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Abstract

For antisymmetric tensor gauge fields of rank 2n-1 coupled to
gravity in 4n dimensions it is shown that the symmetry under
duality rotations is broken by quantum effects. The anomaly is
related toc a local version of the signature index theorem. The
zeta~function technique, Fujikawa's method and the stochastic

regularization scheme are discussed.

{I) Introduction

As was ‘first pointed out by Alvarez-Gaumé and Witten [1], (anti-)
self-dual antisymmetric tensor fields in 4n-2 dimensions have
ancmalies in their coupling to gravity. Similar to the case of
fermions, these gravitational ancmalies are related to chiral
anomalies in 4n dimensions [2]. For the antisymmetric tensor
fields these chiral transformations are realized as duality
rotations of a tensor field of rank 2n. On the other hand,
c?nsidej-:ing this field F, v phan =2n QEF‘A,'*I"'}";fs being the
field strength of a gauge potential A}ﬁ  Hhaany ORC 18 led to
study the "duality anomaly” of a U(1) gauge theory where the
gauge fields are antisymmetric tensor fields of rank 2n-1. For
n=1, say, this means that there is an anomaly associated with
duality transformations of the field strength F, belonging to
the photon A
I
Along a different line of investigation, Zakharov (31 recently
used dispersion relation techniques to show that if the photon
field is quantized in a 4-dimensional curved space-time (with
Minkowski signature) for which the pseudo-scalar €“”Id1lrﬁnpiztﬁgd
does not vanish, the vacuum expectation value of the Pauli-
Ljubanski vector

L vye
Fo greh 3
K 9 Ay s Ag (1.1)
is not conserved. This means that the pseudo-scalar va*yj‘V

acquires a vacuum expectation value:

=1 v G o pfrs o
Vﬂ<w‘>: S F T E >=Wq é;wr‘Q *PQ (1.2)

As we shall see below, this equation expresses the fact that
guantum effects spoil the invariance of the classical theory
under duality transformations. For a free electromagnetic field

this symmetry causes the difference of the numbers of right and



left circularly polarized photons to be conserved [4]. Hence, if
the RHS of (1.2} is non-zero, the gravitational field
continuously produces {chiral) photons from the vacuum, This is
analocgous te the anomalous fermion pair creation by Yang-Milis
fields as expressed by the famous relation
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AQs—Wfﬁlx tr (Fw TFY) (1.3)
where 4AQ5 is the change of the chiral charge.

The purpose of this paper is to show how Z.kharov's result is
related to an anomalous breaking of the duality symmetry.
Furthermore, we shall see that a similar eiffect exists in all
4n-dimensional theories containing antisymietric tenscr gauge
fields of rank 2n-1 coupled to gravity. Working in Euclidean
space, we will relate the generalization of (1.2} to a loecal
version of the signature index theorem so =hat for all n the
anomaly can be expressed by the Hirzebruch L-polynomial [5,6]. in
section (II) this result is derived using the zeta-function
method for regularizing infinite dimensioral determinants. Then,
in section III, we show that, similar to the fermicnic case, the
chiral anomaly cof antisymmetric tensor ficlds is associated with
a non-trivial Jaccbian of the path integral measure {7j. Finally,
in section (IV) it is briefly described how the anomaly is
obtained in the framewcrk of stochastic quantization [8].

(IT) Zeta-function regularization

We are considering a 4n-dimensiocnal criented Riemannian manifold of(
of Euclidean signature which has no boundary: @J{: ¢ . We
define totally antisymmetric tensor fields A¢¢1“.}¢1h_l(x)

on M which we frequently will write as differential forms:

F = dA (2.2a)
where
-F}u"'/“z.n = Zn (a[).tt A}*:.-u/‘zn] . (2.2b)
Obviously F is invariant under gauge transformations
Aurp A + dx (2.3)
for any (2n-I;-form %, so that for n=l1 ordinary (Euclidean}

electrodynamics is recovered. For our purposes it is convenient

fo introduce the scalar product

i
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(L, 3)
(2.4)
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for all p-foims of and{&. Here we used the Hodge operator *

Yoo Fe
g A

defined as

E; ﬂrv*P

Coy P Pre o Fen
st P h("“”'P)-I & P Pan olx’ "ok .(2.5)

The action for A is the following generalization of the Maxwell
action ( £ denotes the volume form fE‘dxl...dan):

S=1ltz.me = %S(A)SdA)e . t2.8)

