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In a recent paper we have presented results for a set of massive
scalar one-loop master integrals needed in the NNLO parton model de-
scription of the hadroproduction of heavy flavors. The one—loop integrals
were evaluated in n = 4 — 2¢ dimension and the results were presented
in terms of a Laurent series expansion up to O(e?). We found that some
of the g% coefficients contain a new class of functions which we termed
the L functions. The L functions are defined in terms of one-dimensional
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integrals involving products of logarithm and dilogarithm functions. In
this paper we derive a complete set of algebraic relations that allow one to
convert the L functions of our previous approach to a sum of classical and
multiple polylogarithms. Using these results we are now able to present
the ¢? coefficients of the one-loop master integrals in terms of classical
and multiple polylogarithms.
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I. INTRODUCTION

Recently, we have calculated the complete set of massive one-loop master integrals
[ needed in the calculation of the next-to-next-to-leading order (NNLO) parton
model corrections to the hadroproduction of heavy flavors [l]. We used Feynman
parametrization to evaluate the one-loop master integrals in n = 4 — 2¢ dimensions.
We obtained the coefficients of the Laurent series expansion of the relevant scalar
integrals in terms of the parameter ¢ up to O(¢?) as needed for the NNLO calculation.
We found that the real parts of some of the e coefficients contain a new class of
functions which can be written in terms of one—dimensional integral representations
involving products of log and dilog functions. These so—called single and triple index
L functions cannot be expressed in terms of classical polylogaritms but can be seen
to belong to a generalization of the classical polylogarithms which are called multiple
polylogarithms.

Functions analogous to the triple index functions L, ,,,, also arise in the ap-
proach of ] when one analytically continues their O(&?) integral representation for
a general vertex function. Methods differing from ours have been used for the deriva-
tion of master N-point integrals such as the differential equations method [M] or the
nested sum method M. Depending on the number of scales involved, the results in-
clude multiple polylogarithms [ and/or harmonic [M] or two-dimensional harmonic
M polylogarithms. The latter function all are subsets of multiple polylogarithms.
Presenting our results in terms of multiple polylogarithms will facilitate a compar-
ison with the results of possible rederivations of the scalar one—loop integrals using
other methods. It is very likely that future results of multiloop calculations will be
presented in terms of multiple polylogarithms or their subclasses. Alongside with
this the necessary tools will be developed to deal with multiple polylogarithms, be
it analytically or numerically. In fact, recently a computer code has been written
for the numerical evaluation of the multiple polylogarithms [M]. It is therefore timely
that we express the results of [l also in terms of multiple polylogarithms.

It is a purpose of this paper to show that the single and triple index L functions
introduced in [M] can all be related to multiple polylogarithms. This is done in explicit
form. We are thus able to present our results for the scalar massive one-loop master
integrals in terms of multiple polylogarithms and classical polylogarithms [Bl]. In
Sec. II we recapitulate material on the definition of the single and triple index L
functions as they arise in the approach of [W]. Simple symmetry relations allow one
to restrict the discussion to the triple index L functions L_, and L,,,, and to the
single index L function L;. In Sec. Il we also recapitulate the definition of multiple
polylogarithms. In the subsequent sections we will write down the formulas needed
to transform the L functions to multiple polylogarithms for general arguments. The
general formulas are not always applicable when the arguments take special values
as they do in the massive one-loop calculation. For these special values one must
carefully discuss the limiting behavior of the general formulas. In Sec. III A we



derive the general formula which relates the L_,, functions to the set of multiple
polylogarithms. Section III B considers special cases of the general relation. Similarly,
Sec. IV A gives general relations which allow one to express the L,,; functions
in terms of multiple polylogarithms. In Sec. IV B we discuss special cases for the
arguments of the L, 4 functions. Sections V' A and V B repeat the discussion for
the single index L functions. Finally, Sec. VI presents our conclusions.

As remarked on before, the L functions appear only in the real parts of some of
the O(e?) coefficient functions of the masive one-loop integrals. In the notation of [H]

these are the three—point coefficient functions Re 01(2), Re 02(2) and Re 05(2), and the
four—point coefficient functions Re DP, Re D§2) and Re D:(f). For the sake of brevity
we have decided to present multiple polylogarithm results in this paper only for the
four—point coefficient function Re D§2). This result is listed in the Appendix. The
corresponding results for the other five coefficient functions are readily available in

electronic form [I].

I1. BASIC FEATURES

In order to make the paper self-contained, we write down a number of basic
definitions for the L functions and the multiple polylogarithms in this section, as
well as some symmetry properties and domains of definitions for the single and triple
index L functions. These will be of help when presenting the subsequent material.

The definition for the L functions is as follows [H]:

n(oy + ovy) In(o, + o2y) In(as + osy)
ayt+y

o]
Lalagag(a17a27a37a4) :/0 dy (1)

and

o] Li
Lgl(ozl,ozg,ozg,oz4) _ /0 dy n(oq + Uloyé) —I_lzy(ozz + oz3y)‘ (2)
4

Here the o; (i = 1,2, 3) take the values £1 and the «;’s are either integers {1,0, —1}
or else kinematical variables. We want to emphasize that the numerical evaluation of
the L functions is straightforward.

The L functions possess simple symmetry properties as follows. One notices that
a change of the integration variable y — 1 — y results in the identity

Lgl (Oél, a9, A3, Oé4) = —L_gl (Oél + 01,02 + a3z, —Q3, —O4 — 1) (3)

which implies that L_ can always be related to Ly, and vice versa. We have thus
written our results for the three-point and four-point functions in ] only in terms of
the L, functions.

Turning to the triple index L function one notices that L, ., (01, a2, a5, ay) is
symmetric under permutations of any two pairs of indices and arguments {o;, a; } and



{oj,a;} for (i # 7). The same change of variables as above y — 1 — y results in
L010203 (051, O, (3, Oé4) = _L—01—02—03 (051 + 01,09 + 02,3 + O3, —Cig — 1) (4)

Therefore, from the eight functions L___, L__ L . L, L Ly  Lii |
and 444 only two are independent. We have chosen to write our results in terms of
L_yyand Lyyy.

The domains of definition of the functions Ly,,, L_44, and L, that follow from
the requirement that these functions take real values can be read off from the defining
relations Eqs. (W) and (M) considering the arguments of the log and dilog functions
in the integrands, as well as from ensuring that the denominator of Eqs. (M) and (H)
does not change sign on the integration path. One has

Liyi(ar,a,a3,04) @ a3 > 0,02 > 0,03 > 0,04 < —1 or oy >0;
L_yi(ar,az,a3,04) @ a3 >1,az > 0,03 > 0,04 < —1 or oy >0;
Li(or,ag,as,04) @ a3 > 0,00 < l,as+as<l,a3#0,a4 < —1 or a4 >0.

Looking at the definition of the triple index L function in (l) one concludes that the
boundary points oy = 0 and/or ay = 0 and/or a3 = 0 can be included in the domain
of the definition for Liy,. The same holds true for a; = 1 and/or oy = 0 and/or
asz =0 for L_,,. Also, from the definition of the single index function Ly in (l) one
concludes that the boundary point a; = 0 can be added to its domain of definition.

The points ay = {—1,0} can also be included in the domain if the values taken
by the other parameters «; guarantee the convergence of the integral. We mention
that for all of our purposes the conditions (M), with the boundary points included,
are satisfied, e.g., our results for the integrals are real. Nevertheless, it is of course
always possible to analytically continue the parameters to the complex plane.

There are some further relations for the L functions which result from applying
integration-by-parts identities. They are not listed here but can be found in Ap-
pendix C of [M]. They have been used to reduce the set of L functions occurring in
the master integrals to a subset of L functions having real values in physical phase
space [H].

