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Two pion production in photon photon collisions 

Johan Bijnens and Fernando Cornet• 

Deutsches Elektronen-Synchrotron DESY, Hamburg, FRG 

We calculate within chiral perturbation theory the cross-section for~ )'-)T(;ro 

and '('(-)1T+1T- to next to leading order. The first process only depends on 
the one loop contributions and forms a test of chiral perturbation theory. We 
also calculate the pion electromagnetic formfactor and compare it to recent 

data. 

., On leave from Departamento de Fisica Te6rica, Universidad AutOnoma de 

Barcelona (Spain) 
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1. Introduction 

The processes !Y-)1T,.1f- and 't"t-')li0
T" have been measured at e+e

colliders for center of mass energies W'(l'~ 3 GeV. The latter process has been 
observed by the Crystal Ball collaboration (1] with a significant"Tf 0 T 0 con
tinuum below the !t(1270) peak. The experimental situation for low mass "V'+1T

pairs is somewhat confused. The data [2 , 3] seem to show a large enhancement 
above threshold. A dip [2] just below the J't resonance was not confirmed by 
TPC/u and DELCO [4). 

On the theoretical side there exist calculations for high massrr+T- and 

-rrovo pairs [5] within perturbative QCD. The Born approximation, assuming point 
like pions and no final state interactions was calculated long ago [6]. It 
cannot explain the enhancement near threshold. One can include final state 
interactions if one assumes that the production cross-section is given by the 
pofntlike cross-section. The final state interactions can then be expressed in 
terms of therr rr phase shifts. The latest analysis was done in[7]. Using si
mi 1 ar assumpt 1 ons an enhancement of TI +lT- production near thresho 1 d was ob
tained with an attractive-rr;rpotential [8]. In this reference they 0T

0 cross
section remained small. 

In this paper we include both the final state interactions and the 
deviation from the QED vertex using chfral perturbation theory [9,10]. Our 
results show a moderate enhancement for n +1i- production near threshold and a 
small steadily rising cross-section forTT 0 1T0 production. The one loop result 
for-rroito production only depends on the pion decay constant and meson masses. 
It is independent of all new parameters appearing at this order of chiral 
perturbation theory and thus provides a clean experimental test of this for
malism. The production ofTJ+lt- pairs depends on two extra constants. These can 
be fixed via other experiments. The structure dependent term in rr~eY/S"de
pends on exactly the same combination of the new parameters as '("(~lr+T'-. 

In section 2 we give a short review of chiral perturbation theory and 
calculate as an example the pion electromagnetic form factor. We also fit this 
to recent data [13] to determine one of the constants. In section 3 we give a 
short proof that Tto,.o production does not depend on any additional parameters 
at this order of chiral perturbation theory and calculate the amplitude. In 
section 4 we calculate the cross-section forTT+lT- production and compare it 

with experimental data and we present our conclusion in the final section. 
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2. Chiral perturbation theory 

The QCO Lagrangian is for vanishing quark masses symmetric under chiral 

SU( 3)L x SU( 3)R transformations. This symmetry is spontaneously broken to 

SU(J)v. The 8 Goldstone bosons associated with this breakdown are identified 

with the pseudoscalar mesonsrr, K,'l· These can be conveniently parametrized 

using a 3 x 3 matrix 

L • exp( 21M/} ) 

( 

rr• 'l 
""if+V7 

M • 1T-

~-

n-• K+) 
Kc 

-11 "t 

,. '1. 
--~-

-r.: VT 
;<• 

)C transforms linearly under SU(3)L x SU(3)R via 

1: -'1 L!.R -t. 

Chiral syrrvnetry is also explicitly broken by quark masses and the electro

magnetic interaction. The most general Lagrangian consistent with chiral and 

Lorentz tnvarh.nce. U(l) gauge 1nvar1Ance and P. C and T to lowest order in 

e2, quark masses and momenta is 

1' 
!~ =--;- t.l~ 1: 1fr.~) ·~ t G lrn:•J] +fllie'l;;.laz:Qz:')-~ F: (ll 

We used the notation 

o~ I·()~ r. • 1e [o.rJ A~ 

( ""'" \ ( % 

~= \ ""~ . .,J Q-= \ 

and F2 is the photon field strength squared. 