The seccnd equality follows from the fact that the co-derivative s
is the adjoint of d. We will perform all calculation in a
generalized Lorentz gauge defined by

&a =0 . (2.7)

For n=1 this reduces to the crdinary Lorentz condition YL Ar=70 .



where V’ is the covariant derivative constructed from the metric
of M . For fields fulfilling (2.7) the action can be written as

S=‘7_§(A,AA)S (2.8)

where A= ad +3d is the Laplacian. In its original form (2.6},
S is invariant under global duality rotations (or "chiral
transformations”") of the form

F-—» F coset + *F sind , (2.9)

or infinitesimally:

6;_1‘- = ol ¥F . (2.10)

Now we turn to our main task, namely the calculation of the
vacuum expectation-value of

! * N a2
Vi kr = (¥ *T)=(z—n)-!?;‘"")“1“ ol k (2.11)

for the prescribed background gravitational field given by the
metric g}“,(x} of M . (The generalization of (1.1) for arbitrary
n can be read off from (F,*F}) = 8K where K = *(AdA).) We define
the generating functional

2l = St@A]LGexp —--%S(A,AA)s +S(dA,~rZ*olA)} (2.12)

for any real, scalar function'? because then the expectation
value of (2.11) reads:

. Lo (Fua, ¥ Foo) 10D
<0105
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& (Foo,x700)>

(2.13)
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The subscript "LG" at the path integral measure is to indicate
that the integration has to be performed only over fields obeying
the Lorentz gauge condition (2.7). We are nct geing to
exponentiate this constraint since it is much simpler to
explicitly take it into account in doing the Gaussian integration
(see below). In particular, any complication due to the necessity
of introducing ghosts for the ghosts is avoided ([101].

In the representation (2Z.13} we can evaluate <(E3*F)§> using the
same technique as developed in ref. [11] for fermionic chiral
anomalies and subsequently used for the evaluation of various
other types of anomalies [12]. pPerforming the integral for Z one
formally obtains

)
<(-F(_x),¥-‘rtl€l)> =.'--‘i-8——%~(—,a ‘Zn dE',:SL 7=o (2.14)

where the operator Sl is given by

Q= A+p+ 2x(dy)ad . (2.15)

To control the usual IR divergences associated with massless
fields we have intreduced a small mass parameter }L. For Y(z);()
the operator-Sl is positive and hermitian. Because we may
consider 02 infinitesimal, this is sufficient for the
zeta-functicn method to be applicable, i.e. we can define the
determinant as exp {—_f'(&lo)} , where f'(.Sl_[s) is the zeta-
function associated with Xy [13]. Hence one has

L{Foo, ¥ Foet) D =;— g'zm -0%—\0 f(S)—\S) . (2.17)

To evaluate the RHS of (2.17) we introduce a complete set of
normalized eigenfunctions of the operator £r+r} acting on
(2rn-1)-forms:

(A-a—/,;l) Q. ) = Zi a; 00, Zi>0 {2.18a)



- B =

g(ﬂs,ai)E =8

ij {2.18b)
It has been shown in ref., 11, for instance, that in terms of the
ai's the functiocnal derivative of the zeta-function can be

written as

8;(&‘53 _ _,.(H,S)J\ 851
§qe Sz‘ZZi ) S?axiqf)ﬁ e

As was already mentioned, the path integral (2.12) has to be
performed only over fiélds satisfying §A = 0. Therefore it is
only their eigenvalues which contribute t> the determinant in
(2.14). Consequently, in (2.19) the sum rins only over
eigenvectors a; fulfilling Sai = 0. Insecting (2.15} yields

ol ~Ci+s) :
<(‘Fm,¥'ﬂx))> =5l§\o S Z Zi (do.;“’)*duz‘ (,()) Lot2, 204
F

At this peoint it is advantageous to change the normalization ofr
the basis fields; we introduce

— —2. 3
o{é(x) = 12_ Q,;(x) . (2.21)

For f"* 0 the OLi are normalized according to

S‘(d&z;ddd) - Sl‘} (2.22)
Exploiting the identity
LT {
-5 §-1 =X
X "= — Yot ¢
F(s)i e , X220 (2.23)
we gbtain
[~a]
ol l s ]\ s-1 -}ﬁé
<(T<zr,¥?—(x))> = Ss lo Teo od{ t e . 220

. 2 (dayo, ¥ olot, {x))e_' it

z

In this representaticn we can relate the expectation value of
(F,*F) to the index theorem for the signature complex {5,6]. Let
us recall that the signature T of a 4n dimensional manifold J¥ ,
i.e. the index of the signature complex is defined by