Multiple polylogarithms are defined as a limit of Z sums [¥, e.g.,

ni ,.n2

nE
. e g k
Ly (@i ey 1) = fimn, Yo e (6)
niy>ns..>ng>0 Ny "N nk

The number w = my + ... + my, is called the weight and & is called the depth of the
multiple polylogarithm. The power series (M) is convergent for |2;| < 1, and can be
analytically continued via the iterated integral representation:

T1T2...TL mi—1
; dt ! dt
lek,...,ml(xk,...7$1) = / (—O) - 5
0

t ToX3...0 — 1

mg—l mk—l
(ﬂo) ot (ﬂo) i7 (7)
t T3..0 — t t 1—1¢
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where the following notation is used for the iterated integrals:

tn t2

A A
dt dt dt, dt, 4 dty
/ 7t —t:/ —1 /a —1 X"'X/a—t' ()
D anp aq 5 anp n D n—1 n—1 D 1 1

III. TRANSFORMATION OF L_,; TO MULTIPLE POLYLOGARITHMS

In this section we will show that all our L_;, functions can be expressed in terms
of multiple polylogarithms.

A. General case for the [._,, function

We begin with the L_, function Eq. (H),

1

L—++(a17a27a37a4 /

0

n(oy —y)In(az + y) In(as + y)
g4+ Y

After changing the integration variable y = a4t one gets

1/o1 1/

/ dtln(al —ait)In(ay + aqt) In(as + agt) / 1dt1n a1 In(as + aqt) In(as 4+ aqt)
TR - TR
0 a1 0 a1
U (1= Onen +In(22 4 O)lney +In(2= 4 1))
+ / dt L =
Qg _|_t
0 a1
1 YT (=1
lnozl/d (@2 +y) m(Oé:g—l_y)—l—hq oy / dt%
as +y ] o Tt
Y In(1 — ) In(22 + ) Y (1 — ) In(22 4 1)
+1n oy / dt o —I—tal 4+ In oy / dt o —I—tal (10)
0 a 0 aq
1/0(1
In(1 —#)In(22 4 ¢)In(2= +¢
Ry AR L ST LCET)
0 o

With the help of (M) the integral in the second term of the last equation of (ll) can
be written as

1/a1 1/0(1 t

/ =1 _ dty [ dt,




The third and fourth terms of the last equation in (lll) contain integrals of the form

Ton(l — ) (B + 1)
O/dt S . (12)

To express such integrals in terms of multiple polylogarithms one proceeds as follows:

L ( g B = m) dt ]2 (1 —1,) 7" In(1 — #,) / dt
— 2 5 _ = =
v ’ 51 + 12 Ba 4t ] B2+t B1+ 12

lﬂ — 11 s lﬂ — 11 lﬂ 1 1
STy g Ly T LR S

, )\ F o (L —t)In(B + 1)
In(By + t) Liva (—527 3, ) —/dh B+ 1, .

In the first line of (M) we have changed the order of integration in the two-dimensional
integral. We shall frequently use this trick further on. From Eq. (lll) one immediately
concludes that

/dtln(l — (A +1) = L1131, ( B, — b~ ) +1In (B +tm) Livg (—527 _ﬁﬂ) .

Ba+1 Ba’ B
(14)
Let us now turn to the more involved integral [first term of Eq. (Hl)]:
—1/0(2
/d n(as + y) In(as + y) yo—oat / Ul [Inag + In(1 — ¢)] In(as — azt) B
oy +Y ) -t
ey f T (1= Olnag + In(2 — )]
qmm/"ﬁﬂ%l%ﬁ— /dt Skl NS
0 a 0 a
/e /e
1na3+y 1—tln( —t)
+1Inay / dy / — t / t .
oy + Y ] o ] o
The integral in the first term can be expressed as
—1/0(3
/d In(as +y) yr—ast / i [In ag ;I— In(1 — )] _
a4 Y ) ot
1 1
1HO[31H <a4+ ) —|—LZ.171 <%,——) . (16)
a4 a3 a3



The integral in the second term can be written as
—1/0(2
In(1—1¢ 1
/ at=0 (%,——) . (17)
o oz_; —1 (0% (0%

The third term from the last line of Eq. (ll) has a form which is an analogue of the
integral (M) and can be calculated in a similar way,

In(1 —#)In(By —1) . b1t .
/d 52 — = Ll1,1,1 (527 52 51) +In (5 )le (527 52) (18)

Combining the Eqs. (lll), (lll) and (ll) we arrive at the result for Eq. (),

In( )1 1 1
/d n Oég + y H(Oé3 t y) = LZ'17171 <% %, —_) + IHOKQLil,l <% __)

2
g+ Y a3z’ Qg

1
+In(1 + as)Liia <%, ——) +Inaylnasln (

az (o7

Oé4—|—1

(o7

) (19)

Because the initial integrand is symmetric under the exchange of the parameters ay
and as, the rhs of (lll) can be rewritten in a symmetric form if desired.
We are now left with the fifth term in (ll). The fifth term is an integral of the

type

7ﬁmu—wmwruﬂmw+w‘ 20)

vz + 1

In order to express such integrals in terms of multiple polylogarithms one can perform
the following chain of transformations resulting in a multiple polylogarithm of weight
four:

14 ts ta

tm
—t. dt dt dt dt
—Liy1, (—’737E ﬁ ) :/ - / : / : / - =(21)
¥ 2 M / ’71+t40’72+t30’73—|—t20 1 -t
7 dt4 71 dtg ]Sdt lﬂ(l — tz) B 7 dt4 fdt lﬂ(l — tz) 71 dtg B
0’71—|-t40 ’Yz-l-t:ao : 5 +ts 0’71—|-t40 : v3 + 12 P Yo+ ts

tm ta tm 4
—/duw/dt M _|_/ dt /dt21n(1 —t3) In(y2 +12) o
0

Y1+ 14 2 Y3 4 1o 1+t vs + 12
tm
—1I'(t —|—/dt2 1ﬂ(’72+t2)/ dty
Vs + 12 /m + 1y
_[/( _I_ [// /dtz ’71 + 13 lﬂ(’}/g + tz) 1n(1 — t2)7
Vs + t2



where we have introduced the notation

/dt lﬂ ")/2 —|—t4 /dt21n(1 —t2)7 (22)
0

Y1+ 14 v3 + T2

t2)In(vy2 + 12)

lnl
I't,,) =1 +mz/ﬁ
(tm) = InCn +t) [ dta=—— "5

The third term on the last line of (M) is exactly the integral of the required type

Eq. ().

The integral in 1”(t,,) has the form of (lll). For the integral I'(¢,,) we write

tm ta tm
(1) = /dtﬁnﬁ? +l) /dtzln(l —l) _ /dt4MLi1,l (—vg,;t“). (23)
0 0 0

Y1+ 14 v3 + T2 Y1+ 14 Y3

On the other, hand one has

I'(tyn) = —Liyya, (—737 nxz —) —1In(ye +tm)Lirga (—737 n ) . (25)
’73 Y172 Y3 0N

Finally, substituting I'(¢,,) and I"(¢,,) into Eq. (lll) we write down the result for the
integral of the required type Eq. (I,

tm

In(1 — 1)1 +1)1 +1 ' —ln
/dt n(l —t)In(y +t)In(y, +1) _ In(y1 +tm) In(y2 + ¢ ) Lira ( 35 ) +
0

vz + 1
11’1(’}/2 + tm)LlLLl (_737 ﬁ, ) + h’l("}/l + tM)Lll,l,l ( Y3, 727
P3N Y3
. ~t, . —t
+Lt1111 ( Y3, Ev n —) +Li1110 ( ’73, , 12 )
Y3 Y2 N Y3 ’71



We are now in the position to collect all required contributions to express the
L_4+ function in terms of multiple polylogarithms. Taking into account Eqs. (),

(IN), (M), and (M) we obtain

a3 1
L_+_|_(Oé1,Oé270537054) Lll,l,l,l <__7_7_7__)

1 1
+InogInag Ly <% ——) +1InagIn(l + as)Ligg <%7 __) (27)

a3 (o7 az (o7
a4 + 1 )

(o7

1
+In(1 + ag)In(l + as) L (—%, ——) +Inajlnaslnasln (

aq (o7

Some remarks are in order at this place. The final formula (Hll) contains multiple
polylogarithms up to weight four. All multiple polylogarithms up to weight three
can be expressed in terms of logarithms and clasical polylogarithms Lis and Lis .
This fact is used by us when we reexpress our results for the massive scalar integrals
in terms of multiple polylogarithms, i.e., our final results will contain only multiple
polylogarithms of weight four. For the variables «; the conditions (M) are assumed.
But in the results for the massive scalar integrals there are also cases when oy = 1
and/or oy = 0 and/or a5 = 0 and/or ay = {—1,0}. In such cases the general formula
(IM) is no longer valid and these cases must be studied separately.