-Jh ~ 
-{h) 

( 2) 
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The first term in (1) provides the kinetic energy term for the mesons and the 

interaction terms consistent with current algebra. The second term transforms 

os (JL' 3R) + (\, 3R) under SU(3)L x SU(3)R and describes the explicit 

breaking of ch1ral symmetry by the quark masses. The third term transforms as 

(Bl, SR) and describes the leading electromagnetic effects in purely hadronic 

quantities. At this level ! , v1 and v2 can be fixed using the pion decay 

constant and the meson masses 

a"3, J 
' " ~ IV,= I"',. = M'1,o = __ :::.3.:..""....:.~. __ _ 

4 VmJ t(l!\s) ~ l""• riY" J) ~ \""•+""" + \ -"'s) 

f l ~ ~ \ 
rV't = - (l"t'\'11'"t - trnlT .. J 

"-
-= _r l""', + - rm, .\ 

<2. I< \'( ) • 

( 3) 

In this paper we keep mu = m~ so isospin is only broken by the electro· 

magnetic interaction. The term proportional to v2 is a correction of O{e 2} and 

does not contribute to "1'(~V1!'" at O{e 2). Tree level diagrams in '!'2.. give the 

current algebra predictions up to O(p2• m~) with p2 a typical external momen-
.9 4 2• 4 

tum. Loop diagrams with vertices from d-'Z..give contributions of O(p 1 p ,.,~,,.,J. 

There are also contributions of this order from higher order terms in the 

Lagrangian. All possible terms up to this order have been given in [9]: 

~.-= L, [ t \llr r.vz:•)r + L.,_ [ t \"D,.z: D..,. z:+l]"'+ 

+ l1 [ t. \.1>,. T lY' L:+f] + L, t.. [ 1>rl 1/1: +] t ["" Z: ~"" r•]' 

~Lst[ll;rvr+l,.,z:• .. z:~ml]+lt [t (.;mr•""z:+)j' ~ 
( 4) 

.,_ 

+ l:t- [t:, l""' I- IYl' ! + )] d ~ t.. [rm I"" Z: +,., z:•,. [ +] + 

+-cLq(t().~'b"!'bv!+)+t.(~~l:>"J:+l)vl.J] + 

+ L,. t [ fy~ I. pi<"'RI+] "- L11 t [ ~J"''J H ,.,_ t: [ ~m']. 
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The L1 are arbltrary constants, which will allow us to absorb all divergences 

appearing in one loop diagrams with ~'2. vertices [10]. Using dimensional 

regularization the bare coupling constants L1 are redefined 

where 

L.; = L> r. ~ l..i. + !'" 41l'-1m.r" +A- o), 
• 3~-rr £. 

1\. 
L1 are the coupling constants renormalized at scale~ and 

r1 • 3131 

r5 • 3/8 

r 9 • 1;4 

r1 = 3/16 r3 • o 

r 6 = 11;144 r7 • o 

r1o • - 1/4 r 11 • - 1/8 

r4 • 1;8 

r8 = 5/48 

r11 = 5/14 

(5) 

(6) 

The coefficient~ L11 and L12 are purely external field subtractions and 

do not contribute to physical qu•ntitles L9). The values of the renormalized 

"' coupling constants L1 have to be fixed from experimental data. 

In addition there are terms describing the effects of the anomaly [11]. 

These can be written in the form [11] 

t. • e~'"• 11 8 (7) 
wz )''V01' 

where Bt"'~'P' depends on the meson fields, momenta and external fields and does 

not contain any Levi Civita tensors. 

As an example let us calculate the pion electromagnetic structure 

function (11], defined by <1T+(p' )I J ~m\11' •(p)> = - F,.(q1) (p + p' / , 

with q1 = (p + p') 1. To lowest order it is just the photon vertex so F (q1)"1. 

