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Abstra
t

The ALLM parameterization of �

tot

(


�

p) has been updated by using all published

F

2

data to determine its parameters. The �t yields a �

2

/ndf of 0.97 for the 1356 data

points. The updated ALLM parameterization, ALLM97, gives a good des
ription of all

the available data in the whole x and Q

2

range studied so far (3� 10

�6

< x < 0:85; 0 �

Q

2

< 5000 GeV

2

).
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1 Introdu
tion

The ALLM (Abramowi
z, Levin, Levy, Maor) parameterization [1℄ is a parameterization for

des
ribing the total 


�

p 
ross se
tion, �

tot

(


�

p), above the resonan
e region in the whole Q

2

range, whereQ

2

is the negative of the four-momentum transfer squared of the ex
hanged photon

in ep intera
tions. It is 
onstru
ted so as to in
lude also the real photon (Q

2

= 0) 
ross se
tion.

There were two main reasons for su
h a parameterization. The pra
ti
al reason was that it was

needed for estimating a

eptan
e 
orre
tions and radiative 
orre
tions in the whole Q

2

region

for W

2

> 3 GeV

2

, where W is the 


�

p 
enter of mass energy. The theoreti
al reason was the

hope that it would shed light on the transition region between the soft and hard intera
tions

and their interplay.

The parameterization is based on a Regge motivated approa
h, similar to that used earlier

by Donna
hie and Landsho� [2℄, extended into the large Q

2

regime in a way 
ompatible with

QCD expe
tations. The data used to �t the parameters were all the F

2

measurements available

in 1991 together with the total photoprodu
tion 
ross se
tion data, whi
h were measured at

that time up to 
enter of mass energies of W � 20 GeV. In spite of the fa
t that the �t

used relatively high Bjorken x data and data of �

tot

(
p) at low energies, its predi
tions agreed

amazingly well with the new HERA data, both for real and virtual photon 
ross se
tions. This


an be seen in �gure 1 whi
h shows the total 


�

p 
ross se
tion as fun
tion of the 
enter of mass

energy squared, W

2

, for �xed Q

2

values [3℄. The 
urves are the ALLM parameterization whi
h

were �tted to the lower energy data (W

2

< 400 GeV

2

) and extrapolated to the �rst HERA

measurements. The predi
tions did very well for the photoprodu
tion data as well as for the

Q

2

> 30 GeV

2

region. However, at low x, in the intermediate 5 < Q

2

< 25 GeV

2

region the

predi
tions turned out to be higher than the data.

An attempt was made in 1995 to in
lude the �rst HERA F

2

data in the �t. The new

parameterization, ALLM-N [4℄, did somewhat better in the region of Q

2

� 10 GeV

2

, as 
an be

seen in �gure 2, but was not quite satisfa
tory in the low Q

2

region.

The purpose of this note is to des
ribe the results of a further update of the ALLM pa-

rameterization, to be denoted ALLM97, where all available published data of F

2

, in
luding the

very low x, low Q

2

data are used. As will be shown, this parameterization gives an ex
ellent

des
ription of all the data and 
an reprodu
e features like the slope in Q

2

and in x, where all

other parameterizations fail. It 
an be used in the whole x and Q

2

region above the resonan
e

region (W

2

> 3 GeV

2

).

2 The ALLM parameterization - a short re
ap

The proton stru
ture fun
tion is assumed to have the form

F

2

(x;Q

2

) =

Q

2

Q

2

+m

2

0

�

F

P

2

(x;Q

2

) + F

R

2

(x;Q

2

)

�

; (1)

where m

0

is the e�e
tive photon mass. The fun
tions F

P

2

and F

R

2

are the 
ontributions of the

Pomeron P or Reggeon R ex
hanges to the stru
ture fun
tion. They take the form

F

P

2

(x;Q

2

) = 


P

(t)x

a

P

(t)

P

(1� x)

b

P

(t)

;

F

R

2

(x;Q

2

) = 


R

(t)x

a

R

(t)

R

(1� x)

b

R

(t)

:

(2)

1



The slowly varying fun
tion t is de�ned as

t = ln

0

�

ln

Q

2

+Q

2

0

�

2

ln

Q

2

0

�

2

1

A

; (3)

where � is the QCD s
ale and Q

2

0

is a parameter.

The two s
aled variables x

P

and x

R

are modi�ed Bjorken{x variables whi
h in
lude mass

parameters m

P

and m

R

, interpreted as e�e
tive Pomeron and reggeon masses:

1

x

P

= 1 +

W

2

�M

2

Q

2

+m

2

P

;

1

x

R

= 1 +

W

2

�M

2

Q

2

+m

2

R

:

(4)

where M is the proton mass. The s
ale parameters m

2

0

;m

2

P

;m

2

R

, and Q

2

0

, allow a smooth

transition to Q

2

= 0 values. For large Q

2

, Q

2

� m

2

P

; Q

2

� m

2

R

, the s
aled x

P

and x

R

variables

approa
h Bjorken x.

