishes for generic p 1 ,p2 , c(g~) can only contribute a constant to the fermion self energy. As 
E(p) is an analytic function of p this constant vanishes. 
Hence to t-he v'th order of perturbation theory c( v) gives neither a contribution to the fermion 
mass renormalization nor to the fermion wave function renormalization. As both quantities 
ca~not be used for a pertnrbatiYe calculation of c(g5) one has to turn to scattering proct"sses 
between stable fermion and gluon states. 
Consider quark-quark-scattering. 
The lowest order diagrams are 

1.) 2.) 

p, 

I
p,' 

' 
p,' 

p,I 
k, 

p, 

p,' 

Pz p,' 

In order to suppress the contribution of ont' diagram the following "on shell'' momenta of the 

lowest lying excitations are chosen 

i.e. 

Pt =(iE,m, m, is) 
P2 =(iE,m,- m,- is) 

PI = p;, 

p~ =(iE,m,- m,- is) 
p~ =(iE,m, m, is) 

' P1 = P2 

l1 =PI-P;= p~- pz = (0,0,2m,2is) 

l.·2 = Pt - P; = p; - pz = ( 0, 0, 0. 0 ). 

(7.8) 

(7.9) 

As pointed out in the previous Section due to the boundary conditions quarks and gluons 
carrying these minimal momenta in the pj___, J.•_1_ art' stable, so for these particles scattering 

amplitudes are meaningful quantities. 
As intended diagram 2 doesn't contribute because the gluon propagator vanishes. sis chosen 
such as to make 1.- 1 ''on shell"' namely 

s = m + O(a 2
). 
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The scattering amplitude is then to lowest order 

s(O) = T~O)DI-'v(l.:t)T~O)I 17.10) 

with 

T (OJ .-(0)1. )l·FGI ' ' ) 1011 ·') 1-' = 11 0 PI 't Pt•PI;"'t,/1 Up Pt · 17.11) 

T~ is obtained from Tl-' by replacing 

Pt ------> pz, ' ' P1 ------> P2, J.1 .. -~ 1/, !.·I ---1 -J.:I. 17.12) 

Using the generalized Gordon identity (6.'23) one finds (c(OJ =c) 

T!o) =z(i.~I,p~)'ii~01 (pi)[-Ip(1-.-rMR)- 4(c-r)(pi +p~)l-' -,O(a 2 )]u~0 \p~)- 17.13) 

Due to the Slavnov Taylor identity (5.6) only the lipv- p<~rt of the propagator contributes to 
the scattering amplitude. 
The small 'a' expansion of S then gives 

S"' " z(k,,k,){·'"'l· )' I . '!I 'I II 'I 01 '1- "'I 'I =-z'-1·,~ 11~ PI l-11-' l~c11R -2 c--r Pt+p1 1-'~ a _u,3 p 1 

' 
·ii~01 (p~)[-1'p(l ~cA!R)- i(c-r)(pi +p'1)1-' +0(a1 );u~0 l(fiJ)} 

_ J . .:-(/.:1' /._•1) {,-{0) - (0) -I -{0) -I (0) • 2 
--2\k,----,- U0 (pt)ji-'UB (p1)u 1 (p 1 )ll-'u~ (pJ)(l+dfR) 

k• ' . 

- '2il\!Rii~01 (Pt )u.j
0\p; )fi~01 (p~ )u~01 (pl )(c- r)(l + cJJR) + O(a2 J}. (/.14) 

If 5 101(1), u~~; (p1 ) etc. denote the corresponding infinite Yolume quantities one finds 

..-··1 1 
s(o}_ 1 X - --:-=--oo{_(o)l. 1 '"1(-'l_(o)l.'l '"1· 111- u 1' - -2. k1 ··f.:2 (I --i-- rli!R )2 uo,l P1 1P 11 ,'3,I P1 U1 ,t P1 11-'uii,I P1 - c~ R 

' 
- 2ii\!Rii~0.;(Pt )u~0.!(P~ )il~~~(p~)u~~Il(pt)(c -- r)(1 + cJJR) + O(a 2

)} 

~ _ _! __ ' {11 t cMR)' 510111) 
l1+rMR) 

_-1\ 
+ - '• ·11 I 111 · 'I 1·'"11· I '"'1-'1·'"'1-'1 "'1- I} -l~L R C ··- r ..,. Cll" R 11 0 ,I PI u;3.l p 1 11 1 .1 PI U,s,I PI . 

' 

Thus for llfR f:- 0 S yields the t.ree level improvement condition ('2.4). 
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17.15) 

In the case of zero bare mass J/n Jfo = 0 a slightly difft>rent momentum configuration has 
to be chosen: 

and 

Pt -m( i,I. L i) 

P1 =m( -i.I.-1.-i) 

P1- p~ = '2m(i,l.O,O), 

p~ =m( 1. 1. · L i) 

P~ -o-m(- 1.1, I. i) 

P2 + p~ = '2m(-i.1,0,0} 

!.·1 =p~-p~ =p~ -pz = '2m(0,0,1,i) 

l.·z co- P1- p~ = p~- pz = '2m(i.O,O,O). 

Again diagram '2 doesn't contribute and one finds 

T"' I' '1-'"1- 1· 'I 11 · 'I 01 '1. "'1·'1 1-' = ~ "-'t·PJ 11 0 PI ~-[ 1,-- 2 c- r PI ~pi 1-' + a _up PI 

T~0 l' = :( -kJ.Jl~ )i1~01 (Pz )[ -{v- j (c- I'){P2 + p~ )v + O(a 2 )]u~0 \p~ ). 

The scattering omplitude to lowest order is 

X mY set. 

s{o) = I - :_l~.:_~·2JT!OJT!O)r 
-2 \A., i·f 

T~01 = rl;o)(1) __:___ r,;01 (a)---:--- O(a 2) 

r,;oJ• = Tl;op{1)- Tl;ul'(a)- O(a2), 

"-here the term in :,raC"ke-ts indi,ates the 0(1) aud O(a) contrilmtions. Then 

T~"J(a) ::____ T! 0 u(a)- 0. p=-'2.3 

and 

17.16) 

17.17) 

17.18) 

17.19) 

(7.20) 

17.21) 

(7.22) 

' 5 10
) = .. _! \ -II..· k 1~:. iT101I1)T10 )'11) . 'IT((I)I1IT10 )'1al- T10 )1aJT101 '111)- Ola'):. 2 k,- l. 1 J..-2 l 1-' 1-' L...., v ,. ,, " ' 

l v=!l 

(1.'23) 
The first order corrections to the continuum limit therefore originate from the term 

' 
y~ ( T,~ OJ( 1 )T~OJ• (a) ' T,~u\ a JT}."I' (ll) (7.'24) 
,.- u 
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For definite polarisations in the in- and out-states, i.e. o: = j3 = 6 = '"'! = 1 one finds 

yielding 

and 

giving 

T~ 0 )(1) ~- 2'm'(l- i) 

T?)(a) = 2izm3(c- r) 

T~ 0 ) 1 (1) =- 2m2 (1 + i) 

T~n)1 (a) = 2im 3 (c- r) 

T~ 0 )(1)T~ 0 ) 1 (a) + T~ 01 (a)TJ 0 ) 1 (1) = -8izm:;(c- r) 

T1{
0 )\1) =2zm2 (1 + i) 

T: 0 )(a) =2;;m 3 (c- r) 

T~ 0 ) 1 (1) = 2m 2 (1- i) 

T~0 ) 1 (a) =- 2m 3 (c- r) 

T: 0)(1)T: 0)'(a) + T: 01 (a)T: 0)
1(1) = -8izm 5 (c- r). 

(7.25) 

(7.26). 

(7.27) 

(7.28) 

So to lowest order both polarisations in the intermediate gluon state yield the same contri

bution to the scat.t.ering amplitude. 