At order m2, p2 there are corrections from wave function renormalization and 

the 1 particle irreducible graphs in f1g.l. In calculating this we observe 

that all infinities cancel and obtain 

' ~ 'l. ~ 
F .. (f)= 4 + r L1 ~ + .. --,.-:,-;J't (' ~t '\ \_~ ,;_ H ~~ J"""~ H(~;) (8) 

-~'f'l.~~-.!..'1-'-l~ I ~ ') 

r' c J' 

wl th 
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1-1 l•) = - l + ~ x + I..:::.. - !. x) y•-• ~ a L~) 
:l H \.3 6 ~ 

Q~•):: ~+{X 
'[(:7;- r.: 

For sm•ll q1 this Is rel•ted to the charge radius of the pion'* 

F,. (., '!-') : ~ + ~ <. n::, 1 '+' = 
6 

-4•~'[ 4 L"~ A l~i,""~ 't,""~ '\] - r 1 'h' t -~ ,~ -7: ' r' - ~} . 
Using the measured value of the pion electromagnetic radius [13] 

r2 • 0.439 t 0.008 fm2 

we get 
" -3 

Lg• (1.7!,0,2),10 

( 9) 

( 10) 

(11) 

for a renormalization scale ~2 • m~. 
The values used are {T• 134 MeV, m,.• 137 MeV, mK • 494 MeV and m'l. ~ 549 MeV. 

We have also performed a fit of the complete formula (10) to the data of ref. 

13 . The results of the fit are displayed in fig.1, The result of the fit with 

IF,.(Oll 1 • 1 leads to 
~ ) -3 L9 • (6.8 t 0.1 X 10 . (11) 

The dashed line in fig.1 is the fit of eq.(8) but with the overall 

normalization free. The preferred norm•lization n • 0.980 t 0.003 of the fit 

is however outside the normalization quoted in [13]. This fit gave • value 6.3 
-3 " x 10 for L9. 

In section 4 we w111 need the value of the constant L; + L;'Q. From [9,11] we 

find that the structure dependent term in 11'-)tV"( depends on the same 

combination. From the d•ta (see [9]) we obtain 

1\ " -3 L9 + L10 • (1.4 t 0.4) X 10 , (13) 
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3. '('(.., 1t .,... 

kit 
We first prove that there are no11''T''(or,'T''Cf vertices in ~~or g.; , 

so no tree level dhgram contributes to this process. Couplings to photons 

come from insertions ofF~~ and/or 0~ 1:. Since :Z:. 1s dhgonal, w~en only1r' 

fields contribute, and Q is a diagonal matrix (eq.2), 

0~ ('tt') ·C>~t:(,..) + ie A~ [Q.Z:(T') ·<>~ 'r(,..). 

So terms containing only covariant derivatives cannot generate couplings~•w•r 
nor 1t',..'y'(. The term corresponding to L9 van1shes for a diagonal I: (T') 

because F~" is contracted to a symmetric tensor in that case. The L10 term can 

be rewritten as 

L.lo 1).~ F1" t. [.a! (n+}:: t l,. ~" Fr" i !;. ~Q, t.1 [ Q , 1: ,.}}-2 t. '<t} ( 14) 

which clearly vanishes fort(~'). 

The contributions fromf.wz always involve E~'""1' so a contribution from 

the anomaly to the process '("'(-'>1!'1!" is forbidden by parity. The only 

contribution to cn·r~-'> .,..,.) comes from the loop-diagrams drawn in fig.3, 

where the particles propagating in the loops are charged pions or kaons. Note 

that, since there are no counterterms available to cancel the divergences in 

this channel, we expect the result of the one loop calculation to be finite. 

We choose.• reference frame where the photon polarization vectors £ 1, 2 
satisfy 

h,. E; =\?,.f.,= l>. .. ·f.A" .h,. e..,_: 0 (15) 

where k1, k
2 

are the momenta of the incoming photons. In this frame the ampli· 

tude due to pi on 1 oo,·s is 

A"::~ i.e" £,·toz. "v' 
J lJ-s.)lA-~-~k' f':l) ~'\.. Sl' U(T 

( 16) 

. 8 . 

and the amplitude due to kaon loops is 

A . ~ J 
• : - ' ~ E1 • t~ --:,:-:c1:c.,.-

i'T a 
S l i+ _J_ 2m 1. Go<] 

s. 
( 17) 

Using s • (k 1 + k2)2, the center of mass energy squared. The symbols used in 

eqs.16,17 are 
5 

.!)i.-:. 