Four of the six parameters in equation 2, 


R

; a

R

; b

R

and b

P

in
rease with Q

2

as

f(t) = f

1

+ f

2

t




(5)

while the remaining two, 


P

and a

P

de
rease with Q

2

like:

g(t) = g

1

+ (g

1

� g

2

)

�

1

1 + t

d

� 1

�

: (6)

There are altogether 23 parameters to be determined from a �t to the data. Note that

about half of the parameters are needed for the des
ription of the low W (high x) region where

higher twist e�e
ts are important.

The data used in the �rst �t (ALLM91) were all data available from the pre{HERA era,

whi
h resulted in 694 data points. These in
luded the low energy data of �

tot

(
p) [5℄, and the

F

2

data of the SLAC [6℄, BCDMS [7℄, and NA28 [8℄ 
ollaborations. The best �t to the data

had a �

2

/ndf=0.98.

As stated in the introdu
tion and shown in �gure 1, the predi
tions of the parameterization

ALLM91 to the �rst HERA data were in agreement with the measurements at Q

2

=0 and in

the higher Q

2

region. Though some of the low x parameters were 
onstrained by the NA28

measurements, the intermediate Q

2

region was not well des
ribed, mainly due to the fa
t that

the Q

2

dependen
e of the Pomeron inter
ept, �

P

(Q

2

), shown in �gure 3, 
ame out too steep in

the �rst �t.

The in
lusion of the �rst HERA measurements as well as the preliminary NMC data yielded

the parameterization ALLM-N, whi
h produ
ed a milder Q

2

transition of the Pomeron inter-


ept, but fails to des
ribe the latest low x low Q

2

data. This prompted a third attempt to

determine the parameters in
luding the latest data, as des
ribed in the next se
tion.

2



3 The data sample for ALLM97

The following data have been used for the present �t. All �xed target photoprodu
tion total


ross se
tion data were used together with those of H1 [9℄ and ZEUS [10℄ in the HERA region,

a total of 228 data points. The F

2

stru
ture fun
tion data of the following �xed target 
ollab-

orations: SLAC (211 points), BCDMS (177), E665 (87) [11℄, and NMC (158) [12℄. From the

HERA ep 
ollider we used the H1{94 data (193 points) [13℄, H1 low Q

2

data (44) [14℄, the ZEUS

shifted vertex data (36) [15℄, ZEUS{94 (188) [16℄ and the very low Q

2

ZEUS data measured

with a beam pipe 
alorimeter (BPC) (34 data points) [17℄. Altogether 1356 data points were

used in the �t resulting in a �

2

/ndf=0.97. The 
ontribution of ea
h data sample to the �

2

is

given in table 1.

Data set # of points �

2


p [5℄, [9℄, [10℄ 228 262.3

SLAC [6℄ 211 171.2

BCDMS [7℄ 177 168.1

E665 [11℄ 87 95.7

NMC [12℄ 158 142.0

H1{94 [13℄ 193 127.1

H1(Low Q

2

) [14℄ 44 34.4

ZEUS(SVX) [15℄ 36 26.7

ZEUS{94 [16℄ 188 253.8

ZEUS(BPC) [17℄ 34 17.3

Total 1356 1298.7

�

2

/ND 0.97

Table 1: Data used in the ALLM97 �t, with the �

2


ontribution of ea
h set.

4 Results

The resulting parameter values of the ALLM97 �t are 
ompared in table 2 to their values from

the ALLM91 �t. The biggest di�eren
e 
an be seen in the value of the s
ale parameter of

the Pomeron whi
h in
reased by almost a fa
tor of 5. This in
rease a�e
ts the shape of the

transition region in the low x low Q

2

region. This 
an be seen in �gure 4 where the dependen
e

of the Pomeron inter
ept on Q

2

is plotted for the old (ALLM91) and the new (ALLM97)

parameterization. The latter allows for an early start of the transition from the soft to the

hard regime. Note that in the present �t the inter
ept at Q

2

=0 was �xed to the Donna
hie{

Landsho� (DL) [18℄ value sin
e the total photoprodu
tion measurements in the HERA region

do not allow a pre
ise determination of this value.

