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Abstract

Within the framework of stochastic guantization the parity
violating anomalies in odd space-time dimensions are derived from
the asymptotic stationarity of the stochastic average of a
certain fermion bilinear. Contrary to earlier attempts, this
method vields the correct anomalies for both massive and massless
fermions.
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Recently the derivation of anomalies within the framework of
stochastic quantization [1l] has been studied intensively. In the
case of chiral anomalies it has been shown that even by using the
stochastic regularization scheme {2] it is not pessible to
maintain both c¢hiral symmetry and gauge invariance as intact
symmetries at the guantum level and that the ancmalies known from
standard field theory are also present in stochastic
guantization. (3] The situation is less c¢lear in the case of the
parity vielating anomalies in odd dimensicns which were first
discussed by Redlich [4,5,6]. He demonstrated that similar to the
conflict between gauge and chiral invariance in even dimensiocns
there is a conflict between parity and gauge invariance in
theories of fermions interacting with gauge fields in odd
dimensions. Using a gauge invariant regularization scheme, say,
the vacuum current induced by an external Yang-Mills field
contains a parity-breaking piece, which is responsible for the
(possibly fractional) wvacuum charge and for the guantum Hall
effect of the vacuum [7]. This is true for both massive and
massless fermions. The effective action corresponding to the
anomalous part of the current is given by the Chern-Simons term
of the respective dimensicnality [5,6]. In reference 8§,
henceforth referred to as (1), we showed that for massive
fermions this anomaly is unambiguously reproduced by the
stochastic quantization procedure. This was proven by explicitly
solving the fermionic Langevin equation and then calculating the
vacuum charge
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by expressing the field theory expectation value in the usual way
in terms of an average over the white noise. (The dimensionality
of space-time is assumed to be 2n+l.) Doing the same for massless
fermions an inconsistency is found. It turns cut that the
dimensionful stochastic time ¥ acts as an additicnai IR cutoff
which has no analogue in standard field theory. This allows to
regularize the theory in a way so as tc obtain no anomaly for
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massless fermions. On the other hand, using Pauli-villars
regularization and computing the contribution of the regulator
field to the effective action by stochastic quantization too, one
finds the same anomaly as in the massive case. This is the same
type of inconsistency which also has been found by Nissimov and
Pacheva [9] using a different approach.

Recently Namiki et ai. [10] proposed an interesting new method to
obtain the ordinary (chiral) anomalies from stochastic gquantiza-
tion. It is the purpose of this note to apply their strategy to
the parity vicglating anomalies in odd dimensions. Let us briefly
recall the main ingredients of this appreoach. Instead of starting
from the naive Langevin eguation, which is well known not %o
allow for a mathematically rigorous treatment, we uge Ito's
stochastic differential calculus [11}. For a theory of fermion
fields Y-(¥,T) and ¢(:<.'C)whioh is defined by an action S, the
basic stochastic differential equations read

§s

(x,g) =— —=— dr + @ ) a
ol (T} | S‘EW-E) % ) {2.a)
d'q,; (T) = &8s dr + oi-elcx.‘c) , (2.b)
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where ol is a spinor index. The differentials of the Grassmann
random sources X, T) and B(x,T) , which are a fermionic
analogue of the Wiener process, have the following averages

{3.a)

<:CIEL‘t> = <:Cizaht> = 0

Z£08 019‘5} = <d@¢ 0!5{5> =0 | (3.p)

(3.c)

LdQundBexinry = 2 S“Pg(x-x'J dt .

It is important to note that any functional F of the variables Y

"and q: satisfies

<Flo@, Tl olQL(x.t )> =¥ [%), Fo)d Q 4T) ) = 0 4.)

This follows from (3a) together with the fact that F[4«D), E(r)]
is a nonanticipating function cof ¥ [11]. Applying the rules of
Ito's calculus, it is easy to derive a stochastic differential

equation for the functional F itself [12]:
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{The functional derivatives are understood to be left-deriva-
tives.) A further point which will be important is that in the
equilibrium state for T"—»eo the average of F will become
stationary, i.e.