T(M) = T?+[e—£A] - k- [eﬂt_A] : (2.2

The traces Tr, refer to the space of self-dual and
anti-self—duaI Zn-forms, respectively. Note that because the
projectors an these spaces are Py = % (1% *) this alsc could be
written as

T(M)=—’7[*€_tal , (2.26)

where the trace is over all 2n-forms now. (One even could perform
the trace with respect to the whole exterior algebra; all
additional contributions would cancel between the p- and the
(2n-p)-forms.) A standard argument shows that only the zero-modes
of A contribute to the signature. Hence TI{M)is the difference
of the number cf self-dual and anti-self-dual zero modes of the
Laplacian. The signature can be explicitly calculated from the
asymptotic expansion of the relevant heat-kernels [5,14,157:

— At | ==k Lk
Ke (%t) = 4c <xle u>=£TnZ :E?ka,{ e
K=o

The trace tr refers to the tensor indices only and A+ = L\P.;..
is the Laplacian restricted to the space of f{anti-} self-dual
fields. One finds

(M) = jot“;fz? B, 0 (2.28)

.
where B4n = B4n

cecefficients sz(x} is to use a method similar to Fujikawa's

- an. One possible strategy to evaluate the

computation of spinorial chiral anomalies [7]. This has recently
been done by Endo and Takao (2j. They add to the kernel {2.27)
additional tensor fields (cf. the remarks above) to form a Dirac-
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Kihler fermion (1,16]; the computation is then similar to the
evaluation of the anomaly for the Rarita-Schwinger field [(17]. In
accordance with the mathematical literature their result can be
represented as

s
(S f2m) &
(M) = jde’t[mh(&_/zrr) ' (2.29)

The integrand is the Hirzebruch L-polynomial for the curvature
2-forms

._S}_"‘v = -;—_R]‘vj,‘ ax® dx” (2.30)

constructed from the metric of M . This notation means that we
have to expand the integrand in a power series in 5L and to keep
only those terms which have the correct An-dimensional volume
form.

To make contact with equation (2.24) we consider the kernel

Kx;4) = Ked)— Koat)

_Z (&w, * [ un) e ;1

The sum runs over a complete set cof 2n-forms fi with

{2.31)

|

A'[i = ii ‘Qi , A; 20, (2.32)

and

S(‘Vi;'(:\)f = %ad i {2.33)

According to the Hodge decomposition theorem, our 2n-forms £ can
be uniguely decomposed as a sum of an exact form (the derivative
of a (2n-1)-form o }, a co-exact form'(the co-derivative of a
{2n+l)-form G )} and a harmonic form:

.?:dcx-\-S(S-%-dP L, Ab =0 . 239

- 9 -

The three pieces are mutually orthogenal and fulfil the
eigenvalue equation (2.32) separately. This means that we can
divide ‘the f£,'s into three classes: _[l,(”:olqi s _g;z)___ SP" and
f(g] = 431. Hence (2.31) decomposes according to

Kogd) = 2 (doy *ole;)e it 4 % (88;,* 8p)e Lad
ol

(2.35)

+i2(43i,*‘¢ﬂ .

It is important to note that the first two sums in (2.35) are
equal. This follows from the identity

(8p:, *8p:) = (dlbi] rolbrpil)

and the fact that the Hodge operater provides an isomorphism
between the space of the o 's and the @'s. Furthermeore, this sum
coincides with the one appearing in equation {2.24) since for ﬂ,#=0
the spectrum of A acting on of and olw coincides and the
normalization {2.22) is the same as in (2.33).

Returning to (2.24) we may write

© T
(Foa, # Foa)d = Ll?:l? ) pim Sd{ SR
1]

{2.36)

§ Koy = (R, ¥ geo)

Tnserting the expansion (2.27) one easily finds the f\—inde—
pendent relation

Vr(Kf*> = <G'b<!,’l‘T0<))>=-I—qu-“(xh%Z(tt;lxl,xchlxl)w.ﬂ)
2

This is the desired result. It states that apart from the 2Zn-form
zero modes of the Laplacian the vacuum expectation value is given
by the well known Seeley coefficients B4n(x) {5,6,14]. For n=1
and 2 they are explicitly given by

L »v “p3o
?6 n_?_ 3 é}u’?s p q[[‘; p

Bl-}- (X)) =
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Ese(X) =
i - Y2 F""/"’? eV V,
4"608#‘*3 € ’R "zf"'f"zp