B. Special cases for the I._,, function

In the Laurent series expansion of the massive scalar one-loop integrals one en-
counters special values of the arguments «a; for which the general formula Eq. (Il
no longer applies. This is quite obvious from the list of special cases discussed in the
following.

1. Oé:[:]_7 Oé4:0

In such case one can make use of Eq. (lll). One should find the limit of the
expression on the right-hand side for ¢,, = 1,73 — 0. One obtains

/1 (=1 ln(’ylt—l— Din(y+1)

1 1 t
Fodly

dt
lim {1 1) In 1/ / In 1/ / /
lim In(y1 + 1)In(y + 0—%—@ 1_1+nw+ 0_%_% _3_@ T



Foodts o dty,  Fodiy Pty F dts T odt,  Fodn
+1n(71+1)/_ —t/— I +/— —t/— —t/— — ) 11
2 Y2 3 2 Y3 2 2 1 o T 3 o Y2 3 Y3 2 1

1 ta i3 2 1

to
dts dts dt, dty dt,
—I—/ / / = —In(y; + 1) In( —|—1/—/
o -2 — l3 -7 — l3 -3 — tz 1— t1} (% 72 ty o 1 —
t

0
1 t 1 5

dty [ di dt dt,
_1n72+1/ t/ 2 1 lt _1n(71+1)/ St/t_/
o —71 — i3 —l1 2 —72 — i3 o
/ / /dtz % / / i,
i t3 —V2 = t3 L=t —V2 = t3 -

2
In order to get the expression under the sign of the limit in Eq. (ll) one applies the
definition (M) for the multiple polylogarithms in Eq. (lll). Using the same definition for
the final multidimensional integrals in (lll) and making the change v1 — a2,v2 — a3
one finally arrives at the result for the case a; =1 and a4y = 0,

. « 1 . « 1
L__|__|_ (1, a9, O3, 0) = —L127171 (-Oég, —2, ——) — L127171 (-Oéz, —3, ——) .

Q3 (85 az as
1 1

— lﬂ(Oég + 1)[/@.271 (-Oég, ——) — IH(OQ + 1)[/@.271 (-Oég, ——)
Q9 Qs

—In(az + 1) In(as + 1)((2). (29)

2. Oé:[:]_7 OézZOé3:0

For these values of the parameters «; one has an integral of the very simple form

1—y)1ny

Lot (1,0,0,aq) = /dy
ayt+y

After a change of variable y — 1 — ¢ one gets

/dlntln 1—t)__/1dt (1 —t) [ dty

Oé4—|—1—t 10[4—|—1—t1t tg
1

/dtz/ M —ty) Q/Idtg/ Yodt, Fodiy (30)
Oé4—|—1—t1_ o Oé4—|—1—t1 1—t30 1—t4

Applying the definition (M) one obtains

1
L__|__|_(1, 0, 0, Oé4) == —2[/@.17172 (1 Q4 + 1 ) (31)
oag+ 1

10



3. Oé:[:]_7 OézZO (anda4:—1)

We shall again find the limit of the rhs of (ll) for ¢,, = 1 and v, — 0. The first

and the third terms are equal to 0 because of the limit lim,, o In(y; + 1) = 0. The
other terms transform into

—1 , 1
hm Lll 1,1 (—’)/3, l, —) = —LZLQ (—’)/3, ——) 5
e Y3 M 73

—t0 . —1
hm Lll 1,1,1 (—’}/3, E ﬁ ) = _LZI,I,Z (_737 Ev ) ”
Y1 —0

’73 ’72 M1 Y3 V2
—t,, . —1

lim Lll 1,11 (—’}/3, ﬁ E ) = _LZI,Z,I (_737 Ev _) .
~v1—0 ’73 ’71 Y2 Y3 2

Finally we write

) as —1 . asg —1
L_yy (17 0, as, 044) = —Lig2 (-Oé47 —37 _) — Liyo; (-Oé47 —37 —)

04 Qs Q4 Q3
1
— lﬂ(Oég + 1)[/@.172 <—0é4, ——) . (32)
Qy

For the special case ooy = —1 one gets

—1 —1
Ly (17 0, as, —1) = —Li1,1,2 (17 —aQs, —) - Li1,2,1 (17 —aQs, _)

a3 a3

—In(as + 1) ((3). (33)

4. OézZOé3:0 (anda4:—1)

In this case one proceeds along the following lines:

1
In(a; —y)In? —1+t)In*(1—¢
L—++(04170707064):/dy (a1 —y)In"y y—1—t /d (o + 1) In"( ):

oy + Y ag+1—1
t1
—/dt1 n’(1 — 1) / /dt1 (1 —ty) /—I— / dts _
—Oé4—1—|—t1 a2 Oé1—1—|—t2 —Oé4—1—|—t1 Oé1—1—|—t2
1 t2
dt In*(1 — 1) 1—t
[t [ B0 e, [
o Oé1—1—|—t20 —Oé4—1 —Oé4—1—|—t1

11



1

dt, 7 dh Podts Fodty VA
2/ —2Ina;Lis (——)
00(1—1—|—t20 —Oé4—1—|—t10 1—t30 1—t4 a4

(34)

Using the definition (M) we arrive at the result

1 — 1 1
L__|__|_(Oé1, 0, 0, Oé4) = 2Li1717171 (1, a4 + 1, 0517 ) —21In OélLig <——) . (35)

as+1 1—oy 0y

For the case a4 = —1 one obtains

1
L__|__|_(Oé1, 0, 0, —1) == —2[/@.17271 (1, 1-— anq, 17

) —2Inay((3). (36)

5. Qg =0 (and Qg = —1)
For this integral we change the integration variable y — 1 — ¢,

1

/ n(ag —y)InyIn(as + y) /d 1—t1na1—1+t)ln(a3+1—t)
Oé4‘|-y Oé4—|—1—t

0

jd#mq—tﬂn@q+tﬂn@@—ty -

0 VS_t

One notes that the last integral is an analogue of the integral in Eq. (Hl). The
calculation proceeds in a similar way,

. ( Y2 Y1 1 ) h dt4 i dtg 7 dtg ? dtl

- Ll1,1,1,1 Y3y — T —H —— | = / / / =

Y3 Y2 0M ; ’71+t40’72—t30’73—t20 1 -t
7 dt4 71 dtg ]Sdt lﬂ(l — tg) B 7 dt4 fdt lﬂ(l — tz) 71 dtg B

Yit+ta S 2 — 13 : V3 — 19 Y1+ 14 : V3 — 19 Y2 — 13

0 0 0 to
1 ¢
/dt lﬂ ")/2 /d lﬂ 1-— tg _ / dt4 fdtQ lﬂ(l — tz) lﬂ(’)/z — tz) _
V3 — 19 0’71—|-t40 V3 — 19

1 1
Y/(l) B /dt21n(1 — tg)lﬂ(’yg — tg) / dt4 _
o 7

3 — 19 Y1+ 14
t2

1 1
5%m—mm+0/ﬁfm_“mmy*”+/mm“_mmW+“WMT*ﬂ:
V3 — b2 0 v3 — t2
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t2)In(y1 +t2) In(yy — #5)

Y

—Y'(1) = Y"(1) + /dtzln(l

Y3 — ty
(38)
where we have introduced the notation
ta
/dt In( 72 /dt21n(1 — ?,‘2)7
Y1+ 14 / V3 — 19
In(1 —t5)1 —t
Y"(t,,) = In(y: —|—tm)/dt2 n(l = f)In(r = ts) (39)
2 Y3 — ty

