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ABSTRACT.

We calculate structure functions at small z both under the assumption of a
hard singularity (essentially, a power behaviour 7>, A positive, for + — 0) or that of
a soft-Pomeron dominated behaviour, also called double scaling limit, for the singlet
component. A full next to leading order (NLO) analysis is carried for the functions
F>, Faiue and the longitudinal one F'z, in ep scattering, and for « F5 in neutrino scatter-
ing. The results of the calculations are compared with experimental data, particularly
the recent ones from HERA, in the range = < 0.032, 10 GeV? < @2 < 1500 GeV?2.
We get reasonable fits, with a chi-squared/d.o.f. around two unities, with only three-
four parameters for both assumptions, but none of the assumptions is by itself able to
give a fully satisfactory description of the data. The results improve substantially if
combining a soft and a hard component; in this case it is even possible to extend the
analysis, phenomenologically, to small values of Q2, 0.31 GeV? < Q? < 8.5GeV?, and
in the & range 6 x 107 < = < 0.04, with the same hard plus soft Pomeron hypothesis
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by assuming a saturating expression for the strong coupling,

&.(Q%) = 47/ Bolog[(Q% + Al )/ Ag].

The description for low @2 implies self-consistent values for the parameters in the
exponents of z both for singlet and nonsinglet components. One has to have, for the
Regge intercepts, a,(0) = 0.48 and ap(0) = 1.470 [A = 0.470], in uncanny agreement
with other determinations of these parameters, and in particular the results of the
large @° fits. The fit to data is so good that we may look (at large Q?) for signals of
a “triple Pomeron” vertex, for which some evidence is found.

The quality of the calculations of F>, and of the predictions for Fgine, F1 is
only marred by the very large size of the NLO corrections for the singlet part of Fs.
This, in particular, forbids a truly reliable determination of the QCD parameter, A.

* This paper includes the results from FTUAM 96-39 [hep-ph 96 10380] and FTUAM 96-44 [hep-ph 96 12469]

** e-mail: fjy@delta.ft.uam.es
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1. INTRODUCTION

In two recent papers[l’z] it was shown how the recent HERA datal®*! on electroproduction at small x could
be very well fitted by the formulas, proposed long ago by C. Lépez and one of usl® 6] which to leading order (LO) read,

Fy(x,Q%) = (e)[Fs(v,Q%) + Fns(z,Q%)], (1.1a)
Fs(x, Q%) goBSa;dm_)‘, (1.1b)
Fns(z,Q?) EOBNSa;dNSx", p~0.5. (1.2)

Here dy and dyg are known quantities related to the singlet anomalous dimension matrix D and to the nonsinglet
anomalous dimension; Bg, Byg, A are free parameters. In ref. 2, the analysis was extended to the gluon structure
function, while the longitudinal one (to LO) had been considered in ref. 8. One has,

Fg(x,Qz)xEO Bga7d+z™> (1.3a)

and

o CFas){l (4Tan BG} (1.3b)

R=FL/F = o (24 A 3+ \)Cr Bs

with Be/Bs = (d4 — D11)/D12. These formulas follow at leading order from perturbative QCD, plus the assumption
that the leading singularity in n of the matrix elements (for e.g. the singlet case)

n—1

iy d...0

. _ qry0...04y¢
(lanlp)s an = | Ty " g 4
N——

n—2

are located to the right of those of the corresponding anomalous dimensions, D, ds (For more details, see refs. 1, 5,
6,7).

An alternate possibility, that may be called “soft-Pomeron” dominated, occurs when the singularity of D is the
leading one; it was proposed first by De Rdjula et al[1 The ensuing LO behaviour for the structure functions Fg, Fiz
was evaluated in detail by F. Martin[10] and, for R, in ref. 8. The next to leading order (NLO) corrections to Fls were
given in ref. 11. To LO one has,

Fo o 0 [9|logaj|log[as QR3)/as(Q ]
* 7 logz] 172(33 — 2n,)
(1.4a)
XeXp{\/d0|logx| [log Zzggg;] —d; log }
JL [ 33 — 2ny ]
‘= n; | 57672|log z|log[a, (QF) /as (Q?)
5 (1.4b)
XeXp{\/d0|logl‘| [log Zzggg;] —dilo }
do = 144/(33 — 2ny¢), di = (33 + 2n;/9)/(33 — 2ny), and
(33 — 2n;)|log 2| ] . (Q?)
R~ 1.4
[log[as(Q%)/as(Qz)] o (1.4c)

to be compared with Eqgs. (1.1), (1.3). We will discuss this possibility in Sect. 4.

Returning to our first case, the analysis was extended in ref. 2 to practically the whole range of HERA data at
the cost of introducing phenomenological correction terms for “large” values of #, > 0.01, and small Q2 < 12 GeV?.
Moreover, only the LO prediction for £ was evaluated. Here we go a few steps forward, in the following directions.
First, we perform a full NLO analysis, including that of the longitudinal structure function. Second, we extend the
analysis to incorporate the function zF3 for neutrino scattering which provides pure nonsinglet function, hence a

-1-
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combination independent from that in (1.1a): this helps stabilize the results. Then, for the hard Pomeron case, we
include theoretically justified corrections, and resummations, which enable us to extend the range of validity of the
formulas (as determined e.g. in ref. 1) and to paliate somewhat the effects of the hughe size of the NLO corrections
to the singlet component of F4, which are of some ~ 6a.

For the soft Pomeron dominance hypothesis we again perform a full NLO calculation of Fis, Fg and Fr,. NLO
corrections are, also in this case, very large; their size is indeed the only serious drawback for our results, otherwise
able to describe reasonably well the HERA data in a wide range, and providing believable predictions for the gluon and
longitudinal structure functions. This agreement of theoretical predictions and data is essentially true both for the soft
and hard Pomeron hypotheses, an apparently surprising fact that is discussed in Sect. 5. Here we argue that a possible
reason is that Fls contains both a hard and a soft piece. In fact, we are able to give excellent fits to all HERA data
(z < 0.032) by using a formula sum of (1.1) and (1.4). This provides us with the best fits to the data, the parameters
of which are reported in Table X.

In Sect. 6 we show that the fit with a soft plus a hard Pomeron may be phenomenologically extended to low Q2
down to 0.31 GeV?, provided we make a saturation assumption for the strong coupling o, and satisfy a self-consistency
condition for the parameters A, p. This fixes these parameters to the values A = 0.470, p = 0.522, in uncanny
agreement with other (in particular high Q?, Sect.5) determinations.

2. THEORETICAL EVALUATIONS (HARD SINGULARITY)

We will here briefly rederive the extension to NLO of the equations governing the behaviour of structure
functions as & — 0; not only for ease of reference, but because the large size of the singlet NLO corrections makes
it convenient to use formulas more precise than those employed in refs. 2, 6. We will also extend the analysis to the
longitudinal structure function at NLO.

2.1. Nonsinglet

Defining the moments
1
s (n, Q%) I/ dz 2" *Fys(x,Q7), (2.1)
0

they satisfy the QCD evolution equations

/iNS(n, QZ) — ftu dt'WNs(n,g(t'))CNS(n’ Oés(Qz)), (2.2)

where t = log @2, g is the coupling constant, vx s the nonsinglet (NS) anomalous dimension, and C'ys the NS Wilson
coefficient’. The first singularity of vy s to LO and NLO lies at n = 0. If we assume this to occur to all orders, and
that Fivs behaves like a power 2” as  goes to zero, we get the following behaviour from (2.2):
— " ar 1—p,g(t'
Fns(z, Q%) ~ (Const.)z’e fto s li=rg(t)

z—0

Cns(1 = p,as(Q%)). (2.2)

Expanding vns, ¢, Cns to second order and integrating we get,

(1)
Fns(2,Q%) ~ Bysz’ |1+ sl = p)as(Q7) + ...
z—0 im
_ 2
X exp {dNS(l _ p) logas—l(QZ) + QNS(l 4Z)as(Q ) + .. } ’ (24)

Bpns a constant and
dis(n) = =7k (n)/25%

_ Pdns(n) n 7§45 (n)
Bo 260

qns(n)

! The anomalous dimensions and coefficients are collected in the Appendix for ease of reference.
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The values of the quantities 3;, Cyg, 'yJ(\Z,)S may be found in refs. 6, 7. Eq. (2.4) may be conveniently rewritten

(suppressing the dots) as
1) g _ 9
Fys(e, Q) = BN5{1_|_ Cs(l = pos (@ )}

z—0 4 (2.5)
Xe‘]Ns(l—ﬁ)ocs/4ﬂ' [as (QZ)] —dns(1-p) l‘p,
an expression? in which the modifications of (1.2) due to the NLO corrections is apparent.
One can also expand the exponent in (2.5) and get
1— 2
Fys(z,Q%) =~ Bys {1 + ons (1= p)os(Q )}Ofs,_dNSl‘p, (2.6)
r—0 4

1
UNs = CJ(V; +qns.
For p = 0.5, a value that follows from a Regge analysis and that we will adopt here, one finds

vNS|p:0.5,nf:4 = 342, (27)

so the NLO correction is small and we may use (2.5) or (2.6) indifferently.
2.2. Singlet

Eq. (2.2) is now replaced by the coupled equations

p(n,Q*) = (Const)T e f’to dtlv(n’g(tl))C(n, as(Q%)) (2.8)

1 -
I‘(n QQ) _ (F‘S(n’Qz) :fo da " 2F5(x’Q2))
) - 1 _ .
pa(n,Q?) = fo dz 2" ?Fg(z, Q%)
Here -y, C are square matrices; the operation 7" in (2.8) is like the familiar time ordering operator but it now orders

in t =log Q% This ordering, and the matrix character of the equations complicates the singlet analysis, the details of
which may be found in refs. 6, 7. To next to leading order we may easily write the analogue of (2.4), (2.5) as

Fs(z,Q?%) ~ Bsaz™ [1+M+ ]
’ So

T—r 4
14+ Mo, (Q?
xexp{d+(1—|—/\)loga;1(Q2)+W—I—..}, (2.9)
or, suppressing the dots and in a form easier to compare with the LO expression (1.1b),
es(1 4+ Na,(Q?
FS(JL‘,QZ) ~ Bg {1 + M}
z=0 4 (2.10a)

wds (1A )as /4T [ozs(Qz)] —d4(1+X) >

A corresponding equation for the gluon component we will consider later. In above equations we have

S

200"

dy — D

es = ) + =Ll
Dqs
- Brdy n ooty n Va1 Dqs
Bo 260 2Bo(d- —dy+1) d_ —dy’

y=5""4Us,

and S is the matrix that diagonalizes D:
d 0
-1 _ +
ST DS = ( 0 d_) .
2 Eq. (2.5) corrects the sign misprints in Eq. (2.18) of ref. 6.
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One can also expand the exponential in (2.10a) and get

T— 47

FS(l‘, Q2) :0 BS {1 + wS(l + A)Ols (Qz) } a;d+x—A’ (210/a)

wg = cg + qg. The 7, q, ¢, w are collected in the Appendix.