Thus for the mommtum configuration (7.16) (7.17) consideration of S yields once again the 

tree level improvement condition. 
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8. ENERGY Ar\D \\'AVE FUNCTIONS TO FIRST NONTRIVIAL ORDER 

From now on only quarks with zero bare mass will be considered. The constant r in the 

action (2.1) is set equal to 1 again which according to Section 2 is the natural choice for 

this coefficient. Thus the value of the impron·ment coefficient c(gJ) to lowest order becomes 

c = 1. 
In Appendix A the following formulae for E11l(p) and z(ll(p) are derived 

z'''IP) ~ 

E' 0 (p-)Z' 01 (p-) ~---
1
-z'''(p-)E"'IP) 1 . . z'''IP-) 

2Ef0l(p) Po"'-•EI 0 ){p) 

-··-
1
-z'"l-)l_ll_"'"l ))I z'"l-) 2i£(0l(p) P &po..... P po=i£10l(p) P 

(8.1) 

+ _. r;f
1
0l(p) [Nt(p)E(l)(p) lpo=iEIOl(p)z(O)(j)) + ztn)(j))E( 1 1(p) [po=•EIO)(pj·I\'I (j.i)j + 0( a3 

). (8.2) 

According to Appendix B to one loop order the fermion self energy has the form 

~(1) I _ . . ( P1 o- 1 _ . _ _ 
...... (p) po=i£10l(p) - 1('"'/,. smp,.) !Po"'iE!Ol(p) 4 + ~(P2p -2P2 +P(p)+Pl,.)) +t~ (p)+b(p) 

where ap(p) and b(p) are gauge invariant. contributions. 

One finds 

where 

b(p) = b~0 ) + b~01m2 + O(a3), 

N2 -1 
b(O) =---- 0 ?Q?5565(4) 
0 2.\T 0 ~ ~ 

b~O) = N 2 - 1 

2S 
0.0093304(8) 

and b~o). b~n) are universal for X andY quarks with momenta of 

m(±i, ::::1, ±1, ±i) 

and 
m(±i,:t:1,:i:3,::i::3i) 

respectively. 
Therefore as already indicated in (2.1) a C"ounterterm of the form 

- gJbo (gJ )1<( '·)1'( ·') \Yith b0 (0) = b~O) 

(8.3) 

(8.4) 

(8.5) 

(8.6) 

(8.7) 

has to be inmrporated in the action in order to cancel the 0( ~) effed arising from b~o). \Vith 

the relations 

ztU)(p)Z(O)(p) = O(a2) 

znll(jihoZ(O)(p) = -'2sinh£(0l(p)Z(O)(.P) ~ O(a2) (8.8) 

z(O)(PhJ,z(OJ(p) = 2i sinp,,Z(O)(.PJ- O(o 2 ) I'-= 1,2.3 
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one finds 

E
01 (p) = E(O~(p)(Lsinp/Jal'(p))lpo=•£!Ol(p) + O(a

2
) (8.9) 

Using the numerical results quoted in Appendix B one finds for X and Y quarks with the 
above momenta 

N' I 
E'>l(p) ~- ··---~-(0.0093304(8))E'''(I') + O(a') 

2N 

where use has been made of the remarkable relation obtained there i.e. 

b;o)m
2 

= (L ap(p) sinpp) lpo=i£!Ol(p) 

holding for the action given in (2.1). 
In Appendix B it is furthermore shown that 

_I_ (OJ - [J ~(ll (Ol -
2iE<'l(p)z (p)(op, ~ (p)))'""'E"'<i>lz (p) ~ C(p)z<'l(p) + O(a') 

where C(p) is 0(1) and O(logm 2
) but. has no O(a) wntribut.ions. 

Inserting this into (8.2) yields 

where 

Z"'IP) ~ C(p)Z'''IP) 
I ' 

. E'''(P)ILM.B.)+O(a') 
v=O 

Mo = i(- cospo sinp0bi01 + sinp0 L sinppap(p)) + O(a2) 

M1 = cospo(L sinpJlaJl(p)) + sin2 p0 b~O) + O(a2
) 

Mz = cospo(ao(fi)sinp1 - sinp0 a 1 (P)) T sinp0 sinp1 b~0)) + O(a2
) 

M3 = Mz(l ---t 2) 

M4 = Mz(1 ---t 3). 

Due to the relation (8.11) one has for the O(a) improYed adion Mo = O(a2 ) and 

z'"IP) ~ 

(8.10) 

(8.11) 

(8.12) 

(8.13) 

(8.14) 

C(p)Z'"IP)- 2E<;>(p) (-y0(i,i (fi))Z'''IP) + z'''(p)(i,! (p))o,) + O(a'). (8.15) 

Together with the fad that C(p) and a,.(p) are 0(1) with O(a2 ) corredions (see Appendix 
B) t.his shows that. z(ll(p) has no O(a) mrredions. 
It. ha~' been <"he<" ked t.hat relation (8.11) is a merit of 0( a) improvement be<:'ause for the Wilson 
ad.ion one finds 1 

b(o).w 

' 
b~o),W (p) = 

N 2 -1 ----1 o.3257151(7l l 
2N 

0.0292014) 
(8.16) 

N = 2 

1The numerical values quoted here have been derived only for X quarks wilh momeJJta given by (8.6). 
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whereas 

\ L (1~\' (jJ) sinpp) jpoooiE'Ol(ji) = 0.0061 7(12) N = 2. (8.17) 

The result for b~o).U" gin·n in (8.16) agrees with the one obtained by Stehr and Weisz in [20]. 
The Yalues of the hopping parameter K of the equivalent zero quark mass theory is then 

1 b(O) 

K ~ S (I I - g~-} ) ~ O(g~)) (8.18) 

I.e. 
1 .V 2 - 1 

K = -(1 + 0.0506391(1)--V g~ + O(gg)) 
8 2_ 

(8.19) 

for the O(a)-improwd latti<:'e adion and 

1 N 2 - 1 
Kw = g(l + 0.0814288(2)~9~ + O(gg)) (8.20) 

for the \'"ilson adion. 
~ow the form of the wan· fund ions to one loop order is to be determined. In analogy to 
( 6.21) one defines 

'inhE(p)Z(p) ~ U 0 (ji)fio(p). (8.21) 

Expanding up to first order yields 

sinh£(ll(p-) I 
Z(l){jl) =- . -- ----:=--Z(O)(_p)-+ . ~ (u~0 l(p)U~1 )(p)-t-u~l)(j))il~0 l(p))+0(a 2 ). (8.22) 

smh £(0l(p) smh £1°l(p) 

\Yith the Ansatz 

thi;.; yields 

z(ll(P)= 

uP l(p) "'-- .U(p)u(o)(p) 

11 11 \.P) = il.( 01 (Pho.'\.f(.Pl-'-1o 

. h E 1''1 -) 
s~n ~ z! 01 (p) + {Jf(p)Z(OJ(p) + z(O)(PhoM(p)+1o + O(a2 )-
smh £( 0 l(p) 

From this and (8.15) one dedtl('es a solution 

_ l[sinh£
111

(p) -] JI(p) ~ - - -· --- + C(p) 11 
2 sinh £( 0 ljp) 

' 2£(0l(p) 1o,l (p)-,- 0(a
2 

). 

Abbreviating the term proportional to 1.l by ...l(p) one therefore finds 

u(I)(p) = A.(p)u(Ol(p)- 2£-~~l(fi);oti (p)u 101 (p) + O(a2 ) 

"'1-) 41·)-"'1-) ' -l'll-) 1 (-) 01 ') u p = _ p u p -
2
£(o\(ft) 11 p " p 1o + a . 

(8.23) 

(8.24) 

18.25) 

(8.26) 

So as Z( 1l(p) the fermion wave functions to one loop order perturbation-theory haYe no O(a) 
mrrections. This property <:'ould already be f"Xpeded from the mnsiderations in Sedion 6 

23 



where it was argued that tree level improvement already accounts for the O(a) improvement 

of "on shelF' quantities depending only on the fermion two point function to one loop order. 

