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In a reent paper we have presented results for a set of massive

salar one-loop master integrals needed in the NNLO parton model de-

sription of the hadroprodution of heavy avors. The one{loop integrals

were evaluated in n = 4 � 2" dimension and the results were presented

in terms of a Laurent series expansion up to O("

2

). We found that some

of the "

2

oeÆients ontain a new lass of funtions whih we termed

the L funtions. The L funtions are de�ned in terms of one{dimensional

integrals involving produts of logarithm and dilogarithm funtions. In

this paper we derive a omplete set of algebrai relations that allow one to

onvert the L funtions of our previous approah to a sum of lassial and

multiple polylogarithms. Using these results we are now able to present

the "

2

oeÆients of the one-loop master integrals in terms of lassial

and multiple polylogarithms.
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I. INTRODUCTION

Reently, we have alulated the omplete set of massive one-loop master integrals

[1℄ needed in the alulation of the next-to-next-to-leading order (NNLO) parton

model orretions to the hadroprodution of heavy avors [2℄. We used Feynman

parametrization to evaluate the one-loop master integrals in n = 4 � 2" dimensions.

We obtained the oeÆients of the Laurent series expansion of the relevant salar

integrals in terms of the parameter " up to O("

2

) as needed for the NNLO alulation.

We found that the real parts of some of the "

2

oeÆients ontain a new lass of

funtions whih an be written in terms of one{dimensional integral representations

involving produts of log and dilog funtions. These so{alled single and triple index

L funtions annot be expressed in terms of lassial polylogaritms but an be seen

to belong to a generalization of the lassial polylogarithms whih are alled multiple

polylogarithms.

Funtions analogous to the triple index funtions L

�

1

�

2

�

3

also arise in the ap-

proah of [3℄ when one analytially ontinues their O("

2

) integral representation for

a general vertex funtion. Methods di�ering from ours have been used for the deriva-

tion of master N -point integrals suh as the di�erential equations method [4℄ or the

nested sum method [5℄. Depending on the number of sales involved, the results in-

lude multiple polylogarithms [6℄ and/or harmoni [7℄ or two-dimensional harmoni

[8℄ polylogarithms. The latter funtion all are subsets of multiple polylogarithms.

Presenting our results in terms of multiple polylogarithms will failitate a ompar-

ison with the results of possible rederivations of the salar one{loop integrals using

other methods. It is very likely that future results of multiloop alulations will be

presented in terms of multiple polylogarithms or their sublasses. Alongside with

this the neessary tools will be developed to deal with multiple polylogarithms, be

it analytially or numerially. In fat, reently a omputer ode has been written

for the numerial evaluation of the multiple polylogarithms [9℄. It is therefore timely

that we express the results of [1℄ also in terms of multiple polylogarithms.

It is a purpose of this paper to show that the single and triple index L funtions

introdued in [1℄ an all be related to multiple polylogarithms. This is done in expliit

form. We are thus able to present our results for the salar massive one{loop master

integrals in terms of multiple polylogarithms and lassial polylogarithms [10℄. In

Se. II we reapitulate material on the de�nition of the single and triple index L

funtions as they arise in the approah of [1℄. Simple symmetry relations allow one

to restrit the disussion to the triple index L funtions L

�++

and L

+++

, and to the

single index L funtion L

+

. In Se. II we also reapitulate the de�nition of multiple

polylogarithms. In the subsequent setions we will write down the formulas needed

to transform the L funtions to multiple polylogarithms for general arguments. The

general formulas are not always appliable when the arguments take speial values

as they do in the massive one-loop alulation. For these speial values one must

arefully disuss the limiting behavior of the general formulas. In Se. III A we
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derive the general formula whih relates the L

�++

funtions to the set of multiple

polylogarithms. Setion III B onsiders speial ases of the general relation. Similarly,

Se. IV A gives general relations whih allow one to express the L

+++

funtions

in terms of multiple polylogarithms. In Se. IV B we disuss speial ases for the

arguments of the L

+++

funtions. Setions V A and V B repeat the disussion for

the single index L

+

funtions. Finally, Se. VI presents our onlusions.

As remarked on before, the L funtions appear only in the real parts of some of

the O("

2

) oeÆient funtions of the masive one{loop integrals. In the notation of [1℄

these are the three{point oeÆient funtions ReC

(2)

1

, ReC

(2)

2

and ReC

(2)

5

, and the

four{point oeÆient funtions ReD

(2)

1

, ReD

(2)

2

and ReD

(2)

3

. For the sake of brevity

we have deided to present multiple polylogarithm results in this paper only for the

four{point oeÆient funtion ReD

(2)

1

. This result is listed in the Appendix. The

orresponding results for the other �ve oeÆient funtions are readily available in

eletroni form [11℄.

II. BASIC FEATURES

In order to make the paper self{ontained, we write down a number of basi

de�nitions for the L funtions and the multiple polylogarithms in this setion, as

well as some symmetry properties and domains of de�nitions for the single and triple

index L funtions. These will be of help when presenting the subsequent material.

The de�nition for the L funtions is as follows [1℄:

L

�

1

�

2

�

3

(�

1

; �

2

; �

3

; �

4

) =

Z

1

0

dy

ln(�

1

+ �

1

y) ln(�

2

+ �

2

y) ln(�

3

+ �

3

y)

�

4

+ y

(1)

and

L

�

1

(�

1

; �

2

; �

3

; �

4

) =

Z

1

0

dy

ln(�

1

+ �

1

y)Li

2

(�

2

+ �

3

y)

�

4

+ y

: (2)

Here the �

i

(i = 1; 2; 3) take the values �1 and the �

j

's are either integers f1; 0;�1g

or else kinematial variables. We want to emphasize that the numerial evaluation of

the L funtions is straightforward.

The L funtions possess simple symmetry properties as follows. One noties that

a hange of the integration variable y ! 1 � y results in the identity

L

�

1

(�

1

; �

2

; �

3

; �

4

) = �L

��

1

(�

1

+ �

1

; �

2

+ �

3

;��

3

;��

4

� 1) (3)

whih implies that L

�

an always be related to L

+

, and vie versa. We have thus

written our results for the three-point and four-point funtions in [1℄ only in terms of

the L

+

funtions.

Turning to the triple index L funtion one noties that L

�

1

�

2

�

3

(�

1

; �

2

; �

3

; �

4

) is

symmetri under permutations of any two pairs of indies and arguments f�

i

; �

i

g and

3



f�

j

; �

j

g for (i 6= j). The same hange of variables as above y ! 1� y results in

L

�

1

�

2

�

3

(�

1

; �

2

; �

3

; �

4

) = �L

��

1

��

2

��

3

(�

1

+ �

1

; �

2

+ �

2

; �

3

+ �

3

;��

4

� 1): (4)

Therefore, from the eight funtions L

���

, L

��+

, L

�+�

, L

+��

, L

�++

, L

+�+

, L

++�

,

and L

+++

only two are independent. We have hosen to write our results in terms of

L

�++

and L

+++

.

The domains of de�nition of the funtions L

+++

; L

�++

, and L

+

that follow from

the requirement that these funtions take real values an be read o� from the de�ning

relations Eqs. (1) and (2) onsidering the arguments of the log and dilog funtions

in the integrands, as well as from ensuring that the denominator of Eqs. (1) and (2)

does not hange sign on the integration path. One has

L

+++

(�

1

; �

2

; �

3

; �

4

) : �

1

> 0; �

2

> 0; �

3

> 0; �

4

< �1 or �

4

> 0;

L

�++

(�

1

; �

2

; �

3

; �

4

) : �

1

> 1; �

2

> 0; �

3

> 0; �

4

< �1 or �

4

> 0;

L

+

(�

1

; �

2

; �

3

; �

4

) : �

1

> 0; �

2

� 1; �

2

+ �

3

� 1; �

3

6= 0; �

4

< �1 or �

4

> 0:

(5)

Looking at the de�nition of the triple index L funtion in (1) one onludes that the

boundary points �

1

= 0 and/or �

2

= 0 and/or �

3

= 0 an be inluded in the domain

of the de�nition for L

+++

. The same holds true for �

1

= 1 and/or �

2

= 0 and/or

�

3

= 0 for L

�++

. Also, from the de�nition of the single index funtion L

+

in (2) one

onludes that the boundary point �

1

= 0 an be added to its domain of de�nition.