4.1 F

2

as fun
tion of Q

2

The F

2

data [19℄ used in the �t are displayed in �gure 5 as fun
tion of Q

2

for �xed x intervals,

together with the results of the ALLM97 parameterization. One sees the well known s
aling

3



Parameter ALLM91 ALLM97

m

2

0

(GeV

2

) 0.30508 0.31985

m

2

P

(GeV

2

) 10.676 49.457

m

2

R

(GeV

2

) 0.20623 0.15052

Q

2

0

(GeV

2

) 0.27799 0.52544

�

2

(GeV

2

) 0.06527 0.06527




P1

0.26550 0.28067




P2

0.04856 0.22291




P3

1.04682 2.1979

a

P1

-0.04503 -0.0808

a

P2

-0.36407 -0.44812

a

P3

8.17091 1.1709

b

P1

0.49222 0.36292

b

P2

0.52116 1.8917

b

P3

3.5515 1.8439




R1

0.67639 0.80107




R2

0.49027 0.97307




R3

2.66275 3.4942

a

R1

0.60408 0.58400

a

R2

0.17353 0.37888

a

R3

1.61812 2.6063

b

R1

1.26066 0.01147

b

R2

1.83624 3.7582

b

R3

0.81141 0.49338

Table 2: The parameter values in the old (ALLM91) and new (ALLM97) parameterization.

violation behaviour of the data, being positive for low x values and turning negative in the high

x region.

The 
urves in the �gure are the results of the ALLM97 parameterization and are seen to go

through most of the data in the whole (x;Q

2

) region. This re
e
ts the good �

2

obtained from

the �t.

4.2 �

tot

as fun
tion of Q

2

The H1 
ollaboration [14℄ presented their results together with those of the ZEUS BPC data as

an e�e
tive virtual photon-proton 
ross se
tion, �

eff




�

p

, as fun
tion of Q

2

for �xed W intervals.

The e�e
tive 
ross se
tion is given by �

eff




�

p

= �

T

+ ��

L

, where �

T

and �

L

are the 
ross se
tions

for transverse and longitudinally polarized virtual photons and � is the ratio of longitudinal to

transverse 
ux. The data are displayed in �gure 6. Sin
e in the HERA kinemati
 region � � 1,

the data are 
ompared to the old (ALLM-N) and new (ALLM97) parameterization of �

tot

(


�

p).

The ALLM97 parameterization gives a good des
ription of the data. Also shown are the two

points at Q

2

=0 whi
h are also well des
ribed by the new parameterization.

4



4.3 �

tot

as fun
tion of W

2

The F

2

data 
an be 
onverted to �

tot

(


�

p) using the relation

�

tot

(


�

p) =

4�

2

�

Q

2

(1� x)

Q

2

+ 4M

2

x

2

Q

2

F

2

(W

2

; Q

2

): (7)

The F

2

data at low Q

2

, starting as low as Q

2

=0.11 GeV

2

, are shown in �gure 7 in the form of

�

tot

(


�

p) together with the real photon total 
ross se
tions. The data are 
ompared to expe
-

tations of di�erent parameterizations. While the Donna
hie{Landsho� (DL) parameterization

agrees well with �

tot

(
p), its predi
tions are lower than the data on
e Q

2

6= 0, with the dis-

agreement in
reasing with Q

2

. The GRV [20℄ parameterization is plotted starting at Q

2

= 0.65

GeV

2

, where it lies below the data, while at higher Q

2

values the predi
tions are above the

data. The ALLM97 parameterization agrees with the data at all Q

2

values.

The good agreement of the ALLM97 parameterization in the whole a

essible kinemati


region at present 
an be seen in �gure 8 where the total 
ross se
tion is plotted in the range

0 � Q

2

� 2000 GeV

2

. It gives a good des
ription of the data at high as well as at low W

2

.

In order to 
ompare the results of the ALLM97 parameterization to that of a re
ent QCD

evolution type of parameterization, we show in the same �gure also the MRSR1 [21℄ parame-

terization whi
h is valid for Q

2

> 1.25 GeV

2

. The two parameterizations agree well with ea
h

other for Q

2

� 10 GeV

2

, while at lower Q

2

values the MRSR1 parameterization has a shallower

W

2

dependen
e and thus is lower than the data.

5 The transition region

The di�erent W

2

behaviour of the high Q

2

data and at Q

2

=0 prompted the measurements

of deep inelasti
 ep rea
tions in the low Q

2

region in order to �nd where the transition takes

pla
e. We will look at two ways of studying this question. One is by looking at the 
hange in

the slope of F

2

with respe
t to lnQ

2

and the other is to study d lnF

2

=d ln x, both of whi
h are

dis
ussed below.

5.1 dF

2

=d lnQ

2

as fun
tion of x for some Q

2

values

The s
aling violation of F

2

is expe
ted to in
rease as x gets smaller a

ording to QCD. This

feature is also borne out by the data as shown in �gure 5. One 
an quantify this by looking

at the 
hange of the slope of F

2

with respe
t to lnQ

2

for di�erent x values. On
e the non{

perturbative pro
esses take over, as expe
ted at low Q

2

, one should see a 
hange in the slope.

The pla
e where the 
hange o

urs would indi
ate the transition from soft to hard physi
s.