The last term in (Hl) is the required integral. The expansion of the integral Y'(¢,,)
in terms of multiple polylogarithms is similar to the evaluation of I'(¢,,) in Eq. (Il).
The result of the calculation is

. tm . tm
Y/(tm) = Ll1,1,1,1 (’73, —ﬁ, —E, —) + 1H(’72 - tm)le,l (’73, _ﬁ7 ——) . (40)
Y301 72 Y30

For the calculation of Y”(t,,) one can make use of (ll). Finally using Eqs. (lll) and
(IM) one arrives at the result

n(l—1)1 t)In(yy — ¢ 1
/d JIn(n +H)n(2 =1) _ —Liy11a (’737—l - _)

Y3 —1 3" M

) 1 . 1
—Ll1,1,1,1 (’73, E, 1 ——) - hl(’h + 1)Lll,l,l (’737 Ev _) (41)

3 72 il Y3 V2

) 1 ) 1
—In(y; —1)Liy (’737 -n ——) —1In(y1 + 1) In(ye — 1) Li1, (’737 —) :
3 gl V3

To obtain the formula for the L function with a3 = 0 we must only change 7, v2, and

v3 to an — 1,3+ 1, and ay + 1 according to Eq. (ll):

nfon —y)lnyn(as +y) _
ay +y

1
L—++(a1707a37a4 /
0

l—ay 14+« 1 ) l4+as3 11—« 1
17 37 ) — Liyg, (1 + oy, 37 17 )
1—|—Oé41—0é1 1—|—Oé3 1—|—Oé4 1—|—Oé31—0é1

. I+ a3 1 ~ 1—o 1
el (1 , , ) —Inask (1 : : )
naoypliygg + ay 1 T o 1 T o nasliyigg + ay 1 T oay 1 — ay

. 1
—1In aq In OégLZLl (1 + Qy4, m) . (42)

—Liy 111 (1 + oy,
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For the case oy = —1 we calculate the limit of the rhs of (ll) for oy — —1 and obtain

) 1+« 1
L_yi(a1,0,03,—1) = Liz, (1 - oL T Ojv i a3)
) 1l -« 1 . 1
+L191,4 (1 + as, i 06:137 11— 041) +IneyLig, (1 + as, i a3)
1
+Inasliz; (1 — oL 7 ) +1InagInas ((2). (43)
— o

IV. TRANSFORMATION OF L,;; TO MULTIPLE POLYLOGARITHMS

In this section we will show that all our L, functions can be expressed in terms
of multiple polylogarithms.

A. General case for the [, ,, function

We now proceed with the transformation of the triple index function L4y,

In(a; + y)In(as + y) In(as +
L+++(a17a27a37a4) = /dy ( - y) ( 2_|_ y) ( & y) : (44)
) g T Y
After changing the integration variable y = —ayt we obtain
_1//aldtln(oz1 —ait)In(ay — agt) In(as — oqt) _1//a1dt1n ar In(ag — aqt) In(as + aqt)
) o ] o
‘1//“1dt1n(1 —#)lnay +In(22 — )][lnay + In(2 — ¢)]
_ e —
0 aq
—1/0(1
)1 In(1 —¢
In ozl/dy (a2 —I_Oi —I_n;ozg +9) —In?ay / dt%_t)
0 a
—1/on -1/
In(1 —¢)In(22 —¢ In(1 —¢)In(22 —¢
—Inoy / dt ( az (;1 ) —Inoy / dt ( az (tal )
0 o 0 o
—1/0(1
In(1 —¢)In(22 —¢)In(2& —¢
Ry UL UL T)
0 a

The first integral on the rhs of (M) has been calculated in Eq. (lll). For the second
integral one makes use of the formula (M) (the only change is oy — «1). For the

14
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evaluation of the third and fourth integrals one uses Eq. (lll). We are left with the
most complicated fifth integral. Let us consider an integral of the type

tm

/dtln(l — ) In(yy —t) In(y2 — 1)
Y3 —t

. (46)

0

This integral is an analogue of the integral in Eq. (lll). The calculation proceeds in
a similar way. One obtains the result

tm
In(1 —1)1 -1 —1 tm
/dt n(1 —t)In{y —t)In(y2 —t) —In(y — t)In(vys — ) Liss (73, _)
o ¥z — 1 Y3
. 71 tm . 72 tm
- lﬂ(’}/z - tm)Lll,l,l V3 | — 1n(71 - tm)Lll,l,l Y3y (47)
Y3 N Y3 V2
) to . to
_Lll,l,l,l (737 Ev lv _) - Lll,l,l,l (737 lv Ev _) .
T3 T2 N Y3 Y1 V2

Taking into account everything mentioned above for Eq. (lll) we arrive at the final
result for the Ly function,

. g4 Q9 « 1
L+++(Oz1,oz270537044) = Ll1,1,1,1 <—47 —27 —37 —_)
a1 G4 Q9 Q3
1 1
—|—LZ'1717171 <%, %, %, —_) +In alLil,l,l <%7 %7 __)
a1 a4 Qs %) Gy Oy a3
1 1
—|— lﬂ(l —|— a2)Li17171 <%, %, —_) ‘|’ lﬂ(l ‘I’ 053)[/@.1,1,1 <%7 %7 __)
a1 Oy Qs Q1 Oy (85
1 1
+Inog Inagligg <%, ——) +1InagIn(l + as)Ligg <%7 _—) (48)
Q3 Q4 (&%) Oy
1 1
+In(1 + a2)In(1 + as)Ligs <%, ——) +Inaylnazlnasln <a4 il ) .
(841 Q4 Qy

For this equation the conditions (M) are assumed. We emphasize that the arguments
of Ly, functions occuring in the actual calculation of the massive scalar one-loop
integrals are not of the most general type as assumed in the derivation of (Hll). We
have nevertheless included a discussion of the general case because Eq. (lll) may be
useful in other applications. In the results for the massive scalar integrals one has
only the special cases where a; = ay or oy = a3 as well as the cases a3 = 0 and/or
ay = 0 and/or a3 = 0 and/or ay = {—1,0}. If some a’s coincide with each other
Eq. (M) becomes simpler. In this case one can also make use of symmetry properties
to obtain simpler relations between the L, .. functions and multiple polylogarithms.
For the cases oy = 0 and/or oy = 0 and/or a3 = 0 and/or oy = {—1,0} the general
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formula (Il is no longer valid and these cases must be studied separately.

B. Special cases for the L, ,, function

In the Laurent series expansion of the massive scalar one-loop integrals the fol-
lowing special cases for the «; are present.

1. Q1 = Qi OT (1 = (O3

As it was stated in Sec. Il the L4 44 function is symmetric under the permutations
a; <+ «. Therefore, it suffices to consider the case oy = .
We must evaluate the integral

1

L+++(a17a17a37a4) = /d

0

lnz(ozl +y)In(as + y)
y )
g+ Y

(49)

This integral can be expressed in different ways. First of all one can directly use
Eq. (M) replacing a2 by a; . The second possibility is to use symmetry properties.
One takes into account the rhs of Eq. (lll) and notes that the part with multiple
polylogarithms of weight four is symmetric under the exchange oy <+ 3. It allows
one to reduce the number of the multiple polylogarithms from two to one. First we
apply Eq. (ll) for the case as = a3 replacing as by az. Second we change o — a3
and oy — «ay. After these transformations one obtains the following result:

1
In?(ay + y) In(as +

L+++(04170417043,Oé4):/dy (a1 +y)In(as +y) —

0

o4ty
. a4 O 1 . a4 Q4 1
+2L11 0,0 <—, —, 1, ——) +Inasz Liria <—7 — __)
a3 Oy aq Q1 Oy aq
. ay o 1 . o 1
+2 lﬂ(l + 051)[/@1,1,1 <_4, _1, __) +In a3 [lﬂ(Oél + 1) +In al] Lll,l <_47 __) (50)
s’ Oy aq ay Oy
1 1
+In?(1 + ay) Liy <%7——) +1In’aylnasln <a4+ ) .
Q3 a4 (o7