7 q gt
1l 520 r*

If we integrate (2.37) over a manifold which has no boundarv so

(2.38)
& SZ.
Al R S2psps R Sl te

Vi

that the Vf‘(l{r}—term does not contribute, we recover the
signature index thecrem

(2.39)

n,-a = (A% B, ™

where n,_ and n_ denotes the number of self-dual and

anti-self-dual zero modes. For n=1 we have found

Vf" <KF> = l—l <?;‘v¥?')“’>

= ] rY o oApse
mnﬂg Me’ﬂ <R

1 4> (2.40)
-  *¥D.)

zzZ( 1! q)z )
This differs from Zakharov's result (1.2} for Minkowski space by
the zerco mode term. The situation is similar te the case of the
fermionic anomaly. In Euclidean space the complete form of the
axial vector divergence reads [18]

Gy ==L g™

g digs
394 Epvge R e R F

{(2.41})

+.
_ér(?;w-\"_}-)‘?) + 2 Z Lh)i ?rS'q’oi ,
H
where the (Poi's are the zero modes of the Dirac operator qb.
Integrating equaticn (2.41) over a manifold with Qi = ¢ one
reproduces the index theorem for the spin complex. In analogy we
therefore expect that in Minkowskl space V 4 Kf‘> is given by

1 4n(x) for all n.

Fe
R *’:}ﬁ}*zR P My Q Ve Fspe ® Yl -
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IIT. The anomalous Jacecbian

In this section we show that the anomaly (2.40) can be understood
as arising from a neon-trivial Jacobian of the path integral
measure. The problem one encounters in this approcach is that the
relevant transformations, the dual rotaticns {(2.9) or (2.10), are
defined in terms of F rather than in terms of the integration
variable A, Cne possibility to aveid this complication is to use
the first order formalism [19]. Here we use a different approach.
We define a chiral transformation of A by the requirement

A (8 A) = o« #lA a1

This transformaticn law guarantees that (2.10) is fulfilled by
F = dA. As we shall see below, for our purposes it is not

necessary to so.ve this equation for 8 A . Following Fujikawa

ok,
[7], the derivation of the anomaly proceeds as follows. Consider

the path integral

- 2§(@AAR)s (3.2)

z = (toa]

and change tho integration variable from A to &' = A +§*A , where
the parameter & is allowed to depend on the space time point x.
Then the classical action changes by Sd(;1*7ve . For the

Jaccbian we make the ansatsz

[eBA'_[L;‘ —-EXP{SO\ ro{(x)(fq- “"}EBAI (3.3)

Because Z is independent of o , one finds the "ward identity"

S[@A] {(TL\() *’:F(&(]) (94. ()()} -5 = O (3.4)
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Ifd* would vanish, K}‘ would be conserved and the duality
rotatlons would be an intact symmetry even at the gquantum level.
To show that this is not the case in general, we first expand the
gauge field as

A{xr) :Zci ai(x), {3.5])
T

where the (2n-1)-forms ai are a complete set of basis vectors
which are orthoncrmalized as in {2.18b). For convenience we
chooge them as eigenvectors of the Laplacian, Furthermore,
because the integral (3 2y is -only over fields fulfilling the
Lorentz gauge condition, they are constrained to satisfy Sa =0.
Thus onhe has

[ZAl = Tz]“olc,. . (3.6)

Under & — A' the céoefficients <5 change according to

J

.—-——D-Cil= Z S(U—i'[‘ii—s&la‘oe EZ(SIJ%-M“)CJ , (1.7)
4

i.e, the Jacobian for an infinitesimal transformation is given by

det M

exp { T tn(1+M)}

{3.8)

]

exp] ZZ ftaa.&(%)e}

To be able to apply (3.1), we exploit the fact that the ai's are
eigenfunctions of 4 (with eigenvalues ﬂ,i) and satisfy Sai:0 to
write
-1 a1
=1; (@8+8d)a; =1, Sdaj
H 1A H b4
Inserting this in (3.8}, integrating by parts and using (3.1) one

obtains

- 13 -

z 1;1 S(Sdui , S;Qi)g

3 ot i (3.9)

= X 27 [(day, d§,a;)e

[N
Py

F
o
o

o
m
I

= ¥ 27 { (o, ol e

Again introducing the differently normalized function d‘i of
(2.21), we find by comparison with {3.3):