I'M' 
Q -~~vs: ' -
~-R 

( 18) 

for 1 al\ ,K. 

This disagrees with the expression obtained in [14]. The authors of ref. 14 

did not include the diagrams in fig.Ja,b and used a different breaking of 

ch1ral symmetry by meson masses. 

From this amplitude one can calculate the total cross-section<f'(n·H"ll") 

shown in fig.4 (solid line). The pion loops contribution (dashed line) 

dominates the cross 4 section, while the kaon loops are numerically rather small 
although their interference with the 1t -loops causes an appreciable decrease 

1n If". The amplitude in eqs.l6,17 is purely S-wave, so there 1s no dependence 

on the scattering angle in the"("( center of mass system. Unfortunately, we 

cannot compare our results with Crystal Ball data because they are not yet ab

solutely normalized. 

This result is based on an e)(pansion in quark masses and external 

momenta. To establish its region of validity would require a calculation of 

the next order. This is beyond the scope of this paper. Experience with chiral 

symmetry leads us to expect that this result will be reliable up to center of 

mass energies of 500-700 MeV. The lower bound follows from the general agree

ment with chiral symmetry arguments in kaon decays. Another criterium is that 

the low energy expansion fails as soon as resonance behaviour becomes 

important. The first resonance in this process appears around 1 GeV so the 

above bound should be reliable. 
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4, '('!' ... 11 ... -

This process does already occur at tree level in the chiral Lagrangian. 

The amp11tude at tree level 1s g1ven by [6] 

A - " . 'l. l ~ ·E ~ . l''(-\T~11~- L.l e l fJ•f."l- ~ A r_•G'l 
'j' ' L + RJ 

v.-e, '?... •, } 

'l't·k ... 

K1 2 are the momenta of the incoming photons. p+,p- are the momenta of the 
• + -

outgoing,. ,1r and £ 1' £ 2 are the polarization vectors of the photons. In 

addition to the graphs of f1g.3 this process also gets contributions from wave 

function renormalization and the graphs in fig.S. The loops now also involve 

1f0
, k0 and '1 contributions and not only 11'+, k+ contributions as in the V'

0
1r

0 

case. Meson loop corrections to the photon wavefunction. renormalization are a 

correction of O{e2) to the Born approximation so we don 1 t include them. In 

add1t1on there 1s also a dependence on ~- but not on~w•· The latter has no 

contributions because of parity conservation (see section 3). The amplitude 

including the next order can be written as 

A . , t f 1'.-e, 'f'_ ·t, 
' "'Y-)ll+l- = 'l' e o. E,- ~-

1' ··l:l, 
1n the same frame as used 1n sect1on 3 (eq.15). 

Where a is given by 

1\· f, 1' •.• , 

1' +. h, } (19) 

\·S l" ~) j l~. t ~ I '11Q) 0.::4+-L,•L,,- -;;-!>+m>,.v,'Q.-+-:;-11",1->- K (20) r H T' ~· 0 • 

using the same notation Q1 as in section 3. Squaring and averaging over photon 

he11c1t1es leads to a d1fferent1al cross-sect1on 

J If .... \ 
tluns ""i7''? l2lo.I'-'R .. a. ~V'""-'8 

'-!''eM 'e 
~'Jl'-";,'e l 

+ (/-jl'cc>'C)' j ' 
(21) 

In (21) 5 1s the veloc1ty of the p1ons 1n the center of mass frame and ~ 

the scattering angle. 
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The angular integration over e can be performed and leads to 