There is also the third possibility to express L4y (a1, a1, as, ay) in terms of multiple
polylogarithms:
1 2 “len g
/dyln (a1 +y)In(as +y) yo—ont B / dtln (an — ant) In(ag — aqt)
0 oq +y ] ol —

=

—1/0(1

y {hﬁ2 ar +2Inag In(1 — ) +In*(1 — t)} {ln oy + In(22 — t)}
t 1

Q4
0 &1
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1 -1/

dy In( In(1 —¢
+1n3a1/ +1n? oy /d w 21n? oy / dtM
J g+ Y J

oy +y -t
Loy —1/o
1_t In(1 —¢)In(&2 —¢
—Inay / —2lnaoy / dt ( az (tal )
0 al 0 a;
—1/ay 2
In“(1 —¢)In(& —¢
- / Pl a) (tal N
0 a

The first term can be integrated immediately. For the second and third term one uses
Eq. (ll) and Eq. (ll), respectively. The integral of the fourth term can be rewritten
as

—1/0(1 —1/0(1 11 2
In?(1 —¢ dt dt dt -1
/’ﬁﬂl__l:z/" ! 2 = orin (12, =)L 52)
a1 g 2 ) 1=ty 1 =14 " Q1 Qg4
0 al 0 al 0 0

The fifth term is calculable with Eq. (lll). To integrate the last term one first evaluates
the following integral:

tm

/ ln (1 —;2 l_ngﬁl — t) B 7dt1 521__f / / ﬁld?tz B

0 0 -1

Tt (1—t1) fomi—t)
!&—m/dl&—u +mw“%”!ﬁ B, —1 (53)
Bi tn

By B

Then to calculate the last term of Eq. (lll) one only has to change (31,32, and ¢,
by the corresponding combinations of «;. Finally we arrive at the result for the
L+++ (alv o, a3, Oé4) fUHCtiOH7

. . 258
2L111 10 (1 B2, — ) +2In(p1 — tm)Lir1a (17627 ﬁ_) .
2

1 1
L+++(Oé17 aq, Gs, 044) = 2Ly 1,11 (1 “ %7 ——) - 21H(Oé3 + 1)Li1,1,1 (17 %7 —_)
Q1 Q4 Q3 (&3] Oy
1 1
—|—2 In alLil,l,l <%, %, ——) + 21n aq lﬂ(Oég + 1)[/@.171 <%, ——)
a1 Oy Q3 (&3] Oy
1 1
+1In? oy Liy <%,——) +1n?a;lnasln <a4 + ) . (54)
Q3 (e 7] Oy

This is the third possibility to express Li 4 (a1, a1, as, ay) function in terms of multi-
ple polylogaritms. Each of the Eqs. (lll) and (lll) contains only one multiple polylog-
arithm of weight four and they are both equally acceptable from this point of view.
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One has a free choice to apply any of these equations for the required L functions. The
situation with the Liyi(aq,aq, a3, aq) function is an example of the statement that
the expansion of the L functions in terms of multiple polylogarithms is not unique.

2. a3 =0 (oray=0 or a; =0)

For this integral we change the integration variable y — 1 — ¢,

InyIn(a; +y) In(as +y)

1
Lyyy(0,02,03,04) = /dy =
0 a4ty

1

/dtln(l — (s +1—1t)In(as + 1 —1)

35
Oé4—|—1—t ( )

0

and using Eq. (lll) we arrive at the result

1—|—Oé2 1—|—Oé3 1 )
1—|—Oé471—|—0é271—|—0é3

) 1+« 1
) —Inazlig (1 + o, 1+ ozi’ 1+ ozg)

1 +1Q4) - (56)

Lyyy(0,02,a3,a4) = —Li111, (1 + ay,

1—|—Oé3 1—|—Oé2 1
1—|—Oé471—|—0é371—|—0é2

. 1—|—Oé2 1
—1 L 1
has Zl7l7l< +a47 1 ‘|‘Oé47 1 ‘|‘Oé2

—Liy 111 (1 + oy,

) —In (0% In OégLZ.Ll (1 + Qy4,

3. Oé1:Oé2:0

To calculate this integral we again change the integration variable y — 1 — ¢,

1
In?yln(as +
Li14(0,0,03,a4) = /dy ylnfas +y) _

0 o+ Y
1
In?(1 —t)1 1—1
/dtn( JInfas+1-1) (57)
o Oé4—|—1—t

For the last integral we use Eq. (lll). An additional simplification can be done if one
notes that

1 1
LZ.17171 (1,0[4 + 1, 7) == —L13 <——) . (58)

oy +1 Qy

Finally one has

. as 41 1 ) 1
L_|__|__|_(0, 0, as, Oé4) == 2[/@1717171 (1, Q4 + 1, ojl I 1, s I 1) —21In Oé3L13 <_a_4) . (59)
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4. a1 =az =0, ag =—1 (O’I”‘Ozzzoz3:O7 a4:—1)

In this case one should calculate the limit of the rhs of (ll) for ¢,, = 1 and
ay — —1. After this procedure one obtains

1
L_|__|__|_(0, 0, as, —1) == —2[/@.17271 (1, Q3 + 1, T) —21In Oé3§(3) (60)

a3 1

For the case a3 = a3 = 0 and a4 = —1 one can use the same formula. The only
change is a3 — ay.

5. Oé:[:O7 Oé4:—]_

To obtain the solution for these values of the o; we must find the limit of the rhs
of (M) for oy — —1. After taking the limit one arrives at the result

. 1+« 1
Ly (0,09, 03,—1) = +Ligi, (1 ton, 7 T azv T a3)
, l4a, 1 ) , ( 1 )
L 1 l L 1
+ 12,1,1< +a371—|—0z371—|—a2 + Inagligg -|-Oé371_|_a3
) 1
+Inasliz; (1 + ay, T az) + In ay In a5((2). (61)

V. TRANSFORMATION OF L, TO MULTIPLE POLYLOGARITHMS

In this section we will show that all our L, functions can be expressed in terms
of multiple polylogarithms.

A. General case for the [, function

Here we derive the general formula for the single index L, function Eq. (M),

1
In(ay + .
Ly(oq,az,a3,04) = /dy %le(az + asy). (62)
) Qg TY

After changing the integration variable y — (¢ — a2)/as one gets

aztas t—ar az+tas
dt In(oq + =22

/ —(1—75_“3)Li2(t) _ / di
a3 oy T2

g as a2

—Inas + In(ajas — ag + 1)

L, - Lis(t). (63)

Q304 — Q2 —|—t
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The integration interval can be split into two pieces, [a3, 0] and [0, az 4+ a3]. One can
then write Ly as a sum of four terms,

L U Bt A AT U

0 0 0

where we have introduced the notation
a = ayjaz — Qg, Y = a0y — Qs. (65)

Looking at Eq. (ll) it is clear that there are only two different types of integrals to
be dealt with,

i dt i 1( —I—t)
n(«
Liy (¢t nd /dtiL' t).
0/7 p ip(1) a o i2(1) (66)

The upper limits are t,, = as + a3 or t,, = ay. The first integral can be evaluated
analytically in terms of standard logarithms and classical polylogarithms up to Lis.
However, the same integral can also be expressed in terms of multiple polylogarithms
via the integral representation (W), e.g.,

tm tm to

dt dt dt dt —t.
/—LIQ( / . / 2 & — _LiQ,l (_77 —) : (67)
S +t v+t 1—1; ~y

We now deal with the second integral in (-) Consider the following multiple poly-
logarithm of weight four:

tm tm
. dt . dt . dt
Lizaa %_7— / / - Liy(t ):/ - L12(t1)/ = =
v -« —oz—tz —y =1 / v+ : o+ 1y

tm tm

dt, . dt, .
/ L Lig(ty) In(a + £,) — / L Lig(t)In(a +41). (68)
. + 4 J + 4

In the first step we have used the usual trick to change the order of integration. As
already noted before [see Eq. (Il)] the first term on the second line can be expressed
through a multiple polylogarithm of weight three. Thus one has

tm
l t tm . —t.
/dtMLiz(t) — Liyy (—’y,g,—) — Lisy ( 7, )1n(a+t ). (69)
v v
0

v+t

Finally, substituting Eqs. (lll) and (ll) into Eq. (lll) we arrive at the desired relation
Qg — 103 Q9 )

