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We investigate the motion of protons of arbitrary energy <below and above tran

sition energy> in a storage ring. The motion is described both in terms of the 
A 

fully six-dimensional formalism with the canonical variables x, z, Pz, 

o = s - v0 • t, ~ = 6E/E0 "' Po and in terms of a dispersion formalism with new 

variables _X, Px• z, P2 , - -o, p0 . Since the dispersion function is introduced into 

the equations of motion via a canonical transformation the symplectic structure 

of these equations is completely preserved. In this formulation it is then pos

sible to define three uncoupled linear <unperturbed) oscillation modes which are 

described by phase ellipses. Perturbations manifest themselves as deviations 

from these ellipses. The equations of motion are solved within the framework of 

the fully six-dimensional formalism. 

The equations, so derived, could be used to develop a non-linear, six-dimensional 

(symplectic) tracking program for protons of arbitrary velocity. 

"' "' '"" ""'"'" ""' """'"' 0' "'"" '"~'""''Ill• I "1''11'' Oc '"""'"I till I'"'' I' 1'1'1"" ,.,, ... , 



- 2 -

1. Introduction 

2. Equations of motion 

3. Introduction of dispersion 

4. Solution of the equations of motion 

4.1 Quadrupole 

4.2 Bending magnet 

4.3 Sextupole 

4.4 R.F. Cavity 

S. Summary 



- 3 -

In DESY Report 85-084 we considered the non-linear equations of coupled synchro

betatron oscillations of ultrarelativistic protons and their solution within the 

framework of a six-dimensional formalism1 '. These equations, which are already 

canonical, can form the basis of a non-linear six-dimensional (symplectic) track

ing program2 · 3 · 4 >. 

The aim of the present work is to extend this formalism to the case where: 

1) The protons have arbitrary constant average velocity. Such a generali

zation is needed, for example, for tracking studies in DESY III 2 • 3 '. 

2) The equations of motion are written using dispersion. This formalism 

then allows one to split the problem into an "unperturbed" part which 

describes linear uncoupled oscillations and a "perturbation" part re

presenting the remaining terms. We are then in the position to inve

stigate the influence of these "perturbation" terms by studying the 

deviations of the phase diagrams from the ellipses describing the li

near uncoupled oscillations. 

We assume that the ring contains no skew quadrupoles and solenoids so that in 

linear approximation the betatron oscillations are uncoupled. 
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2. Equations of motion 

The (canonical) equations of motion for a particle in a storage ring are: 

where 

K = 

x' = 

z' = 

t' =- Q.K aE 

the Hamiltonian is the same as 

f E2 - (1 + Kx . x + Kz . z) . 
\ c"' 

- (1 + Kx . x + Kz . z) . ~ As c 

Pz' = - aK az 

E' = aK 
at 

that introduced 

2 - moc2 - (Px -

in Ref. 

~ Ax)2 -
c 

< 2. 1a) 

1 and is given by 

<pz - ~ A )2\v:z 
c z f 

(2.1b) 

is the vector potential and the electric and magnetic fields are obtained from: 

·> 
E: = ! aA 

c at 

rot A 

By replacing the energy, E, and time, t, by the variables 

(E0 = 

11 = 
E- E __ _Q 

Eo 

design energy 

and 

f'io = j 1 - ( ) 2 ; Vo = design speed 

<2.2a) 

<2.2b) 
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equations (2.1) can be written in the form 

(-

where 

and • K 

A A 

x' = aK Px = -
aK 

aP, ax 

A A 

z' = aK A> = - aK 
A Pz az apz 

A A 

t)' aK 
'1' 

aK 
Vo . = = -

a'l a<- Vo . t) 

A Vo A Vo 
Px = . Px Pz = . Pz 

Eo Eo 

= - <1 + Kx • x + Kz • z) • {~~ • [<1 + f1)
2 

- ( 

a e &)2\/1./2 
- f.'O E "Z 

0 

- <1 + Kx • x + Kz • z) • ~0 • :
0 

As 

(2.5) 

m c 2 
_o_ 

Eo 

2 

) l -

<2.6) 

We now replace the monotonically increasing quantity v0 • t by the <small> oscil

lating quantity, cr, which describes the distance of the particle from the center 

of the bunch: 

cr = s - v 0 • t . 