Next the O(a) effects in the three point function arising from the wave functions to one loop 

order will be studied. Consider 
g;'IP)ulfi) 18.27) 

up to first order. One then has 

IS;;'IP) -1;'n(p))u(p) ~ 

(s;;'li')- i .. (P)- b,) (u'''IP) + A(p)u'''IP)-
2
E,:>(p) ,,,. (p)u<'>(p)) 

~ 
2
E,:>(p) u'''(Pho .. (p)u'''(;;)- 'inh E"'IPho•'''li') - i¢ li')u'''IP)- b,u'''IP) + Ola') 

~ - 2
E,:'Ii') oou'''lfil,1 IP)u'''IP) + i .. li'Ju'''IP) 

- sinhE01(P)1'ou(OJ(p)- i9. (p)u(Ol(p)- b1u( 0\p) + O(m4) 

~ -b,u'''(p) + Ola2
) (8.28) 

where 

has been used. 
Analogously one finds 

Sp: 1(p) = -ut
0 l(p)- sinh E 11 l(Pho + O(a-2) 18.29) 

•<lp)g,-'p) ~ -fi'''li')b,(p) + Olg:) + Ola 2
). 18.30) 

\Vith this relation a generalized version of the Gordon-Identity (6.23) ran be derived. 

From 
ulfi)IIY2' IP) + b,/ +I lg;'ip') + b, ))a(p') ~ Ola') + Olg:) 

it follO"-'S that to leading order 

18.31) 

ulp)(- illr + p')"- lal;;) +alp')).)+ """liP- p')"- I alp) alp'))")ulp') ~ 0. 18.32) 

Csing this one obtains the following relation for the O(a)-effects arising from r~01 (p,p'; k, 1)1 

-1-)1 lr+p'h 1
1 I ') I ') I ') )) 1-') u P 1--

2
- + 2 ao1 p- p o - o-12 p- p 2 - o- 13 p- p 3 11 p 

) .(a+a'h 1 , ') '))) ' 
=-- fi(P (1------- + -(.:roJ(a --a )o- <112(a- a 2- <7t3(a- a 3 u(p) (8.33) 

2 2 

where the abbreviations uP-= al-'(p), a;,= al-'(p') 11 "'0 .. 3 have been introduced. 

As the terms in the bracket in the S('Coml. expr('ssion are already O(gJ) the wave functions 

multiplying them ran be taken to lowest ord('r. 

On(' therefore has 

" ni 0 l(p)( L lvl •. Bv )u;
0

l(p'). (8.34) 
,,=Q 

1By a slight abm.e of notation here the O(gl,J effects arising from tlH' contribution of E 111 (p)_Eill(p') are 

incorporated in J'~01 (p,p';~·, !). 
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For X quarks with momenta given by (7.16) the relations 

' a 1 = a1 

hold i.e. 

a~ = -a2 ' a 3 = -a3 = a 1 

Mo = ia1 

M1- Ms = 0 

M9 =-Ut

Mio = --ao 

M 11 - M1s = 0 

18.35) 

(8.36) 

For the O(a) contributions from the fermion wave functions to one loop order one therefore 

finds using the notations introduced in Section 7 

T; 11(a}WF = -2m 2(iao(Pl) + al(pl))(l + i} = -m3bi0)(1 + i) 

whereas 
T1(

1l'(a)ll'F = 2m2(-iao(Pz) + at(P2))(1- i) = m 3b;0)(1- i) 

Taking the combination contributing to sol (see (7.28)} 

18.37) 

(8.38) 

T; 0)(1)T; 11'(a)lrF ; r;J)(a)WFr;O)I(l) = 2.::m5bi0)((1 + i)(1- i}- (1 +i)(1-i)) = 0 (8.39) 

one observes that the 0( a) contributions from u< 1 l(p) cancel exactly in the 1-channel of gluon 

polarisations. 
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9. IMPROVEMENT TO ONE LOOP ORDER PERTl'RBATIOI\: THEORY 

As pointed out in Sect.ion 7 the 1-channel of the S-matrix element considered there inde
pendently yields the tree level improvement condition c{o) = 1. Due to the factorisation 
properties of the S-matrix this can be expected t-o persist, so the quantity for which O(a) im
provement will be demanded to one loop order is in accordance with [12] chosen proportional 
t-o the residue of the pole of the S-matrix element 

1 ' ' .:\ = -z(-k,ptJT1 T1 m' 

~:::( -k,p~ )Z(~·)0 ii 1 (p1 )fl(fit,p;; i_., 1)ul(p~) 
m 

· ·U dPz )fl(fiz, p;; -k, 1 )u 1 (p;) (9.1) 

where 

PI =m(i,1,1,i), P~ = m(i, 1, -·1, --i), k = p- p' = 2m(O,O, 1,i) 

P2 = m{ -i, 1, -1, -i). P~ = m(-i,1,1,i) 
(9.2) 

and fi =(Po+ L g5"' E(v)(p).p) etc. 
v=l 

whereas Z(~·)0 is the gluon wave function renormalization. For all quantities a perturbative 

expansion of the form .:\ = L::.o g~v ,\(vi, Tp. = gu 2:;:
0 
g~vyJ" 1 etc. is assumed. 

Using the notations introduced in Section 7 one finds up to one loop order 

)_(0) + g5,\(l) = 

~.::( -k,p~ )(T:O)y:O)I(ztO)(k)G + g~Z(l)(k)G) + g~(T: !)TiO)I + r:Oiyl(l)I)Z(O)(~·)G). (9.3) 
m 

Now the O(a)-cOrrections to _.\(I) have to be eliminated by properly adjusting the 9~-part c(ll 

of t.he const-ant c(gn. 
Since 

and 

ztuJ(k) 0 = 1 + O(a.2 ) 

Z" 1(!f ~ 0(1) + O(a') 

Ti 01
(a) = r: 0

''(a) = 0 

due t.o tree level improvement one finds 

,\ ( 1 1( a) = 2._ =(- k, p~ )(T; 11 (a )T1(0I• ( 1) - T} 01 (1 )T} 1 1' (a)). 
m' 

(9.4) 

(9.5) 

In the previous chapter it was shown that the contributions to ).Ol(a) stemming from the 

fermion wave functions to one loop order and the insertion of Elll(p) etc. into r~o) canceL 
If T} 11 (a)\'F and T1(

1
)'(a)VF denote t.he O(a) contributions to 

u;
01

(Pl )r~n(PJ ,p~; k, 1)u~01 (p~) and ii~ 01 (pz )f~I)(P2, p~; - ~·, 1 Ju.iu\p;) 
respectively one finally finds 
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.:\tll(a) = ~:(-~·.p~)(T1( 11 (a) 1 "FT: 01 '(i) + Ti 0\lJTi 11'(a)""F). 
m 

(9.6) 

The contribution of cOl to T1{1
1(a(F and T!1J'(a) 1~-p ran be obtained from the tree level 

computations of the last chapter 

Tii)(a)'·F.~;'' = 2.:mlc(l) T:l)'(a)\'F,cPI -2m3cl 11 (9.7) 

whereas the following six diagrams contribute to to T1!')(a)VF and Ti 11'(a)VF 

DIAGRAM 1 DIAGRAM 2 

'jL 
DIAGRAM 3 DIAGRAM 4 

DIAGRAM 5 DIAGRAM 6 
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10, COMPUTATION OF FEYNMAN INTEGRALS ON A LATTICE 

WITH TWISTED BOUNDARY CONDITIONS 

The computation of one~ loop Feynman int-egrals on a lattice with twisted boundary conditions 
amounts to the evaluation of 

I (f) ~ 1 f(p') 
p' 

for inner fermion lines or 

I(!)~ 1 f(k') 
k' 

for inner gluon lines. 
After properly taking into account the Clebsch-Gordan coefficients arising in the twisted 
world and the functions Xk' suppressing the zero modes of gluon propagators the momentum 
sums over the two compadified dimensions can be performed by computer for a given lattice 
size L in these directions. This means that in these directions fermion momenta take the 
values 

(2v + 1)m v = l..LN 

while gluon momenta are given by 

2mv v = l..LN. 