2
Gy — 30y G — (103

L+(Oé1704270437044) = le,m (Oéz — (i3Qy,

Qy — Q3 Qg+ as

) + In OélLZ.QJ (Oég — (304, L) (70)

Qo — (304
g + a3 )

Qg — (304

—le,m (Oéz — (304, ’
Gy — 30y G — (103

— lﬂ(Oél + 1)[/@.271 (Oég — (304,
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We should note that, similar to Eq. (lll), the conditions (M) are assumed for the
variables «;. Also, one cannot directly use Eq. (Il if az —aszay = 0 or ay —aja3 = 0.
However, in the results for the massive scalar integrals precisely these special cases
appear, as well as the cases where a; = 0 and/or az = 0 and/or a3 = 0 and/or
ays = {—1,0}. In such cases the general formula (Hl) is no longer valid and these
cases must be studied separately.

B. Special cases for the [, function

In the Laurent series expansion of the massive scalar one-loop integrals the fol-
lowing special cases appear for the arguments of the L, functions:

1. Qg — (XgQig =0 (O’I"‘ Qg — (X103 :0)

In this case one must find the limit of the rhs of Eq. (lll) for az — asay. First we
rewrite the rhs of Eq. (Il in terms of multidimensional integrals via the definition (H).
Second we replace az by asay. We finally again use the definition (l) to obtain the
result

) «
L+(Oé17 300y, O3, 044) = —Ll3,1 (Oé3(Oé4 - 041)7 74)

ay — Oy
Oé4—|—1

ay — Oy

—|—LZ.371 (Oég(Oé4 — Oél), ) — lﬂ OélLig(Oé30é4) —|— lﬂ(Oél —|— 1)L13 (Oé3(0é4 —|— 1)) . (71)

When oy — a3 = 0 one must find the limit of the rhs of Eq. (ll) for ay — ajas.
We again rewrite the rhs of Eq. (ll) in terms of multidimensional integrals. We then
replace ay by aqas and use the definition (l). We arrive at the result

) «
Ly(ar,mas,a3,04) = —Liss (O‘S(O‘I — ay), : )
aq — Qg
. oy + 1 . aq
+Ligs (ozg(ozl — au), 7) +lnonLigy (043(% — ), ) (72)
o] — oy Q1 — Oy
. a; + 1
—In(ag + 1) Liggs (043(041 — ay), - ) :
aq — Qg

2. Oé1:0

Unfortunately in this case one cannot use Eq. (lll) for oy = 0 because one is im-
mediately faced with the problem of a logarithmic infinity. One must find another al-
gorithm to express the L4 (0, az, as, aq) function in terms of multiple polylogarithms.
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After changing the integration variable y — 1 — ¢ one gets

1

In In(1 —¢

O/dy asty L12(a2 + a3y /dt Fl_)tle(Oéz + az — Oé3t) =
/d / dt — oy — a3 + asly) _

Oé4—|-1—t1 a2‘|‘1—t2

ozg/ozg-l—l
In(1 —ay — t
/dt /_I_ / dtz H( (6] Q3 + Q3 2) _ (73)
Oé4‘|-1—t1 Joatl 2+ 11
asfaz+ 3

1

lﬂ(l — (g — Q3 —|— Oé3t2 . . 1
_ /d  Liy(as) ( 1. ) .
/ 2 3-?) —|— 1 — tg a4 —|— 1 — tl 12(a2) ZLl a4 —I_ a4 —|— 1

The last integral is an analogue of I'(,,) in Eq. (ll). First one notes that

0

f
d 2T s 1, 74
/ 1—t1 “’1<a4+ 4+1) (74)

Then one considers the following chain of transformations:

dt dt t
= / - Li11<044+17 : ):
1—042—043—|-Oé3t20 3—§+1—t1 7 oy + 1

0
1 1
dt t dt
/71[/@11(@4—%17 - )/ - =
/ ZHl-t ag+1 tll—Oéz—Oé:a—l-Oé:atz

1 12

1

1 dtl . tl
—In(l —a /7[/@ (a —|—1, ) 75
a3 ( 2)0 3—§—|—1—t1 bl * Oé4—|—1 ( )
1
1 In(1 — ay — t t
—_ dtl n( aOQ a3 + a3 1) Lil,l (Oé4 + 1 )
s/ wtl-t as+1

Using Eq. (ll) we see that the last integral is exactly the integral required in Eq. (Il).
The initial integral of Eq. (ll) and the first integral of the rhs of Eq. (ll) can be
expressed in terms of multiple polylogarithms due to the definition (). Finally for
the L1 (0, az, as, aq) function we obtain

oy +az oy taz—1 as ) (76)

L(0 = Li 1
+( 70z2,oz37064) 11,11 (0444' 7@3(a4+1)7 s +as Tagtas—1

. oy + as o3 ) . 1
+In(l — as)ls ag+ 1, , — Lis(as) Lt (a +1, )
( 2) 1,1,1( 4 sl 1) Oé2-|—0é3) olan)Ligg | oy a1
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3. Oé:[:O7 Oé4:—]_

For these values of the «; one uses Eq. (ll) to calculate the limit of the rhs for
a4 — —1. One arrives at the result

. oy + a3 ag+ oz —1 8%}
0.0, 0, 0 —1) = — ( , , ) 77
+(0, 09,3, —1) 12,11 o ayt s ogtos—1 (77)
—1In(1 — az)Lis, (az i &, ) + Liz(a2)¢(2).
a3 (0% + Q3

4. Oé:[:O7 Oé2—|—0é3:1 (anda4:—1)

If one takes a look at Eq. (Ill) one realizes that there is a problem if ay + oy = 1.
To express the L, function for this configuration of the «; the limit of the rhs of (Il
for ay — 1 — a3 must be found. The result is

1
Li(0,1 —as,a3,04) = — L1 o+ 1, — « 78
01— aane) = ~Linga (0t L) 0

1 1
| L1 1, — — Liy(1 — L1 ( 1, ) )
+1Inaslig g (Oé4+ sl + 1) 043) ia( as)Lig oy + a1
For the case a7 = 0, a; + a3 = 1, and ay = —1 one must find in addition the limit

for a4y — —1. One arrives at the result

1 1
L_|_(0,1 — a3, (3, —1) == LZ.272 <—, Oég) —In 053[/@.271 <—, Oég) + C(Q)le(l — Oég). (79)
[a% [a%

3 3

5. aq :07 O = —(Q3

To obtain the result for this case one must calculate the limit of the rhs of (ll)
for a3 — —ay. After taking the limit one has

. « 1
L+(0,Oé2,—0é270é4) == —LZLLQ ( 2 Oé4,——)

g — 17 B a4
. 1 ) ) 1
—|—1H(1 — OéQ)LZLQ <—0é4, ——) + LIQ(OQ)LIQ <——) . (80)
Oy Qy
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6. Oé:[:O7 OézZO

For this case one can directly use Eq. (),

1 Oé3—1 a3 )

Oé4—|—17 a3 7Oé3—1

L_|_(0, 0, as, Oé4) == LZ.1717171 (Oé4 + 1, (81)

But there is also another very simple possibility. We first change the integration
variable y — t/ a3,

1 a3

/dy 1_|_ Lig(asy) /dtmhz(t) :/
0

304 + t

ta
dt dt dt dt
—/ 2/ Lis(t /2/ /3 L (82)
Q301 -|- ty — Q30 -|- ty I —t4

Now using the definition (l) we obtain the result

dt i,

e g, &z _
azay + 1y it )3 3

-1
L_|_(0, 0, as, Oé4) == LZ.272 <—0é30é4, —) . (83)

Qg
The reader has a free choice to use either formula (Illl) or (lll). Both equations contain
multiple polylogarithm of weight four. The depth of the multiple polylogarithm in
Eq. (Il is two against four in Eq. (ll). For oy = —1 Eq. (ll) can be directly used.
However, in the case of Eq. (lll) one must first calculate the limit for ay — —1.