Unfortunately, ws is very large. For A = 0.35, ny = 4, ws = 77.8; for A = 0.47, wg = 56.7. Therefore,
we are faced with the choice of using the exponential form (2.10) or the expanded one (2.10"). The exponential form
has errors of order a? because the noncommutativity of 7(0), 7(1) makes the T-exponential different from the ordinary
exponential. If we use the expanded form (2.10') we have other errors (also of order a?) due to the large size of
the neglected term O[gs(1 + A)as/4m])%. It is unclear a priori which of the two procedures will be more accurate,
although the abnormally large size of ¢g(1 + A) suggests that the exponentiated form will be more precise; note that
the perturbative expansion still makes sense, for the exponent, in that for reasonably large Q7 one has

qss

< dy loga;t.
4

In fact, and as we will see, the exponentiated form produces somewhat more satisfactory results than the expanded one.
At any rate, we will use both (2.10) and (2.10"): one may take the difference as an indication of the theoretical error
of our calculation.

Similar considerations of course apply to the gluon component that we discuss next, although in this case the
correction is much smaller (~ 15« /47) so use of exponentiated or expanded form is essentially equivalent here and
only consistency with the quark component will make us use one or the other. We then have,

Fg(l‘, Qz) ~ BS

dy — Dy {1 L calls A)as(Qz)}

z—0 D1s 47 (210b)
046 (1+N)ars/4m [as(Qz)]—d+(1+>\) >
where now
Das — Dy Doy
— oW ol =
Ca 11"+ O Do dr — D s,
o = frdy Y11 Y21 Dy d_— Dyy
a= L= .
bo 260 2Bo(d- —dy+1) do —dy dy — D1y
In expanded form,
dy — Dy we (1 4+ Ao, (Q%) —dy(142)  _
F 2 ~ B Y+ — M1 1 s 2 + A
6w, Q7) > Bs Dis { * 4 [ (@%)] v (2.10'b)
wa(l+A) =eq(l+A) +ga(l+A).
2.3. The longitudinal structure function
We normalize the longitudinal structure function Fp, in such a way that one has
F,
R(z,Q) = ——. 2.11a
@ Q)= 5 e (2.11a)
It is also convenient to define the quantity R’ by
Fy R
R(z,Q%) = ; R= : 2.11b
(0.0 = i R= (2.11b)

For £ — 0 the contribution of Fxs is negligible with respect to that of Iy and we will accordingly neglect it; the effect
of taking it into account, to LO, may be found in ref. 8. The function F;, may be evaluated in terms of s, Fg. One
has,

R = [ Ly {ctwonrs (2.¢2) + chwanre (2.0°)}. (2.12a)

—4 -
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where the kernels C'L are,

Cé(l‘, Qz) = CJI\/TS(xa Qz) + CﬁS(xa Qz)a

Chate ) = icp) L) | ) (Y
Chste @) = ity (2420)

CL(z,Q%) = [16n;Tpa(l — @]%QQ) + e (z) (LQZ)) T

T

(L

The functions ¢y ¢ pg ¢ are described in the Appendix3.
Under our assumptions, Eqs. (2.10), the behaviour of Fr, follows immediately; we have,

1
P, @) 2 Fs(e,Q?) [ deot (CH@. @) +0(Q)CH. @9}

and 7 is the ratio

- Fg(x, Q
1) = b 5

To LO a simple evaluation gives®l R(z, Q%) ~ R(")(x, Q%) with
(0) ) ~ &s
RNz, Q )x:>0r0(1+/\)7r’

Crog {1 4Tan d+(1—|—/\)—D11(1—|—/\)}
2+ A 3+ XCF Dia(1+ A)

7“0(1 —|—/\) =

(2.12b)

(2.13)

(2.14)

To NLO the calculation is made numerically. For this, define the integrals (whose values may be found in the Appendix),

1
/ dw 2* dVF (2) = Cp(Ca = 2C8) 151 (A) + CoIso(A) + CeTrnIss(A),
0

1
/ dz a* S (2) = Crlpng Ips (M),
0

1
/ dz 2t ¢ (@) = np Tr[Crlai(A) + Calas (V)]
0

and write, in exponentiated form,
_dy —Dny

(96 —gs)as/4m
€ .
Dqs

n(Q%)
Then,
R = RO 4 g1
with R(®) as above and

Crp  a,(Q? 24 A Qg
R = +F/\ (&) {1 + 1 [Calsi + Cr(lss —2Is1) +nfTr(Iss + Ips)] yp

4n;Tr [1 2+ N3+ N)
(3+ XN Cr 16

47

3. NUMERICAL RESULTS (HARD SINGULARITY ONLY).

3.1. The function 5.

(Crlg + CAIGZ)%] U(Qz)} :

(2.15)

(2.16a)

(2.16b)

(2.16¢)

These quantities were first evaluated in refs. 12, 13. Correct values, checked at least in two independent calculations,

are given in Eqs. (8), (9) of ref. 12 for C(J\l,)SLPS and in Eq. (9) of ref. 13 for cg). The value of this quantity given in
ref. 12 contains an error. The first moments of the ¢ may be found in ref. 14; they are useful, among other things,

to check the integrals (2.15) here.
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LO calculations. For ease of comparison between LO and NLO evaluations we repeat here the results of a
fit to the old (1993) Zeus datal®], as performed in ref. 1. The calculation is carried for 32 points in the range

r <1072, 12 < Q% <90 GeV?.

Because of the size of the experimental errors a LO calculation is sufficient, and the NS contribution may be neglected.
The QCD parameter A is fixed to 0.2 GeV so that ozs(mz) = 0.32. The results are summarized in Table | for

z
ny = 4 flavours. The corresponding values of B, 7o are also given. The agreement of the value of A with the figure

A = 0.36 £ 0.07 obtained in ref. 3 from data with z > 0.02, Q% < 22 GeV? is noteworthy.

Table 1. “Old” Zeus data. LO. ny = 4; A(1loop,ny = 4) = 0.200 GeV; a(m?2) = 0.32.

A dy (6(21>Bs Bg/Bs ro X2/d.0.f.

0.384+0.01 241+0.1 (2.70+£0.22) x10™° 2056 £0.54 6.24+0.24 2L

NLO evaluation. If we only fit the H1 pointst with z < 1072, Q% > 12 GeV? using the exponentiated
formulas, we get a Xz/d.o.f. is less than one, with parameters reported in Table II.

Table II. H1 plus v data. z < .01, ny = 4; A(ny =4, 2 loop) fixed to 0.11 GeV.

A <6¢21>BS <6¢21>BNS x*/d.of.
—4 48.9
0.3218 1.423 x 10 0.390 e

However, it is still not possible to give any value for the QCD parameter A. The reason is that the interplay
between singlet and nonsinglet parts compensates the effect of varying A. For example, a Xz/d.o.f. less than one is
attained for 3 MeV < A < 260 MeV. This is why we do not give errors in the parameters in Table Il.

log Q% (GeV?)
75

We may improve the situation as follows. First,
and as discussed in ref. 1, we can include more points
limited by a certain () beyond which corrections to
the leading behaviour become important. To be precise,
we choose the H1 points with (Fig. 1) 1

Q? < 150 GeV?, forz = 0.013,
Q? <90 GeV?,  forz =0.02, (3.1)
Q? <60 GeV?, forz =0.032,

with a total of 77 points. Secondly, we incorporate small
z data (a total of 10 points) from the neutrino struc-
ture function!'®! z F5 which is pure nonsinglet and hence
provides the independent measurement necessary to dis-
entangle the singlet and nonsinglet components of Fi: — — —
this, as we will see, gives stability to the results. 10 2x10 310
The outcome of the fits is given in Tables IlI, IV
with A a free parameter. The y?/d.o.f. is reasonable, Figure 1. Area described by (3.1), bounded
although its increase beyond unity reflects the fact that by a Continuous. line. Broken line: extended
the subleading effects are substantial for the points z = region for fit with (3.2).
0.013 ~ 0.032.

25

X
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Table III. H1 plus v data; & given by (3.1). ny = 4, two loops.

A A (6(21>Bs <€(21>BNS X2/d.0.f.

0.080199% GeV  0.3243 +0.0065 1.32119%%% «x 107* 0.254%39%° e

Table IV. H1 plus v data; ¢ given by (3.1). ny = 5, two loops.

A(ny =4, 2loops) A (e2)Bs (eYBys  x°/d.of.

0117398 GeVv 0.331 £ 0.006 1.118%3% » 10=* 0.3111992¢ 103.0

From these results it is clear that the data do not discriminate between ny = 4, 5, although the first value is
slightly favoured. For this reason we will give almost exclusively fits with ny = 4.

[16], albeit on the small side. Because the

The values of A we obtain are compatible with standard ones
parameters are very strongly correlated the errors given are obtained not by varying the parameters independently, but
by varying only A and treating the other parameters as dependent quantities. It is also important to realize that the
errors in Tables Ill, IV and indeed in practically all the evaluations, are purely nominal in the sense that we have not
taken into account theoretical errors, which are much larger. In fact, the central values for the parameters, especially
Bg, X, depend very strongly on the theoretical assumptions? made; for example, they vary way beyond the nominal

errors from LO to NLO: compare e.g. Table | with Table II.

The results reported in Tables Ill, IV were obtained with the exponentiated formula. If we use the expanded
one, Eq. (2.10"a) we find the results of Table IV’

Table IV’. H1 plus v data; z given by (3.1). ny = 4; A(ny = 4, 2loops) = 0.080 GeV.

A <6¢21>BS <6¢21>BNS x*/d.of.
0.3408 2.54 x 10™*  0.268 205

We do not give errors, but the results of the fit for a representative value of A: that for which the fit with
the exponentiated formula is optimum. This is because there is no optimum reasonable value of A if using the
nonexponentiated expression; the x? decreases slowly with A down to a few MeV.