The remaining two-dimensional integrals over the Brillouin zones oft he continuous directions 
0 and 3 are treated Yia one dimensional subintegrals using the exponentiall~· conYergent inte
gration procedure described in (12]. To this end the integrand is summed over 3" equidistant 
points 

h -If+ -v 

" 
v = 1..2". 

If the integrand has been correctly substituted so that no poles on the real axis occur these 
sums differ from the exact value of the integral only by a term 

.-1c-B2~ B real. 

This is of course a benefit of the mass gap created by the introduction of the twisted boundary 
conditions for both quarks and gluons. 
The summation is first done for n = 1.2.3. From the first three stuns the constants A and 
B and hence an estimate for the error are determined. If it is greater than the requested 
absolute error for a subintegral. then n is increased by one i.e. the number of integration 
points doubled and another estimate is won. 
To this end it of course suffices to determine only 3"- 1 new Yalues of the integrand. This is 
done up to a maximum of n =I (138 integration points). 
Another benefit of this method is that the trigonometric functions occurring in the specific 
Feynman-integral can he tabulated beforehand, so that this time consuming calculation has 
to be done only once for the allowed maximum of 2" equidistant points of integration. 
After the integration procedure has terminated the result <"an be further improw·d by cor
re<"ting it with the value of the estimated rleYiation from tlw exad result. 
All this leads to an extremely effi<"ieut intcgratiou routine which allows for results of high 

2S 

accuracy. V\Tith a maximum of 128 points in each continuous direction a precision of 12 digits 
can be gained without difficulty proYided the integrand has been properly substituted. 
The required comput.er time is kept sufficiently small so that even the lengthy int.egrands 
usually em~rging in computations with improved ad.ions can be performed. 
Moreover a reliable estimate of the error can be won which is one of the major features of 
this procedure compared to other numerical integration routines. 
It. can be assumed [12] that the results obtained this way have an expansion of the form 

I( f)~ I;ia" + bvlog((ma)'))(ma)'+" (10.1) 
v=O 

where the Yalue of fJ depends on the superficial degree of divergence of f. 
\'\Tith 'a' set equal t.o one this results in a power series expansion of I(f) in terms of m. To 
extract the values of the first coefficients a., and b.,, I( f) is evaluated for a whole range of 
lattice sizes L i.e. different Yalues of m = tN. 
For the calculation of the gauge invariant part of..\ this was done for en•n Yalues of L ranging 
up to 36 for .V = 2 and 30 for 1\" = 3 respectively. 
The results obtained that way where then fitted with a behaYiour of the form 10.1 and the 
Yalues of a, and b., for small v extracted. 
It was found that in the integrals occurring in this computation the coefficients with odd v 
Yanish. 
Although through the necessary fit procedure a significant loss in precision was encountered 
it was still possible to extrad the Yalues of a 0 and b0 up to four digits. 
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11. EVALUATION OF THE FEYNMAN DIAGRA~fS CONTRIBl'Til'\G TO 

THE VERTEX FlTNCTION TO ONE LOOP ORDER PERTl:RBATION THEORY 

Here the procedure of obtaining the integrands is explained which were afterwards treated 

numerically using the methods described in the previous Section. 
The contribution of each diagram will be abbreviated by 

ui0 )(p){DM )u~o) (p') M = L6 111.11 

where DJ.l is obtained by combining the appropriate vertices and propagators. 

Before the contraction with the polarisation vectors ii~01 , u~o) the expressions for the int-e

grands resulting from the various Feynman diagrams contributing to the vertex function 
have an expansion 

" '(1 'i CccX) 6 . " D B.., 
v=O Den P. 

111.2) 

where DenDp. is the denominator produ<"ed by the propagators of the internal lines, Ccc is 

the Clebs<"h Gordan coefficient of the diagram,:\ is the combination of the.\~., of all internal 

gluon lines and Bv denotes the basis spanning the sixteen dimensional space of Dirac spinors 

Bo = 1L, B1 = /o, B2 = It• B3 = 12 

B4 = /3, B5 = /s, B6 = O"oJ, Br = O"o2 I 1!.3 I 
Bs = uo3, Bg = un, Bto = O"JJ, B11 = O"zJ 

Bn = /s/o, Bn = ls1h Bl4 = 1's1z· Bl5 = /Sll· 

This expansion was worked out analytically for each diagram. 
Intermediate steps of the calculation were checked using the algebraic formula manipulation 
program REDUCE. 
The final results from the analytical calculation which were coded into the computer by 

hand were then once again checked to prevent any errors occurring in the calculation or in 
the procedure of coding them. This was done numerkally b:r inserting definite values for the 

internal momenta and comparing the results with expressions for the numerator of the specific 

diagram produced again with REDUCE by directly combining the appropriate vertices and 
propagators entering the diagram. 
After this check the results were then used to produce the numerator of the Feymnan integrals 
for t.he various N" ;s. 
The vertex function has the form 

" -'''1-lr'"l '·k 11 '''1-'l- -'"1' o )B l '" ul p p.p' ' ul p - ul 6 " " ul . 
v==O 

11!.41 

As for the t.ree level case the continuum limit. terms are localised in the Ov wit.h v = 1 .. 4, 12 .. 15 
while the O(a)-correct.ions ·that. one is int.erested in are giwn by the 0.., with v = 0, 5 .. 11. 

Moreover it is found that the 0.., with v = 0, 5 only contribute 0( a 3 ) corrections t.o t.he 

continuum limit. As the final multiplic-ation with the polarisation nctors ii~O), u~o) projeds 

on the 0.., with v = 0, 1, 9,15 it. suffices t.o calculate for every diagram the contribution to Og 

and det.ermint' it.s first. order coefficients ao,bo as explained in t.he previous Section. 
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It is thus an interesting result of the <"akulation that the spinor structure of the three point 

fund ion under ('onsideration allows for an analyti<"al separation of the O(a) corrections from 
the leading order contribution whi<"h therefore doesn't haw to be calculated with high nu· 

rnerical precision. Furthermore the tedious task to separate the first order corrections from 

the leading terms by mt>ans of a fit procedure is avoided which would have necessarily led to 

a substantial loss in numerical precision. 

:\foreover it was found that similar to the tree levd the O(a) corre,tions to r:ll and r?)' 
are the same up to a factor of ·<:. Therefore only the contributions to T1(

11 (a) had to be 

evaluated numerically to high precision. In the following Sections the results emerging for 

the gauge invariant and gauge variant contributions to r: l)( a) of each diagram are given for 

X = 2 and N = 3. 
As explained above this amounts to the determination of the O(m) and O(mlogm 2

) contri
butions ao. bo of each diagram to the cot>fficient Og for the ext.ernal momenta 

p= m(i.1,Li) p' = m(i,1,-L-1) k = 2m(0,0,1,i). I 11.s I 

For all one loop diagrams ao and bo haw an expansion in the gauge fixing parameter a - 1 
of the form 

' L (a-1)~ v 
ao = a 0 ( o - 1) I 1!.6 I 

••=0 

and 

' bo = Lb~a-IJ~(o -1)" 1 1!.71 
··=0 

respectively. 
0 0 

The coefficients a~<>-ll, b~a-l) will be callt'tl tht' gauge invariant contribution whereas the 

remaining terms will he referred to as the gauge YRriant contributions to a 0 , b0 . 