This can be achieved by means of the canonical transformation 

<- v0 • t), '1 ~ cr, ij 

for which we use the generating function 
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The transformation equations resulting: 

~ - v0 • t - cr - s ; f1 = s - v0 • t 

lead finally to canonical equations of the form 

with the Hamiltonian 

~ aE 
X = K + -'L 

as 

x' = 

z' = 

rr' = 

ax 
aP, 

~. 
Px = 

ax 
aPz 

aK 
aT] 

= 1J - ( 1 + Kx • x + Kz • z > • flo • 

2 
fl~ • [(1 + IJ) -

- <1 + Kx • x + Kz • z> • flo • ;
0 

As · 

In order to make calculations tractible the square root in <Z.7b): 

w = 

<px - flo ~ A >2 + <pz -
Eo x 

<Z.7a> 

X 

(2.7b) 
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must be developed in a power series: 

(Px - ~o : Ax)2 + <pz - ~0 JL Az)2 

w 1 - 1 0 Eo 
+ = ... . 

2 
~~ [<1 + 

2 ( llloC2 )21 . I']) -
Eo 

<2.8) 

The power at which the series is truncated defines the the order of the appro

ximation to the particle motion. 

A A 

In the following, only terms up to quadratic in Px and Pz will be kept, whence: 

A 

2 A 

K = '1 - (1 + Kx • x + Kz • z) • ~0 • <1 + I']) + 

<1 + ~) 

- <1 + Kx • x + Kz • z) • ~0 • JL Ag + ••• • 
Eo 

with 'l defined by 

<1 + ~) .1. 
~0 

- . .R. 
Po 

p =momentum corresponding to energy E = E0 <1 +I']); 

Po = " " " " 

(2.9) 

<2.10) 

<2.11) 

In terms of the variables x, z, s, <1 the eqns. < 2. 2) for the fields can be 

written as 

<2.11a) 

'''""''"''''""'''' .. ,. .. , .. 'I'"'""'""'~''"''''"'' ''''" ''I ''"'"' " I"" "" ' ' "''' "'" ''" "' '" ~"" "- '"' "' '"""'' "' '"'"" I 1''1"""'"'""' • ,. "'"' ''"''' ' 
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Bx 
! f j)_ 

<h·A8 ) - _()_ 
Az 

\ 
~ \ f h az as 

Bz 
t { a 

Ax 
a 

<h·l\8 ) } <2.11h) ~ . -
h os ax 

Bs 
(l 

Az - () 
Ax ~ 

ox ()z 

where 

h = 1 + Kx . X + Kz . z 

Since vector potentials will not appear in the final equations of motion, we 

may use any form for the vector potential that leads via (2.11> to the correct 

fields for the various magnet types. 

We will assume here that the ring only contains quadrupoles, dipoles, sextu

poles and cavities. The vector potentials suitable for describing these ele

ments are: 

a) Cavity 

b) 

. £II £(s,o) ~ V<s> • sin [k • • o + ~] 
L 

1 

f3o 
-~ • V<s> • cos [k 
k· 211 

£TI • o + ~] 
L 

Quadrupole 

Kx ~ Kz ~ 0 ; 

Bx = z . (~a~" L ~z ~o 
Bz [aBz) X . 

ax x=z=O 

~ As ! C•Po . go 
Eo 2 Eo 

1 (z2 - x2) ~ Z (3 0 • g0 • (z2 - x2) 

with go ~ 
_e_ 
Po•C (

aB ) · 
axz x=z=O 

0 



c) Sextupole 

Kx - Kz -

Bx = X . z 

Bz 
1 (xZ 
2 

"'ith 

0 

. 

-

( (l2B2) 
(lxZ x=z=O 

zZ) . ( ()282) 
<lxz x=z=O 

1 (x3 - 3xz2) 
6 

(
0 28 ) 

• 'iJxZz x=z=O 

d) Bending magnet 

_e_ 
- • Bx = - Kz 
Po·C 

- 9 -

cpo __ 1 
- ~0 • \

0 
• ·

6 
(x3 - 3xz2) 

Eo 

e As = - _21 < 1 + Kx • x + Kz • z) 
P0 ·c 

The Hamiltonian <2. 9) can then be "'ritten in the form 

2 
"'2 """2 
Px + Pz 

1! "' Per - < 1 + Kx x + Kz • z) • ~0 • f<pcr> + 1 + f<pcr> 

1 z 
+ 2 ~0 

+ ~~ • \ 0 • ~ (x3 - 3xz2) 