The points �

4

= f�1; 0g an also be inluded in the domain if the values taken

by the other parameters �

i

guarantee the onvergene of the integral. We mention

that for all of our purposes the onditions (5), with the boundary points inluded,

are satis�ed, e.g., our results for the integrals are real. Nevertheless, it is of ourse

always possible to analytially ontinue the parameters to the omplex plane.

There are some further relations for the L funtions whih result from applying

integration-by-parts identities. They are not listed here but an be found in Ap-

pendix C of [1℄. They have been used to redue the set of L funtions ourring in

the master integrals to a subset of L funtions having real values in physial phase

spae [1℄.

Multiple polylogarithms are de�ned as a limit of Z sums [6℄, e.g.,

Li

m

k

;:::;m

1

(x

k

; :::; x

1

) = lim

n

1

!1

X

n

1

>n

2

:::>n

k

>0

x

n

1

1

x

n

2

2

:::x

n

k

k

n

m

1

1

n

m

2

2

:::n

m

k

k

: (6)

The number w = m

1

+ :::+m

k

is alled the weight and k is alled the depth of the

multiple polylogarithm. The power series (6) is onvergent for jx

i

j < 1, and an be

analytially ontinued via the iterated integral representation:

Li

m

k

;:::;m

1

(x

k

; :::; x

1

) =

x

1

x

2

:::x

k

Z

0

 

dt

t

Æ

!

m

1

�1

dt

x

2

x

3

:::x

k

� t

Æ

 

dt

t

Æ

!

m

2

�1

dt

x

3

:::x

k

� t

Æ ::: Æ

 

dt

t

Æ

!

m

k

�1

dt

1 � t

; (7)
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where the following notation is used for the iterated integrals:

�

Z

0

dt

a

n

� t

Æ ::: Æ

dt

a

1

� t

=

�

Z

0

dt

n

a

n

� t

n

t

n

Z

0

dt

n�1

a

n�1

� t

n�1

� :::�

t

2

Z

0

dt

1

a

1

� t

1

: (8)

III. TRANSFORMATION OF L

�++

TOMULTIPLE POLYLOGARITHMS

In this setion we will show that all our L

�++

funtions an be expressed in terms

of multiple polylogarithms.

A. General ase for the L

�++

funtion

We begin with the L

�++

funtion Eq. (1),

L

�++

(�

1

; �

2

; �

3

; �

4

) =

1

Z

0

dy

ln(�

1

� y) ln(�

2

+ y) ln(�

3

+ y)

�

4

+ y

: (9)

After hanging the integration variable y = �

1

t one gets

1=�

1

Z

0

dt

ln(�

1

� �

1

t) ln(�

2

+ �

1

t) ln(�

3

+ �

1

t)

�

4

�

1

+ t

=

1=�

1

Z

0

dt

ln�

1

ln(�

2

+ �

1

t) ln(�

3

+ �

1

t)

�

4

�

1

+ t

+

1=�

1

Z

0

dt

ln(1� t)[ln�

1

+ ln(

�

2

�

1

+ t)℄[ln�

1

+ ln(

�

3

�

1

+ t)℄

�

4

�

1

+ t

=

ln�

1

1

Z

0

dy

ln(�

2

+ y) ln(�

3

+ y)

�

4

+ y

+ ln

2

�

1

1=�

1

Z

0

dt

ln(1� t)

�

4

�

1

+ t

+ ln�

1

1=�

1

Z

0

dt

ln(1� t) ln(

�

2

�

1

+ t)

�

4

�

1

+ t

+ ln�

1

1=�

1

Z

0

dt

ln(1 � t) ln(

�

3

�

1

+ t)

�

4

�

1

+ t

(10)

+

1=�

1

Z

0

dt

ln(1� t) ln(

�

2

�

1

+ t) ln(

�

3

�

1

+ t)

�

4

�

1

+ t

:

With the help of (7) the integral in the seond term of the last equation of (10) an

be written as

1=�

1

Z

0

dt

ln(1� t)

�

4

�

1

+ t

=

1=�

1

Z

0

dt

1

�

�

4

�

1

� t

1

t

1

Z

0

dt

2

1� t

2

= Li

1;1

(�

�

4

�

1

;�

1

�

4

): (11)
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The third and fourth terms of the last equation in (10) ontain integrals of the form

t

m

Z

0

dt

ln(1 � t) ln(�

1

+ t)

�

2

+ t

: (12)

To express suh integrals in terms of multiple polylogarithms one proeeds as follows:

� Li

1;1;1

 

��

2

;

�

1

�

2

;

�t

m

�

1

!

=

t

m

Z

0

dt

2

�

1

+ t

2

t

2

Z

0

dt

1

ln(1� t

1

)

�

2

+ t

1

=

t

m

Z

0

dt

1

ln(1� t

1

)

�

2

+ t

1

t

m

Z

t

1

dt

2

�

1

+ t

2

=

ln(�

1

+ t

m

)

t

m

Z

0

dt

1

ln(1� t

1

)

�

2

+ t

1

�

t

m

Z

0

dt

1

ln(1� t

1

) ln(�

1

+ t

1

)

�

2

+ t

1

= (13)

ln(�

1

+ t

m

)Li

1;1

 

��

2

;

�t

m

�

2

!

�

t

m

Z

0

dt

1

ln(1 � t

1

) ln(�

1

+ t

1

)

�

2

+ t

1

:

In the �rst line of (13) we have hanged the order of integration in the two-dimensional

integral. We shall frequently use this trik further on. From Eq. (13) one immediately

onludes that

t

m

Z

0

dt

ln(1� t) ln(�

1

+ t)

�

2

+ t

= Li

1;1;1

 

��

2

;

�

1

�

2

;

�t

m

�

1

!

+ ln (�

1

+ t

m

)Li

1;1

 

��

2

;

�t

m

�

2

!

:

(14)

Let us now turn to the more involved integral [�rst term of Eq. (10)℄:

1

Z

0

dy

ln(�

2

+ y) ln(�

3

+ y)

�

4

+ y

y!��

2

t

= �

�1=�

2

Z

0

dt

[ln�

2

+ ln(1 � t)℄ ln(�

3

� �

2

t)

�

4

�

2

� t

=

� ln�

2

�1=�

2

Z

0

dt

ln(�

3

� �

2

t)

�

4

�

2

� t

�

�1=�

2

Z

0

dt

ln(1� t)[ln�

2

+ ln(

�

3

�

2

� t)℄

�

4

�

2

� t

= (15)

+ ln�

2

1

Z

0

dy

ln(�

3

+ y)

�

4

+ y

� ln�

2

�1=�

2

Z

0

dt

ln(1� t)

�

4

�

2

� t

�

�1=�

2

Z

0

dt

ln(1 � t) ln(

�

3

�

2

� t)

�

4

�

2

� t

:

The integral in the �rst term an be expressed as

1

Z

0

dy

ln(�

3

+ y)

�

4

+ y

y!��

3

t

= �

�1=�

3

Z

0

dt

[ln�

3

+ ln(1 � t)℄

�

4

�

3

� t

=

ln�

3

ln

�

�

4

+ 1

�

4

�

+ Li

1;1

�

�

4

�

3

;�

1

�

3

�

: (16)
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The integral in the seond term an be written as

�1=�

2

Z

0

dt

ln(1� t)

�

4

�

2

� t

= �Li

1;1

�

�

4

�

2

;�

1

�

2

�

: (17)

The third term from the last line of Eq. (15) has a form whih is an analogue of the

integral (12) and an be alulated in a similar way,

t

m

Z

0

dt

ln(1� t) ln(�

1

� t)

�

2

� t

= Li

1;1;1

 

�

2

;

�

1

�

2

;

t

m

�

1

!