On the results the following checks can be made. 
Because of the general C"OYariaut gauge fixing. gauge im·ariance can explicitly be checked. 
Furthermore the logarithmic rontributions to c111 must cancel. 11oreoYer logarithmic contri

butions to leading order must ,·anish. which means that the sum of the coefficients bo have to 

vanish. These features proYidt' an ex•ellent •onsistency check especially on the combinatorial 
factors attacht'd to each diagram. 
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12. CONCLUSIONS 

Collecting the contributions of all diagrams 1 one finds 

N~2 ~ 
Diagram aGI bGI GV,(a 1) I bGV,(a 1) 

' ' 
a, ' 

1 0.03864(2) 0.0063301(8) o.oo96833(1J I 
2 -0.01630(1) -0.0189979(2) -0.017895( 5) -0.0031652(8) 

3 0.01512(1) 0.0189979(2) 0.017899(3) 0.0031661(8) 

4 0.34860013(1) 0.06132780(1) -

5 -0.03903(2) -0.0031652(8) -0.035505569(1) 

6 -0.03903(2) -0.0031652(8) -0.035505569(1) -

SUnl 0.30800(8) -0.0000003(28) 0.000004(8) i 0.0000009(16) 
- (12.1) 

and 
----··-·--- ·---

N~3 

Diagram· afl bGJ 

' 
0.05787(4) 

f-- 2 0.03268( 4) 

- i 0.0766861(1) 0.004212( 4) 

+ i 0.0329050(8) -0.028500(4) 

3 0.03087(1) - i 0.0329050(8) 0.028496(2) 

4 0.594 478907(1) 

+ i 0.0383431(1) -0.002108( 1) 

+ i 0.0383431(1) -0.002108(1) 
5 I --0,05953(2) 

6 -0.05953(2) 

SUlll 0.53 3179(14) -0.000008(12) 
----

N=3 

D. , .(a 1 I b(j\~ 
1agran1 o0 o . 

1 1 o.oo64555(1)~io.o22184-6(1) 1 .. " -__j 

R ~ , .. ~-o.o2819(1l ____ J::-=o:oo.l747(11J 

. 0.02820(1) ~.004747(1)1 -1 o o8392226(4 1 ---- · - ~ 1 

c~-~.:0.0451889(1J+i 0.0110912(1) .... _ 1 

I ~-0.0451889(1) + i 0.0110912(1) 

sum [ ___ 0.00001{2).- i o.ooo0~?2(3) (12.2) 

The result has all desired features. It is explicitlr gauge invariant and both the logarithmic 

and complex contributions of individual diagrams cancel. 

1 A ;nort' dt'tail"'d discussion af the t'valualiou of th.-:- indi.-idual diagrams i.s giveu in the author's thesis. 
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This cumulated presentation of the result.s for the individual diagrams displays the following 

features. 
There is a natural grouping of diagrams if one takes into consideration the various cancella

tions taking pla('e. 

The first group of closely related diagrams are diagrams 2 and 3. Among them the gauge 

variant parts, the le-ading logarithms of the gauge invariant parts as well as the complex parts 

of af1 for N = 3 canceL 

The second group of diagrams are diagrams 1,5 and 6. Among them the leading logarithms 

of the gauge invariant parts and the complex parts of a[? 1 , afV cancel. To perform also the 

cancellation of the real part of the gauge variant part however the contribution of diagram 4 

is needed. 
Taking into consideration the remarks made in Section 11 on the dependency of T:l)( a) V F 

and T~ 1 ) 1 (a)VF one eventually finds for the value of ).( 1 l(a) defined in Section 9 

>,(Il(a) = 4m{ 0.308000(8)- 2c(ll 
0.53179(14)- zcOl 

This gh·es the desired value of c(l J as 

cOl= {0.15400(4) 
0.26590(7) 

N = 2 
N ~ 3. 

N = 2 
N ~ 3. 

(12.3) 

(12.4) 

Although the cancellations described abow already provide a decent- check on the cakulation 

and all steps of the analytical work itlYolved have been verified by computer, one would like 

to have a double check on the obtained result. 

The natural way to do this would be a totally independent calculation. Here a compromise 

method was chosen. 

As mentioned in Se,tion 6 in addition to the lowest lying X quarks there are also the stable 

Y quarks . .\0 l(a) was therefore C'akulated again ttsing a different momenhtm configuration 

invoh·ing these l' quarks, i.e. for external momenta 

and 

PI =m( i, 1,3,3i) 

P-z =m(- i, 1,1, i) 
p~ =m( i, 1,1, i) 
P; =m(- i, 1,3,3i) 

PI ---!-p'1 = 2m(i,1,2,2i), P< +p~ '----' 2m(~i,1,2,2i) 

k1 =PI- p
1
1 = p;- P2 = 2m(0,0,1,i) 

h-2 =PI-p~= p;- P2 =--= 2m(i,O,O,O). 

instead of{/.16), (7.11). 

(12.5) 

(12.6) 

For the reasons giYen below this c-alcttlation \Wts however performed only for 1V = 2. Along 

the same lines as in Section 8 for the X quarks one finds that the contribution from the wave 

fun<"tions u( 
1 

I( p) and from the insertion of Ei 1 1(p) into [~01 vanish within the error bars. The 

explicit. cakulation gin'll in tlw Appendix yields a numerical contribution to ).(ll(a) of 

).( 11(a)"-,.-- rn O.OOOGO(::i--to). (12.7) 

Comparing the result (12.1) ;dth the contributions to >.111 gi\'en in (12.1), (12.8) sho-ws that 

this contribution can indeed only he excluded within thf' error hars. 

33 



The observation that. T1
11 l(a)"·p and T! 1)'(a)VF differ only by a factor of-= persists, so 

again only the diagrams contributing to T:l)(a)VF have to be evaluated to high numerkal 
precision. 
Since t.he Y mass is ratht"r clast' to the threshold for production of a X quark and a .4 meson it. 
is much more delicate to find t.ht" right substitution of the inft"grands. This leads to a slower 
rate of overall convergence compared to the case considered before. Moreover because of 
the considerable loss in symmetry in the external fermion lines the integrands become more 
complicated which too increases the amount of computer time needed for their numerical 
evaluation. 
The recalculation ofT: J )(a) v· F was therefore pt"rformed only for .Y = 2 and up to lower Yalues 
of Land thus to lower numerical precision. The results are sununarized in tht" following table 

N-2 ----
0 GI i G\-,(o 1) bGl,(o I) Diagram bGI 

' ' a, 
' ' 

I 0.06316(8): ii.-006348(15) 0.0096833( I) 

2 -0.01629(4) I -0.018997(1) 
. ····---·-:~ 

C:::o.oo31648(8)' . 0.01 7889(8) 

3 .. o:oi512I1Jj__o_ol89981i2T --O.oi i899( 3) l--o.oO:il661(8): 

4 o.3486oo13l1 l 1 0.06132i80( 1) 

5 -0.04602(4) ··0.0031662(5) -0.035505569( I) 

t ,.~:,: -0.05687(8) -0.003167(1) -0.035505569( 1) 
-----· 

·-o:oooo13(16J 1 0.30ii0(25) 0.000015(18) 0.000010(11) (12.8) 

Comparing (12.8) with (12.1) the following obsen·ations can be made. 
All diagrams that depend only ou gluon momenta don't change their values. This is true for 
most of the gauge dependt>nl parts and for the gaugt" indt"pendent parts of diagram 3 and 4. 
The degeneracy of the gauge independent part of diagram 5 and 6 is lifted. The grouping of 
diagrams described above however persists. Although the numt"rical precision of the second 
calculation is worse it nevertheless turns out that within the error bars the same result is 
found as for the original configuration of external moment<~. The result obtained for tht' Yalue 
of the improvement- <"oefficient t.o out' loop order perturbation theory is therefore beliewd to 
be trustworthy. 
As already mentioned in the discussion of diagram 4 I his diagram has all features of the total 
result. 
Moreover t.his diagram yields the main contribution to the cot'fficient c0 ). The sum of all 
other diagrams only amounts to a 10% correction to its contribution. 
So altogether this diagram gives a 10 !}( precise estimate of the final result at the price of 
only 2 % the effort. If one would wish to get a notion of the value of c(g~) t.o two loop 
order, one would therefore suggest to first evaluate- only the diagrams containing closed gluon 
loops. The effort needed t.o do t-his could be expected to be comparable t.o t.he work presented 
here and one could hope t.o find a good estimate for the order of magnitude of higher order 
corrections. 