L + -
k·27T 

eV(s) • cos[k • 2n • cr + ~] 
E0 L 

<2.12) 
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with 

Pcr = Tl 

= T)<s> - ill! 
Po 

<see eqn. 2.10) <2.13) 

1 2 (a constant term, (- 2 ~0 ), in the Hamiltonian, which has no influence on the 

motion has been neglected) 

For the equations of motion we now have 

A 

x' 
())( .1_ Px <2.14a> = = A 

~~ 1 + f(pt1) <lpx 

A> - ())( ~~ z 
Px = = . <Kx + go> . X <lx 

- .! ~z 
.2 0 • Ao . <xZ - zZ) + Kx . ~~ . f<pcr> (2.14b) 

A 

z' ())( .1_ Pz 
<2.14c> = = 

<lpz ~~ 1 + f(pt1) 

A> ())( 
- ~g z 2 xz + K2 ~g f<pcr> ; (2.14d) Pz = . <Kz - go> . z + ~0 . Ao . . . 

()z 

<1' = 
())( 

= 1 - <1 + Kx . x + K2 
. z> . ~~ . f' <pcr> 

<lpt1 
A2 A2 

_L Px + Pz 
f'(pt1) <2.14e> 

2~g 
. 

[1 + f<pcr>JZ 

' ())( eV(s) 
sin[k 211 

<1 + <p] <2.14f) Pcr = = . . . 
0<1 Eo L . 
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Remark 

In equ. <2.14) the first four equations describe betatron oscillations and the 

last two synchrotron motion. Equation (2.14f) relates to energy conservation. 

Using equ. <2.14a,c>, <2.14e) can also be written in the form 

<J' = 1 - [ 1 + Kx • x + Kz • z + t ( x' 2 + z' 2) ] • ~~ • f' ( P<J) • ( 2. 15) 

This result can also be obtained directly from the defining equation for <J: 

With'-' 

dt = dt 
v 

<J = s - v 0 • t . 
' 

d<J = 
ds 

dt 
1 - Vo • ds 

dt = [1 + Kx • x + Kz • z + t <x'2 + z'2)] • ds + ••• . 

From eqns. <2.16, 2.17, 2.18) one then gets 

Vo 1 
<J' = 1 - v • [1 + Kx • X + Kz • z + z· (x'2 + ;z'2)] . 

This agrees with eqn. <2.15) since 

=..1_ 
~0 

(2.16) 

<2.17) 

(2.18) 

(2.19) 
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Equations (2.14) describe coupled synchro-betatron motion. The longitudinal and 

transverse coupling described by the terms 

and 

2 - < Kx • x + K2 • z) • (3 0 • f <Per) 

...L 
2(3~ 

""2 "'2 
Px + Pz 

1 + f<per) 

(3.1a> 

(3.1b) 

in the Hamiltonian (eqn. <2.12)) depends on the curvature of the orbit in the 

bending magnets and on the energy deviation of the particles. 

We now introduce dispersion (see later: eqn. (3.5)) 

~ ~ 

and replace the quantitites x, Px, z, Pz, er, Per by new variables x, Px• z, p2 , 

rr, Per which according to the definition of dispersion satisfy 

X = X- f<per>· D,_ 

Px = Px - f<per> • Dz (3.2) 

z = z - f<per>. D3 

Pz = Pz - f<per>. n .. 

This replacement 

can be achieved using the generating function 

F2 (x, z, er, Px• Pz, Per> = Px . [x - f<per> . D,_] + f<per> . Dz . X 

+ Pz . [z - f<per> . D3] + f<per> D.,. . z 

1 [D,_ Dz D3 D.,.] 2 -. + . f <per> + Per . er 2 
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with the result that: 

X = 
aF2 = X- f(p()") . D._ (3.3a> 
aj)x 

A aF2 f(p()") D2 (3.3b) Px - = Px + . 
ax 

z = 
aF2 = z - f(p()") . D3 (3.3c) 
apz 

A aF2 
f < l>O"> D.,. (3.3d) Pz = = Pz + . 

az 

- aF2 df(p()") 
(- Px•D,_ + x·D2 - Pz•D3 + z·D.,.} <3.3e> <1 = = <1 + . 

aj)G dp()" 

PG = 
aF2 = P<1 <3.3f) 
0<1 

( 3. 4) 

These in turn lead to eqn. <3.2>. 

