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Abstract 

We demonstrate the applicability of 4-dimensional spin methods to the calculation of 

higher order QCD radiative corrections. These new techniques can lead to substantial sim­

plifications of radiative correction calculations. 
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1 Introduction 

With the completion of the high energy accelerators TRISTAN, TEVATRON and SLC and the planned 
conunissioning of LEP and HERA in the coming years one expects large data samples on jet production 
to become available in the next few years. The interpretation of these jet events and their polarization 
dependence within QCD reqmres the calculation of a large number of higher order QCD corrections. 
Up to now the favoured method to calculate QCD radiative corrections is by means of dimension! 
regularization. Since the necessary calculations using dimensional regularization techniques are tech­
nically and algebraically qillte involved [1,2,3] one would like to develop simpler methods to do the 
radiative corrections. 

In the last few years new techniques have been developed using 4-dimensional spin techniques 
to dramatically simplify tree diagram calculations in massless QCD and QED. Among these are the 
use of helicity methods [4], use of the two-component Weyl formalism [5] and the exploitation of 
supersymmetry relations [6]. It would be highly desirable to use these simple and compact tree 
level expressions along with their one-loop counterparts as input integrands in radiative correction 
calculations. Not only are the ensiling integrands shorter and easier to calculate, but also the structure 
of the integrands can be analyzed and interpreted more easily in terms of their 4-dimensional spin and 
helicity content. Also, when using helicity techniques, one can organize the singularity structure of 
cross section expressions quite efficiently. Once the radiative correctio'ns have been done for the spin­
averaged cross sections the radiative corrections to polarization type observables con be performed 
without much additional effort. Also the inclusion of parity-violating and polarization effects involving 
Is or the antisymmetric tensor <a(3~8 is qmte straightforward since the spinor and tensor algebra is 
done in four dimensions. 

Such a program can be realized within the dimensional reduction scheme proposed by Siegel [7] : 
Spin degrees of freedom are kept fixed in four dimensions whereas the momenta (and derivatives) are 
continued from four to n dimensions. This allows one to use the usual dimensional regularization 
techniques to regularize ultraviolet (UV) and infrared/mass (IR/M) divergencies in scalar integrals 
after the spin algebra has been done in four dimensions. 

Although dimensional reduction has some formal inconsistencies [8] in connection with /s, the 
scheme can be used as a working prescription to cB.!culate Feynman diagrams when proper care is taken 
to circumvent the formal inconsistencies. This is not difficult in practise. In fact, the dimensional 
reduction scheme has been succesfully applied to the two-loop calculation of Ward identities [9], the 
axial anomaly [10], and anamolous dimensions [11,12]. 

In this paper we show how to apply dimensional reduction to the calculation of one-loop level 
radiative QCD ( and QED ) corrections to physical cross sections. To our knowledge this has not been 
discussed in the literature before. This requires the knowledge of the appropiate counter terms that 
result from the UV divergent wave function and vertex renormalization graphs. These global counter 
terms are identified and calculated. After addit.ion of these counter terms the radiatively corrected 
cross sections calculated in dimensional reduction agree with the dimensional regularization result. 

As an illustration we have recalculated the 0( a;) radiative QCD corrections to c+ e- --> qijG within 
the dimensional reduction scheme including the appropiate counter terms. We have explicitly verified 
that. the result agrees with the dimensional regularization result calculated in [1]. We briefly comment 
on characteristic differences of the two schemes at intermediate steps of the calculation. 

2 Regularization by dimensional reduction 

The idea of dimensional reduction is to only continue ton of 4 dimensions coordinates'"" and momenta 
p..,, while leaving all other tensors and spinors in four dimensions. In particular, the gluon field 
G.., and the Dirac spinors are left with four components and the algebra of 1-matrices is unaltered. 
Dimensional reduction is defined by decomposing 4-dimensional space into the direct sum of n- and 
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( 4-n )-dimensional sub spaces 2 · 

4=nel(4-n) ( 1) 

This is realized by correspondingly splitting then-dimensional metric tensor according to (n = 4- <): 

The orthogonality Eq. (1) then reads 

(n) 
g/J-1./--:--

g(n)"e = n 

(n) Q g(<) - 0 g p 01-'-

~(<) ·= g(<)~(4)v t 
11.1. • 1_a, 1 e c. 