7. Oé:[:O7 Oézz]_

Unfortunately, in this case one cannot use Eq. (lll) because of the term In(1 — o).
To express this Ly function in terms of multiple polylogarithms we first make use of
a standard relation between dilogs with arguments x and 1 — x for the function Li,
under the sign of the integral:
1

1
Iny . Iny ‘
d Liy(1 :/d 2) — In(—asy) In(1 ~ Liy(—asy)] =
O/ Yoty i2(1 + asy) J ya4+y[C() n(—asy) In(1 + agy) — Liz(—asy)]
1 1 1
Iny Iny . Iny[In(—a3) + Iny]In(1 + azy)
@) Taity Yoty almasy) 5 ! a4ty

1 Oé3—|—1 a3
Oé4—|—17 a3 7Oé3—|—1

InyIn(l + asy) In*yIn(1 + asy)
/ dy [
a4 Y a4 Y

)L (—i) ~ i (aat 1 ) s

(o7

—In(— ,
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where the Liy 11,1 function was obtained with the help of Eq. (lll). To obtain the last
integral in Eq. (lll) one proceeds as follows:

/ldylrfyln(l—l—ozgy y—r1—t /d In? (1—1) 1n(1+a3—a3t)

] o4+ y og+1—1
/Idt lﬂz(l—tl) . —Oégdtz /1 fdt 1H2(1—t1) B
; 1Oé4-|-1—t11 I+ az — asly ] alg-l-l—tz Yag 1l —t
to i tg
dt dt
2/ / E L (85)
—|—1—t20 Oé4—|—1—t1 1—t30 1—t4

as +1 Qs )

2L 1 1
11,1,1,1( , 0 + 7@3(a4+1)7a3+1

Similarly one can evaluate the remaining integral

1
InyIn(1 4 asy) . as + 1 as
d =—L 1 . 86
/ Y aty t1,1 | o + 7@3(a4+1)7a3+1 (86)

0

Now combining Eqs. (lll), (lll), and (ll) one arrives at the result

as +1 Qs
Oé3(0é4—|—1)70é3—|—1
1 Oé3—|—1 a3 )
Oé4—|—17 a3 7Oé3—|—1

L_|_(0, 1, as, Oé4) == —2[/@.1717171 (1, a4 + 1,

—Liy 111 (Oé4 + 1,

. Oé3—|-1 a3 . 1
+In(—as)Le ag+ 1, , + C(2)1a (——) .
(—as) 1,1,1( 4 colon + 1) a3+1) ((2)Liy »

8. Oé:[:O7 OézZ—Oé3:]_

For these values of the a; we must find the limit of the rhs of Eq. (lll) for as — —1.
After taking the limit we obtain

. 1
Laf0, 1 =Las) = Livsa (s + 1L, ——.1)

. 1 ) 1
—|—2Lll7172 (1, a4 + 1, m) + C(Q)LIQ <——) . (88)

(o7

VI. CONCLUSIONS

We have presented all the necessary relations to transform the L functions [as
defined in Eqs. (W) and (W] that occur in our O(&?) results W] for the Laurent series
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expansion of massive scalar one-loop integrals to multiple polylogarithms. We have
used these relations to transform our results on massive one-loop integrals involving
L functions to corresponding results involving multiple polylogarithms. The multiple
polylogarithms results are readily available in electronic form [Wl].

Despite of the fact that the relations between the L functions and the multiple
polylogarithms have been derived having the massive scalar one-loop integrals in mind
they can also be used in a more general setting. In fact, any definite integral given

by

f In(ay + byx) In(ay + bax) In(as + bsx)dx f In(ay + byx)Liz(ag + byx)dx
“ a4 + 641' o s a3 + bgl’

can be written in terms of multiple polylogarithms with the help of the relations
presented in this paper. It is worthwhile to mention that all the equations presented
in the present paper have been also checked numerically.

We have found several examples where the representation of the L functions in
terms of multiple polylogarithms is not unique. This reflects the fact that multiple
polylogarithms obey quasishuffle and shuffle Hopf algebras and hence satisfy numerous
identities as is the case for the classical polylogarithms. More information about
identities between multiple polylogarithms can be found, e.g., in [ and [H], and
references therein.

For future parton model applications of our results numerical efficiency is an im-
portant issue. We are presently writing numerical C'++ codes to compare the nu-
merical efficiency of the two representations in terms of L functions and multiple
polylogarithms.
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APPENDIX

In this Appendix we consider as an example the real part of the O(e?) coefficient

Re D§2) of the Laurent series expansion of the massive box D; with three massive
propagators. Using the rules written down in the main text of this paper we have
expressed the corresponding results of [l] involving L functions in terms of multiple
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polylogarithms. The L function structure of Re Df) in M is sufficiently rich to provide

an illustration of the corresponding complexity in terms of multiple polylogarithms
when transforming to the latter representation. We mention that all multiple polylog-
arithms up to weight three have been reexpressed in terms of classical polylogarithms.
We then used automatic program codes to simplify the classical polylogarithms as
much as possible, as was also done in [H].

We use the notation and the conventions of [l]. In brief, we use the Mandelstam-
type variables

SE(pl—I—p2)2, t=T-— 25(}71 p3)2—m2, UEU—m2E(p2—p3)2—m2 (A1)

for the 2 — 2 partonic process a(p;) + b(pz) — Q(p3) + Q(ps) with p? = p2 = 0 and

p: = p; = m%. We also introduce the abbreviations (ﬁ =.4/1 - 4m2/3)

zs = (s 42t + s3)/2, E(S—I—Zt—sﬁ)/
55 = (2m% + 1+ 18)/2, o= (2m® 1 —18)/2, (A2)
S —1 =T
ZSEIHW, ltEIHW, ZTEIHW, leh'lfL',
_ _ Z3 —Z4
l@:lﬂﬁ, lzgzlﬂﬁ, lZ4_1HW.
One finds
2 _ |1 4 4 2 3 4
ReDi? = o [192 {10001 + 2400 + 32031, + 2641212 — 2000715 — 17711~ (A3)

960700s + 192070205 + 120305 + 96171125 — 320,05, — 480071, 1.4 +
24171214 + 1800214 — 144121514 + 480lTl I2, — 3361212, — 961,1.50%, +
320,02, — 1681%, + 480121, — 480171215 — 400215 — 19271l 315 +
336021315 + 960,251 5 — 384171, 4ls 4 33612 1.4l5 + 192,131 4l5 +
96112415 + 19212415 + 9617105 + 241205 — 9611505 — 9612,1% + 321,05 +
3205 — 3207 (97 + 200, + 2505 + L.g + 1315) — 415 (817 — 36, — 915 —
4314 + 941) — 612 (5202 — 2803 + 1512 + 261,15 + 461,14 + 241514+
3202, — 4lr (91, + 83 — 1514 — 4l5) — 601,15 — 241,515 — 561415 + T61% +
Li(—4417 + 601, — SLs — 6004 + 815)) — 2417 (403 + 1512 — 8l (2L, +
2.3 4 4log — 3lg) + 4o (3ls — 8log + 1315) 4+ 2(—412, + 12, + 121514 —
120515 — 8l.als + 1013)) + 8L, (813 — 3103 + (2(—61.5 + 33L.4 + 615)+

6. (3125 — 2212, — 21.5(5.4 — 913) + 200.4l5 — 1003) + 4(—2025 + 612514 +
1602, 4 9L.5(Log — 15)* — 182,15 + 9ul} 4 203) + 613(31, — 4l + Al.y —