On taking into account the defining equations for the dispersion in the general 

case of arbitrary velocity 130 (see eqns. <2.14)): 

' 02 

J 
D._ = 

13~ 
~ D~ 

2 D._ + Kx = -<Kx + go> . 
' - 13~ 2 

+ 13~ D2 = . <Kx + go> . D._ . Kx 
(3.5) 

' D.,. 

.} 
03 = 

13~ 
==:$ D~ = -<Kz - go> . 03 + Kz z 

' - 13~ 2 
+ 13~ D.,. = <Kz - go> . 03 . Kz ' 
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we have the new Hamiltonian <3.4): 

X ....L -z -z 
= . [px + P2 l 

2B~ 
+ 

+ 

X 

1 Bz 
2 0 

eV<s) 
Eo 

(- Px 

1 ,z 
2 PO 

. ( <K~ + go> . ){2 

_L_ cos(k . . 
k· 271 

D1. + X . D -2 

+ <Kz z -go> . z2J 

271 [a - df<per> 
L dper 

Pz . D
3 

+ z . D4 l] + <p} 

+ Per - B~ f <Per> 
_1_ 

([px + f<per> D2]2 . 
2B~ 

. 

+ [pz + f<per> D
4

]2} 
f<per> 

1 + f<per> 

+ B~ . ~Q. ui< + f<per> Di]3 6 

- .3 . [x + f<per> D,Hz + f<per> • D"J2} (3.6) 

In this Hamiltonian, the coupling term <3.1a) which arose from the orbit curva-

ture no longer appears. Instead, there appears a term for the cavities 

A 
eV< s) _L_ cos(k 271 [rr - df <Per> 

= X 
Eo k•271 L dper 

X (- Px·D"- + X•D2 - Pz•D" + z·D.,.> + <p]} 

representing a coupling between the longitudinal and transverse motion which 

disappears if 

V<s> 

V<s> 

D., (s) V<s> 

D2 <s> = V<s> 

(- no ,dispersion in the cavities>. 

If the term, A, and the function f<per> in equ. <3.6) are developed as a power 

series in er and Per respectively <see (2.10), <2.13)), then we obtain 

(--L-- • cos<p - er·sin<p - 1 erZ 
k·271 2 

k·271 L • cos<p ± • • • } < 3. 7 a) 
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_1_ 
P<T -

ll~·Y~ 
1 -z z P<T :1: ••• (3.7bl 

In this expansion the first (constant) term in A has no influence on the motion 

and the second term vanishes since sin~ = 0 Cno energy uptake in the cavities 

for protons). Thus, the Hamiltonian 7C can be separated into three uncoupled 

oscillation modes 

7Cox 
_L -z 1 ll2 CK2 + go> ;cz = 
21l~ 

Px+ 2 0 X 
. C3.8al 

7Coz 
_L -z 1 ll2 2 ;;z = 
21l~ 

Pz + 2 0 
. <Kx - go> . (3.8bl 

7(0<1 
_L -z [ <Kx D._ + Kz 03) - \J = 
21l~ 

P<T . . 
Yo 

1 eVCsl . k . 211 . cos~ . ;:;.z 
2 Eo L C3.8cl 

and a <small> perturbation term 7C._ 1o1hich contains the remaining terms: 

(3.8) 

7C0 x, 7C02 , 7to11 describe linear oscillations in the x, z ,_ <1 directions respecti

vely and the term 7C._ describes a <small> perturbation. 

The components 7C0 x, 7C02 , 7C011 have the general form 

7Coy = t F<s> p~ + t GC s) • yz (3.9) 

Cy- X, z, <1) • 

and from the transfer matrix ~(s+L,sl resulting from this unperturbed Hamil

tonian: 

__ [ cos 211 Oy + aCsl ·sin 211 Oy 
~<s+L,sl 

- y<s>•sin211Qy 

ll<sl·sin2110y l 
cos 211 Oy- <X( s l • sin 211 Oy 
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we can extract the Twiss parameters a, ~. y. The motion can then be represented 

in the form7 > 

y<s> = ./2 • ~<s> • I
1 

• cos [t<s> + t 0 ] 

.J 2I
1 

{ } ~(~) • sin[t<s> + t 0 ] + a(s) • cos[t<s> + t 0 ] 

<3.10) 
Py(S) = 

with I = ! • [ y • y2 + ~ • ~ + 2 a • PyY] = const. (3.11> 

Eqn. ( 3.11 > predicts that for all three modes y and Py lie on an ellipse and 

that the equation for the ellipse is s dependent and periodic. As pointed out 

in the introduction these properties provide a way of using the motion in the 

phase plane for recognizing linear motion. Perturbations to the linear motion 

can then be characterized by their influence in causing distortion of the ori

ginal ellipses. 