+ ln (�

1

� t

m

)Li

1;1

 

�

2

;

t

m

�

2

!

: (18)

Combining the Eqs. (16), (17) and (18) we arrive at the result for Eq. (15),

1

Z

0

dy

ln(�

2

+ y) ln(�

3

+ y)

�

4

+ y

= Li

1;1;1

�

�

4

�

2

;

�

3

�

4

;�

1

�

3

�

+ ln�

2

Li

1;1

�

�

4

�

3

;�

1

�

4

�

+ ln(1 + �

3

)Li

1;1

�

�

4

�

2

;�

1

�

4

�

+ ln�

2

ln�

3

ln

�

�

4

+ 1

�

4

�

: (19)

Beause the initial integrand is symmetri under the exhange of the parameters �

2

and �

3

, the rhs of (19) an be rewritten in a symmetri form if desired.

We are now left with the �fth term in (10). The �fth term is an integral of the

type

t

m

Z

0

dt

ln(1� t) ln(

1

+ t) ln(

2

+ t)



3

+ t

: (20)

In order to express suh integrals in terms of multiple polylogarithms one an perform

the following hain of transformations resulting in a multiple polylogarithm of weight

four:

� Li

1;1;1;1

 

�

3

;



2



3

;



1



2

;

�t

m



1

!

=

t

m

Z

0

dt

4



1

+ t

4

t

4

Z

0

dt

3



2

+ t

3

t

3

Z

0

dt

2



3

+ t

2

t

2

Z

0

dt

1

1 � t

1

= (21)

�

t

m

Z

0

dt

4



1

+ t

4

t

4

Z

0

dt

3



2

+ t

3

t

3

Z

0

dt

2

ln(1 � t

2

)



3

+ t

2

= �

t

m

Z

0

dt

4



1

+ t

4

t

4

Z

0

dt

2

ln(1� t

2

)



3

+ t

2

t

4

Z

t

2

dt

3



2

+ t

3

=

�

t

m

Z

0

dt

4

ln(

2

+ t

4

)



1

+ t

4

t

4

Z

0

dt

2

ln(1 � t

2

)



3

+ t

2

+

t

m

Z

0

dt

4



1

+ t

4

t

4

Z

0

dt

2

ln(1� t

2

) ln(

2

+ t

2

)



3

+ t

2

=

�I

0

(t

m

) +

t

m

Z

0

dt

2

ln(1� t

2

) ln(

2

+ t

2

)



3

+ t

2

t

m

Z

t

2

dt

4



1

+ t

4

=

�I

0

(t

m

) + I

00

(t

m

)�

t

m

Z

0

dt

2

ln(

1

+ t

2

) ln(

2

+ t

2

) ln(1 � t

2

)



3

+ t

2

;

7



where we have introdued the notation

I

0

(t

m

) =

t

m

Z

0

dt

4

ln(

2

+ t

4

)



1

+ t

4

t

4

Z

0

dt

2

ln(1� t

2

)



3

+ t

2

; (22)

I

00

(t

m

) = ln(

1

+ t

m

)

t

m

Z

0

dt

2

ln(1� t

2

) ln(

2

+ t

2

)



3

+ t

2

:

The third term on the last line of (21) is exatly the integral of the required type

Eq. (20).

The integral in I

00

(t

m

) has the form of (14). For the integral I

0

(t

m

) we write

I

0

(t

m

) =

t

m

Z

0

dt

4

ln(

2

+ t

4

)



1

+ t

4

t

4

Z

0

dt

2

ln(1� t

2

)



3

+ t

2

=

t

m

Z

0

dt

4

ln(

2

+ t

4

)



1

+ t

4

Li

1;1

 

�

3

;

�t

4



3

!

: (23)

On the other, hand one has

Li

1;1;1;1

 

�

3

;



1



3

;



2



1

;

�t

m



2

!

=

t

m

Z

0

dt

2



2

+ t

2

t

2

Z

0

dt

1



1

+ t

1

Li

1;1

 

�

3

;

�t

1



3

!

= (24)

t

m

Z

0

dt

1



1

+ t

1

Li

1;1

 

�

3

;

�t

1



3

!

t

m

Z

t

1

dt

2



2

+ t

2

=

ln(

2

+ t

m

)

t

m

Z

0

dt

1



1

+ t

1

Li

1;1

 

�

3

;

�t

1



3

!

�

t

m

Z

0

dt

1

ln(

2

+ t

1

)



1

+ t

1

Li

1;1

 

�

3

;

�t

1



3

!

=

� ln(

2

+ t

m

)Li

1;1;1

 

�

3

;



1



3

;

�t

m



1

!

� I

0

(t

m

):

One then onludes that

I

0

(t

m

) = �Li

1;1;1;1

 

�

3

;



1



3

;



2



1

;

�t

m



2

!

� ln(

2

+ t

m

)Li

1;1;1

 

�

3

;



1



3

;

�t

m



1

!

: (25)

Finally, substituting I

0

(t

m

) and I

00

(t

m

) into Eq. (21) we write down the result for the

integral of the required type Eq. (20),

t

m

Z

0

dt

ln(1� t) ln(

1

+ t) ln(

2

+ t)



3

+ t

= ln(

1

+ t

m

) ln(

2

+ t

m

)Li

1;1

 

�

3

;

�t

m



3

!

+

ln(

2

+ t

m

)Li

1;1;1

 

�

3

;



1



3

;

�t

m



1

!

+ ln(

1

+ t

m

)Li

1;1;1

 

�

3

;



2



3

;

�t

m



2

!

(26)

+Li

1;1;1;1

 

�

3

;



2



3

;



1



2

;

�t

m



1

!

+ Li

1;1;1;1

 

�

3

;



1



3

;



2



1

;

�t

m



2

!

:
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We are now in the position to ollet all required ontributions to express the

L

�++

funtion in terms of multiple polylogarithms. Taking into aount Eqs. (11),

(14), (19), and (26) we obtain

L

�++

(�

1

; �

2

; �

3

; �

4

) = Li

1;1;1;1

�

�

�

4

�

1

;

�

2

�

4

;

�

3

�

2

;�

1

�

3

�

+Li

1;1;1;1

�

�

�

4

�

1

;

�

3

�

4

;

�

2

�

3

;�

1

�

2

�

+ ln�

1

Li

1;1;1

�

�

4

�

2

;

�

3

�

4

;�

1

�

3

�

+ ln(1 + �

2

)Li

1;1;1

�

�

�

4

�

1

;

�

3

�

4

;�

1

�

3

�

+ ln(1 + �

3

)Li

1;1;1

�

�

�

4

�

1

;

�

2

�

4

;�

1

�

2

�

+ ln�

1

ln�

2

Li

1;1

�

�

4

�

3

;�

1

�

4

�

+ ln�

1

ln(1 + �

3

)Li

1;1

�

�

4

�

2

;�

1

�

4

�

(27)

+ ln(1 + �

2

) ln(1 + �

3

)Li

1;1

�

�

�

4

�

1

;�

1

�

4

�

+ ln�

1

ln�

2

ln�

3

ln

�

�

4

+ 1

�

4

�

:

Some remarks are in order at this plae. The �nal formula (27) ontains multiple

polylogarithms up to weight four. All multiple polylogarithms up to weight three

an be expressed in terms of logarithms and lasial polylogarithms Li

2

and Li

3

.

This fat is used by us when we reexpress our results for the massive salar integrals

in terms of multiple polylogarithms, i.e., our �nal results will ontain only multiple

polylogarithms of weight four. For the variables �

i

the onditions (5) are assumed.

But in the results for the massive salar integrals there are also ases when �

1

= 1

and/or �

2

= 0 and/or �

3

= 0 and/or �

4

= f�1; 0g. In suh ases the general formula

(27) is no longer valid and these ases must be studied separately.

B. Speial ases for the L

�++

funtion

In the Laurent series expansion of the massive salar one-loop integrals one en-

ounters speial values of the arguments �

i

for whih the general formula Eq. (27)

no longer applies. This is quite obvious from the list of speial ases disussed in the

following.