( 2) 

(3) 

(4) 

Dimensional reduction is then arrived at by postulating that the 1" (p") of the lagrangian density and 

thereby of the Feynman rules obey 

(5) 

z.c. 

Thus, the Dirac algebra remains in four dimensions yielding Feynman rules which are formally the 

same as in four dimensions. In particular, the gauge field propagator is -ig~;} / k2
. On the other hand, 

all n1on1enta becon1e n-di1nensional allowing for (loop and phase-space) integrations inn din1ensions. 

For example, synunetric integration transforms k,...kv momentum integrals into g~~). One must,of 

course,carefully distinguish between the different metric tensors. 

It. is well known that dimensional reduction becomes inconsistent as soon as 15 comes into play. 

However, we will never have to calculate any parity odd trace. Instead we calculate p.v. cross sections 

via helicity amplitudes [13] 3 • 

Corresponding to the decomposition Eq. ( 1) we split the 4-dimensionallagrangian density [ into 

( 6) 

where £(") is the lagrangian density of ordinary dimensional regularization. Remembering &t'1 = 0 

we find that £('1 contains <-dimensional gluon fields cL'1 besides the n-dimensional gluon fields cL"1 

( G" = cL"1 + cL'1 ). the n-dimensional derivatives and the 4-dimensional quark fields q. The <·parts 

'" = G~,'l of the (4-dimenmsional) gluon field Ge are called <-scalars (under the Lorentz group inn 

dimensions). £(<)contains the <-propagator and its couplings G(n)c;(nla, 4<. G(n)EE and qq<. Thus£(<) 

describes the interactions oft-scalars. which are not present in the- usual procedure. and originates all 

difference~ be-tween the ordinary dimensional regularization and dimensional reduction. Separating 

the E-scalar contribution frorn L is only of "academic" interest as a comparison of the two rnethods~ 

namely to determine minimal subtraction (MS) within dimensional reduction (see below). In practical 

computations with dirnensional reduction we operate of cours€' totally with .C since otherwise the 

technical advantages of dimensional reduction would be lost. 

We now adjust the dimensional reduction MS scheme in such a way that the UV poles and the 

finite terms they induce are the same as in usual dimensional regularization. Supposing that we 

2 This decomposition is based on the requirement that 1 · p 1 · p ~ p2
, where p,_.( J,..) is n-dimensional ( 4-dimensional). 

3 lt is also known that dimensional reduction can. lead to computational ambiguities even without the presence of 

/'S· It is the calculational algorithms used by algebraic computer programs that can originate these ambiguities [14]. 

However, when performing the Dirac algebra before doing the integrations, every manipulation is perfectly unique. In 

other cases one can easily modify the computer algorithms to prevent ambiguities. In addition the latter can show up 

first. in two loops including 10 or more ")'-matrices. 
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Figure 1: One loop diagrams for coupling constant renormalization 
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only have an lTV divergent amplitude we clearly get the same (fin.ite) result in both methods. Once 
the dimensional reduction renorrnalization contributions are established up to one-loop, dimensional 
reduction can be used with great advantages for all one-loop calculations. Ill case where UV and 
IRjM singularities are simultaneously present we handle the UV realm as mentioned above. Since the 
IR/M poles cancel between virtual and real diagrams all remain.ing differences between dimensional 
reduction and dimensional regularization drop out at the end 4 • · 

In order to d.eterrn.ine the difference between dimensional regularization and dimensional reduction 
in the UV realm we calculate the UV divergencies that arise at one-loop order. The corresponding 
Feynrnan diagrams (including their correct weights) are shown in Fig. 1a-e, called qqG, 3G, z., Nc­
part and Nrpart of ZG, respectively: Here Nc (Nt) denotes the number of colours (flavours) and 
CF = (N~- l)/(2Nc)· To allow for a comparison with usual dimensional regularization we also need 
the finite contributions corn.ing from the UV part of the n-dimensional integrals. The results are as 
follows 5 

: 

colour j 
flavour 

2CF- Nc 

Nc 

2CF 

Nc 

reduction 

qqG 

(1- ~ hl•l ~ -/'1 2 0 ' 0 

3G 

(3 + §h),•l- ,),•1 

z. 
_,),•1 

ZG 

( * - ~ hi41 
+ hi'1 

ZG 

(-~ + ~hi41 - hi'1 

regu.larization 

qqG(n) 