The linear oscillation modes can only be discerned when the theory is written 

in terms of the variables x, Px· z, Pz· a, Pu· Nevertheless, the equations of 

motion are easier to solve when written in terms of the original set x, Px• z, 
A 

Pz• u, Pu· This is the subject of the next section. 

Remarks: ----

1> If the quantities <Kx • D~ + Kz 

in (3.8c) are replaced by their 

• 0
3

) in <3.8c) and eV<s> • k • 2n • cos q> 
E0 L 

K = 

and 
Q2. 

(K -

X0 u takes the form 

~~ 
= k 

_!_) 
2 

Yo 

=- ...L 
2~~ 

. 

averages 7 > 

<momentum compaction factor) 

211 ! Js0 +L _ eV<s> . cos q> • ds . 
L L so Eo 

p~ • (K -
Q2 • ~~ 

_!_) 
2 

Yo 
(K -

(3.12a) 

(3.12b> 

(3.13) 
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The canonical equations are then 

dcr 3Hocr Pcr 
(K - ..1._) = + --- = - . 

ds ~~ 2 
3pcr Yo 

dpcr 31locr eV<s) 
k 

211 

or 

where Q2 = 1 
L 

= ds = 
acr 

ct2cr = 
ds2 

Jso+L - eV(s) 
ds • --

so Eo 

. . . cos<p 
Eo L 

• k • 211 
L • cos<p • 

<3.14a> 

. ()" (3.14b) 

<3.1Sa) 

(3.1Sb) 

• (K - (3.16) 

From eqn. <3.1S> it follows that the synchrotron oscillations are stable only 

if 

Q2 ) 0 (3.17) 

For protons <eV<s> > 0) with sin<p = 0 <no energy uptake in the cavities> this 

corresponds to the usual conditions 

<p = 0 for 

<p = 11 for 

2> According to eqn. (3.10> 

1 
K) z 

K ( 

Yo 

..1._ 
2 

Yo 

(above 11transition11
); 

<below "transition") .. 

y2 + [a<s> • y + ~<s> • PyF = 2 I • ~ <s> . 

h 

If instead of Py one uses the variable Py' 

h 

Py = «(s) • Y + ~(s) • Py 

the trajectory in the <y, Pyl-plane is a circle: 

2 "'2 = y + Py 2 I • ~< s > • 

(3.18) 

<3.19) 

(3.20) 

(3.21) 
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3) In defining the linear oscillator Hamiltonians X0 y, Xoz• X0 a only the fac

tor a2 vas extracted from the term a2 appearing in eqn. <3.7a). 

It is of course also possible to take into account further quadratic terms 

in a2, namely 

.1.. <px . D,_ - X . 02)2 for X ox 
~~ 

.1.. <pz 
~~ 

. D3 - z . D,.>2 for Xoz 

so that X0 y takes the more general form 

1 2 1 
= 2 F<s> • Py + R<s> • y • Py + 2 G<s> • y2 . 

As vas shovn in Ref. 7, this also leads to equations of the form <3.10> and 

(3.11> so that the motion in the <y, Py>-plane can be still described by phase 

ellipses. 

4) For ~0 ~ 1 (ultrarelativistic particles> f<pa> becomes <see eqn. (3.7b> 

In this case the transformation formulas (3.3) take the same form as used in 

Ref. 6. 
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4. Solution of the equations of motion 

As pointed out above, the equations of motion are most easily solved in terms 
A A 

of the variables x, Px• z, p2 , 6, p6 . 
- - -The variables x, Px• z, p2 , rr, p6 can then be calculated using eqns. (3.3) and 

the dispersion. In particular eqn. (3.3e) can be rewritten as: 

( 4.1) 

In the following we give the solution of the equations of motion <2.14) and of 

the dispersion equation (3.5) for various types of magnets and for cavities. 