Corrections. Let us now turn to the corrections that will enable us to extend the calculation to all points
with z < 0.032, Q% > 12GeV? (Fig. 1). We take them into account semi-phenomenologically® by replacing (2.10a)
with
Csls

4

Py (e, Q%) o Bs {14 S50 etsoe/i o ot =2 (1 — ) (@7, (3.2a)
and fixing I/(QZ) so that, for small QZ, we agree with the result of the counting rules for x — 1 and, for large Qz, we

satisfy the momentum sum rule,

3nf

1
de Fs(z, Q _onr
/0 2 Fs(e. @) 02 S+ 16

* This is in fact the reason why we have given a variety of evaluations, and not just the best ones: to get a flavour
for the systematic theoretical uncertainties.

® The similitudes and differences with the more phenomenological procedure of ref. 2 should be apparent.
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Specifically, we choose

1/(1-2)
gsos[4m
V(@) = ot {BS[1+cSas/47r]e F(1+/\)[16—|—3nf]} |

3nfoz§l+ (3.2b)
vy = 7.
Note that this does not introduce any new parameter.
For F'ys we replace (2.6) by
Fys = Bys {1+ T Jartmar(i - ay, (3.2¢)

but, because the NS component is only relevant at small values of Q? we fix vy5 = 3 independent of Q7 (actually,
the x? varies by less than one unit for 0 < vxg < 4). Then, we still write Fy = <e§>[F5 + Fys], and, for neutrino
scattering,

dd
Ve o _
Py = Fy(x, Q%) = Bys {1 + %} oy WS gh (1 — x)ns, (3.2d)
x=000032 X = 0.0005 X = 0.0008 x= 0.0013
15] 1 15] * ’ 15] P 14]
& | RS b
131 { 1 131 + 1 131 * 1 114 f b
+
+ j
11 1 11] * ] 11 * + 1 08l
09 w w w 09 w w w 09 w w w 05
10 12 14 16 10 15 20 25 10 18 2 34 10 2 3 6
X = 0.002 X = 0.0032 X= 0.005 + X = 0.008
141 i 141 , 114 * ) * + 11t
I * H+ +H | * {

111 [ 1 11y } } 1 08 }ﬁ 1 08l 4

s #t f
08/ 038 1 05/ 1 05/

ﬁ
05 w w w 05 w w w 02 w ; w 02 w ; ,
10 28 4 e 10 60 10 160 10 %0 10 20 0 10 20 30
x=0.013 X=0.02 X = 0.032

114 1 09} JEE 09

o | %M ] ’ | WH M |

05 f R 0.5 it 0.5 ,#

0.2 ; ; ; 0.3 ; ; ; 0.3 ; ; ;
180 360 540 Q2 0 250 500 750 Qz 0 330 660 990 Q2

Figure 2a. Comparison of predictions from Eqgs. (3.2a, c), Table V
(A =0.14 GeV), with H1 ep datal! for F».

The results of the fit are presented in Table V, for the exponentiated expression, Eq. (3.2a). There is
unfortunately no minimum as a function of A: the Y? decreases slowly with A. We thus give results only for two
representative values of this parameter. The pictorial representation of the fit is given in Fig. 2a (for ep) and Fig. 2b
for neutrino scattering, both for A = 0.14 GeV.

- 8-
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Table V. H1 plus v data. n; =4;z < 0.032, 12 GeV? < Q7 < 1200 GeV?Z,

A (6(21>Bs <€(21>BNS X2/d.0.f.
A=0.10GeV: 0.3183 1.292x107*  0.328 122
A=020GeV: 0.3286 2.257x107*  0.371 L
x= 0015 x= 0045
The x2/d.o.f. s slightly larger than one. 06 08

Part of the discrepancy is due to the data, some of s 06 . ’
which is clearly incompatible with the rest. Also, = \ ~ } -
one may substantially improve the x? if introduc- oz} 1 * 04
ing a free parameter in the definition of (Q?), as
shown e.g. in ref. 2. However, part of the dis- %S B ® Po R T R TR I

agreement is certainly due to rigidity of the the-

oretical formulas, and to true deviation from the Figure 2b. Comparison of predictions from Eq.

model which occur for “large” values of z. We will (3.2c), Table V (A = 0.14 GeV), with neutrino
discuss this further in connection with the analysis ¢ Fs datalt®]

of the Zeus data, and in Sect. 5.

Finally, the fact that the y? decreases with A past reasonable values is an indication that we are getting here
an effective value for this parameter, which compensates for the large size of the NLO corrections.

We may consider fitting with the expanded version of the formula for Fg, i.e., with

cs + Qg _ _ . ,
FS(l"Qz) :BS {1+ %} o d+$ A(1_$) n.e.(Q )’

and now

3nfoz§l+

v (Q2) = v+ {Bs [1+ (cs + gs)as/4m) (1 + A)[16 + 3ny] }1/(1—>\).

1/027.

The fit deteriorates clearly; the X2 is now of some 140, for 110-3 d.o.f. and A = 0.10. This shows that the
exponentiated version of the formulas is to be preferred, as it probably sums at least part of the large NLO corrections.
Because of this, we will henceforth use only the exponentiated version of the equations.

We next consider fits to the more recent Zeus datal*l. We will make two choices: first, we fit the neutrino
data, and all ep points with < 0.01 using the formula (2.10a). The results are given in Table VI. The chi-squared is
reasonable, as is the value of A. The values of all parameters are compatible with those found from the fits to the H1
data. The second possibility is to extend the range to 2 < 0.025 and use Eq. (3.2), fixing A = 0.135. The results of
the fit are shown in Fig. 3. We do not show the fit to the neutrino data, which does not differ substantially from that
of Fig. 2b. The y?/d.of. is now of 226.1/(120-3). This, as the x?/d.o.f. reported for the fit of data with z < 0.01
in Table VI, are larger than their counterparts for the H1 data. A glance to Fig. 3 shows that part of the reason is the
presence in the Zeus data of fluctuations. These are probably due to systematic errors not taken into account in the
experimental analysis; they become important for very large 2. Thus, and although the Zeus data appear more precise
than the H1 ones for the lower Q2 range,6 the last one are more reliable at large QZ. Nevertheless, and as noted in
the comments to the fit to H1 data, it is also clear that the theoretical predictions present systematic deviations from
experiment, very likely due to the extension of the first beyond their range of validity by use of a semiphenomenological
expression which is not sufficiently flexible; see Sect. 5 for more discussion. Apart from this, the results are good and
the parameters of the fits reasonably compatible. The value of A is closer to the accepted one.

6 This is probably the reason why the value of A deduced from the H1 data is less realistic than that obtained fitting
the set of Zeus.
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Figure 3. Comparison of predictions for F> from Eqgs. (3.2a, ¢), A = 0.135,
with Zeus ep data

Table VI. Zeus plus v data. ny = 4; z < 0.01.

A A (6(21>Bs <€(21>BNS x?/d.o.f.

0.1351207° GeV  0.301£0.025 1.250735°2 % 107*  0.3138 £ 0.007 64

As a final check on the reliability and consistency of the fits we have fitted Zeus data with z < 0.01, not
including the neutrino data. We get no definite minimum for A, only constrained by A < 0.2 GeV; but we obtain
values of the remaining parameters compatible with those obtained including x Fs, in particular a very reasonable value
for Bys:

(e2)Bs = 1.8 x 107* (e2)Bys = 0.35, A = 0.329.

In this sense we may say that our analysis is sufficiently precise to predict the NS structure functions from F5 only, and
this in spite of the relative smallness of Fiys. It is however clear that, as already mentioned several times, systematic
deviations occur, especially large for £ 2 0.01 (cf. Sect.5).

3.2. The gluon structure function.

We give here the parametrizations to NLO for the gluon structure function that follow from our determination
of the parameters in the previous subsection, for the full set of points corresponding to a set of parameters intermediate

~-10 -
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between those given in Table V for F,

—0.25a4 . 3 B (07
Fg(l‘,Qz) = Bg [1_|_ T] o16.60:/4 Ozs(QZ) 3.182,, 0.316(1 — ) a(Q )’
1
Be [1 - 0.25a,,/47]e!®-5%/4™ (1 4 0.316)[16 + 3n;] | 1-0-316
2y —
(@) =5+ { S | -

Ba =252 x (e2)Bs, (e2)Bs = 1.226 x 107,
NLO, 2 <3.2x 1072, 12 GeV? < Q% < 1200 GeV?;
ny =4; A(2loop, ny =4) = 0.14 GeV.

The corresponding graphs are shown in Fig. 4, where we give both LO and NLO predictions, the LO calculation with
values of parameters from Table I.

There are unfortunately no direct measurements of F with which to compare our calculations. Indirect
estimates were made by the H1 collaboration, by fitting I'>, ' with an exact coupled QCD evolution. The comparison
with our calculations to LO may be found in ref. 1; the agreement is reasonable, and indeed our estimates are more
precise than the DGLAP calculation, afflicted by large extrapolation errors.

More information on F; is obtained from the cross-section yp — J/4¢p, to be discussed in Sect.5.3.

x = 0.00032 X = 0.0005 x = 0.0008 X= 00018 .-
16] 16] TR 6] 12]
1] 1 2l 1 2y 1 8L’
8 8l 8 4
4 4 4 0
i 12 14 1 i 15 20 2 0 18 2 4 i 22 @ 4
x= 0.002 ) x=00032 . x= 0.005 X = 0.008
12} U 12] R 1 12} U 12]
8 8 8 8
4 4 4 4
0 , , , 0 , , , 0 , , , 0 , , ,
10 28 4 e 10 60 1o 160 7 10 9 10 20 0 1o 20 30 @
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12+ B 12+ 4 121
8 8l = 8 -
4 4l 4
0 , , , 0 , , , 0 , , ,
B 0 B0 0 20 500 750 P 0 350 60 90 P

Figure 4. The gluon structure function Fs to LO (broken line),
Eq. (3.3), and the optimum NLO one (continuous line), Eq. (3.5).

3.3. Predictions for the longitudinal structure function.

- 11 -
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NLO, O(a?) corrections to the longitudinal
structure function are unfortunately very large; not be-
cause of the direct corrections, but due to corrections
generated indirectly via the large NLO corrections to

F5. Indeed, the value of R’ is reduced by more than RO

a half from LO to NLO. We give in Fig. 5 a plot of Nz '

LO and NLO calculations. Using Eq. (2.14), and the — R

parameters A = 0.20, A = 0.38 (Table la) we get : . : . : -

the LO result, R("); and with Egs. (2.15), (2.16) and 0 80 Gev 160 Gev 206eVT
the figures A = 0.10, 0.20 and A = 0.324 (cf. Ta-

ble IVa) we find R’ (NLO). Also depicted are a few Figure 5. Predictions for R'(0, Q%) to LO
representative data. Note that the dependence of the and NLO. Hatched box: preliminary result
NLO value of R on A is very slight, due to cancella- from H1'. Dots: data from ref. 18 (actu-

ally, at x ~ 0.05). Discontinuous line: inter-

tion of various effects. Thus, the lines corresponding ) / !
mediate calculation, see main text.

to A =0.10, 0.20 in Fig. 5 fall almost one on top of
the other.