1. �

1

= 1; �

4

= 0

In suh ase one an make use of Eq. (26). One should �nd the limit of the

expression on the right-hand side for t

m

= 1; 

3

! 0. One obtains

1

Z

0

dt

ln(1� t) ln(

1

+ t) ln(

2

+ t)

t

=

lim



3

!0

n

ln(

1

+ 1) ln(

2

+ 1)

1

Z

0

dt

2

�

3

� t

2

t

2

Z

0

dt

1

1 � t

1

+ ln(

2

+ 1)

1

Z

0

dt

3

�

1

� t

3

t

3

Z

0

dt

2

�

3

� t

2

t

2

Z

0

dt

1

1 � t

1

9



+ ln(

1

+ 1)

1

Z

0

dt

3

�

2

� t

3

t

3

Z

0

dt

2

�

3

� t

2

t

2

Z

0

dt

1

1� t

1

+

1

Z

0

dt

4

�

1

� t

3

t

4

Z

0

dt

3

�

2

� t

3

t

3

Z

0

dt

2

�

3

� t

2

t

2

Z

0

dt

1

1 � t

1

+

1

Z

0

dt

4

�

2

� t

3

t

4

Z

0

dt

3

�

1

� t

3

t

3

Z

0

dt

2

�

3

� t

2

t

2

Z

0

dt

1

1� t

1

o

= � ln(

1

+ 1) ln(

2

+ 1)

1

Z

0

dt

2

t

2

t

2

Z

0

dt

1

1 � t

1

� ln(

2

+ 1)

1

Z

0

dt

3

�

1

� t

3

t

3

Z

0

dt

2

t

2

t

2

Z

0

dt

1

1� t

1

� ln(

1

+ 1)

1

Z

0

dt

3

�

2

� t

3

t

3

Z

0

dt

2

t

2

t

2

Z

0

dt

1

1 � t

1

�

1

Z

0

dt

4

�

1

� t

3

t

4

Z

0

dt

3

�

2

� t

3

t

3

Z

0

dt

2

t

2

t

2

Z

0

dt

1

1 � t

1

�

1

Z

0

dt

4

�

2

� t

3

t

4

Z

0

dt

3

�

1

� t

3

t

3

Z

0

dt

2

t

2

t

2

Z

0

dt

1

1 � t

1

:

(28)

In order to get the expression under the sign of the limit in Eq. (28) one applies the

de�nition (7) for the multiple polylogarithms in Eq. (26). Using the same de�nition for

the �nal multidimensional integrals in (28) and making the hange 

1

! �

2

; 

2

! �

3

one �nally arrives at the result for the ase �

1

= 1 and �

4

= 0,

L

�++

(1; �

2

; �

3

; 0) = �Li

2;1;1

�

��

3

;

�

2

�

3

;�

1

�

2

�

� Li

2;1;1

�

��

2

;

�

3

�

2

;�

1

�

3

�

:

� ln(�

3

+ 1)Li

2;1

�

��

2

;�

1

�

2

�

� ln(�

2

+ 1)Li

2;1

�

��

3

;�

1

�

3

�

� ln(�

2

+ 1) ln(�

3

+ 1)�(2): (29)

2. �

1

= 1; �

2

= �

3

= 0

For these values of the parameters �

i

one has an integral of the very simple form

L

�++

(1; 0; 0; �

4

) =

1

Z

0

dy

ln(1� y) ln

2

y

�

4

+ y

:

After a hange of variable y ! 1� t one gets

1

Z

0

dt

ln t ln

2

(1� t)

�

4

+ 1 � t

= �

1

Z

0

dt

1

ln

2

(1 � t

1

)

�

4

+ 1 � t

1

1

Z

t

1

dt

2

t

2

=

�

1

Z

0

dt

2

t

2

t

2

Z

0

dt

1

ln

2

(1 � t

1

)

�

4

+ 1� t

1

= �2

1

Z

0

dt

2

t

2

t

2

Z

0

dt

1

�

4

+ 1� t

1

t

1

Z

0

dt

3

1 � t

3

t

3

Z

0

dt

4

1� t

4

: (30)

Applying the de�nition (7) one obtains

L

�++

(1; 0; 0; �

4

) = �2Li

1;1;2

�

1; �

4

+ 1;

1

�

4

+ 1

�

: (31)

10



3. �

1

= 1; �

2

= 0 (and �

4

= �1)

We shall again �nd the limit of the rhs of (26) for t

m

= 1 and 

1

! 0. The �rst

and the third terms are equal to 0 beause of the limit lim



1

!0

ln(

1

+ 1) = 0. The

other terms transform into

lim



1

!0

Li

1;1;1

 

�

3

;



1



3

;

�1



1

!

= �Li

1;2

 

�

3

;�

1



3

!

;

lim



1

!0

Li

1;1;1;1

 

�

3

;



2



3

;



1



2

;

�t

m



1

!

= �Li

1;1;2

 

�

3

;



2



3

;

�1



2

!

;

lim



1

!0

Li

1;1;1;1

 

�

3

;



1



3

;



2



1

;

�t

m



2

!

= �Li

1;2;1

 

�

3

;



2



3

;

�1



2

!

:

Finally we write

L

�++

(1; 0; �

3

; �

4

) = �Li

1;1;2

�

��

4

;

�

3

�

4

;

�1

�

3

�

� Li

1;2;1

�

��

4

;

�

3

�

4

;

�1

�

3

�

� ln(�

3

+ 1)Li

1;2

�

��

4

;�

1

�

4

�

: (32)

For the speial ase �

4

= �1 one gets

L

�++

(1; 0; �

3

;�1) = �Li

1;1;2

�

1;��

3

;

�1

�

3

�

� Li

1;2;1

�

1;��

3

;

�1

�

3

�

� ln(�

3

+ 1) �(3): (33)

4. �

2

= �

3

= 0 (and �

4

= �1)

In this ase one proeeds along the following lines:

L

�++

(�

1

; 0; 0; �

4

) =

1

Z

0

dy

ln(�

1

� y) ln

2

y

�

4

+ y

y!1�t

=

1

Z

0

dt

ln(�

1

� 1 + t) ln

2

(1� t)

�

4

+ 1� t

=

�

1

Z

0

dt

1

ln

2

(1� t

1

)

��

4

� 1 + t

1

t

1

Z

��

1

+2

dt

2

�

1

� 1 + t

2

= �

1

Z

0

dt

1

ln

2

(1 � t

1

)

��

4

� 1 + t

1

8

>

<

>

:

t

1

Z

1

+

1

Z

��

1

+2

9

>

=

>

;

dt

2

�

1

� 1 + t

2

=

1

Z

0

dt

2

�

1

� 1 + t

2

t

2

Z

0

dt

1

ln

2

(1 � t

1

)

��

4

� 1 + t

1

� ln�

1

1

Z

0

dt

1

ln

2

(1� t

1

)

��

4

� 1 + t

1

=

11



2

1

Z

0

dt

2

�

1

� 1 + t

2

t

2

Z

0

dt

1

��

4

� 1 + t

1

t

1

Z

0

dt

3

1 � t

3

t

3

Z

0

dt

4

1� t

4

� 2 ln�

1

Li

3

�

�

1

�

4

�

:

(34)

Using the de�nition (7) we arrive at the result

L

�++

(�

1

; 0; 0; �

4

) = 2Li

1;1;1;1

�

1; �

4

+ 1;

1� �

1

�

4

+ 1

;

1

1� �

1

�

� 2 ln�

1

Li

3

�

�

1

�

4

�

: (35)

For the ase �

4

= �1 one obtains

L

�++

(�

1

; 0; 0;�1) = �2Li

1;2;1

�

1; 1� �

1

;

1

1� �

1

�

� 2 ln�

1

�(3) : (36)

5. �

2

= 0 (and �

4

= �1)

For this integral we hange the integration variable y ! 1 � t,

1

Z

0

dy

ln(�

1

� y) ln y ln(�

3

+ y)

�

4

+ y

=

1

Z

0

dt

ln(1� t) ln(�

1

� 1 + t) ln(�

3

+ 1� t)

�

4

+ 1 � t

=

1

Z

0

dt

ln(1� t) ln(

1

+ t) ln(

2

� t)



3

� t

: (37)

One notes that the last integral is an analogue of the integral in Eq. (26). The

alulation proeeds in a similar way,

� Li

1;1;1;1

 



3

;



2



3

;�



1



2

;�

1



1

!