4.1 Quadrupole 

The equations of motion are 

x' = .1_ 
13~ 

<4.2a> 

A> 

- 13~ Px go . X (4.2b) 

A 

z' ..1. Pz 

13~ 1 + f( Prr> 
<4.2c) 

A> 

13~ Pz ~ go . z (4.2d) 

rr' 1 - 13~ 
df(p6 ) - 13~ df<p6 > 

[<x')2 + (z' )2) ~ . . 
dp6 2 dpcr 

( 4.· 2e) 

' Pcr 0 . (4.2f) 

From eqn. (4.2f) we have 

( 4. 3) 

If we write the solution as 

... ... 
y<s> ~ ~(s,O> y<O> ( 4. 4) 
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with 
... yT = <x, x'' z, z' l ( 4. s) 

A 

~~ Px = [1 + f<pcr>] x' 

<4.6) 
A 

~~ [1 + f<pcrl] z' Pz = . . 

and introduce 
go 

( 4. 7) g = 
1 + f<pcr> 

then eqns. <4.2a,b,c,dl give: 

a) g > 0: 

11,_i<s,Ol = cos(./g • sl ; 

11,_ 2 <s,Ol 1 sin(./g • sl = Jg" ; 

Hzi<s,Ol = - ,rg. sin( ,rg • sl 

H22 (s,Ol = cos<./g· sl ; 

H3 i<s,Ol = cosh<./g·· sl ; 

H32 (s,Ol 1 sinh<./g· s) = rg· 
H.,.,<s,Ol = ./g· sinh<.Jg • sl 

H42 (s,0) = cosh<.Jg • sl ; 

b) g < 0 

H.,_i<s,Ol = cosh</lgT . sl ; 

11,_ 2 <s,Ol 1 sinh<JTgi sl = ./1 g I 

H2 .,_(s,Ol = JTgT s.inh</lgT sl 

H22 (s,Ol = cosh<JTgi • s) ; 

H3 i<s,Ol = cos<!"i"if . sl 

H, 2 <s,Ol = .J I~ 1 sin< ,ngf sl ; 

H4 i(s,Ol = - ,ngf sin(./TgT • sl 

H.,.2 <s,Ol = cos<./TgT . s) . <4.8bl 
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> Finally from eqn. (4.2c) (for g < 0) we have: 

C1(S) = C1( 0) + s 2 [1 - f3o • 

~ • (3~ • 

{x'Z(O) • [s + H,_,_<s,O> • H,_
2

(s,O>] 

{x<O> • x'(Q) • H,_ 2 <s,O> • H2 ,_(s,0) 

+ z<O> • z'<O> • H34 <s,O> • H~3 <s,o>}.<4.9> 

The dispersion obeys the equations (see eqn. (3.5) 

' Dz 
D,_ = 

(3~ 

' (3~ Dz = - . go . D,_ 

' D4 
D3 = 

(3~ 

and has the solution: 

a> g0 > 0 

D,_<s> D,_<O> cos<.Jg,; s> + 
D2 <0> 

sin<.Jg,; • s> = . . z . 
f3o • ,/go 

H D2 (s) = - D,_<O> . (3~ • rg;; sin(.Jg0 • s> + D2 <0> . cos<.Jg,; . s> 

D3 <s> D3 <0> cosh<.Jg,; s> + 
D4(0) 

sinh<.Jg0 • s> = . . . 
2 

f3o • ,/go 

D~<s> = D3(0) . (3~ . rg;; • sinh<.fgQ • s> + D4 < 0 > . cosh<.fgQ • s> <4.10a) 
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bl go < 0 

D
1

<sl D
1

<0l cosh<,ng;;T sl + 
D2 <0l 

sin<~ • sl = . . ; 
~~ . ~ 

D2 <s> = D,_<Ol . ~~ . ~ sinh<~ . sl + D2 <0l . cosh(~ . sl 

D
3

<sl D
3

<0> cos<~· sl + 
D4 <0> 

sin(~· sl = . 
~~. ~ 

; 

D
4
(sl - D

3
<0l 2 

·~· sin<..rrg;;T' • sl + D4 <0l cos(~ • sl = • ~0 . 

From equ. <2.14) we have 

A 

x' 1 Px 
= 

~~ 1 + f<pc:r> 

A' 

- ~~ K2 Px = . X X + Kx . ~~ . f<n~> • v 

A 

z' .1. Pz 

fl~ 1 + f<pc:rl 

A 

- ~~ K2 Pz = . z z + Kz . ~~ . f<pc:rl 

c:r' 2 df(pc:r> { 1 } 1 - ~o • • <1 + Kx•X + Kz•Zl + 2 [(x' )2 + (z' )2],; 
dpc:r 

' Pc:r = 0 . 