34 

As a last point the influence of the artificial ''smell'' group SU(Ns) introduced in Section 4 
on the Yalue of cill obtained in this Section has to be studied. 
To this end it suffi-'eS to note that in all diagrams contributing to the one loop calculation of 
.\( l)( a) no closed fermion loops appear, so no dependence on b' s occurs. 
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APPENDIX A 

The purpose of this Appendix is to derive formulae for the first order wntributions E(ll(j'i) 
to the fermion energy and zl 1 l(p) to the fermion wave function renormalization. 
To this end the pole structure of the fermion t-wo point function is studied in more detall. 
At the pole the fermion two-point function has the expansion 

Z(p) + 0(1). 
g,(p) ~ w' + E(p)' 

To lowest order (A.l) yields 

Z1"1P) 
SF(P) = . T'II\\J -\?-+ 0(1). 

In order to determine the 0(1)-term in (A.2) one sets 

.Vp(p) 
Sp(p) ~ Dp(p). 

_-,..,-p(p) and DF(p) have the following expansions 

.'l'p(p) ~ No(Pi + (w- iE1"'(p))X,(p)-. 

Dp(p) ~ D,(p)(w' + E1''1P)2 ) + D,(p)(w' + E'"'(p)')' 

with 

.'l'o(p)- Do(p)Z1"'(p) ~ 

3 £(0)1 ') ' 
• h £10)(- . ~ . - '"~( • J 2 p . L . 2 Pv /oSlll p)-1 ~ Slllp,,-_ -Slnl ·----··- T Slll --) 

~ ? ? 
L'=J - I'=J -

a 
.YJ(jl) '--=- B..,; lfp(p) :..._.=rE'~'(i') -i~·u cosh£101 (p) ___;_ sinhE(Ol(p) 

Do(p) ~ 
1 i) 

~i-_Eilil(,p) ( J::Dp(p)) ~~·-rEI''I(J,) 

? 

(A.!) 

(A.2) 

(A.3) 

(A.4) 

(A.5) 

(.·\..6) 

(..\.7) 

sinh'2E101 (ji) 
--------

2£<0l(p) 
O(a 4

) = 1 =E101 (ji) 2 -'- 0(n 4 ) (.-\.8) 
3 

1 D2 
DJ(p)-'- s£!0l(i))i(2Du(p)- ( [J~:2Dru•)) ~-,£''''1i>J) 

------~. -(2 --l£ 01 (p) 2("osh2£101 (j>)-2:-'inh 2 £i!'',pl) 0!<1 2 ) 
S£IOi(J!Jc 3 

" 
01 o" !. (.-\ .8) 

3G 

One therefore has 

Sp(p) ~ 

zl'>(p) , I '(- 101- D,(p) 0( ') El'l(-)) -------~-, ''• p)- Z (p)~- + a + O(w- p 
....,1 + £(Ol(pf 21£!fll(p) D 0 (p) 

Z">(p) . N, (p) 
- --·- T ) 
( ... : _ iEIOl(p))(2i£10l(p)) 2i£10l(p) 

I I 
~ z'"'lvJI- + -----) + O(a') + O(w- E'"'lv)). (A.JO) 

12 .t£10J(pf 

To one loop order the relation 

g2 (p) ~ Sp(p) + SF(p)~10(p)(p)Sp(p) 

holds. 
By inserting (A.1) and (A.lO) one finds 

Z'"'IP) zn 1(Pl 2£1ol(pJEill(pl + 0(1) 
(...; 2 + £10l(p)2 F ...;2 + £10l(p)2 ...._,- -t- £(0l(p)2 

z'o)(Pl . 1 
..;2 + £10l(pJ2 --t- (:_,-:? -~-_E(Ol(p)2 )2 z!Ol(jl)~(l){p){p)Z(O)(p) 

I + z1o) 1 . 1 .,. 1 ~ 11 11 '"' 
6("·' - E'"'IP)') P- P p)Z IP) 

I 
(:._:2- £-({il-(J~-)2")2f£iii)(j):XI{fi)~lll(p)Z{Ol(p) + z!Ol(p)~lll(p)St(pf 

From this oni' deduces the following relation for £1 1 1(p) 

(I) - (ll) - _ __1_ (0) -- ... (1) ; (OJ -
E (p)Z lp) -- -"ifJOJ("jj)z (pJ__. (p) ' .. ·=i£10J(pJ Z (p). 

At the pole one find~ for the re~idue z! 11 tjil 

Zip) 
'2-£1p) 

zioJIPJ 

-:-Eli.-,(j)J 
zlll(jJ) !(Ui(p_~Eill(p)-O(g~) 
~£(\i--;!I~I- ~£1o'(PJ2 

zroJi/J) 1 _ -----:-z!OJ(jl)( _E_:Sill(p)) 
~{(o-~-(ji) - --1i£1''l(jiJ2 D .... : ..:ccd!·l·'(;'>) Z

10
l(_p) 

--~-----RZ 1 tqlji)~lll(p) ·'" Z101 1p) 
£111li['J ~-~rE- (p) 

(A.ll) 

0(1). (A.12) 

(A.l3) 

y 1-··clli11 z!11)- z1o1 (1) 
..j_

1
£11'1iJ!f · 1 JlJ- f' ~·c-.{-' ( '•pi {p) -· (JI)~ (pi ~·-=iEID!(f>) XJ{fi)~ 

- O(o') (A.14) 

\\·lwn"' tlw ,,bbn":iil.li(rl! 

R-
-lE'"'i!' 



has been introduced. 
So finally one finds for z(ll(p) 