<rl<l ~ ,.~' Jlt ~ lo.i'l.- ~ l~- ~)~.a. .. 4 l ~-~ & <ll-1'') (•. ~ ))1 (22) 

w1th 

A-P~ 0 A+-'!' 
C-- .,Y..,-
0 - '!' 4- f' • 

(23) 

Th1s 1s plotted 1n f1g.6 together w1th the Born cross-sect1on (a=1) and values 
1\ 1\ ~3 

for L9 + L10 • !.4 x 10 . The pos1t1on of the peak d1d not change from WH 

306 MeV but 1ts value 1ncreased by 13% from 476 to 539 nb. Not1ce from (5) and 

(6) that l~ + L~Q a L9 + L10 so the value of this sum is renormallzdtion 

scale independent. It is determined from the measurement of 1r-'> eVI(see 

section 2). The size of the correction is rather insensitive to the precise 

value of this coefficient within errors. 

In fig. 7 we compare our result with the available data. We have not com

pared our results to the OM1,2 results [3] because they do nat show an 

absolutely normalized cross-section. In fig. 7a we have plotted the differen

tial cross ... section at a CMS scattering angle of 90°. The near threshold en

hancement we obta1ned 1s not suff1c1ent to expla1n the PLUTO data(2]. F1g.7b 

shows the cross-sect1on 1ntegrated over I~·~ ~<H<I < 0.6 and the TPCftt data [3]. 

They are obv1ously cons1stent w1th our result. In th1s reg1on the loop cor

rections are very small. 
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5. Conclus1on 

We have calculated the next to lead1ng order 1n ch1ral perturbation 
+ -theory pred1ct1on for 1'6-> To'..-' and '('("'> 1< 11 • A measurement of the former 

process at low center of mass energ1es (below 700 MeV) prov1des a str1ngent 

test for the loop expansion w1th1n ch1ral Lagrang1ans s1nce it does not depend 

on any of the parameters present 1n g, 4 • A typ1cal cross-sect1on of"' 10 nb 

was obta1ned at about 450 MeV slowly r1s1ng w1th ~~· 

1 + -A sma 1 enhancement for 1'f'ill T was obta1ned near threshold, 13% at the 

peak of the cross-section for the central value of earlier determinations of 
" 1\. the constants L9. +·L10• Chang1ng this constant w1th1n errors d1d not enhance 

the cross-section enough to coincide w1th the data [3]. The rather 1arge 

errors on the data do not allow to make any f1rm conclus1on about failure of 

the theory. The correct1ons are small even up to rather large 700 MeV center 

of mass energ1es 1nd1cat1ng that the expans1on in quark masses and momenta is 

val1d for th1s process. 
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Footnotes 

* For a discussion on how the~ contributes in this approach 

see ref. 12, appendix C. 

~*A similar proof can be given for the.,('rt, '1'\. and K•K- final 

states. These final states occur however only at high center of 

mass energy where the validity of the low energy expansion used 

here is not obvious. 
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Figure captions 

Fig.l One loop Feynman diagrams for the pion electromagnetic form 

factor. 

Fig.2 A fit of the form factor to the data of ref.7. Platted is the 

pion form factor squared, IF1r\ 2 . The full line is the flt with 

\F_; (O)! = 1 and the dashed line with the overall normalization 

of \ F; \ free. 

Fig.3 One loop Feynman diagrams for Yr-)lf 0 rr 0
• 

Fig.4 The total cross-section'(¥-> 1r 0
1f

0 (Full line) for center of 

mass energies W'6l from threshold to 0.7 GeV. The dashed line is 
the contribution of theTr-loops. 

Fig.5 One loop diagrams for '0'"4Tf+lf- in addition to those of fig.4. 

Fig.6 + - . The total cross-sect fan '(1->rr n- for center of mass energ1es Wyy 
~ ~ -3 from threshold to 0.7 GeV for L9 + L10 • 1.4 x 10 . The dashed 

lfne is the Born cross-section. 

F1g.7 a) Comparison wfth PLUTO data of the differential cross~section 

at cos£%; 0. 

b) Comparison with TPC/'fi'( data of the cross-section integrated 

over 1 cos e"~ 1<o. 6. 

Fig.1 
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