(1- c)-y~n) 

3G(n) 

3 (n) 
Ia 

z. 
( -1 + ~ hi"1 

Zc!n) 

U'· ~ ..'_ hln) 
3 ' 18 ° 

ZGI•I 

(- ~ + ~ )-y),n) 

<-operator €- scalar 

qqc qqG(n) 

2 (<) 
/a !/In) 

2 a 

G€€ 3c(n) 

2 (<) 
/a ' In) 

2l'a 

z. z. ( 7) 

(') 
-Ia ' (n) 

~21'o 

z, ZGI•J 

2 (<) 
/o ' (n) -61'a 

Z, ZGI•I 

I, I 
-!o 0 

In Eq. (7) we have left out a common factor ( -igtA )a,j( 47rc) where tA are the SU(3) colour matrices 6 . 

4 up to collinear initial state singularities which, however, can be absorbed into the initial state parton distribution. 
"To complete the prescriptions Eqs. (2-5) for computing with dimensional reduction we mention that Lorentz invari­

ance onl1 applies to the n-dimensional parts. We thus get additional quantities in a covariant expansion. E.g. besides 
"''JJ. =: ;~4 we also get "'/~n) or ~~f), respectively. This is technically clear since symmetric integration on kJJ.k" also produces 
g~•;)-terms which in turn transforms'"'" into ~~n) via Eq. (2). 

6 We have also left out terms of order €
2 since they can be neglected up to onewloop accuracy. 
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The column denoted by "reduction" gives the respective UV poles and the finite parts which they 
induce within dimensional reduction. The third column gives the UV content of standard dimensional 
regularization. The last two columns originate from£(<). 