From (4.11fl we obtain 

Pc:r<sl = Pc:r<O> 

and to solve eqns. <4.11a,b,c,dl we write 

-> y<sl 
-> .. 

M<s,Ol y<Ol + q 

-> 
yT = (X, X' , Z, Z' ) 

(4.10bl 

<4.11al 

<4. Ubl 

(4.11cl 

(4.11dl 

<4.11el 

(4.11f) 

<4.12> 

<4.13) 
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and obtain 

ML1. ( s' 0) ~; cos (Jr.::; • s) j 

sin( ./Gx' • s) 

~ - .JGX · sin<JGx' • s) 

= M1..1-(s,0) 

~ cos<JG:; • s) ; 

M,..,<s,O> 
1 

~ ,.,..--. • sinUG2 ' • s) 
"Gz 

- ./G2 ' • sin<JG:; • s) 

qj_ ( s .o) _1_ 
f ( p<1) . [1 - cos<./Gx' • s)] 

Kx 

q 2 (s,0) ~ 

./Gx' 
f(p<1) . sin<.J'G:; • s) 

Kx 
; 

q 3 <s,O> = 
_1_ 

f ( p<1) . [1 - cos(./G2 ' • s)] 
Kz 

q .. <s,O) = 
./Gz' 

f(p<1) . sin<./G2 • s) 
Kz 

.<4.14) 

with 

Kz 
Gx 

X 

1 + f(p<1) 
<4.15) 

Kz 
Gz 

z 
~ 

1 + f(p<1) 
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Finally from (4.11e>, a<s> can be written as: 

a<s> = a<O> + s • [1 - ~~ 

2 
- ~0 • • {Kx • x<O> • H~2 <s,O> + Kx. x'(O) 

Gx 
[1- ~~<s,O>] 

- ~~ 
2 

+ Kz • z<O> • Ha
4

<s,O> + K • z'(O) • [1- ~3(s,O>] z Gz 

{~ • [s- ~~<s,O> • 11,_ 2 (s,O>] x 

- 2x<O> • 

+ t • [s + H~~<s,O> ~2 (s,O>] • x'2<0> 

+ 1 
2 

+ 1 
2 

1 x [-x<O>·x'<O> + x'<O> • ~ • f<pa>l 
X 

. [s - H
33

<S,O> H34(s,O>] x 

x [z2(0) • Gz 
Gz 

f2<pa> - 2z<O> +-. 
Kz z 

. [s + H33 (s,O> • H
34

(s,O>] • z'2(0) 

. 

x [-z<O> z'<O> + z'<O> • i • f<pa>l} 
z 

Gz 
f<pcr>] . 

Kz 

(4.16) 
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By eqn. (3.5) the dispersion obeys the equations 

' Dz 
D~ = 

fl~ 

' - fl~ K2 2 
Kx Dz = . D,_ + flo . X 

' D., 
D3 = 

fl~ 

' - fl~ Kz D., = . z . D" + fl~ . Kz 

and has the solution 

D3 <s> 

D., <s) 

= D,_ < 0 > • cos< I Kx I • s > + 

+ ..1. • [ 1 - cos< I Kx I • s > ] ; 
Kx 

• sin( IKxl • s) + 

2 
=- D,_ <O> • flo • IKxl • sin( IKxl • s) + D2 (0) • cos< IKxl • s> + 

D.,<O> 

fl~ • IK2 1 

+ ..1. • [ 1 - cos< I Kz I • s >] ; 
Kz 

+ 

2 
=- D3 <0> • flo • IK2 1 • sin( IK2 1 • s) + D_,<O> • cos< IK2 1 • s) + 

IK2 1 
+ ---- • sin( IK2 1 • s) 

Kz 
(4.17) 
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4.3 Sextupole 

The equations of motion in a thin lens sextupole are 

A 

x' ..L Px 
= 

ll~ 1 + f(p()") 
<4.18a) 

M - 1. 1!2 Px = 2 0 
. Ao . (x2 - z2) (4.18b) 

A 

z' ..L Pz 
= 

ll~ 1 + f(p()") 
<4.18c> 

M 

+ ll~ Pz = Ao . xz <4.18d) 

cr' 1 - fl~ 
df(p()") - fl~ df<pcr> 

[<x' )2 + (z' )2] = . . 
dp()" 2 dpcr 

<4.18e) 