A, 0 = Z(‘i‘*a("’)"‘d&;("?) : (3.10)
li‘h 2
Because of the completeness of the oLi’s this is an 11l defined
quantity of the form 0-e0 . {This is analogous to the sum
,:ﬁ*"a%cpi for the fermionic case.} We regularize it by

introeducing a Gaussian cutoff:

Al 2
A 00 = L 2 (Fd;, *¥e I do;) . MY

n M-+o0 &

According to the discussion which led to {2.36) this is the same

as

f

A0 = L 5§ Kxog0)- Z@)(“’%d)(x))}

Moo

(3.12)

i

LB, 0 - 3 ? (4,00, &)

This shows that, contrary to the claims in ref. 2, Fujikawa's
moethod is very well applicable even in a first order formulation.
The result coincides with that of the zeta-function method and
the calculation clearly displays the analogy with the fermionic

anomaly.
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IV. Stovhastic quantization

Recently stochastic quantization [8] received much attention as
an alternative to the usual cancnical or path integral
gquantization. One of the reéasons might have been that this scheme
provides a new type of invariant regularization which was hoped
to respect simultaneously all symmetries of the field theory
model under consideration. Later on it turned and, however, that
the anomalies associated with continuous symmetries also appear
within stochastic guantization (20,21]. It is only in the case of
the parity violating anomaly in 2n+l dimensions that an ambiguity
has been cbhserved [22]. In this section we are going to
explicitly show that the {(continuous) dua.ity anomalies, toc, are
unambiguously reproduced in the framewcrk of stochastic
guantization. Our essential tool will be rhe stochastic regulator
function which was first introduced by Breit, Gupta and Zaks
[231].

The basic ingredients to start with are tiie Langevin equation
derived from the action (2.6),

9%7 A = - S At + Y T ) (4.1,

and the correlation function for the random source 7(%t7:

59,-..172"_‘ '
< Zf‘""f"'ln-tcxm) ”Z (T )>7

\ 1% " (4.2)
-2 2
=29 %0 9. 9 g e : :
X~ a -
q[f‘i Frmei] 8( x ), (t-7")
Being a source for A(x, T ), the noise 7(*&1 is a (2n-1)-form,

too. In (4.2) we introduced the Breit, Gupta, 2aks regulator
QA(-C..'C') defined by the properties [23]

Hiwn , (z-t) = Str-T')

AN o

4

!
T Tl — - .
QA (T-T) =@ (T-7) (4.3)

i

&\dt'CLAa:— T')
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The 1imit A-—» o0 will be performed after all calculations have
been done. As is well known, the stochastic quantization of gauge
theories does not necessarily require the fixing of a gauge [24],
but, nevertheless, it can be computationally advantageous to fix
a gauge. In our case we would like to do this in a way so that
the Langevin -equation contains the complete Laplacian rather than
the 8o -operator cnly. To achieve this we perform a gauge trans-
formation which depends on the stochastic time 7T :

t
Awr) = Aoty +dx (x,1) . (4.4)

This transformaticn changes the form of the Langevin equaticn,
but it deces not change any gauge invariant expectation value
calculated from it [8,24]. Choosing @ to satisfy

%0{2’+d5(A+d2’) =0 , (4.5)

the new Langevin eguation has the desired form:

I
’a 1
— A(xlt) = ‘-AA(YIt) + 7(Xr-['_) (4.6)
9T '
A possible solution of (4.5) is

T — AlT-T')
2‘(x,r)=—£olr'e SAw.T) . (4.7)

For notational simplicity we do the following calculations for
n=1l; the generalization will be obvious. To solve egquation (4.6),
we define

~-TA
G ity = <pxte T 'y | (9

The solution of (4.6) with the initial condition A(x,0)=0C then
reads

T

Vi I no¥o
Ap o) = Joxt [Ty Gy 57Ty ity

(4.9)
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(We omit the prime from A again.) Employing this solution, we can
compute ’ '

Z(Foo, ¥ Fpa)d = ‘i,_ —Izé‘f‘vg(-.

EUM A < Av(x) Aq,{)()> .(4.10)

X x Gx'i“ 9

by straightforwardly evaluating the expectation value:

(4.11)
< Ay Ag 00D = Livn Liwn <AY{ 0, T) A’Z (xz)>

Ao T—reo

T T

= Lowe B Ecslw:t §ott,_ Sd‘;r‘ F‘j—t‘—/—\‘ gd“Yz W

. qu(x,'y; ’ ’E_—‘E.) GGF(X' Y2 T-T2) <7°((YI T ?F.(\/z )7"—2)>7

T T

. ) i
= Lo Linnn Sdt, Eut:. 207\(?:,-‘61_) 6?6‘(’(,)( 3 2T~ 'c,-t,_) .