To get a further indication on the meaning of the results, we have also calculated R’ from the effective fit
at low energy of ref. 1, with A = 0.324, and o, to two loops, but without other NLO corrections, taking n; = 3
below Q2 =12 GeVZ, and ny = 4 above. This is the intermediate, dashed curve in Fig. 5. Clearly, one would expect
that the real R’ would somehow interpolate between this, at low momentum, and the full NLO curve, for very large
Q?. The predictions should be checked against experiment when, and if, measurements independent of those of F are
performed at HERA. We have given the predictions for = 0; the figures would not change much provided z < 1072

4. THE SOFT-POMERON DOMINATED MODEL

As remarked in the Introduction, the results derived in the previous sections assume that the singlet structure
functions are dominated, at small z, by the singularities of the matrix elements of the quark and gluon operators. We
may instead hypothesize that these singularities lie to the left of n = 1, and then the small x behaviour is controlled
by the singularities of the Wilson coefficients. Specifically, this occurs if one assumes that, for all Q2 below a certain
Q3 of the order of a typical hadronic scale (say ~ GeV), cross sections behave according to a standard soft-Pomeron
dominance,

o1ot(Q3, s) ~ Constant,
for Q2 <1 GeV?.
We can then get the structure functions for small x by evolving with QCD the expressions corresponding to

this,[9:10,11]

Fi(x,Qg)xioci, i=S,G. (4.1)

We will present a sketchy derivation of the resulting formulas, to NLO. This is of interest because we use the moments
method, instead of the Altarelli-Parisi equations employed in ref. 11, so we have a nontrivial check of the calculation
there.

4.1. Theoretical calculations: Fy and Fg

Our starting point is the following relation, proved in ref. 6 to NLO,

o, (Q*)P (1 +al)S™ (1 — aC)pr(n, Q%) = b = independent of Q. 4.2)

- 12 -
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Here a = a4 (Q?)/4m, CM) is the matrix of NLO corrections to the Wilson coefficients” and

_ Y2(n)
b_[(ast 0 [ e T
e ( 0 af‘) T 25 721(n) : (4.3)

AT

with S, v defined before; explicit expressions for these quantities may be found in the Appendix. Here we only give the
values, in the limit n — 1, of those of interest for us now. We have:

do 16nf
d ~ ——  —dy, d_ ~ —
+n) An—1) T
4 11+ 2
do = —8, dy = =2 2t
Bo Bo (4.4a)
] _ni(n—1)
~ 9
S(n) ~ 9 dng(n—1) |~
ny(n—1) 81
and, defining v;;(n) ~ r;;/(n — 1),
ri2 = =200, TRy, A4.4b
Pog = 380 TeCs — L0 TeC (4.4b)
22 = 2o TrpCy — 50 TrCF.
Finally,
O (n) = Crlr? = L= 4((3)](n = 1), C(n) = 0, Tp
1679 12T (4.4c)

O (n) = an—1) O (n) =~ —

In the soft Pomeron hypothesis the behaviour of F's ¢ as « — 0 is, as discussed, dominated by the singularities of the
CW(n), v (n), ¥ (n) as n — 1, which in turn give those of the g(n). From (4.2 - 4) one easily finds,

Clk’l

L+ —
— n n —
I‘(n’Qz)n§1b1as ) 9 1 ak d
ey

(4.4d)

n—1

1 2461 37“12
k=12Tp+ — | § — | ki=k——.
F+25O <97°12+7°22+ 7 ), 1 Sn;

Note that, because for n — 1, d4.(n) > d_(n), only the term in a;d+(n) (and not that in a;d_(n)) contributes.

Next we evaluate by in terms of F;(z, Q3), assumed to behave as in (4.1) so that

1

n—1

(. Q) = e (45)

This is accomplished using again (4.2) for @ = Qq, profiting from the independence of b1 on @?. The computation is

straightforward and we find
Hk
b= o, (Q2)ds00 {1 _ 2 (Qo)k
1 o (QO) 471'(71 — 1) Co,

o =Ny [%cl + %cz] .

(4.6)

" Defined as in ref. 6, which fixes the arbitrariness in Fg.

~-13 -
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Plugging the result into (4.4) we get

2\~ Tdo/4(n—1)—7d;
I‘(na Q )n:>1 Cpe

3rio]  as(@?) as(Q3)
o b+ [k_ Snf] dr(n—1) _k4ﬂ'(n— 1) (1)
9 0(Q@) L an@d | | ~
ng(n—1) {1+k47r(n— 1) k4ﬂ'(n - 1)}
(@)
T=1 gas(Qz)’

with dy, dy as in (4.4a). We then invert the Mellin transform. Generally, if

puin) = /0 dx 2"~ F (), (4.8a)

and )
~ __ —  doT/4(n-1)
pn) ~ = 1)Ve (4.8b)
then
Flz) = € fo(r)eVor (4.9)
where® 40
E=logz™! o= %1/—%, - (T) = —l(dor)_g_%. (4.10)

m2
The proof is elementary and is obtained by substituting (4.9) in (4.8a) and integrating. Thus we get the final result,

Fs(#,Q%) =~ coé” 1(5271_5) exp {\/don—dﬂ'}

@} (4.11a),
i3 QS(QZ) QS(Qg)
X{”? e O T]}
960 1
Fa(r,Q?) QgEgﬂ _(47r2d07-£ — exp {\/dor dlr}
[, 0a(@?) (@3) )
Qg Qg 0

Here k, k1 are given in (4.4d) with the 7;; of (4.4b). We have added an arbitrary factor (1 + &) for reasons that will
be clear later. In the soft Pomeron model, one of course has 6 = (0. Numerically,

k’l =k- 3r12/8nf ~ 42.19

(4.11¢)
k ~22.19 (both for ny = 4).

Eq. (4.11a) may be compared with the calculation of Ball and Forte.l'] We agree in the LO term, and in the
coefficient of a5 (%) /47 in the NLO term, but disagree in the coefficient of the a5 ((Q)3) /47 term. This is not of great
moment? since the numerical difference is slight, 22.19 vs 16.19. Eq. (4.11b) is given here for the first time.

NLO corrections are wvery large. Indeed, for fixed %, + — 0, the NLO correction overwhelms the LO part.
This, together with the problem posed by the BFKL-Florentine terms(19,20]

—(.UUOCS(V2

x ); wp = Constant

& From (4.8 to 10) it thus follows that powers of n —1 correspond to powers of y/|log z|. Therefore, we cannot, unless
a more definite assumption is made about the behaviour of the structure functions at @3, give results more precise

than terms of relative order 1/+/]|log z|.

9 Nevertheless an independent calculation that resolved the discrepancy would be welcome.

~14 -
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will be discussed in Sect. 5.

4.2. Theoretical calculations: longitudinal structure function.

We define as before (Sect. 2.3) R’ ~ F/Fs. Because, in the soft Pomeron dominated model, the contribution
to Fr of Fig is subleading with respect to that of Fz in the z — 0 limit, it follows that we may, to errors of relative
size v/1/|logz|, neglect the contribution of Fs to F. For completeness, however, we will give the formula including
this contribution of F's. We then have an equation similar to (2.13),

1 1
P, Q%) = Fole, Q) [ dy Chlw. @)+ Fo(e.@%) [ dy Ch(0.0¥), (1.12)
0 0
and the CF are as in (2.12b).
We let
320, TpC
Iy(z) = Tpnt [Crlai(0) + Calgs(0;2)] ~ —17.62 — % logz™?, 413)

Iq(l‘) = CF(CA — QCF)Igl(O) + CIZ;JSQ(O) + CFTanfgg(O) + CFTanIPS(O; l‘),
where

1
/ dyc(Gl)L(y) = nfTF[CFIG1(0) + CAIGZ(O; l‘)],

and similar expressions for the Is, Ips. We then obtain the NLO expression for R/,

2
R/(x’Q2) gg% {QCF‘FI(]%
T (4.14)
2 2
+48Tp %{H(_%TFCA cff_r+§fg>asi§)}}asi§)'

Because the NLO corrections are so large, we will use, instead of (4.14), a nonexpanded version for comparison
with experiment. Removing also the NLO contribution of Fs the formula to be employed for numerical calculations is

then,
: 1+ (Qk\/g/dor) 0, (Q?)/4n
R (z,Q% ~ 48T, /d— +2
EENER oT 1+ (lex/f/dor) as(Q?)/4r (4.15)

X {1 + 231, (2) O‘sgz)} asgfz).

4.3. Comparison with experiment.

For the soft Pomeron dominated model a very peculiar phenomenon occurs: the LO expressions produce fits
better than the NLO ones. What is more, and unlike in the hard singularity case where we could blame the discrepancy
on the large & points, here it is uniformly distributed. The strategy for comparison with experiment should be different
now. First of all, we will not include a term like (1 — x)” connected with the saturation of the momentum sum rule
since it is now very small, and would arrange nothing. Secondly, we give parameters for the LO fit for the restricted
(z < 0.01) range, and we give results of the NLO calculation both for the restricted (z < 0.01) and full ranges. These
we will discuss in greater detail.

As stated we begin a LO calculation, fixing A(1 loop ny = 4) = 0.20 GeV, and taking for definiteness the
H1 data, plus the neutrino data for stability. We find the results of Table Vlla.

~ 15—
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Table VIIa. LO calculation; x < 0.01, H1 plus » data.

(eg)co  (eq)Bus Qs Y?/d.of.

2 48.2
012 044 046 GeV? 282

We consider next the NLO calculation which we split into two parts: restricted range, and full range. For the
first we give the results of the calculation in Table VIIb. Only the H1 data are considered, for comparison with Table
Vlila. We do include neutrino data to force reasonable values for Byg.

Table VIIb. NLO calculation; z < 0.01, H1 plus » data.

A (eg)co (e3)Bns Q3 \2/dodf.

0.160170GeV  0.29240.001 0.326 & 0.020 0.8613,*° GeV® AL

As mentioned, the chi-squared has clearly deteriorated,'® although the values of Q2, By are more realistic
now. The value of A, also fitted, is reasonable.