=

1

Z

0

dt

4



1

+ t

4

t

4

Z

0

dt

3



2

� t

3

t

3

Z

0

dt

2



3

� t

2

t

2

Z

0

dt

1

1� t

1

=

�

t

m

Z

0

dt

4



1

+ t

4

t

4

Z

0

dt

3



2

� t

3

t

3

Z

0

dt

2

ln(1� t

2

)



3

� t

2

= �

t

m

Z

0

dt

4



1

+ t

4

t

4

Z

0

dt

2

ln(1 � t

2

)



3

� t

2

t

4

Z

t

2

dt

3



2

� t

3

=

1

Z

0

dt

4

ln(

2

� t

4

)



1

+ t

4

t

4

Z

0

dt

2

ln(1� t

2

)



3

� t

2

�

1

Z

0

dt

4



1

+ t

4

t

4

Z

0

dt

2

ln(1� t

2

) ln(

2

� t

2

)



3

� t

2

=

Y

0

(1)�

1

Z

0

dt

2

ln(1 � t

2

) ln(

2

� t

2

)



3

� t

2

1

Z

t

2

dt

4



1

+ t

4

=

Y

0

(1)� ln(

1

+ 1)

1

Z

0

dt

2

ln(1 � t

2

) ln(

2

� t

2

)



3

� t

2

+

1

Z

0

dt

2

ln(1 � t

2

) ln(

1

+ t

2

) ln(

2

� t

2

)



3

� t

2

=

12



= Y

0

(1)� Y

00

(1) +

1

Z

0

dt

2

ln(1� t

2

) ln(

1

+ t

2

) ln(

2

� t

2

)



3

� t

2

;

(38)

where we have introdued the notation

Y

0

(t

m

) =

t

m

Z

0

dt

4

ln(

2

� t

4

)



1

+ t

4

t

4

Z

0

dt

2

ln(1� t

2

)



3

� t

2

;

Y

00

(t

m

) = ln(

1

+ t

m

)

t

m

Z

0

dt

2

ln(1� t

2

) ln(

2

� t

2

)



3

� t

2

: (39)

The last term in (38) is the required integral. The expansion of the integral Y

0

(t

m

)

in terms of multiple polylogarithms is similar to the evaluation of I

0

(t

m

) in Eq. (22).

The result of the alulation is

Y

0

(t

m

) = Li

1;1;1;1

 



3

;�



1



3

;�



2



1

;

t

m



2

!

+ ln(

2

� t

m

)Li

1;1;1

 



3

;�



1



3

;�

t

m



1

!

: (40)

For the alulation of Y

00

(t

m

) one an make use of (18). Finally using Eqs. (38) and

(40) one arrives at the result

1

Z

0

dt

ln(1� t) ln(

1

+ t) ln(

2

� t)



3

� t

= �Li

1;1;1;1

 



3

;�



1



3

;�



2



1

;

1



2

!

�Li

1;1;1;1

 



3

;



2



3

;�



1



2

;�

1



1

!

� ln(

1

+ 1)Li

1;1;1

 



3

;



2



3

;

1



2

!

(41)

� ln(

2

� 1)Li

1;1;1

 



3

;�



1



3

;�

1



1

!

� ln(

1

+ 1) ln(

2

� 1)Li

1;1

 



3

;

1



3

!

:

To obtain the formula for the L funtion with �

2

= 0 we must only hange 

1

; 

2

, and



3

to �

1

� 1 ; �

3

+ 1, and �

4

+ 1 aording to Eq. (37):

L

�++

(�

1

; 0; �

3

; �

4

) =

1

Z

0

dy

ln(�

1

� y) ln y ln(�

3

+ y)

�

4

+ y

=

�Li

1;1;1;1

�

1 + �

4

;

1� �

1

1 + �

4

;

1 + �

3

1 � �

1

;

1

1 + �

3

�

� Li

1;1;1;1

�

1 + �

4

;

1 + �

3

1 + �

4

;

1� �

1

1 + �

3

;

1

1 � �

1

�

� ln�

1

Li

1;1;1

�

1 + �

4

;

1 + �

3

1 + �

4

;

1

1 + �

3

�

� ln�

3

Li

1;1;1

�

1 + �

4

;

1� �

1

1 + �

4

;

1

1 � �

1

�

� ln�

1

ln�

3

Li

1;1

�

1 + �

4

;

1

1 + �

4

�

: (42)
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For the ase �

4

= �1 we alulate the limit of the rhs of (42) for �

4

! �1 and obtain

L

�++

(�

1

; 0; �

3

;�1) = Li

2;1;1

�

1 � �

1

;

1 + �

3

1 � �

1

;

1

1 + �

3

�

+Li

2;1;1

�

1 + �

3

;

1 � �

1

1 + �

3

;

1

1� �

1

�

+ ln�

1

Li

2;1

�

1 + �

3

;

1

1 + �

3

�

+ ln�

3

Li

2;1

�

1 � �

1

;

1

1 � �

1

�

+ ln�

1

ln�

3

�(2) : (43)

IV. TRANSFORMATION OF L

+++

TOMULTIPLE POLYLOGARITHMS

In this setion we will show that all our L

+++

funtions an be expressed in terms

of multiple polylogarithms.

A. General ase for the L

+++

funtion

We now proeed with the transformation of the triple index funtion L

+++

,

L

+++

(�

1

; �

2

; �

3

; �

4

) =

1

Z

0

dy

ln(�

1

+ y) ln(�

2

+ y) ln(�

3

+ y)

�

4

+ y

: (44)

After hanging the integration variable y = ��

1

t we obtain

�

�1=�

1

Z

0

dt

ln(�

1

� �

1

t) ln(�

2

� �

1

t) ln(�

3

� �

1

t)

�

4

�

1

� t

= �

�1=�

1

Z

0

dt

ln�

1

ln(�

2

� �

1

t) ln(�

3

+ �

1

t)

�

4

�

1

� t

�

�1=�

1

Z

0

dt

ln(1 � t)[ln�

1

+ ln(

�

2

�

1

� t)℄[ln�

1

+ ln(

�

3

�

1

� t)℄

�

4

�

1

� t

=

ln�

1

1

Z

0

dy

ln(�

2

+ y) ln(�

3

+ y)

�

4

+ y

� ln

2

�

1

�1=�

1

Z

0

dt

ln(1 � t)

�

4

�

1

� t

� ln�

1

�1=�

1

Z

0

dt

ln(1� t) ln(

�

2

�

1

� t)

�

4

�

1

� t

� ln�

1

�1=�

1

Z

0

dt

ln(1 � t) ln(

�

3

�

1

� t)

�

4

�

1

� t

�

�1=�

1

Z

0

dt

ln(1� t) ln(

�

2

�

1

� t) ln(

�

3

�

1

� t)

�

4

�

1

� t

: (45)

The �rst integral on the rhs of (45) has been alulated in Eq. (19). For the seond

integral one makes use of the formula (17) (the only hange is �

2

! �

1

). For the

14



evaluation of the third and fourth integrals one uses Eq. (18). We are left with the

most ompliated �fth integral. Let us onsider an integral of the type

t

m

Z

0

dt

ln(1� t) ln(

1

� t) ln(

2

� t)



3

� t

: (46)

This integral is an analogue of the integral in Eq. (26). The alulation proeeds in

a similar way. One obtains the result

t

m

Z

0

dt

ln(1 � t) ln(

1

� t) ln(

2

� t)



3

� t

= � ln(

1

� t

m

) ln(

2

� t

m

)Li

1;1

 



3

;

t

m



3

!

� ln(

2

� t

m

)Li

1;1;1

 



3

;



1



3

;

t

m



1

!