N> T-—+»w0 0 o
Inserting into (4.11} vields

L(Foo,*Fua)d>= .&r\m ¥ - Eolt goh:z .ZQ (t,-Ta)

=+ 00 T-rwm

_ S (4.12)
Z (d& o * olo (z)) 12z )

Here the heat-kernel (4.8) has been represented in terms of a
complete set of orthonormalized eigenfunctions of the Laplacian:

- 17 -

r s v, =T (4.13

& (x,x',-r)-:-Z Qicx)Q‘.me : ) )
i

Equation (4.12) holds for all values of n» 1 again. The following

steps parallel Tzani's [21] treatment of the fermionic case.

Introducing

I
N

¢
.

il

~|—

(T,+Ty)

we have
Th +2T T +2(r-T)

CF*T)> = Lo i (fo!TSat + Eoﬂ'g ot | 20,

A""W T L) —-1T

y —uz-T)
{4.14)
_.2 (2¢-~-7,~-T
(olo.”vkola) T2)
; .
The properties (4.3) imply for the regulator function
2T
- . 1
SokLOLAu) = P(1- 2A,)+ O(A.L) )
—2T
.15
+2CI-T) (4 )

SOU: ., ) =@(1_--'5‘1—2-——T) + O(JAT) '
-2(z-T)

Inserting this into (4.15) and doing the T-integration yields

L(FxT)D> = (4.16)

AV e Zl (ol *0l; ){l“‘" 3“_8:1;.//\1} @«2157:

AFO T—+oo

At this point the T ~limit may be performed:



...18_

AT, *7)> = o 2. 1:1 (d&;,*olqi)e-l"/’\l (4.17)
A—>w .

.

H

{To obtain strictly positive eigenvalues .Hi one could introduce
a small "photon" mass as in section II.) Finally we can change
the normalization of the ai’s according to (2.21) and (2.22).
What we find is

— A IN
(F,*¥F)> = L Z(d‘ii)*‘e d"‘i) } (4.18)

Ao

i.e. the same expression as in Fujikawa's approach, c¢f. egquation
(3.11). Obviously, Fujikawa's prescription for cutting off the
large eigenvalues is equivalent to using the Breit-Gupta-Zaks
regularized version of the noise-noise correlation function.
Hence the stochastic quantization scheme leads to the same
anomaly as the path integral or zeta-function method. ‘this gives
further support to the assumption that the stochastic method
correctly reproduces all anomalies assciated with continucus
symmetries.

V. Conciusions

Using various independent methods, we have established the
Euclidean analogue of Zakharov's formula (1.2} for an arbitrary
dn-dimensional space-time. The result (2.37) differs from the
Minkowski space versicn of the anomaly equation by the zero mode
terms. Their presence allows the anomalous divergence equation to
be interpreted as a local version of the signature index theorem.
In the path integral formalism the anomaly manifests itself in a
non-trivial Jaccbian for the duality transformations. This result
has been established within the second crder formulation of the
quantum theory, where duality transformations are defined by
(3.1). We also found that the anomaly is correctly reproduced by
the steochastic quantization procedure and that the stochastic
regulator aA is equivalent to Fujikawa's prescription. All these
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properties of the duality, or chiral anomalies of antisymmetric
tensor fields are very similar to those of spinor fields.

To close, let us ask for possible physical applications of (1.2)
or its generalizations. An example of a metric for which the
pseudo-scalar 8)“,?6 72)“:&{5 Q*ﬁ‘?q does not vanish is the
metric of a rotating mass distribution, a rotating star, say.
This means that such a star permanently creates photons and
thereby reduces its angular momentum in very much the same way as
a dyon produces fermion pairs via (1.3) and thereby reduces its
electric charge [3]. It is important to note that this radiation
has nothing to do with the familiar Hawking radiation or the
gravitational particle creation in expanding universes [25].
These phenomena have their origin in a nen-trivial Bogolubov
transfermation between the creation and annihilation operators
used by different observers: the vacuum of one observer can
correspond to a state with non-zero particle number for another
observer. On the other hand, the (pseudo) scalar ghv’s1lrvuﬁ12&9?6
which is responsible for the anomalous photaon creaticn, cannot be
arranged to vanish by employing a particular vacuum state; it is
the same for any observer.

I would like to thank Professor V.I. Zakharov (ITEP) for bringing
these problems to my attention and for a helpful discussion.
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