Ag) — 3lp(512 — Al (5ls — 4ly) — 8(125 — 2l.3l4 — 312, + 4loals + zg))) —
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AL, (SOLF + 813 + 1812 — 271215 — 81 — 1650214 — T2, L5l.s + 481,13, —
240312, — 6402, + 181215 + 1201, 3l + 2412515 + T2l 4l + 48131415 +
7202405 — 841,15 — 241305 — 481413 + 4005 — 1207.(131, + 2.5 — 6L.4 +

6l5) + 1202 (817 + 51, — 261,35 — 1004 + 12l5) — 120,(505 + 612 — 712, —
100500 — 1602, + 1,(141.5 + 2714 — 4lg) + 100515 + 161415 + 205 +
(=5l — 25 + 4lg + 8l5)) + 1200 (1112 + 1.(81,3 + Tly — 4lg) + 202, —
612, — Alsly + Slaals +212)) } + (312/4 — TI2/2 + Lyl + 312 /4 + Blols+
Slola 4+ 124/2 + 1,20y — 1y + 1005 + 204 — 1515) — 8Ll + 2l.4ls — 1105 —
LTl + b + 8L + 5l + La + 615)) C(2) + (=3Ls +20,)¢(3) — 35((4)/4 —
2Li2 (m—Z) + 2L (L_zﬁ)) + 1, (m—z) (—1002 — 417 + 2512+

25 2m 8 Z5

8luls — 2402, + (4L, + 261, + 2414 — 8l5) + 240,15 + 161415 — 815 —
2
41,(91, — 4l + 415)) + Liz (”j—jf) (1L2/8 — 2 4 20y(l, + Ly — 25)+

1
L=+ Tl /4 = L + 215) + 1(190, — 2404 + 161,)/8) + <Liz(—x)
(—15[3 + 412 + 1,(—391, + 3204 — 165) + 20,(100, + 51, — 8l5)+

. [ %3 . (m? 1 2 2 2
(—441, + 321,)) + Liz (—) —2Liy (25 ) + 5 (—502 + 206 — 72—

Z4 25

Al s 4+ 121,14 — 4@4 + (=2l + 420 + Ls + La — 1p)) — 4l:ls +
2
l(—220, — 8.5 + 8l5) — 8((2)) ) + Lia(x) (2L12 (m_) 4

25

2Li, (M) —T2/4 = 302/2 =112 /4 + lols + 3l + 12, —

m

Duls + (—Aly + 2L + Alg) 4 L(Al 4 L)2 — Ly — Ly — 215) — 64‘(2)) +

T 2 —t(1 —

Li (—) —4Liy(x) — 4Li, (2—3) i, (M) an, (220
m2 Z4 Zs 2m?2

12/8 — 312/2 4 28 + 2uls — A1, + L(31,/2 + ALy + 4lq — Alg) —

L
2ol + Aluals — 205 — (180 + T + 8l — 1614 +815) - 44(2)) +

(] —
i, (21U =8 <—2L12 (ﬁ) TR 224 2l — Lol — Pyt
2m?2 Z4
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Lol + 3L0/2 — 2L + Ly — 1g) + 3Luls + 2Ll — 13 — (L, — Al — 20.q +

20p) + 12((2)) + Lis (_12; ﬁ) (405 — 7l;) + 5Lis (f—;) s + Lis (7’;”‘_2) «

(51, — 61, — 111, )/2—L13<t)(4lt—|—6l )—|—L13<m )(35 /2 — 51, —

m2xzs

. Z .
70,/2) + 4Lis (74) (I, — 1, — 21,) + Lis (— o ) (I, =2l — 1) +

. —x? . Z . m?

Lis (1 - :1;2) (I, — 1, — 1) + Lis (%) (I, + 5L, — 1) + 2Lis (_—t) I +
. (% 5 5 . —t(1 =

Lis (%) (-555 =3l — S+ ALy — 455) + Lis (M) x

225

5 3 ) —2z¢ 3
——l, =, — =, +4l., — 4 Lig | ——— —, =2l + 24—
( 5 t7 5 + 4z ,3)—|- IS(t(l‘Fﬁ))( 5 t 1+ 2z

b _ 255) +Tis (Zi) (l— ey, 255) + 2Lis(—a)(31, +
> EYAY >

[
2

ly
Z5

T [, 7
3, — ALy +415) + Lis (- ) (5 =20+ 255) 4
Z3

2
. (m*1—=75)\ /3 5
Lis (T (555 + 30+ 5595 — 44 + 455) +
15 5 T
Lis(2) (—zs 4+ 21, — 6l + 6l5) 4 Lis (—) (=21, +
2 2 26

I, — 20, + 2y — 205) + 2Lig(a )—4L14< ) —|—4L14<t) _Liy (T) _
) ) (250 (122,

G (5) + i (_12; )i () e (75) +
) 2 )

2Liss (_m2x23 2T )  6Liran (17 s(1 — 6)7 ﬁ) N

sTB (1 —B) 224  m?
1
6Livs, 1,20L10) 2 —2Li211(1aﬁ,ﬁ)_
e 225 m2 " zs T
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m? Tz m?2 T 2z
—_——, — 2L —, =, — ] =
T 25’ m)+ 1211(T7Z67m2)
2 2
Z3 Z4 Z3 . m Zs . m° zg T
=, —, = —=2L —.1,— ] =2L —_——, —
’ 7t) l2,1,1( o 2) Z27171(Z57T7m2

1— 2 T
W1=F) = ZG)+2LZQ11(—me3 _ T8 2_3)_

sTB 7 mixzs sp

(
2Ly, (—m%z?’ - SQM : tﬁ) +2Lig s (Mlz—i) +
(

sTB 7 mPrzs 223 m
3Livyas (1 ‘9(127;6) =, %) — 2Ly (%1 ZZB ?) N
]
Lmu(m—:,%@,%) —Lzlm(m2 ‘;5 j 25)_



I m? zg T s m? zg T 25
aiia |l — >+ 1 — Naaa |\ — 7 5 | —
Z6

26 T 'm T z5" m2

m? zg Zs5 m? zg z5 T

Ll1,1,1,1 —,—, 1, — Lll,l,l,l T o 5 T
2 2
z6 25 m ze z5 I''m

T Zs5 26 2 T
Ll1,1,1,1< 1 m_) -|-Ll1,1,1,1< S | —) —

T’ 2 T m2
%6 s(1=0) z5 T =z
Li — L1 —_ =, —, — | =
SLCRRR ( " m?2 ) t i ( 2z T 25 m?
s(1=0) z5 z6 T
3L —1,— L1 —_— = =, — | =
11,1,1,1 ( - ) + L1111 ( 5 2 T mz)
25 Z6 X5 (1 —|— 6) Z6 T
3L L1 1, =, — ] =
11,1,1,1 ( e 257 m2) + L1111 ( 92 L, T 2
1—|—ﬁ) 25 s(1+8) z¢ T =z
L — 1, — L _— =, —, — | =
L ( 225z m?2 ) t i ( 225 T 25’ m?
1 2
Livaan (S50 20 2 20} i ot 1 (5 g+ 1t
o 225 zs zg M2 2
L - L 5

9Lis(—x) + 2Liy(z) — Liy ("_1?) + Li, (ZZS) + Li, (—) + (2 ))]

At the very end of the expression one finds an explicit imaginary part. Since the whole
expression must be real this clearly indicates that the same imaginary contribution
with opposite sign must be contained in multiple polylogarithms, e.g., some of them
are sitting on branch cuts. This is in fact true for the multiple polylogarithms

I m2azs —T I m2xzs 27
13,1 Tﬁ mir ) 23,1 STH 7t(1 —5) )
) m2xzs sTB =z ) m2xzs sTpB Zg
L12,1,1 - T T " L12,1,1 - T 5 s 551
sTpB m2rzs 8P sTpB mirzy tf

Indeed, one finds that the imaginary contributions cancel out when one numerically
evaluates the result.

As regards the length the representations of Re Df)
[M] and in terms of multiple polylogarithms are of similar size. The representation in
terms of L functions contains 43 different L function expressions against 59 different

multiple polylogarithm expressions.

in terms of L functions in
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