The entries of the "reduction" column can be seen to equal the sum of the last three columns 
(row by row). Therefore the last two columns account for the difference of dimensional reduction and 
dimensional regularization. Of course, this is nothing but the realization of Eq. (1) to one-loop order. 
For reasons that will become clear below we have separated off the £(<) contributions and refer to 

~~~;)_terms as £-operator contributions. 

In standard dimensional regularization the MS renormalized amplitude is arrived at by subtracting 
the UV poles. They are given by the (true) UV poles of the "regularization" column. In order to 
match the results of dimensional reduction with those of usual dimensional regularization we have 

to subtract both the (true) lTV poles of column three and the (total) contributions of the last two 
columns. Note that the contribution of this dimensional reduction counter term (by counter term 

we denote the negative of the UV-terms which have to be subtracted in MS; thus counter terms are 
added) is most easily calculated by first performing all contractions within the trace and then doing 
the trace. 

Let us collect the results for the dimensional reduction counter terms as they can be used for 

practical calculations. It is most convenient to write them as follows (again supressing a factor 
( -igtA) a,/ ( 4r.e) ): 

qqG 3G Zq ZG ZG 
Nc- 2Cp -Nc -2Cp -Nc -Nt 

(1 + ~ )1!.~ 1 (3+ ~ )1).•1 (-1-~)JJ.•I (~- ~)1!,•1 z ( 4) 
- 3'i'o 

(8) 

+ (<) 
Ia 

(') 
-]a +hi'1 I (') 

-3'Yo 

We also quote the sum T~' .of the counter terms: 

T" a (9) 

We stress again that, when using the counter term Eq. (9), calculations within dimensional reduction 

and usual dimensional regularization give the same results in the UV realm. Therefore the coupling 

constant a~~9 of standard dimensional regularization has to be used in Eq. (9). In the next section 
we present an explicit example how these counter terms are used within din1ensional reduction. 

Up t.o now we have presented a direct construction of the lTV counter terms of dimensional re­
duction. To give an interpretation of these counter terms we derive them again in a more formal 

way. To this end we set up the minimal subtraction scheme (MS) for dimensional reduction. We first 

note that local gauge invariance is valid only for then-dimensional gauge field G~n) (Ge =' G~n) + <el 

since 8~<) = 0. Thus G~n) are the true gauge particles. Consequently, the Ward identities of gauge 

invariance only lead to the equality of the coupling constants for G~" 1 7
. The <-scalar couplings are 

renormalized indepmdcntly (coupling: qqe i qqG(n),3G(n) i G(n)G(n)< but 3G(n) = qqG(nl). Since 

our goal is only one-loop. we are not concerned with the renormalization of G("lee-couplings or any 

4-point coupling. We will therefore only consider the qqG(n) and qq< couplings. 

Since cLn) are the true gauge particles we split the ( 4-dimensional) lagrangian£ into three pieces 8
: 

£ = £"d + £"P + £r. C'd desribes the interactions containing n-dimensional ezternal fields cL"1, Lop 
desribes the coupling of (external) <-scalars and C contains the rest. We define the coupling constant 

7 i.e. for G~n) there exists a universal coupling constant in all orders of perturbation theory which we denote by 9ud· 

8 in contrast to Eq. (6) 
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of dimemional reduction as 9nd· the coupling constant at e.g. the qqG(n)_ vertex. We also define g, 

to lw the coupling constant of the qq<-vertex. Clearly, in lowest order, the two coupling constants are 
t-'qual and then' is no contrlbutlon coining fron1 ,er. 

Howewr. at the one-loop level, the qqG(n)_ and qq<-vertices are renormalized differently. They 
receive contributions coming from insertion of loops containing the full ( 4-dimensional) gauge field 
propagator (and the fermion propagator). Defining MS renormalization as the scheme where just the 

1· \"·pole> an· '" btrart ed, the contributions to g",d and g, correspond to the sum of the (true) UV poles 
of ( culmrm 3--colunm 5) and to the sum of colunm 4 of Eq. (I), respectively. Here we see explicitly 
that the <-scalar coupling is renormalized differently from the gauge particle coupling. We find (see 

also , ll ]): 

z, 

b 

·•z B J1. oO's,red 

·•z B f.J ((} S,t: 

l + b O.s,red 

2rr< 

1 + bE Gs,E 

27rt: 

11 2 
-Nc- -Nf 3 . 3 

2CF + 2Nc- Nt 

\Ve now postulate that the two renormalized couplings are equal: 

MS ! MS 
Ct s,red = 0 S,( 

\\e then ardve at the J\1S count.er tf'rnl T~Ed of dimensional reduction 

o·"f·"· 
( · lA) '·"'d -zg ---

4 7it: 
( -/n(n) __ b ,1•1) 
• IQ ( IQ 

( 10) 

(11) 

(12) 

( 13) 

We observe that subtracting the l'V poles (i.e. adding Eq. (13)). no' operator contribution survives 
and in addition we subtract the same (t.rue) tTY pole~ as in standard dimensional regularization. 

However. in Eq. (13) \Ve use Os.r·f'd v.·hereas in Eq. (9) there i~ ns.reg· ThE' difference' in the MS 
renonTializa.tion contributions t.o 9rtd and to the u~ual dimensional regularization coupling 9reg i~ just. 