� ln(

1

� t

m

)Li

1;1;1

 



3

;



2



3

;

t

m



2

!

(47)

�Li

1;1;1;1

 



3

;



2



3

;



1



2

;

t

m



1

!

� Li

1;1;1;1

 



3

;



1



3

;



2



1

;

t

m



2

!

:

Taking into aount everything mentioned above for Eq. (45) we arrive at the �nal

result for the L

+++

funtion,

L

+++

(�

1

; �

2

; �

3

; �

4

) = Li

1;1;1;1

�

�

4

�

1

;

�

2

�

4

;

�

3

�

2

;�

1

�

3

�

+Li

1;1;1;1

�

�

4

�

1

;

�

3

�

4

;

�

2

�

3

;�

1

�

2

�

+ ln�

1

Li

1;1;1

�

�

4

�

2

;

�

3

�

4

;�

1

�

3

�

+ ln(1 + �

2

)Li

1;1;1

�

�

4

�

1

;

�

3

�

4

;�

1

�

3

�

+ ln(1 + �

3

)Li

1;1;1

�

�

4

�

1

;

�

2

�

4

;�

1

�

2

�

+ ln�

1

ln�

2

Li

1;1

�

�

4

�

3

;�

1

�

4

�

+ ln�

1

ln(1 + �

3

)Li

1;1

�

�

4

�

2

;�

1

�

4

�

(48)

+ ln(1 + �

2

) ln(1 + �

3

)Li

1;1

�

�

4

�

1

;�

1

�

4

�

+ ln�

1

ln�

2

ln�

3

ln

�

�

4

+ 1

�

4

�

:

For this equation the onditions (5) are assumed. We emphasize that the arguments

of L

+++

funtions ouring in the atual alulation of the massive salar one{loop

integrals are not of the most general type as assumed in the derivation of (48). We

have nevertheless inluded a disussion of the general ase beause Eq. (48) may be

useful in other appliations. In the results for the massive salar integrals one has

only the speial ases where �

1

= �

2

or �

1

= �

3

as well as the ases �

1

= 0 and/or

�

2

= 0 and/or �

3

= 0 and/or �

4

= f�1; 0g. If some �'s oinide with eah other

Eq. (48) beomes simpler. In this ase one an also make use of symmetry properties

to obtain simpler relations between the L

+++

funtions and multiple polylogarithms.

For the ases �

1

= 0 and/or �

2

= 0 and/or �

3

= 0 and/or �

4

= f�1; 0g the general

15



formula (48) is no longer valid and these ases must be studied separately.

B. Speial ases for the L

+++

funtion

In the Laurent series expansion of the massive salar one-loop integrals the fol-

lowing speial ases for the �

i

are present.

1. �

1

= �

2

or �

1

= �

3

As it was stated in Se. II the L

+++

funtion is symmetri under the permutations

�

i

$ �

j

. Therefore, it suÆes to onsider the ase �

1

= �

2

.

We must evaluate the integral

L

+++

(�

1

; �

1

; �

3

; �

4

) =

1

Z

0

dy

ln

2

(�

1

+ y) ln(�

3

+ y)

�

4

+ y

: (49)

This integral an be expressed in di�erent ways. First of all one an diretly use

Eq. (48) replaing �

2

by �

1

. The seond possibility is to use symmetry properties.

One takes into aount the rhs of Eq. (48) and notes that the part with multiple

polylogarithms of weight four is symmetri under the exhange �

2

$ �

3

. It allows

one to redue the number of the multiple polylogarithms from two to one. First we

apply Eq. (48) for the ase �

2

= �

3

replaing �

3

by �

2

. Seond we hange �

1

! �

3

and �

2

! �

1

. After these transformations one obtains the following result:

L

+++

(�

1

; �

1

; �

3

; �

4

) =

1

Z

0

dy

ln

2

(�

1

+ y) ln(�

3

+ y)

�

4

+ y

=

+2Li

1;1;1;1

�

�

4

�

3

;

�

1

�

4

; 1;�

1

�

1

�

+ ln�

3

Li

1;1;1

�

�

4

�

1

;

�

1

�

4

;�

1

�

1

�

+2 ln(1 + �

1

)Li

1;1;1

�

�

4

�

3

;

�

1

�

4

;�

1

�

1

�

+ ln�

3

[ln(�

1

+ 1) + ln�

1

℄Li

1;1

�

�

4

�

1

;�

1

�

4

�

(50)

+ ln

2

(1 + �

1

)Li

1;1

�

�

4

�

3

;�

1

�

4

�

+ ln

2

�

1

ln�

3

ln

�

�

4

+ 1

�

4

�

:

There is also the third possibility to express L

+++

(�

1

; �

1

; �

3

; �

4

) in terms of multiple

polylogarithms:

1

Z

0

dy

ln

2

(�

1

+ y) ln(�

3

+ y)

�

4

+ y

y!��

1

t

= �

�1=�

1

Z

0

dt

ln

2

(�

1

� �

1

t) ln(�

3

� �

1

t)

�

4

�

1

� t

=

�

�1=�

1

Z

0

dt

h

ln

2

�

1

+ 2 ln�

1

ln(1 � t) + ln

2

(1� t)

i h

ln�

1

+ ln(

�

3

�

1

� t)

i

�

4

�

1

� t

=
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+ ln

3

�

1

1

Z

0

dy

�

4

+ y

+ ln

2

�

1

1

Z

0

dy

ln(�

3

+ y)

�

4

+ y

� 2 ln

2

�

1

�1=�

1

Z

0

dt

ln(1 � t)

�

4

�

1

� t

� ln�

1

�1=�

1

Z

0

dt

ln

2

(1� t)

�

4

�

1

� t

� 2 ln�

1

�1=�

1

Z

0

dt

ln(1� t) ln(

�

3

�

1

� t)

�

4

�

1

� t

�

�1=�

1

Z

0

dt

ln

2

(1� t) ln(

�

3

�

1

� t)

�

4

�

1

� t

: (51)

The �rst term an be integrated immediately. For the seond and third term one uses

Eq. (16) and Eq. (17), respetively. The integral of the fourth term an be rewritten

as

�1=�

1

Z

0

dt

ln

2

(1� t)

�

4

�

1

� t

= 2

�1=�

1

Z

0

dt

1

�

4

�

1

� t

1

t

1

Z

0

dt

2

1 � t

2

t

2

Z

0

dt

3

1� t

3

= 2Li

1;1;1

�

1;

�

4

�

1

;

�1

�

4

�

: (52)

The �fth term is alulable with Eq. (14). To integrate the last term one �rst evaluates

the following integral:

t

m

Z

0

dt

ln

2

(1 � t) ln(�

1

� t)

�

2

� t

= �

t

m

Z

0

dt

1

ln

2

(1� t

1

)

�

2

� t

1

8

>

<

>

:

t

1

Z

t

m

+

t

m

Z

�

1

�1

9

>

=

>

;

dt

2

�

1

� t

2

=

t

m

Z

0

dt

2

�

1

� t

2

t

2

Z

0

dt

1

ln

2

(1� t

1

)

�

2

� t

1

+ ln(�

1

� t

m

)

t

m

Z

0

dt

ln

2

(1 � t)

�

2

� t

= (53)

2Li

1;1;1;1

 

1; �

2

;

�

1

�

2

;

t

m

�

1

!

+ 2 ln(�

1

� t

m

)Li

1;1;1

 

1; �

2

;

t

m

�

2

!