For the full range we give the results of the fits to both H1 and Zeus data in Tables VIII. For the H1 set there
is no reasonable minimum for A; for Zeus the optimum is for A = 0.165 GeV. Thus we fix this value for both sets of
data.

Table VIIIa. NLO calculation; Zeus plus v data, x < 0.025, A = 0.165 GeV

(eg)co  (eg)Bws Qi y?/d.of.

0.282  0.240  0.90 GeV? 273.2

120—4

Table VIIIb. NLO calculation; H1 plus v data, < 0.032, A = 0.165 GeV

(e2yco  (e5)Bws Qi y?/d.of.

0.265  0.246  0.70 GeV? 190.6

110—4

Our results are consistent among themselves, and with an existing NLO calculation, based on H1 data[21]; the
comparison with the Zeus data for x < 0.025 is shown in Fig. 6.

For Zeus data we would have had a much worse figure, )f/d.o.f.:éiii, but a slightly better A = 0.20. The other
parameters do not change substantially.

~16 —
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Figure 6. Predictions for the structure function F» to NLO
in the soft-Pomeron model, and Zeus data.

The results may be confronted with the ones obtained if not including the NLO correction: we would have
obtained, for the generally preferred value A = 0.23 GeV,

142.1
2 —
x“/d.of. = 190 —3 (Zeus)
90.0
2 —_
x“/d.of. = 10— 3 (H1).

The situation is somewhat unpleasant. To make it worse, we mention that, if we delete the term in a4 (Q3) in Eq.
(4.11a), by simply putting § = —1 there, the quality of the fit improves substantially: to a chi-squared/d.o.f. of %

for Zeus data, and 113—'_13 for H1, with A = 0.23 GeV.

It is difficult to draw a clear-cut conclusion from this. At any rate, in all cases the fits are comparable in quality
to those obtained with the hard singularity hypothesis, and reasonably good; more discussion will be given in Sect. 5.
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For the longitudinal function, the predictions
and comparison with experiment are depicted in Fig.
7; both the LO prediction based on the parameters of
Table VII, and the NLO ones using the figures from

Table Vllla. Like in the hard singularity case, and for K

the same reason (large size of NLO corrections to Fg) : : :

there is a dramatic decrease between LO and NLO 0 80 Gev” 160Gev” 240 Gev* Q
predictions, particularly for “large” values of z, and

for very small ones. NLO results, depicted for various Figure 7. Predictions for R'(z,Q@*) to LO
values of z in the figure are below the data. One and NLO, soft Pomeron model. R': dotted,
cannot, nevertheless, consider the disagreement with z = 0.05; dashed line: z = 107°; continu-

ous line: z = 10™%. Hatched box: ref. 17
(x ~ 10_3). Dots: data from ref. 18 at
z ~ 0.05.

experiment to be serious given the errors both of it
and of the theory. Perhaps more serious is the problem
that the NLO corrections also here overwhelm the LO
piece for z — 0.

5. HARD PLUS SOFT SINGULARITIES. LARGE Q2.

5.1. Discussion.

It may appear strange that two mutually contradictory hypotheses, leading to so apparently different behaviours
as the soft and hard Pomeron ones, produce both results in fair agreement with the data. The reason, however, is
not difficult to find: both behaviours solve the QCD evolution equations, so the agreement of the calculations with
experiment only depends essentially on the theoretical formulas fitting experiment at one value @7, say Q3 = 12 GeV?,
and on the validity of QCD for the subsequent evolution for larger Q% at small . However, neither the hard nor the
soft Pomeron solution are fully satisfactory. The hard Pomeron expression fails to fit data with 2 0.01. The soft
Pomeron does not produce a marvellous fit either, and in addition presents conceptual problems, that we now briefly
discuss.

First of all, we have the problem that, in the soft Pomeron case, the NLO overwhelms the LO term for small
z (as ~ as+/log x), so the soft Pomeron-inspired formulas must necessarily fail for the strict  — O limit. This is not
the case for the hard singularity behaviour. Secondly, a power behaviour seems to be indicated for consistency with
the v*~ scattering case, where it has been shown to occurl??l. Finally, we have the following argument. By Reggeon
calculus methods or summing ladder graphs, the authors of refs. 19, 20 have, at free level, found the behaviour

_ 4CA10g2

T

Fg ~ x_woo‘s(“2), Wy
This poses no threat to the hard singularity behaviour since this term is subdominant with respect to =" if, as seems
natural, the argument of «, is proportional to Q%; but it is incompatible with the soft Pomeron hypothesis because the
new term dominates it. (However, there is a way out if the argument of o, was the hadronic energy, s ~ Q%/x for
then, as # — 0, the new term would become merely a constant).
A possibility that allows us to keep the best of both worlds is that one has, at a low @2, a behaviour sum of
the hard and soft Pomeron ones,

Fs(Q2, x) ~ ¢+ bz~

Although this implies that in the limit # — O the hard singularity will dominate, for finite z, if ¢ < b, both soft and
hard singularities may contribute comparable amounts. In this context it may be remarked that a behaviour like the
one above has been shown!?31] to describe very well photoproduction (Q* = 0) with constants precisely in the relation
c < b. If this persists up to Q2 ~ afew GeV?, the mixed behaviour would be indicated. Needless to say, since
both soft and hard-singularity dominated behaviours fit the data a mixed one will do so even better: for example, the
deficiencies of the hard singularity picture at “large” z, and of the soft Pomeron one at all z, discussed in connection
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with the fit to the Zeus data, would likely be at least partially cured.™* The conceptual difficulties of the soft Pomeron
term alone also disappear as, in the strict limit £ — 0, it is dominated by the hard piece.

There exists also a theoretical argument in favour of the hard plus soft Pomeron situation, and it comes from
multi-Pomeron exchange theory. If, at a fixed Q2 of the order of the GeV a single hard Pomeron gives'?

Fip(z, Q% i~ b1 p(Q7)s,
s=Q°/x,

then an n-Pomeron term will produce the behaviour

FnP($a Qz) s ~ an(Qz)SnA;

— 00

the constants b, p should depend on the momentum at which they are calculated.
In some approximations (e.g., of eikonal type[24]) one has, for Q% = —MPZ,,, i.e., for on-shell scattering of
hadrons,

n K"
an(_Mﬁad) = (_1) +1F0a

so we get for the sum
oQ
2y _ 2 _ 2
Fg(#, —My,q) = ZFnP(xaQ = —My.q)
n=1

=C —Cexp [—I{SA] ~ (.

§— 00
For values of Q% of the order of Q2 ~ 2 — 4 GeV?, we expect that the bnp(Q?) will not change much from
bop(—MZ,4), so if we write
bnp(QF) = bnp(=Mag) + Ay,
we will then get,

Fs(z,Qf) = Fs(x,—Mgq) + > Apn = C+ Ajp™ + Aga™ 4 (5.1)

with the A small. This expression contains a hard plus a soft Pomeron of the type discussed above. It also contains a
term Asz~2* whose inclusion we will consider in Sect.5.3.

5.2. Hard plus soft singularities for .

We next discuss the large Q% 2 10 GeV? region, under various hypotheses for the small )2 region, which we
then evolve with QCD. We will consider moderately large values of z, x < 0.032 because we will be interested not only
on the leading behaviour as x — 0, given almost certainly by a hard singularity, but also on the subleading corrections.
So we assume that at a certain, fixed Qg ~ 1GeV?, one has

Fs(x,Q%) ~ Bsz™ + Feorr (2, Q3). (5.2)
For the correction term, Feopr (2, Qg) we consider the following possibilities: a soft Pomeron,
FP  (x,Q2%) ~ constant; (5.3a)
and a P’ Regge pole,!3
FCIZ;F.(l‘, Qg) ~ constant x xl_O‘P’(O), ap/(0) ~ 0.5. (5.3b)

This last possibility is considered because, as shown in ref. 10, any behaviour %, ¢ > 0 at Q2, produces at larger Q?
behaviours differing from the soft Pomeron one, (1.4a), only in the pre-factor, but with the same exponent.

Once assumed the behaviours given in (5.3), and taking for simplicity that the gluon structure function behaves
like the quark singlet one, we evolve with QCD for higher QZ. From the results of the previous Sects. we find, to NLO,

es (14 Ag)as

Pe(e, @) = s {14 SR sty (4000 4 B (0,00, (5.)

"The hard singularity picture overshoots the large =, Q? data (Fig. 3) while the soft Pomeron one undershoots the
small x points, and undershoots large = ones: see Fig. 6.

12The following discussion is rather sketchy; details and references may be found in the review of ref. 24.

13For Regge pole theory cf. ref. 25.
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and depending on the low @2 hypothesis we make we find the following correction terms:

FE (0. Q) ~ {1+2 @, as@a)]}

doT 47 47 ( )
5.5a
Co 9T B
— | \d —d
e [47r2(33—2nf)] eXp{ o 7 ”}
for a soft Pomeron, Eq. (5.3a). For the P’ Regge pole we find a very similar formula:
2 2
P SR FUNPIY R  PRCE (% BEPNCH C))

3
/ 4
x% (g) exp {\/d0€ T— dlr} .

As we will see, none of the three possibilities gives a really good fit in the “large” 0.01 < x < 0.032 region;
for the more precise Zeus data the x?/d.o.f.is of 1.7. To remedy this we consider the possibility of softening the large
x region by multiplying Fs(z, Q?) by a factor (1 — x)¥, as discussed in Sect.3. Here, however, we take v constant
because this already produces an excellent fit.

The results are summarized in Table IX, where for definiteness we compare the fits obtained with (5.5a,b) with
the fits found using only the soft Pomeron-dominated expression. We have not fitted A, which we have set equal to
0.470, for reasons that will be apparent in next section; if we had fitted it, we would have obtained A = 0.43 and an
improvement of only two units in the chi-squared'*. We give the results for the Zeus data only; later we will present
simultaneous fits to H1 and Zeus data.

Table IX .- n; = 4; Zeus data, plus neutrino data. & < 0.025, Q% > 12.5 GeV?