z"ll!'l ~ 

~~~z<oJ(~)(~Ettl I I . z<oJ -1 
2iE<"l(p) p a.. (p I ·-o·E'"<Pl (p 

1 
+ ,..... -nln'' , [Nt (pp:<tl(p) lw=i£101(p) ztOl(p) + Z101 (p)~(l)(p) l,..."',£101(pl ]'Ill (p)J 

+ O(a'). (A.l5) 
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APPE:\DIX B 

Here the fermion sdf energy is calculated to one loop order. 
Fm 

~(l)(p) lpo=•EIOI(p) 

numerical values for the momentum configurations studied are derived. 
Fo< 

.. ~ .. 1"''"1 II I a -" P 'po=i£10'(,P) 
Po 

only a qualitatiYe discussion is giYeu, because for tltis quantity it suffices to know that it does 
not yield 0( a )-corrections to zll l(.p). Diagramatirally one has 

l::<'l(p)~ _j}_ + 

'TADPOLE DIAav.ll" "BUBBLE DIAav.ll" 

First the contribution of the tadpole diagrom is treatt>d. 
The gauge variant contribution yields 

~{l)(p)TP,Gl" = _ 0 ___ 1 )1 ~:~{1/, //) .(.~.(.~ l:{G(p,p; ~J, 1,; -1/, v) 
4 W'l' 

k' 

where 

\ .i·•"! . ~=-~J~(i) 11 smp11 - cos pi') 
4 k' (1·'2)2 

(a- 1) (i11' sinpp. - cospp. )P2p. 
4 

p j·'k'i_J2 
2p = (i.·•2): 

k' 

J1 =0 ... 3. 

Synuuetry requires 

p"l!) = p23 and P21 = P22· 

~ow 1 

p _ { 0.0.:.81000218(6)-0.0111ff8(l)m 2 -:-0(a4
) 

20
- 0.10328893(1)- 0.0265i"6(5)m 2 TO(a4 ) 

\"-? 

s ~ 3 

(B. I) 

(B.2) 

(B.3) 

(B.4) 

1 The lt'ading terms in ihe sn1all ·a· expansion of these and other gh.1on integrals in l.he twisted world can be 
ohtaint'd from tilt' well known valut's [21] of the eorresponding intt'grals in the continuum by multiplication 
with a factor -'"~~ 

1 
• 
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and 
P _ { 0.0581000210(6)+0(a4

) 
21

- 0.10328892(1)+0(a4 ) 

N ~ 2 

N ~ 3. 

The gauge invariant part of the tadpole diagram yields 

(l) TP,GI 1 ~ . . 
E (p) = "4(L... q 11 smpp- cosp,.)P1 

" 
where 

pl = Jl:~. 
k' 

Numerically one finds 

{ 
0.232400086(1)-0.023552( 4)m'+O(a4

) p -
1

- 0.4131557{1)-0.053149(5)m 2 +0(a 4
) 

N = 2 
II' ~ 3. 

(8.5) 

(8.6) 

(8.7) 

(8.8) 

The contribution of the bubble diagram is more involn·d. The gauge variant part however 

can be considerably simplified using the Slavuov Taylor identity (5.6) 

r;(l)(p)BD,GV = 

~ (a - lj 1 \A·'~(k' ,k') f/ i:' vtc(p,p- k'; J/ ,ll)Sp{p- k')V/'G(p ~ k' ,p; ~k.'' v) 
2 {k·'2)2 p v ... 
~ _(a -l_)J_;'":_(2s-'(p) _ s;;'(p)Sp(p- k'Js;;'(p)- s;;'(p- k')). 

2 (k'2)2 F 
k' 

(8.9) 

First. the second term of the integrand is studied. Numerical evaluation yields 

~ ( Jf;i~;:;SF 1 (p)SF(P- k')Sp
1
(p)) lpo=iE\oJ(p) = i(!J' sin Pp) IPo=•E1o1IPlP(p) + O{a

3
) (B.10) 

where 
P( _) = { 0.0465464(5 )~0.00949686(3) log m 2 +0(a4

) 

P 0.0048011(3) -0.01688686(3)logm 2 +0(a~) 

for X quarks with momenta 
m(=i . .:::::1, ±I. ±i) 

and 

P(p) = { 0.01017(1) 0.00949686(3)logm 2 --i--O(a 4
) 

for 1· quarks with momenta 
m(±i. --=-1, =3, +3i). 

_y o;- 2 

X~ 3 

X- 2 

Altogether one finds for tlw gauge Yariaut contribution of the bubble diagram 

)'( 1 ) BD,GV _ 
_. (p) lp0-,E• 01(pj-

(D.ll) 

(8.12) 

(8.13) 

(8.14) 

fi - 1 

2 
i-, 1, siup1,(2P~- Pip) 

1 
P31,)- ~ co,op 1,P~ 1,- ~iup1,P.11 , N-•F'"'•J•l -- 0((1

2
) (D.13) 
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with 

1 x,. 
Pz = (k12)2 

k' 

P _ 1 Xl·' cos k' 
3p ~ p. 

k' (kl2)2 
J1 = 0 ... 3, Plo P33, p31 = p32 

p -1Xk'sink' 
4p.- J1 

k' (k•2)2 
J1 = 0 ... 3, P4o = P43, p41 = p42· 

Numerical evaluation of the integrals yields 

p _ { 0.03505688(2)-0.009498859(2)logm 2 +0.0027937(5)m 2 +0(a4 ) 
2

- 0.0591581(1)- 0.01688686(3)logm 2+ 0.006640(4)m 2 +0(a 4 ) 

P3o = 

{ 
0.0060068654( -1)-0.009498859(2) log m 2 -:-0.0027937( 5 )m 2 +0( a4 ) 

0.00751354(7)- 0.01688686(3)log m 2
-,- 0.006640(4)m2+0(a 4 ) 

P31 = PJo+O(a4
) 

and 

P4o = P41 = 0 

Using (B.18).(B.19) (B.15) can be furthermore simplified 

..,Ill( )' BD,GF ~ 
"-' p 'po=if'•O!(j>) -

N = 2 

N =3, 

N = 2 

_v = 3 

(8.16) 

(8.17) 

(8.18) 

(8.19) 

(8.20) 

a~ 1 1 
---2-[i;psinpp(2P2- P(p)- PlJ<) ~ 2" cosppP2J<) !Po=iEI"l(p) + O(a 2

) (B.21) 

so that altogether the gauge variant contribution to ~(l}(p) reads 

'\'(1) G\' ~-=--2· • 1 . ') .- ' ~ 
~ (p) p 0 =it:• 0 1(p) 

2 
1(ip smpi-'J'po=sEI"I(pj[P2p- _p2- P(p) -r Pli-'J (8.22) 

The gauge inYariant part of the bubble diagram yields 

~(l)(p)BD,GJ = _ ~1 -.--------- __ --~~-,(1.11'--11' --_E_) .. ---
2 J.-''2(\~ sin2 (p-/.-') -4("\" sin2 !E..=.~:!--"'J') 

k' ~p p ___Jp 2 

(8.23) 

with 

·\~ , 1 .,1..·;,)'.''\~-z(p-J..·'),__ 
B -- 12 . ('OS{'lp- J..·) - cos·--- sm J..· ) sm -------

L.....< 1-' ? ') -'-------J {' L.....< ') 

I' - - {'0"-J' -

) ~ siu(2p- ~ \, sin(p-- 1.-\, ! )-~~en;: PJ-< - cos(p- J/ lp 1) sin(p- J..' ),__sink~ (B.:?4) 
o~ ~ 

"""I' 

H 



and 

k' 
A,. = 2 sin{p- k')fl(l + sin2(p- ~ ),,.) 

2 

( . ( k' . '" ( k') l". ,(p-k'). - 2sm 2p- ·)I'- smkl-' L..,..(<'ospp +cos p- • p L..,.. sm --?-
p#p. -

1 ... ~ + 2 sink~ L..,.. sin(p - k').,( sinp., + sin(p- k' )v) 

- ~(cosp,. + cos(p- k') 11 ) ~ sin(p -· k')v sink~ 

1 . " " ' k~ " . !' . ( k') - zsmr.:p.L._.WS 2 L..._.Slll "pSmp- · p 

v rl-v 

1 k' 
+ 2 cos2 

; L sin k~(sin(p- J/),.. sin/.:: - sin(p- 1.:')1' sin 1..·~) 
v 

1 . ( ') " ' k~ " . ' k' +4smp-J..· llL..,..COS 
2 

L..,..Slll 'p J1 = 0 .. 3. (B.25) 

" p-!v 

Combining this result with the contribution from the tadpole diagram one gets 

~(I) G/1 ~ _PJ . I ' •J. - -
"-' (p) po=•EIOJ(p) - 14(11-' smpp.) Po=iEio'IP)--;- l,. (p) + b(p), 