:

Then to alulate the last term of Eq. (51) one only has to hange �

1

; �

2

, and t

m

by the orresponding ombinations of �

i

. Finally we arrive at the result for the

L

+++

(�

1

; �

1

; �

3

; �

4

) funtion,

L

+++

(�

1

; �

1

; �

3

; �

4

) = �2Li

1;1;1;1

�

1;

�

4

�

1

;

�

3

�

4

;�

1

�

3

�

� 2 ln(�

3

+ 1)Li

1;1;1

�

1;

�

4

�

1

;�

1

�

4

�

+2 ln�

1

Li

1;1;1

�

�

4

�

1

;

�

3

�

4

;�

1

�

3

�

+ 2 ln�

1

ln(�

3

+ 1)Li

1;1

�

�

4

�

1

;�

1

�

4

�

+ ln

2

�

1

Li

1;1

�

�

4

�

3

;�

1

�

4

�

+ ln

2

�

1

ln�

3

ln

�

�

4

+ 1

�

4

�

: (54)

This is the third possibility to express L

+++

(�

1

; �

1

; �

3

; �

4

) funtion in terms of multi-

ple polylogaritms. Eah of the Eqs. (50) and (54) ontains only one multiple polylog-

arithm of weight four and they are both equally aeptable from this point of view.
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One has a free hoie to apply any of these equations for the required L funtions. The

situation with the L

+++

(�

1

; �

1

; �

3

; �

4

) funtion is an example of the statement that

the expansion of the L funtions in terms of multiple polylogarithms is not unique.

2. �

1

= 0 (or �

2

= 0 or �

3

= 0)

For this integral we hange the integration variable y ! 1 � t,

L

+++

(0; �

2

; �

3

; �

4

) =

1

Z

0

dy

ln y ln(�

2

+ y) ln(�

3

+ y)

�

4

+ y

=

1

Z

0

dt

ln(1� t) ln(�

2

+ 1 � t) ln(�

3

+ 1� t)

�

4

+ 1 � t

(55)

and using Eq. (48) we arrive at the result

L

+++

(0; �

2

; �

3

; �

4

) = �Li

1;1;1;1

�

1 + �

4

;

1 + �

2

1 + �

4

;

1 + �

3

1 + �

2

;

1

1 + �

3

�

�Li

1;1;1;1

�

1 + �

4

;

1 + �

3

1 + �

4

;

1 + �

2

1 + �

3

;

1

1 + �

2

�

� ln�

2

Li

1;1;1

�

1 + �

4

;

1 + �

3

1 + �

4

;

1

1 + �

3

�

� ln�

3

Li

1;1;1

�

1 + �

4

;

1 + �

2

1 + �

4

;

1

1 + �

2

�

� ln�

2

ln�

3

Li

1;1

�

1 + �

4

;

1

1 + �

4

�

: (56)

3. �

1

= �

2

= 0

To alulate this integral we again hange the integration variable y ! 1� t,

L

+++

(0; 0; �

3

; �

4

) =

1

Z

0

dy

ln

2

y ln(�

3

+ y)

�

4

+ y

=

1

Z

0

dt

ln

2

(1� t) ln(�

3

+ 1 � t)

�

4

+ 1 � t

: (57)

For the last integral we use Eq. (53). An additional simpli�ation an be done if one

notes that

Li

1;1;1

�

1; �

4

+ 1;

1

�

4

+ 1

�

= �Li

3

�

�

1

�

4

�

: (58)

Finally one has

L

+++

(0; 0; �

3

; �

4

) = 2Li

1;1;1;1

�

1; �

4

+ 1;

�

3

+ 1

�

4

+ 1

;

1

�

3

+ 1

�

� 2 ln�

3

Li

3

�

�

1

�

4

�

: (59)
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4. �

1

= �

2

= 0; �

4

= �1 (or �

2

= �

3

= 0; �

4

= �1)

In this ase one should alulate the limit of the rhs of (59) for t

m

= 1 and

�

4

!�1. After this proedure one obtains

L

+++

(0; 0; �

3

;�1) = �2Li

1;2;1

�

1; �

3

+ 1;

1

�

3

+ 1

�

� 2 ln�

3

�(3): (60)

For the ase �

2

= �

3

= 0 and �

4

= �1 one an use the same formula. The only

hange is �

3

! �

1

.

5. �

1

= 0; �

4

= �1

To obtain the solution for these values of the �

i

we must �nd the limit of the rhs

of (56) for �

4

!�1. After taking the limit one arrives at the result

L

+++

(0; �

2

; �

3

;�1) = +Li

2;1;1

�

1 + �

2

;

1 + �

3

1 + �

2

;

1

1 + �

3

�

+Li

2;1;1

�

1 + �

3

;

1 + �

2

1 + �

3

;

1

1 + �

2

�

+ ln�

2

Li

2;1

�

1 + �

3

;

1

1 + �

3

�

+ ln�

3

Li

2;1

�

1 + �

2

;

1

1 + �

2

�

+ ln�

2

ln�

3

�(2): (61)

V. TRANSFORMATION OF L

+

TO MULTIPLE POLYLOGARITHMS

In this setion we will show that all our L

+

funtions an be expressed in terms

of multiple polylogarithms.

A. General ase for the L

+

funtion

Here we derive the general formula for the single index L

+

funtion Eq. (2),

L

+

(�

1

; �

2

; �

3

; �

4

) =

1

Z

0

dy

ln(�

1

+ y)

�

4

+ y

Li

2

(�

2

+ �

3

y): (62)

After hanging the integration variable y ! (t� �

2

)=�

3

one gets

L

+

=

�

2

+�

3

Z

�

2

dt

�

3

ln(�

1

+

t��

2

�

3

)

�

4

+

t��

2

�

3

Li

2

(t) =

�

2

+�

3

Z

�

2

dt

� ln�

3

+ ln(�

1

�

3

� �

2

+ t)

�

3

�

4

� �

2

+ t

Li

2

(t): (63)
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The integration interval an be split into two piees, [�

2

; 0℄ and [0; �

2

+�

3

℄. One an

then write L

+

as a sum of four terms,

L

+

= � ln�

3

8

<

:

�

2

+�

3

Z

0

�

�

2

Z

0

9

=

;

dt

 + t

Li

2

(t) +

8

<

:

�

2

+�

3

Z

0

�

�

2

Z

0

9

=

;

dt

ln(�+ t)

 + t

Li

2

(t); (64)

where we have introdued the notation

� = �

1

�

3

� �

2

;  = �

3

�

4

� �

2

: (65)

Looking at Eq. (64) it is lear that there are only two di�erent types of integrals to

be dealt with,

t

m

Z

0

dt

 + t

Li

2

(t) and

t

m

Z

0

dt

ln(� + t)

 + t

Li

2

(t): (66)

The upper limits are t

m

= �

2

+ �

3

or t

m

= �

2

. The �rst integral an be evaluated

analytially in terms of standard logarithms and lassial polylogarithms up to Li

3

.

However, the same integral an also be expressed in terms of multiple polylogarithms

via the integral representation (7), e.g.,

t

m

Z

0

dt

 + t

Li

2

(t) =

t

m

Z

0

dt

1

 + t

1

t

1

Z

0

dt

2

t

2

t

2

Z

0

dt

3

1� t

3

= �Li

2;1

 

�;

�t

m



!

: (67)

We now deal with the seond integral in (66). Consider the following multiple poly-

logarithm of weight four:

Li

2;1;1

 

�;

�



;

t

m

��

!

=

t

m

Z

0

dt

2

��� t

2

t

2

Z

0

dt

1

� � t

1

Li

2

(t

1

) =

t

m

Z

0

dt

1

 + t

1

Li

2

(t

1

)

t

m

Z

t

1

dt

2

�+ t

2

=

t

m

Z

0

dt

1

 + t

1

Li

2

(t

1

) ln(�+ t

m

)�

t

m

Z

0

dt

1

 + t

1

Li

2

(t

1

) ln(�+ t

1

): (68)

In the �rst step we have used the usual trik to hange the order of integration. As

already noted before [see Eq. (67)℄ the �rst term on the seond line an be expressed

through a multiple polylogarithm of weight three. Thus one has

t

m

Z

0

dt

ln(�+ t)

 + t

Li

2

(t) = �Li

2;1;1

 

�;

�



;

t

m

��

!