A @ (elyeo (e2)Bys x°/d.of.
Soft Pomeron only { 0.165 GeV  0.90 GeV?  0.282  0.240 21
« ] A (fixed) Q3 (ei)co (6(21>Bs <€(21>BNS X2/d.0.f.
Hard + Soft Pomeron { 047  245CeV? 0.252 442 x107% 0204 T
Hard + P, A (fixed) Q3 (ei)cP/ (6(21>Bs <€(21>BNS X2/d.0.f.
large = softened** 0.47 111 GeV® 0.616 4.25x107*  0.343 s
Hard + Soft*, A (fixed) Q3 (ei)co (6(21>Bs <€(21>BNS X2/d.0.f.
large = softened 0.47 272 GeV® 0.310 3.417x107*  0.370 e

* Afixed at 0.230 GeV. The optimum value would correspond to A ~ 0.45 GeV.
** If we had not corrected for the large = values, i.e., we had not included the factor (1 — z)*, we would
have obtained a x*/d.o.f.of 270.

In this table the expression “large x softened” means that we have multiplied the formulas for F'g by a factor
(1 — )", v ~ 11, to correct the structure functions for (relatively) large values of x. For the hard singularity case, cf.
ref. 5 and Sect. 3.4 here; for the Hard 4 Soft singularities case, we have taken v = 10 ~ 11. (We will discuss further
the “large” x region in Sect.5.3).

5.3. Hard plus soft singularities, plus triple Pomeron term for F,. Best (global) fits.

1To be precise, if we had fitted A to e.g., the Zens data using a hard plus soft term, we would have obtained (not
correcting for large «, and fixing A = 0.23 GeV),

A =0.429, Qf = 2.40 GeV?, (eZ)co = 0.244, (e2)Bs =3.83 x 107*, (el)Bns = 0.30,

for a x*/d.o.f.= 2.
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Clearly, the best fit is obtained with the hard plus soft Pomerons. Not only the x?/d.o.f.is quite good, but
the values of the parameters are very reasonable. In fact, more evidence in favour of the “hard plus soft” scenario will
be given in next section; for now we will consider that the fits are so good, that it makes sense to see if one can find
evidence for a “triple Pomeron” term. That is, we consider that [cf. Eq. (5.1)]

Fs = Fsoty + Fraara + F1 7,
FTP(2,Q32) ~ (Const.) =,
so that, when evolved with QCD to large QZ,

cs(1+2X0)a;

FTP(x,Q% ~ Brp {1+ o

}eq5(1+2>\)065/477[as(Qz)]_d-F(l-l'z)‘)x_Z)\. (5.6)

Note that this is O(ag+(1+>‘)_d+(1+2>‘)) ~ O(al%), ie., subleading in powers of g, with respect to Fiiarq.

We present in Table X the parameters of the fits to, simultaneously, H1 and Zeus data on ep, plus neutrino
data. This gives our best set of formulas, providing an excellent fit to experiment in a very wide range of @?, . In
the second case (Table Xb) we do not give the fit including a triple Pomeron term as the x?/d.o.f.does not vary
appreciably if including it provided <e§>|BTp| < 2 x 107*. We consider the parameters given in Table Xa and Table
Xe (see below) to be the more reliable ones for describing small x structure functions. If we had fitted also A with
the whole set of data we would have obtained minima for values comprised between 0.42 and 0.49, with a variation of
the chi-squared of less than two units with respect to the one obtained fixing A = 0.470. Finally, if we fit the QCD
parameter A, the values which provide minima vary between 0.555 GeV and 0.310 GeV, and the chi-squared improves
by less than five units. Because of this we consider, as stated, that it is justified to favour the fits obtained with fired

A=0.470, A = 0.23GeV.

Table Xa. ny = 4; Zeus plus H1 data; Q* > 10 GeV?, z < 0.01.

A (fixed) Q3 (ei)cP (6(21>Bs <€(21>BNS X2/d.0.f.
Hard + P97 047 2.95GeV? 0206 4.28x 107 0.349 Ao
Hard 4+ P, | X (fixed) Q3 (ei)cP (6(21>Bs <6(21>BTP <€(21>BNS X2 /d.o.f.
+TP term 0.47  4.45GeV® 0.258 833 x 107" —1.67x 107"  0.359 120.2
Table Xb. n; = 4; Zeus plus H1 data; Q* > 10 GeV?, z < 0.032.
Hard + P A (fixed) Q3 (ei)cP (6(21>Bs <€(21>BNS x?/d.o.f.
x “softened” with (1 — z)” 0.47  2.28GeV? 0311 2.72x107* 0315 204

Table Xc. ny = 4; Zeus plus H1 data; @* > 10 GeV?, 2 < 0.032..

+P 0.47 5.00GeV?  0.588 —0.271 4.66 x 107*  0.262 265.3

230—-5

Hard + P { A (fixed) Q3 (ei)cP <6(21>CPI (6(21>Bs <€(21>BNS X2/d.0.f.

A fixed at 0.230 GeV. NLO corrections included

We discuss now in some detail the larger x region. If taken by themselves, both soft and hard Pomeron
expressions (and a fortiori a sum of the two) must, as discussed in ref. 1 and Sect. 3.1 here, run in contradiction with
the momentum sum rule if mantained for fixed x and Q2 — 00; and this contradiction starts becoming noticeable at
the higher Q2 ~ 1000 GeV? for x > 0.02: so a modification of our formulas for finite  is necessary. In the present
paper we have, until now, introduced it phenomenologically by multiplying the low 2 expressions by a factor (1 — z)”
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(“softening” ), with v constant or depending on Q?. A more rigorous procedure would be to assume, at a fired Qg a
behaviour like

Fs(x,Q2) = (Bsa™* + C)(1 — z)", (5.7)
and then evolve with QCD. This is best done by expanding first (5.7) in z,
Fs(x, Q%) ~ Bsz 4+ C —vyBgr' ™+ .. .. (5.8)

The dots correspond to terms behaving, as  — 0, as higher powers of x, which need not be considered; see below.
(5.8) has exactly the form of a hard Pomeron, plus a soft Pomeron, plus a P’ Regge pole, plus higher powers of .
From the results of the previous sections we know that all terms vanishing for small x yield the same expression, up to
a constant, when evolved to large 7, as the P’ piece. So we may lump the piece —vgBsz!~> + ... into a single
term like that of Eq. (5.5b), to be added to a soft and a hard term. To LO thus,

Fs(x,Q%) ~ Bsa;™ +FE. (2,Q%) + Fhp (2,Q%) (5.9)

Q2500

FP_(x,Q?), FE'  (x,Q?) given in Eqgs. (5.5). The resulting fit (including NLO corrections) is described in Table X¢
above. This certainly improves the fit at large x with respect to the unsoftened situation, but not much; indeed, less
than the simple “softening” used before in the text'® and it certainly does not solve the momentum sum rule problem,
either. This should not be too surprising: by its very nature, a calculation with leading terms only for  must fail for
larger values of this variable.

What we mean by this exactly is the following. Consider that at a fixed Q2 one had exactly a hard Pomeron,
Fs(z, Q%) = Bxz~>. Then, at any larger Q°, we have the moments [in this simplified discussion we neglect the matrix
character of the evolution equations]

%@ﬂ“w 1
a,(Q?) n—(1+A)°

Writing identically e7%+ (") = e7%++M[1 4 §(n, \)] we find

p(n, Q%) =B [

Fy(e, Q%) = FE=t 4 % FE=0 (2, Q%) = Byl (@) %+ +Va ™,

and the subleading piece is such that it has moments

d(n, A)
SL 2y _ My—dg (142) ;
= Bgs|as + .
0, @) = B[ QA0 )
§(n, A) vanishes for n = 1+ X; hence the first singularity of the ;5(n, Q?) occurs for n = 1
and there,
-B d
SL 2 S —dy(1+X) 0 _d
H (n’Q )n:>11+AO[s eXpT|:4(n_1) 1:| .

dy(1+X)

This is of the soft-Pomeron type apart from the factor a , SO we expect

FL (2, Q%) ~ as—d_,_(1+>\)+dle\ [doTE

If we continie to subtract the tems singular at n = 1, 2, ..., we would get an asymptotic series for I's. For z — 0 this
is dominated by the term F;Jead'; but for fixed x, the remaining terms in the series end up by overwhelming Fgead' as
Q? becomes very large.

A precise evaluation is not difficult; it would also involve the gluon component. We shall not present the
corresponding fits here; to do so one would have to include also subdominant corrections to the soft Pomeron piece. It
is unclear that the effort would be worth the results, given the good quality of the fits with dominant terms only.

" Nevertheless, from the point of view of rigorous QCD the softening given in Eq. (5.9) is to be preferred to mere
multiplication by (1 — x)¥ for all Q?; e.g., for extrapolations to higher Q?, since (5.9) is compatible with QCD
evolution for x — 0. What is more, the parameters are fairly stable from Table Xa ot Table Xc¢, advantages that
in our opinion offset a small increase in x?/d.o.f.. wit respect to Table Xb.
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Figure 8b. Comparison of predictions from Table X with Zeus ep data for Fs.
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In Figs. 8 we show the comparison of our fits, with the parameters in Table X, with data. Note that the same
values of the parameters are used in Fig. 8a and Fig. 8b. For both Figs. 8 we give the fits with the “softened” and
straight formulas: the continuous lines indicate large-z softening, and the dotted lines no softening. The improvement
in the quality of the fits when compared with the “soft-Pomeron only” or “hard-Pomeron only” is obvious to the naked
eye here.

5.3. Gluon and longitudinal structure functions.

Detailed predictions for the gluon and longitudinal structure functions are obtained trivially by adding the soft
and hard Pomeron expressions given in the previous sections We will leave the details of this to the reader; likewise, we
do not draw the figures for the Fg, Fr as they would not differ much from the ones drawn for, say, the hard Pomeron-
only hypothesis. However we would like to comment here on a particularly interesting prediction of our analysis for the
growth of the cross-section o, /4 (W) as a function of the c.m. energy, . In fact, this cross section may be
expressed as a function of the gluon structure function Fg,

M3,
W

Typ—afyp (W) = AFg(z = a Q° = M§/¢) ~9GeV?,

and A, a are constants approximately known. For F we have,
2 —dy =X
Fa(z,Q°) ~ Bglas] e
r—0

and B¢ may be calculated in terms of A, Bg. So, using our formulas we have, for the logarithmic slope of the cross
section,

logO' I/ (W)
5 = J/vp 27,
log W S

The figure reported in a fit(>] including recent HERA datal®"l gives § = 2\ = 0.9. This in very good agreement with
the optimum values of A obtained with the hard plus soft fits, 2A = 0.83 to 1.0, and is clearly superior to the results
following from the hard Pomeron only hypothesis, 2A = 0.64 to00.76.