where the contribution of 

_ Pt { L cos p,.) lpo=i£{Ol(pl 

4 " 

from the tadpole has been absorbed into the constant b(p). 

(B.26) 

Evaluating the integrals gives the following remarkable property. The numt>rical results for 
the leading orders of b(p) are independent of the particular momentum configuration under 
consideration. 
One finds 

where 

b(p) = b~o) + b~01m 2 + O(m 4
), 

b~O) =- N2 - 1 
2N 

b~o) = Nz - 1 
2N 

0.2025565( 4) 

0.0093304(8) 

(B.27) 

(B.28) 

bot.h for X quarks with momenta given by (B.l2) and for Y quarks with momenta given by 
(B.14). Th{' numeri<al evaluation of the ap(fi) yields different Yalues for X andY quarks, i.e. 

ao(P) { 0.01001(2)-0.004749(1)logm 2 +0(a2
) 

sinhE(0l(p) = 0.01602(10)-0.008444(5)logm 2+0{a2) 

aJ(p) ~ { 0.00650( I )-0.004749( 1) log m' ~a( a2 ) 

sinp1 0.00961(8)-0.008444(5)log m 2 -c-O(a 2 ) 
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N = 2 

N = 3 

,. -? 

-' ~ 3 

(B.29) 

(B.30) 

a2(P! 
sinp2 

a,(p) 

S111p3 

for X quarks with the above momenta. 

OJ(P) 

sinpl 

ao(p) 
-· ---
sinh £(lll(p) 

For Y quarks only the case N = 2 was ('Ollsidered 

. :o(~)l = 0.01502(4)- 0.004745(5)logm 2 + O(a2
) 

Sin E (p) 

a,(pl ~ 0.01819(4)- 0.004740(!0)logm' + O(a') 
SlllPJ 

a,(p) - -( )l ' 0( ') ·-;--·-- = 0.01392(6) -- 0.00414• 5 ogm + a 
Sill P2 

0
_
3 (p) = 0.01500(2)- 0.004752(3)logm 2 + O(a2

) 
smp3 

!'{evertheless both for X and r quarks th"' gl"neral relation 

(sinpJ.<a,.(p)) lvo=i£IOJ\p) = b~0 )m 2 

(B.31) 

N =2 (B.32) 

N ~ 2 (B.33) 

N ~ 2 (B.34) 

.'V ~ 2 (B.35) 

(B.36) 

holds which is the reason why both the 0( ~) and O(a) effects in zP l(p) and u(J l(p) can be 
('ancelled by a uniwrsal subtraction of 

g~bo1}i(;r)ll'(.r). 

In Appendix A it was shown that the contributions of 

to zP 1(p) han· the form 

(_!_Ell l(p)) !poo=_•£10)\Pl 
ilp, 

_l_z"'!-ll_il_""'l ll' - z'''!-1 o·£101( -~ p n .... p 'po=tEID)(p) P, 
~~ p vpo 

(B.37) 

so only these combinations will be wnsidered .. MoreoYer the relations (8.8) will frequently be 
used. 

The <Ontribution of the tadpole diagram is again simple. It reads 

--
1

-..... _z1°l(p)(~~11 l(p{P '£'"'<_ 1zt 01(p) = -~zt 01(p)(P1 +(a -l)Pzo) + O(a2 ) 
2i£(0l(p) Bpo Po"'' P 4 

(B.38) 

i.e. no O(a) corrections appear. 
For the gauge variant wntribution of the bubble diagram one finds 

_i)_"'(I) BD,GF_ (o.-1)1 \p { - .· ._. (p) ----- ---;--- 2(1lo cof'po- smpo) 
Bp0 2 (J..-12)2 ,. 

- (i1·o cospo + sinpo)SF(P -I/)Sp1(p)- Si 1(p)SF(p- k')(ilo cospo + sinpo) 

il . } - S i 1 (p)( Bpo Sp(p- k'))Sp 1 (p)- (ir 0 cos(p- k')o + sin(p- ~_.') 0 ) . (B.39) 
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From this one deduces that 

1 (o) _ 8 (l) BD,GV (O) _ 

2iE(')(p) z (p)( apo 1; (p) ) ).,~iECOO(p)z (p) 

~(a- 1 )Z1"'(p)(P2 - P~o) + O(a2
) (B.40) 

and again no O(a) corrections arise. 
Finally the gauge invariant. part of the bubble diagram is treated. It. yields 

~E(I)(p)BD,GI = -~1;~{ i""f,..C,..+_D ' 
8po 2 k'k 12 (2:Psin2(p-k')p+4(2:Psin2 (p 2k

1.t.) 2 ) 

2sin(p- /.:')o(cos(p- k')o + L., sin2 (p-;'lp )(i7~<-4P. +B)} 
- ···· .. , (B.41) 

CLP sin2 (p- k' )p + 4( LP sin2 
(p 

2
k lp )2 )2 

where B) AI' are given by (B.24),(B.25) while 

k' k' k' , ... 
D = sin(p- l..')o(L(cos2(p- 2 )p. - sin2 (p- z- )p.) ·- 2(cos2(p- "2 )o - sin2 (p- "2 )o) 

' 
- 4 sin{2p- 1..')0 L sin2 ~ -'2 k')p. - sin(2p- k')o cos(p ·- k')o 

p 

1' k' 
- sin(p -- k')o cos-~ L sin(p- 1·')1' sink~ + cos(p- k')o sink~ L cos(p- k')l' cos ; 

- p.#O 1'#0 

1 . ( !') ' 2 k; ' . 2 k' - 4 Sill p- ' 0 L.._... COS 
2 

L.._... Sill ',_,, 

I' v,,}J 

!·' 
Co= sin(2p -1-')o sin(p- 1/)o- 2cos(p- k')u(1 + sin2 (p --- )0 ) 

2 

2 k' 2 1.-' -.... 2 (p-1-'),, 
- 4( cos (p - - )0 -sin (p .. - )0 ) y~ sin -- ·---

2 2 L...... 2 

' 
1·' k' 1.:' e 

- sin(p - k')o sin J:~() cos(p- --).,cos~ · cos(p- - )0 cos __ q_) 
............ 2 2 2 2 
,,o~-o 

1.:' /,_·~ ·~ . ' . ' 1 . 2 J ' -~ 2 k;, 
-cos(p---)ocos·--\ sin(p--/.:),,sink,---sm k0 cos(p-h·)oy~ros ~ ') ') LJ . ') L...... ') 

- - - vojO -

1 2 /,_·~ 1 '\.-----.. • -) 1 1 
-cos cos(p- h· )0 ' ,;m- h·,. - ros(p -
2 2 ............ -t 

I ~ /,_·~ 2.:--. - ") J 1· )u \""'cos- -- sm- 1·., 
.::.......... 2 r 

1'7"!' {'--f-1• 

4-! 

(B.42) 

(B.43) 

and 

c}J = - ~in(p- A:')o(sin(2p- k' ),.. + ~sink~ L(cos p., + cos(p- k').,) 

""" 
. k' ( . . ( k') "' . 2 (p- k'). 1 . k' ( . (? k') . 2( k') ) + Sill 'p. Sill Po + Sill p- ' o) 6 Sill ~· --z + 2 Sill p. Sill ~p - ' o + sm p - ' o 

" 
1 

- 2(sin p,.. + sin(p- k' )p sink~ cos(p - k' )0 

1 . k' . k' ( k' 2: 2 k~ - - Sin • sin •0 cos p- · )0 cos ~ 
? p ? 
~ v#O,p. -

"~ 1,2,3. (B.44) 

Thus 

1 (o) - a .,.It> ao.ci')' z'"l -I --.--·-----Z (p)(- ...... (p) ·po=>E(oJ(pj P 
21E! 0l(p) Bpo 

1 J X k• { c I' sin p~"----ce<:--.cc--::-
= 2E101{.P) k12 (} sin2(p-·1·') +4(')' sin2 (p k').t.)Z) 

k' .:........p P :.....JP 2 

_ ~S_Ill(p -1•')o(cos(p- ")o + ~.,SI_~~- 2-,- a}J Slllpp. l z!O)(ji) . k' "" . 2 (p-k'>~ll . I}' 

(LPsin2 (p -1·')p + 4(~Psin2 (p-;· )p ) 2 )2 1po"--'iE1°'(Pl 

+ O(a 2
). (B.45) 

For the momentum configurations of interest one has 

___ 1 __ z!O) _ ~~ .... (l) BD,GV 1 O _ _ 
2iE( 0 l(p) (p) 8po""" (p) )'po=iEtol(PJz! 

1(p) = C(p)Z(
0

l(p) + O(a
2

) (B.46) 

where 
C(p) ~ 0(1), O(logm 2

) (B.47) 

so again no O(n) corrections t~ppear. 

-t.J 
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