' Pcr = 0 <4.18f) 

with 

\(s) = (4.19) 

and have the solutions 

x<s0 + 0) = x<s0 - 0) 

A 

x' <s0 0) x' <s0 
A (x2(s0 0) - z2(so 0)] + = - 0)- - . - -
2 

z<s0 + 0) = z(s0 - O> 

A 

z'(s0 + 0) = z' <so - 0) + A . x<s0 - 0) . z<s0 - 0) (4.20) 

For the dispersion we obtain <eqn. <3.5)): 

(4.21) 
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For a pointlike cavity with 

V<s> = V • o<s - s 0 ) 

the equations of motion are 

A 

x' .1._ Px 
= 

~~ 1 + f<pa> 

A> 

Px = 0 

A 

z' .1._ Pz 
= 

~~ 1 + f<pa> 

A> 

Pz = 0 

a' 1 B~ 
df<pa> ~~ df(pc1) 

[<x')2+ (z' )2) = - . 
dpa 2 dpa 

A 

' eV sin[k 211 
<p] J o<s - so> Pa = . a + 

Eo L 

From equ. (4.22e) and (4.22f) we obtain 

a<s0 + O> = a<s 0 - O> 

A 

= Pa<s 0 - 0) + eV • sin[k • 2
L
11 • a<s0 - 0) + <p] 

Eo 

and from equ. (4.22a) and (4.22b) we find 

_<!. {[1 + f(p >J • x'} = 0 ds a ~ [1 + f<pa>J • x'<s> = const. 

Then by recalling the relation 

(4.22) 

<4.22a) 

<4.22b) 

<4.22c) 

<4.22d) 

<4.22e> 

( 4. 22f) 

<4.23a> 

(4.23b) 

<4.24) 
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we get: 

[1 + ll<so +OJ) . x' <s0 + 0 J = [1 + ll<s0 - OJ l . x' <s0 - OJ 

1 + ll<s0 - OJ 
==* x'(s

0 
+OJ = . x' <s

0 
- OJ 

1 + ll<so + OJ 
<4. 25aJ 

Correspondingly, from eqn. <4.18cJ and (4.18dJ we find 

z' < s 0 + 0 J = 
1 + ll<s0 - OJ 

· z' < s 0 - 0 J • 
1 + ll<s0 + OJ 

<4.25bJ 

Furthermore, from (4.22aJ and (4.22bJ we also have 

x<s0 + OJ = x<s 0 - OJ <4.26aJ 

z<s 0 + OJ = z<s 0 - OJ . (4.26bJ 

Finally, for the dispersion (eqn. (3.5JJ: 

<4.27J 
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S. Summary 

I 
We have investigated the motion of protons in a storage ring of arbitrary ener-

gy E0 <below and above transition energyl. Two different ways to describe the 

motion of the particles have been presented: 

al The fully six-dimensional description of the motion with the canonical va

riables x, rx, z, pz, o = s - v0 • t, ~ = 6E/E0 = p0 . 

bl The dispersion formalism with the variables x, Px· Z, Pz, cr, Po defined by 

eqn. (3.3). 

After using the fully six-dimensional description to derive the Hamiltonian 

and the canonical equations of motion, the dispersion function is introduced 

via a canonical transformation so that the symplectic structure of the equa

tions of motion is completely preserved. The coupling in the synchro-betatron 

oscillations now appears in the cavities and vanishes if the dispersion in the 

cavities is equal to zero. In this dispersion formalism it is possible to define 

three linear uncoupled oscillation modes. 

The equations of motion are solved by using the fully six-dimensional descrip

tion. 

For studying the influence of perturbations it was shown that it is useful to 

describe the motion by the variable x, Px, Z, Pz, cr, Po (dispersion formalism). 

In this case, the linear oscillation modes are described by phase ellipses and 

perturbations are characterized by deviations from these phase ellipses. 

To avoid linear perturbations we have assumed that the ring only contains 

quadrupoles, bending magnets, cavities and sextupoles. 

The Hamiltonian 1C in section 3 can be used as the starting point for a non

linear theory of coupled synchro-betatron oscillations for protons with arbi

trary velocity7 '. 

The solutions given in section 4 can be used as the basis for a nonlinear 

tracking program for protons with arbitrary velocity <see e.g. Refs. 2,3,4). 
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