6. HARD PLUS SOFT SINGULARITIES: SMALL Q2.

The quality of the results obtained by assuming that at values of Q2 ~ 3GeV? one has a hard singularity,
> plus a soft (constant) Pomeron term, evolved with QCD to large values Q2 > 10 GeVZ, leads us naturally to
the question wether it is possible to extend the analysis to the low (? region as well, thus enabling us to address the
important issue of the connection between the perturbative regime (Q% > 10 GeV?, say) and the region Q% < 10 GeV?
where nonperturbative effects are determinant.

It should be obvious that, unless one were able to perform a full, nonperturbative calculation, we must content
ourselves with phenomenological evaluations. Here we use approximate, QCD-inspired formulas and assumptions and
enquire wether we can still fit the data. We will find that this is indeed the case; in particular, we will see that the
extension of the fit of the data to Q2 — 0 implies self-consistency conditions both for the singlet and the nonsinglet
which will allow us to calculate the constants A, p, getting values in impressive agreement with other (in particular,
high Q?) determinations.

The expression for the virtual photon scattering cross section in terms of the structure function I is

dra

Oy (Q2=0)p(5) = ?Fz(x, Q?), with s = Q*/x. (6.1)

We would like to describe this down to Q2 — 0. In the low energy region we should, as discussed, take the soft-Pomeron
dominated expression to be given by an ordinary Pomeron, i.e. , behaving as a constant for x — 0 (or equivalently,
5 — 00): the expression for F5 that will, when evolved to large Q? yield (5.4), (5.5a) is

Fy = (e2)] Bolon (@2)] 4+ (14201020
(6.2)
+C + Byslo, (@)~ s(=mlgro |,
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Because NLO corrections are large for Q2 < 10 GeV? and we are interested in a semi-phenomenological description,
only LO formulas will be used. Note also that the C' in Eq. (6.2) is different from the ¢q in, say, (1.4a) as the gluon
component also intervenes in the evolution.

On comparing (6.1) and (6.2) we see that, as noted in ref. 1, we have problems if we want to extend (6.2) to
very small Q2. First of all,

47

as(Qz) = 60 log QQ/AQ

(6.3)

diverges when Q% ~ A?. Secondly, Eq. (6.1) contains the factor @2 in the denominator so the cross section blows up
as Q% — 0 unless Fy were to develop a zero there.

It turns out that there is a simple way to solve both difficulties at the same time. It has been conjectured[28]

that the expression (6.3) for a5 should be modified for values of Q2 near A2 in such a way that it saturates, producing
in particular a finite value for Q2 ~ A%. To be precise, one alters (6.3) according to

47

2
Oés(Q ) — ﬁolOg(Qz —|—M2)/A2’

where A is a typical hadronic mass, M ~ m, ~ A(nf = 2) ...; the value M = 0.96 GeV has been suggested on
the basis of lattice calculations. It has been argued that saturation incorporates important nonperturbative effects. In
the present paper we will simply set M = A = A, to avoid a proliferation of parameters. For the Pomeron term
[the constant in Eq. (6.2)] we merely replace C' — Q?/(Q? + AZ%3), using a procedure similar to that of ref. 29. The
expression we will use for low Q7 is thus,

Fy = ()] Bola. (@) -+ 25>

9 (6.4a)
+O g + Bslan(@ )]0,
where
& (Q?) Am (6.4b)

- Bolog(@Q* + AZg) /A2y

and we have changed variables, (Q?, z) — (Q?, s = Q*/x).

We have still not solved our problems: given Eq. (6.1) it is clear that a finite cross section for @ — 0 will
only be obtained if the powers of % match exactly. This is automatic by construction for the Pomeron term, but
for the hard singlet and the nonsinglet piece it will only occur if we have consistency conditions satisfied. With the
expression given in (6.4b) for &, it diverges as Const./Q? when Q% — 0: so we only get a matching of zeros and
divergences for 0. (g2=0)p(5) if A = Ao, p = po such that

d+(1—|—A0)Il—|—A0, dNS(l—po)Il—po. (65)

The solution to these expressions depends very little on the number of flavours; for ny = 2, probably the best choice at
the values of Q% we will be working with, one finds A\g = 0.470, po = 0.522. The second is in uncanny agreement with
the value obtained with either a Regge analysis in hadron scattering processes, or by fitting structure functions in DIS.
The first is larger than the value obtained in the fits to DIS with only a hard Pomeron, which gave A = 0.32 to 0.38;
but falls in the right ballpark of values obtained in the previous section with hard plus soft Pomeron, A = 0.43t00.5.
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Figure 9. Comparison of predictions with data, Zeus plus H1. The neutrino data and
prediction are not shown. We plot F> wvs. /2.

We are perfectly aware that, by using Eqs. (6.4) down to @2 = 0.32 GeV? we are pushing perturbative QCD
well below its region of applicability, and that the condition of matching at )2 — 0 is at best only of phenomenological
value. Nevertheless, the fact that we get such reasonable predictions for Ag, pg probably indicates that our procedure
represents, grosso modo, the actual situation, which is also justified by the quality of the fit Eq. (6.4) provides. If we
take all H1 and Zeus data for 0.31 GeV? < Q* < 8.5GeV?, and we include also 10 neutrino x F3 data we find

At = 0.87GeV, (e2)Bs = 5.28 x 1077, (e2)Bns = 0.498, (e2)C = 0.486,

fora x?/d.o.f.= %. The value of Acg we have obtained lies somewhere inside the expected bracket, A(ny = 2) ~
0.35GeV and the value found in the quoted lattice calculation for M, 0.96 GeV. Clearly, the fit gives a compromise,

phenomenological quantity.

The agreement between phenomenology and experiment, shown graphically in Fig. 9, is unlikely to be trivial;
x varies between 6 x 1075 and 4 x 1072 , and F» changes by almost one order of magnitude. To see more clearly this
nontriviality, we replace the hard singularity by an evolved soft Pomeron, with a saturated «s. That is, we now fit with
the expression
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o e [9€10g[a4(Q2)/a, (@) a,(Q3) &,(Q3)
Fy = <6q>{_ [ 471'2(33 — an) ] exp (\/d0£ [log i, (QZ)] —dy log ds(Qz))

QZ

o
Q* + A2y

+ Brs [ds<cz2>]-dws<1—ﬂ>@2ﬂ5-"},

&g as before. Then we find
Aet = 0.41 GeV, (e2)eo = 0.094, (e2)C = 0.253, (e2)Bns = 0.41

and a much deteriorated x?/d.o.f.= 250/(104 — 4). We consider these results as convincing proof of the necessity of
a hard component also at low Q2.

7. DISCUSSION

The main outcome of our analysis in the present paper is that we are able to give a unified, consistent
description of small x DIS data, both for large and small values of Qz, by assuming, at low momenta, the presence
of a hard plus a soft Pomeron, a procedure which improves substantially the quality of the descriptions with only one
of these. There also appears some evidence for a triple Pomeron contribution; evidence which is, however, somewhat
marginal. Besides this, there are a number of specific points to which we would like to draw also attention.

First of all there is the matter of the dependence of our low Q? results on the saturation hypothesis for ar. It
is clear that the good quality of the fits indicates that, with suitable modifications, perturbative QCD supplemented by
saturation, may give a phenomenological description of the data down to very low momenta; but of course this should
not be construed as a proof of saturation, in particular of the very specific form considered here. One may interpret
our results, however, as showing that the saturation expression is particularly adapted to represent, in DIS, a variety of
effects: higher twists, renormalons, and likely also genuine saturation.

A second question is the connection between low and high Q?. For the hard piece there is no problem, as
both expressions are identical up to NLO corrections. For the soft piece, if we start with a constant behaviour for
Q? ~ 2 — 5GeV?, then as Q? grows an expression like (2) will start to develop. the details of this will depend on
what one assumes for the gluon structure function. Because the variation both with Q2 and z of the soft piece is slower
than that of the hard part, we think the best procedure is to assume constancy of the soft piece up to Q% = 8.5 GeV?,
and the evolved form from there on; since a very good fit is obtained at the low momentum region already with the
constant behaviour there is little point in adding frills, and a new constant (the soft component of the gluon structure
function).

Next, we say a few words on the parameters, starting with the QCD parameter, A. It is impossible to give a
reliable determination of the value of this parameter from low z data alone; if fitting it, the central values vary between
0.08 GeV and 0.55 GeV. If we take what we consider the more reliable fits, those in Tables Xa, ¢, and allow A to
vary, we find an optimum value of 0.31 GeV; in particular, from the fit with hard plus soft Pomerons, plus P’, the
optimum is A = 0.32 & 0.05 MeV for a y%/d.o.f. of %, hardly improving the result reported in Table Xe. This
tells us little more than rough compatibility between the low x and other determinations of A.

With respect to other parameters, we can say that the fits give precise determinations of the nonsinglet
parameters, p, Byg; but the singlet parameters are much less precisely determined. For example, A varies from 0.38
(LO, hard singularity only) to 0.32 (NLO, hard singularity only) to 0.47 £ 0.04 (hard plus soft, the best value in our
opinion). Likewise, Bg varies by almost one order of magnitude. The reason for this may be traced to the dependence
of the parameters on the theoretical formulas used to fit the data, in particular when going from LO to NLO because of
the large size of the NLO corrections to I's. We consider the parameters given in Tables Xa, ¢ to be the more reliable
ones in particular for extrapolations to larger 7.

APPENDIX

In this Appendix we present the full collection of formulas necessary to evaluate electroproduction to NLO.
Leading order quantities.
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ﬁo =11- %nf, 61 =102 - %—Snf.

(0) (0)
Ins (1) 7 (n)
d = - ; D = - . Al
vln) = =250 py = Y8 (A1)
Here, 'yj(\%(n) = 'yﬁ)(n) and
1 n?+n+2
-~ 4 3_g 3 - =
© _ 32| 2n(n+1) "1 1(n) S S TE) "
T =773 n?+n+2 33—2nf+g 1 N 1 —Si(n) '
In(nZ— 1) 16 i ntn—-0 " m+Dn+z TV
We define, generally, the functions
[ 1 1 + _ n—1
st =3 o ] S = s/ 57 G =5 (1),
and
)= -k F Y T sk
ST G
The matrix that diagonalizes D(n) is S(n)
—1 d+(n) 0
s~ st = (7, 0).
with the eigenvalues ordered so that d4 > d_. S may be written as
1 Dlz(n)
() — ds ()
S = A.
W=\ detm) - Du() dn) = Dii(n) —
Daln)  d-(n)—ds(n)

Nonsinglet NLO quantities.