The distribution of dF

2

=d lnQ

2

as fun
tion of x [22℄ is shown for the HERA data in �gure 9

for Q

2

values ranging from about 1000 GeV

2

down to 0.13 GeV

2

. Some values are given at the

top of the �gure. The HERA data in
lude the H194, H1 low Q

2

, ZEUS94, ZEUS shifted vertex

and ZEUS BPC data. As expe
ted, the slope rises as x de
reases down to x � 10

�4

. However

for lower x there is a 
hange in the tenden
y of the slope whi
h be
omes smaller as x de
reases.

5



This happens at Q

2

values of about 1-2 GeV

2

. Note that as x de
reases also Q

2

de
reases.

In the same �gure we plot for 
omparison the expe
tation of the GRV parameterization. This

parameterization starts its evolution at Q

2

� 0.4 GeV

2

. While the parameterization shows the

same features as the data for Q

2

> 5 GeV

2

, it 
ontinues to rise with x also below x = 10

�4

,


ontrary to the data. Judging from the GRV distribution, the turnover point starts as high as

Q

2

� 4 GeV

2

.

Another way of trying to �nd the turning point is to 
ompare the same data to another QCD

evolution type parameterization and to a Regge based one. This is done in �gure 10, where

the data are 
ompared to the results of the MRSR1 parameterization and to the expe
tations

from a Regge �t whi
h was done [23℄ to the BPC data. The MRSR1 parameterization start its

evolution at Q

2

= 1.25 GeV

2

, where it is higher than the data until about Q

2

� 3-4 GeV

2

from

whereon it follows the data. The Regge �t starts from the lowest Q

2

point and agrees with the

data up to about Q

2

= 1 GeV

2

, but 
ontinues to rise at higher Q

2

values 
ontrary to the data.

The QCD and Regge results 
ross at Q

2

� 2 GeV

2

. One 
ould thus 
on
lude from here that

the transition region is in the region of 1 - 3 GeV

2

.

Finally, in �gure 11 the data are 
ompared to the ALLM97 parameterization. One observes

good agreement between the parameterization and the data. Thus one does not need to use two

di�erent parameterizations to des
ribe the low Q

2

soft and the high Q

2

hard regimes. ALLM97

gives a good parameterization of both regimes.

5.2 d lnF

2

=d lnx as fun
tion of Q

2

The slope of d lnF

2

=d ln x 
an be related to the Pomeron inter
ept. In the low x region, F

2

is

behaving like x

��

, where � is a fun
tion of Q

2

. Sin
e for �xed Q

2

, W

2

� x

�1

, �

tot

(


�

p) � W

2�

and therefore � = �

IP

- 1. Therefore, measuring d lnF

2

=d ln x as fun
tion of Q

2

is equivalent to

measuring �. When making this interpretation it is 
ru
ial to 
hoose the right x region from

whi
h the slope is determined.

This last point is demonstrated in �gure 12 where the slope � as fun
tion of Q

2

is shown

for di�erent x 
uts, as indi
ated in the �gure, for the separate data sets of ea
h experiment.

Note that in order to obtain � at a �xed Q

2

, a minimum of 4 data points at di�erent x values

were required. The full line is �

IP

- 1 as 
al
ulated from the ALLM97 parameterization, where

�

IP

is the Pomeron inter
ept, and the dashed line gives the value of � obtained from the

parameterization in the same pro
edure as that applied to the data. As one sees, as long as

one uses data in the very low x region, x < 10

�3

, one 
an 
orrelate the measured slope � with

the Pomeron inter
ept. For larger x 
uts � may not be always a good estimate of �

IP

-1, as

shown for example for x < 0.05. The NMC data in the low Q

2

region do not rea
h very low

x values, their lowest being x=0.0045, and thus produ
e low � results. The HERA data in

the region Q

2

> 200 GeV

2

overestimate the Pomeron inter
ept by determining the slope in

a narrow x region, typi
ally 0:01 < x < 0:05. These e�e
ts are reprodu
ed by the ALLM97

parameterization.

6 Summary and 
on
lusions

The ALLM parameterization has been updated by using all the published data to determine

its parameters leading to ALLM97. A very good des
ription of the data in the whole (x;Q

2

)

6



kinemati
 region is obtained, in
luding the Q

2

= 0 photoprodu
tion measurements down to W

2

= 3 GeV

2

and the low Q

2

and low x region where the transition from soft to hard pro
esses is

observed in the data.

We have hereby demonstrated that it is possible to �nd a fun
tional form whi
h des
ribes

the data in the whole of the kinemati
al region. Su
h a parameterization has many pra
-

ti
al appli
ations and in addition allows to study features of the data whi
h are helpful for

understanding the interplay between soft and hard pro
esses.
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Figure 11: The slope of F
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tion of x for Q
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values as indi
ated in

the �gure. The full dots are the HERA data and the open symbols are the results of ALLM97.
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