tlw last colunm of Eq. (7). TheSE' are contribution> containing zntcrna1 <· scalar lines. Their (finite) 
sum arcounts for the difference between the two couplings g,.{d and 9r·~g t.o one-loop. VVriting 

we find 

Os.red = O:s.reg (1 + A~os.ng) 

k= 
Nc 

6 · 2rr 

(14) 

(15) 

Adding this term to Eq. (13), i.e. to the (true) UV poles of dimensional reduction, we again find the 
counter term Eq. (9): 

(16) 

3 An explicit example 

Let us now, for purposes of illustration, turn to a specific example, namely the calculation of the 
O(n;) corrections to e+e· ~ qijG within dimensional reduction. This example is sufficiently complex 
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to exhibit all the features that are necessary to calculate radiative corrections at the one loop level in 
dimensional reduction. 

We begin by de terming the counter term according to the contributions of Eq. ( 7) "- In terms of 
the Born term amplitude M{!a(Pq = PI,Pii = P2,PG = p3) defined by (sij = (p; + P;) 2; Jl = photon 
index, a = gluon index): 

B ( . A)-( ) ( PI+ h P2+ "' ) ( ) M,.a = -zgt U PI Ia 1,.- lp Ia V P2 
813 823 

(17) 

one finds for the counter term 

M" = MB,.'a' {(A+ B)g(4) g(4) + Cg(4) g(•) + Dg(•) g(4)} 
f./-0. J..if..l. 1 aa 1 1-LJ.l' acx 1 f.J,J.l 1 o:o:' (18) 

where 

A a, (~Nf- ~Nc) ~ 
4rr 3 6 E 

(19) 

B = - -Nc a, (1 ) 
4rr 6 

c a, ( 1 1 ) 2 - -Nf- -Nc + Nc - CF -
4rr 6 6 . c 
a, 2 
-(-CF)-
4rr c 

D 

A represents the counter term originating from 1i4
), B the £-scalar and C the <-operator contri­

bution at the gluon vertex, and D is the £-operator contribution at the photon vertex. Note that one 
has a counter term for the electro magnetic (em) vertex within dimensional reduction even though the 
Ward identities guarantee that the em vertex is lTV finite in dimensional regularization. 

We then fold the counter term amplitude M~~ with the Born term amplitude in order to obtain 
the counter term that has to be added to the hadron tensor. We obtain for the trace of the hadron 
tensor (x; = 2p, · q/q2 ,q =PI+ P2 + p3): 

(20) 

where B 4 = (~i + ~~J/((1- .ri )(1- ~,)). 
In order to display our normalization we write down the differential cross section fore+ r- ~ qijG 

for a quark with charge eq: 

= _1_ 4rra
2 
e' H ,. 

64rr2 3q2 q " 
(21) 

Let us now turn to the tree diagram contributions. For the dimensional regularization and di­
mensional reduction cases we obtain to O(y0 ) accuracy (where y denotes the invariant mass cutoff 

9 As usual the MS renormalized loop contributions are given by the sum of the MS counter terms and the loop 
calculation where the UV and IR/M-poles are identified. 
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.<;y yq 2
, and B' = x§/((1- x1 )(1- x2 )) ): 

(22) 

( !:'_+~+c) e2 E 

For the present discussion we are not interested in the explicit form of the contribution of the term 
(o;f 2 + b;c- c) that multilpies the respective n-dimensional and 4-dimensional Born terms. They 
Utn b(;' read off fro1n the corresponding expressions in [1 J if needed. Let us rather concentrate on the 
<liffereme tenm proportional to d and c. They survive after the singular terms in Eq. (22) have been 
camelled against the respective singular loop contributions. One finds: 

d -Cp- ~1VJ (23) 
6 

1 ' . 1 • (24) c --1\ J.,. -1\c 
6 6 

The difference term proportional to d that multiplies the Born term B 4 is determined by the difference 
of n-dimensional and 4-dimensional Altarelli-Parisi (AP) kernels. There is no difference in the AP 
kemels proportional to 1\'c which explains the absence of a Nc-term in Eq. (23). 

The difference term proportional to e does not have the Born term structure as Eq. (22) shows. 
Thi, contribution arises from the azimuthal dependence of the splitting functions G _, GG and 
(; - qy. The azimuthal dependence averages out for then-dimensional (4-dimensional) contribution 
n.ft E'f lJ · diJJH_'w-iona] ( ·l· dinwnsional) aziinut hal averaging. However, ~imensional reduction prescribes 
n·dinH:>ll"jonal c-tzimutha] avf:'raging of a 4-dinlensional matrix element which leads to the contribution 
inYnlYing tin Eq. (22). This nonE>-Born-term-like contribution can, however, be seen to exactly cancel 
t 1w c<.,rrt'~pmH]jng nonP- Born-term-like t--operator contribution form the gluon self energy contributions 
ill Eq. ! 2U 1. 

_-\_-,.a tina] step \H' have calrulat:ed thE> loop contributions within dimensional reduction (using 4-

dinH'nsional n1at.rix elernents ). Let us stress that one nef'd not keep track of the n-dilnen.siona}Jnetric 

tcu:-.or g~7) rE'sulting frorn synunetric intE:'gration if all n1anipulations related to the spin algebra (traces, 
contractions et.c.) ar(:' donE' btfon the n-dirnensional integrations. Then. after adding up the counter 

terms Eq.! 20). the tree contributions Eq. (22). and the loop contributions we obtained a finite result 
w hi<-h is in cmnplet f' agreement v.·it h t.lw dimensional rf'gulrizat ion result. in r 1 J. 
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