We will not give explicit formulas for the C'J(\};(n), 'yj(\%(n) which may be found, misprint free, in refs. 6, 7.
We will only present a few figures for relevant values of n from which good interpolation formulas may be written. One
has

CVL(n = 1) = 0; 42 (1) = [13+ 8¢(3) — 27,

the last formula for crossing-even functions (like Fivs in electroproduction). For crossing odd functions, like z F5 in
neutrino scattering, the corresponding NLO anomalous dimension coefficient verifies

’Yj(vlg,odd(l) =0.

For n near 0.5,

n=04 n=05 n=206
cGlmy=17.1; 9.6 5.5
ny =3 ny =4 ny =25
n = 0.4 0.5 0.6; 0.4 0.5 0.6; 0.4 0.5 0.6
Wl = —273.7 —159.3 —98.2;  —271.7 —155.9 —95.0; —269.6 —152.5 —91.7

Note that CJ(\};(n) is independent of ny.
Singlet NLO quantities.

The four quantities Cj;(n) may be found in ref. 6. Here we give only the two that enter the calculation for
ep scattering. With Cp =4/3,C4 =3, Tp = 1/2,

cHn) = Cp {zsf(n) + 351 (n) — 285 (n) — 1 (A.4a)
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1 2 2
6 w} (A.4b)

1
cYm)y=an;Tp{-——+—4—"———§
) = Tr =t St o e e Y e e
Finally, for the NLO anomalous dimension matrix 7(1)(71) we have the following expressions:

2n+1
n?(n+ 1)?2

+24S5(n) 4 64S(n) — 855 (3n) —3 -8

YWn) =t {1651(71) + 16 (251(n) T amtD)

]
3nd+n? -1 2n2—|—2n—|—1}
]

n3(n+1)3 B n3(n+1)3

+CpCy {%Sl(n) -8 (251(71) - m) [255(n) — ST (5n)

885, (n) — 325(n) + 45T (bn) — L (4-52)

17
3
4 151n* + 23613 + 88n? + 3n + 18 2n +92n+ 1}

9 n3(n+1)3 n3(n+1)3
+ny TrCp {=157S1(n) + 52 (n) +
416 1107 + 4905 + 5n® — 329n% — 51403 — 35002 — 240n — 72} )

o (n—1)n3(n+ 1)3(n 4+ 2)2

n?+n+2
nn+1)(n+2)
2n+ 3 3nt + 1503 + 29n% + 50n + 44
CEHCETE n(n+1)P(n+2)°
+2n9 + 1208 + 2707 + 3805 + 58&n° + 149n* + 26203 + 25207 + 128n + 32 }
(n—1)n3(n+ 1)3(n+ 2)3

—v$>mw::Snffbcua{[——2S%mw-+2seow-—25§<%nﬂ

(A.5b)

n?+n+2 451 (n)
n(n+1)(n+2) 2
11n* 4+ 26n3 + 15n% + 8n + 4
n3(n+1)3(n+2) }

+8n; TrCp { [25F (n) — 255(n) + 5]

This corrects a misprint in ref. § ( a figure 262n3 instead of 261 in the third line).

) , , n?4n42
) =4 {[=2570r) 050 = 250 S

451 (n) 1205 + 30n° + 43n* 4+ 2803 —n? — 12n — 4
(n+1)2 (n—1)n3(n +1)3

+80rCa {870 + Seln) = S5 (bn)]

n?+n+2
n(n?—1)
1Tn* + 410 = 22n— 12 n®+n’+4n+2
312+ 1) 1)
1091® + 51207 + 879n° + 7720n° — 104n* — 954n3 — 278n% + 288n + T2
+ 9(n— 1) (n + 1)2(n + 2)° }

(A.5c)
—Sl (n)

T+n+2 1
-I-?’?)—znfTFC'F{[Sl(n)—%] n n }

nmZ—1) (1)’
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32 38n% + 7603 + 94n% + 56n + 12
73 (n) = ny TrCa {—%Sl(n) + 2

39 (n—1n2(n+1)2(n+2)
08 +4n° +n* — 1003 —5n% —4n—4
(n—1)n3(n+1)3(n+ 2)
e {—1651(71)52(71) +325(n) — 485 (Ln)

1 1 1 1
2 67t - —
#2500 [§ 4 G~ G e
1 1 1 1 (A.5d)
+1685(n) | —— — — + -
n—1 n n+4+1 n+2]
1 1 |
—gf(Ll — —
F16[S2(n) = 57 (1) [51(”) n(n—1)  (n+1)(n+2)]
o 32 148 32 32
2= — _|_ —
3 n—1 9nn+1) n+2 (n—1)2
—i-l- 88 26 32 32 64
3n?  3n+ 1?2 3n+2)2 w2 (n+1)3 (n+2)3

This last corrects two misprints of ref. §, a factor nyTr = T instead of T4 in the first line, and a sign,
+1/(n + 1)% instead of —1/(n + 1)? in the fourth line.

We finish by giving two values of the C’Z»(jl), 'yg) and tables with a few listings, sufficient for the calculations
we are interested in. As for the first, we have

Ci@) =45 @) =3y,

_ _ 1833
L0 = 367 — 39n; 833,
295\ (367 — 39n;) 1833,

We give the tables for the quantities relevant for the exponential expression, ¢s and cg,
4
X [as(Qz)]—d+(1+>\) o5 (143)a. (@) /4T (=

Fs(z,Q%) :OBS {1+

r—r

with
dy — Dyy)CLY
cg = Cﬁ) + ( + 11) 12 ’
Dys
_ Budy oy Yo1 Dys

= + + ;
T B T 28 200(de —dy +1) do —dy

for the expanded expression just note that wg = ¢s + ¢s. Then,

1+Xx= 120 1.275 1.3 1.325 1.35 1.375 1.42 1.47 1.50 1.94

ny =3 qs 142.2 999 91.0 83.7 77.8 72.9 66.3 61.8 60.5 —-5.7
ny =4 qs 147.9 103.1 93.5 85.7 79.2 73.8 66.1 60.2 57.8 —13.8
ny=>5 qs 153.6 106.2 96.1 87.6 80.6 74.6 66.1 59.0 55.8 —82.0

ny =3 cs 8.28 1.74 044 -0.59 —-141 -—-2.07 -—-2.93 -—-3.53 -—-3.76 —2.61
ny =4 cs 826 1.73 043 -0.59 —-141 -2.06 -—-2.91 -—-3.50 —=3.72 —2.59
ny=>5 cs 8.23 1.72 043 —-0.59 —-142 -—-2.05 —-2.89 —347 -—-3.69 —2.57
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For the gluon structure function,

dy(1+X) = Di(1+ 1)

Fg(l‘, Qz) x: BS

—0 Dlz(l + A)
2
% {1 + ca(l +;\)O‘8(Q ) } [as(Qz)]—d+(1+>\) qu(1+>\)ocs(Q2)/47Tx—>\’
T
with
cqg = Cg,
o = Bidy n oty n Va1 Dy d- — D11.
o 260 2Bo(d- —dy+1) do —dy dy — D1y
One has,

1+4A= 120 1.275 1.3 1325 1.35 1375 142 147 1.50 1.94

ny =3 qG 37.59 2043 16.77 13.74 11.17 896 5.65 2.61 0.96
ny =4 qG 42.49 23.04 18.87 15.39 1244 9.89 6.06 2.56 0.69
ny=>5 qG 47.36  25.60 20.91 16.99 13.65 10.77 6.44 2.51 043

Coeflicients and integrals for the longitudinal structure function.

We give the coefficient functions for ep scattering, with unified notation. With the definitions of Eqgs. (2.12),

and with the polylogarithm functions'®

00 1 2
. " log”(1 — tx
Liy(z) = Z R Lis(z) = %/0 ar 28 V) (t ),

we have, , s
D () = 408 (Cy — QCF){46 — 3 JT;:; — 9
—4zLis(—x)[logx — 2log(1 + )]
—2zlog” xlog(1 — x2) + 4z log z log® (1 + &) — 4x log x Lis(x)
144 4 2942 — 172922 + 21623
90z

log

+22(1 — 227) log? & —

2 1 2 3 _ 5
_4=F O ;—Sx 5 [Liz(—2) + log z log(1 + )]
x

+42((2)[log(l — 2*) — 1 + 22%] — 82¢(3) (A.6a)
+8zLq o(—x) + 4x[Lis(z) + Lig(—z)] — —xlog (1—2)
+80§{xLiz( )+ xlog —— —3x2((2)
78 — 3551‘}

e

(1 — —x) log x + (1 — —x) log(1 —z) —

__nfTFC'F{xlog 11—

90 92
cEDl;L(x) = ?;—anTFC'F{i%M(l —x)log(l — ) — 92(1 — x)
z
(A.6Db)
(1-2)?° : 2 2
———— + 9z[Lis(x) + log” v — ((2)] + 9(1 — = — 227) log & ¢;
z

16L172 denoted Si in refs. 12, 13.
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() = anTFC'F{(S + 242 — 322%) log(1 — z)

+16x[Lis(1 — z) + log z log(1 — )]

+ (=222 + Ba® + 32472 [Lig(—2) + logz log(1 + )]

log
15

[—104 — 6242 + 28827 — 32¢7'] — 322 (£ + L2%) log’ »
+(- %o+ P00 00) - - Bot 30+ ot

—|—2nfTFC'A{ — 642Liz(1 — 2) +322(1 4+ ) [Liz(—x) + log x log(1 + a:)]
+162(1 — ) log®(1 — x) 4+ (=96 + 32z) log z log(1 — x) + 48z log” =
+3227¢(2) + [16 + 128z — 20827 log & + 12 + 22z — 838,7 — 18,1

+[—16 — 144z + 2227 + L85~ Jog(1 — x)}.

Integrals: for ny = 4,

A= 0 0.25 0.30  0.325 0.35 0.375 0.42 0.47 0.50
Is1= 154 15.3 15.3 15.2 15.1 15.1 15.0 14.9 14.9
Isx = 304 29.3 29.3 29.2 29.2 29.2 29.2 29.2 29.1
lgs = —7.11 —-7.28 —7.28 —7.28 —7.27 -—7.26 -—7.25 -—T7.23 -—7.21
Ips = —-22.8 —-201 -189 -—-17.8 -—-16.8 —15.3 —-13.8 —13.0
l¢n = -107 -114 -114 -11.3 -11.3 -—-11.2 -—-11.2 -—-11.0 -—-11.0
Ige = —2.42  0.30 1.46 2.52 3.48 4.99 6.41 7.14

(the values of the integrals not given when z-dependent).

—32 -
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