M <0{Tu:)> =O . T8

T—rc0

a formal proof can be found in reference 10. The averaged version
of equaticn (5) was used by Namiki et al. to derive the chiral
anomaly. Their cheoice for the functional F was

Fo= 0 ¥ P

Tnserting this on the RHS of (5) vields for the first integral
precisely the axial vector divergence '(2“(¢ B'FYS-QF) , the
second one vanishes according to {4) when the average is taken,
and the third integral, finally, turned out to be the anomaly
term. Because for T'—w ¢ the LHS of the averaged equation
vanishes, one thus recovers the usuél anomalous divergence
relation of the axial vector current from the stationarity
property of the pseudoscalar <¢a’5‘{"> .

Now let us turn to the parity violating anomalies in 2n+l
dimensions. We first consider massive (Euclidean) Dirac fermions
interacting with a topologically non-trivial background Yang-
Mills field Au = AaTa; where T® are the gauge group generators.
The aption isigiven by

S:Sdln“)( Z[:—CZ\IP-—M)H» : .

where :¢ = X#(‘a,‘*'i A}.) (We use the same conventions as in
{I); in particular we write )(F-.*()(o) xk-):(:(c:,?) with

i"'j_,k, oo =1,0.,2n and /‘,v,g,... = 0., 2wn . ) To detect the
anomalous term in the vacuum current, it is sufficient to
calculate the induced charge (1) for static magnetic background
fields, since it is known [5,6] that the parity even part of the
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current dces not contribute to the vacuum charge. Therefore we

may set A¥ = 0 and Ak = Ak(xl). For the functional F whose

stationarity property is to be exploited we make the ansatz

{8)

F o) = gclzm;c Fxo G ¢t .

The operator G is implicitly defined by the relation

GliTow)  GDom)G = ¥° .o

This equation could be solved by introducing appropriate Green's
functicns. It turns out, however, that the explicit solution will
not be needed. The reason for this definitieon of F is, that when
inserted into the first integral on the RHS of the stochastic
differential equation (%) for the action (7), it essentially
yvields the vacuum charge (1):

<dF o>

_Sd”‘*"x <FETY ¢y dr

— gol?'mix <A@ Godbwnd

(10)
= -olt de" Q,... @ +AH .

Note that because of (4} the terms linear in d® and dé vanish
upon taking the average of equation (5). Since the LHS of (10)
vanishes for T — % , we suspéct the anomaly to be contained in
the guantity

H = - Solzmlx <dBxn G dOwD> |

(11}

(Since all expectation values are time-independent, we restrict
the xo—integration to a fipite interval.} As we shall see belcw,
in the present form J$ -has not yet a well defined meaning and
hence must be regularized. We do this by smearing out the
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8 -function [10] of the correlation function (3¢}):

22

- l- A
(oleﬁtx.t)olepu',rb =2dr Lim Z ‘ﬂ / €, 00

A—»c0

(12)

Here {%2} denotes a complete set of orthonormalized eigenfunc-
tions of the Dirac operator: ]#L& = 1; ¢; . Hence (11) yields

&»@f:-?drlﬂmz - /R SZM C(’Lx)G‘Ptx)

Ar o0

._1 1
= ot L Z I Sd CF“’”X ¢, oo
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To obtain the second line of (13), relation (9) and the
eigenvalue equation foer have been used. We note that the

Ib 3"’8 +Kk:|>k part of the curly bracket in the last line of
{13) does not contribute todﬂ- The first term vanishes because,
when going to momentum space, it becomes odd in k0 and the second
one gives no contribution since it anticommutes witllxo. Using an
integral representation for the inverse of Jbz + m2, we thus have

found

ﬂ:—-md‘c/\ gl)lz“ Solw(!l{rx - @t A %;o(zq)

2 2 z
If we note that Tp*=-—3, +:¢7_'n where

T, = ¥* (3~ A 0D)
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is independent of x° and that, upcon introducing s = w‘kA_Z
2 H
S -1
x% e xS = (4rs) ,

we may write

L¢1 = — W (LFWJ-.IZ

/- Sots S S T (R e j’”’s‘\b”.s’
A—> 00 A:

Next we expleit that, since Yo anticommutes with 3b2n

EN
fdz"x <>_<*H-.v‘(°e-ibz" XS = T[\( :“s"\

(16)

is the index of the Dirac operator JbZn' which is given by the
Chern character [13] of the gauge field Ai(xk} with the field
strength form F = i/ZFijdxlde:

index Jp, = Sexp(-—izﬁ_?‘) ] (17)

[We use the standard differential form notation [13]). In (I}
this was shown explicitly by applying Fujikawa's method [14] to
equation (15). Thus (10}, (15) and (1l6) imply

V2, T —w's n
Qlett) = —wm (4w} ,f",m Sols e [ 1nolex ;[bm

Ao K*

(18)

d L d
e <F o)
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where ¥ is obtained from F by omitting the xo—integration.
Equation ({18} describes the T -evolution of the vacuum charge.
Obviously, the anomaly does not depend on the stochastic time;
the conly T -dependence arises through the time derivative of
<5?(cf> which vanishes in the infinite T 1limit. After a trivial
integration we therefore arrive at

Q'Lh-t-l = L/VVL Q

T

ln+|(r)

{19)

= - 2ndex zizlh. .
2 Imi

This is the correct result for massive fermions. Here we concen-
trated our discussion on the vacuum charge; however, it is well
known, that Q2n+l # 0 is eguivalent to the presence of the
parity-odd part in-the vacuum current and of a Chern-Simons term
in the Heisenberg-Euler effective action (%,6]). Hence we may con-
c¢lude that the present approach correctly reproduces the anomaly
in the case of massive fermions.

We now come to the discussion of massless fermions. It is here
that we will find a crucial difference to the more standard
approach of (I) where the Langevin equations were solved
explicitly and the solution was inserted inte

Qs tor = {07 LFHD Y HETID . (20)

The stochastic evolution of an+1 was found to be given by

zr-A?z

T
. —_m's 12
Lo, S os e s inolexII) 21}
)c*x)Arz 2n

[ od bt

sz (t)= —~wm ()

Por m # 0 this equation yields the correct result (19). On the
other hand, in the derivation of (21} it was nowhere used that

it
m # 0. Hence the anomaly of massless fermiecns is obtained by
setting m = 0 in eguation {21). For finite values of T, the
integral exists even without the exponential factor, so that we
have Q2n+l(r) = 0 for all & . Taking the limit T = e , we would
conclude that there is no anomaly. This is clearly inconsistent,
because, as we discussed in (I}, even within stcchastic
quantization there is a regularization scheme with Q2n+1 £ 0. We
can intreoduce a Pauli-Villars regulator field of mass M and
regularize the effective acticn {calculated via stochastic
quantization) by subtracting its contribution for M—» <o [4]. What
one finds is (19) with m replaced by M. In (I) we attributed this
inconsistency to the fact that the dimensionful stochastic time T
acts as an IR cutoff for the proper-time integral in (21), which
has no analegue in standard field theory. There,in all comparable
regularization schemes (zeta-function, heat-kernel))the upper
limit is egqual to infinity from the outset, so that we are not
allowed to set m = ¢ in the integrand and thus are forced to use
Pauli-villars regularization for m = 0.

Let us now come back to the approach based on the asymptotic
stationarity of <7Ftr)>. The important difference bhetween (18)
and {(21) is that in the present formulation the ancmaly is ¥ -
independent. The proper-time integral in (15} cr (18} ranges to
infinity even for finite stochastic time and therefore it is not
possible to set m = 0 in (21) (15]. Bence massless fermions
cannot be treated in the way described above. This means that we
are now forced to use a different reyularization, such as a
Pauli-Villars regulator, say, te allow for a well defined deter-
mination of the vacuum charge. Then our calculation applies teo
this massive regulator field (cf. Redlich [4]) and hence the
anomaly is recovered. This shows that, contrary to the naive
approach to stochastic quantization used in (I), the present
method unambiguously reproduces the parity violating anomaly for
both massive and massless fermions.

I would like to thank José Magpantay for interesting discussions.
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