� Li

2;1

 

�;

�t

m



!

ln(�+ t

m

): (69)

Finally, substituting Eqs. (67) and (69) into Eq. (64) we arrive at the desired relation

L

+

(�

1

; �

2

; �

3

; �

4

) = Li

2;1;1

�

�

2

� �

3

�

4

;

�

2

� �

1

�

3

�

2

� �

3

�

4

;

�

2

�

2

� �

1

�

3

�

�Li

2;1;1

�

�

2

� �

3

�

4

;

�

2

� �

1

�

3

�

2

� �

3

�

4

;

�

2

+ �

3

�

2

� �

1

�

3

�

+ ln�

1

Li

2;1

�

�

2

� �

3

�

4

;

�

2

�

2

� �

3

�

4

�

(70)

� ln(�

1

+ 1)Li

2;1

�

�

2

� �

3

�

4

;

�

2

+ �

3

�

2

� �

3

�

4

�

:
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We should note that, similar to Eq. (27), the onditions (5) are assumed for the

variables �

i

. Also, one annot diretly use Eq. (70) if �

2

��

3

�

4

= 0 or �

2

��

1

�

3

= 0.

However, in the results for the massive salar integrals preisely these speial ases

appear, as well as the ases where �

1

= 0 and/or �

2

= 0 and/or �

3

= 0 and/or

�

4

= f�1; 0g. In suh ases the general formula (70) is no longer valid and these

ases must be studied separately.

B. Speial ases for the L

+

funtion

In the Laurent series expansion of the massive salar one-loop integrals the fol-

lowing speial ases appear for the arguments of the L

+

funtions:

1. �

2

� �

3

�

4

= 0 (or �

2

� �

1

�

3

= 0)

In this ase one must �nd the limit of the rhs of Eq. (70) for �

2

! �

3

�

4

. First we

rewrite the rhs of Eq. (70) in terms of multidimensional integrals via the de�nition (7).

Seond we replae �

2

by �

3

�

4

. We �nally again use the de�nition (7) to obtain the

result

L

+

(�

1

; �

3

�

4

; �

3

; �

4

) = �Li

3;1

�

�

3

(�

4

� �

1

);

�

4

�

4

� �

1

�

+Li

3;1

�

�

3

(�

4

� �

1

);

�

4

+ 1

�

4

� �

1

�

� ln�

1

Li

3

(�

3

�

4

) + ln(�

1

+ 1)Li

3

(�

3

(�

4

+ 1)) : (71)

When �

2

��

1

�

3

= 0 one must �nd the limit of the rhs of Eq. (70) for �

2

! �

1

�

3

.

We again rewrite the rhs of Eq. (70) in terms of multidimensional integrals. We then

replae �

2

by �

1

�

3

and use the de�nition (7). We arrive at the result

L

+

(�

1

; �

1

�

3

; �

3

; �

4

) = �Li

2;2

�

�

3

(�

1

� �

4

);

�

1

�

1

� �

4

�

+Li

2;2

�

�

3

(�

1

� �

4

);

�

1

+ 1

�

1

� �

4

�

+ ln�

1

Li

2;1

�

�

3

(�

1

� �

4

);

�

1

�

1

� �

4

�

(72)

� ln(�

1

+ 1)Li

2;1

�

�

3

(�

1

� �

4

);

�

1

+ 1

�

1

� �

4

�

:

2. �

1

= 0

Unfortunately in this ase one annot use Eq. (70) for �

1

= 0 beause one is im-

mediately faed with the problem of a logarithmi in�nity. One must �nd another al-

gorithm to express the L

+

(0; �

2

; �

3

; �

4

) funtion in terms of multiple polylogarithms.
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After hanging the integration variable y ! 1� t one gets

1

Z

0

dy

ln y

�

4

+ y

Li

2

(�

2

+ �

3

y) =

1

Z

0

dt

ln(1 � t)

�

4

+ 1 � t

Li

2

(�

2

+ �

3

� �

3

t) =

1

Z

0

dt

1

ln(1� t

1

)

�

4

+ 1� t

1

t

1

Z

�

2

=�

3

+1

dt

2

ln(1 � �

2

� �

3

+ �

3

t

2

)

�

2

�

3

+ 1 � t

2

=

1

Z

0

dt

1

ln(1� t

1

)

�

4

+ 1 � t

1

8

>

<

>

:

t

1

Z

1

+

1

Z

�

2

=�

3

+1

9

>

=

>

;

dt

2

ln(1 � �

2

� �

3

+ �

3

t

2

)

�

2

�

3

+ 1 � t

2

= (73)

�

1

Z

0

dt

2

ln(1� �

2

� �

3

+ �

3

t

2

)

�

2

�

3

+ 1� t

2

t

2

Z

0

dt

1

ln(1� t

1

)

�

4

+ 1� t

1

� Li

2

(�

2

)Li

1;1

�

�

4

+ 1;

1

�

4

+ 1

�

:

The last integral is an analogue of I

0

(t

m

) in Eq. (22). First one notes that

t

2

Z

0

dt

1

ln(1� t

1

)

�

4

+ 1� t

1

= �Li

1;1

�

�

4

+ 1;

t

1

�

4

+ 1

�

: (74)

Then one onsiders the following hain of transformations:

1

Z

0

dt

2

1 � �

2

� �

3

+ �

3

t

2

t

2

Z

0

dt

1

�

2

�

3

+ 1 � t

1

Li

1;1

�

�

4

+ 1;

t

1

�

4

+ 1

�

=

1

Z

0

dt

1

�

2

�

3

+ 1 � t

1

Li

1;1

�

�

4

+ 1;

t

1

�

4

+ 1

�

1

Z

t

1

dt

2

1 � �

2

� �

3

+ �

3

t

2

=

1

�

3

ln(1 � �

2

)

1

Z

0

dt

1

�

2

�

3

+ 1 � t

1

Li

1;1

�

�

4

+ 1;

t

1

�

4

+ 1

�

(75)

�

1

�

3

1

Z

0

dt

1

ln(1� �

2

� �

3

+ �

3

t

1

)

�

2

�

3

+ 1� t

1

Li

1;1

�

�

4

+ 1;

t

1

�

4

+ 1

�

Using Eq. (74) we see that the last integral is exatly the integral required in Eq. (73).

The initial integral of Eq. (75) and the �rst integral of the rhs of Eq. (75) an be

expressed in terms of multiple polylogarithms due to the de�nition (7). Finally for

the L

+

(0; �

2

; �

3

; �

4

) funtion we obtain

L

+

(0; �

2

; �

3

; �

4

) = Li

1;1;1;1

 

�

4

+ 1;

�

2

+ �

3

�

3

(�

4

+ 1)

;

�

2

+ �

3

� 1

�

2

+ �

3

;

�

3

�

2

+ �

3

� 1

!

(76)

+ ln(1� �

2

)Li

1;1;1

 

�

4

+ 1;

�

2

+ �

3

�

3

(�

4

+ 1)

;

�

3

�

2

+ �

3

!

� Li

2

(�

2

)Li

1;1

�

�

4

+ 1;

1

�

4

+ 1

�

:
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3. �

1

= 0; �

4

= �1

For these values of the �

i

one uses Eq. (76) to alulate the limit of the rhs for

�

4

!�1. One arrives at the result

L

+

(0; �

2

; �

3

;�1) = �Li

2;1;1

�

�

2

+ �

3

�

3

;

�

2

+ �

3

� 1

�

2

+ �

3

;

�

3

�

2

+ �

3

� 1

�

(77)

� ln(1� �

2

)Li

2;1

�

�

2

+ �

3

�

3

;

�

3

�

2

+ �

3

�

+ Li

2

(�

2

)�(2):

4. �

1

= 0; �

2

+ �

3

= 1 (and �

4

= �1)

If one takes a look at Eq. (76) one realizes that there is a problem if �

2

+ �

4

= 1.

To express the L

+

funtion for this on�guration of the �

i

the limit of the rhs of (76)

for �

2

! 1� �

3

must be found. The result is

L

+

(0; 1 � �

3

; �

3

; �

4

) = �Li

1;1;2

 

�

4

+ 1;

1

�

3

(�

4

+ 1)

; �

3

!

(78)

+ ln�

3

Li

1;1;1

 

�

4

+ 1;

1

�

3

(�

4

+ 1)

; �

3

!

� Li

2

(1� �

3

)Li

1;1

�

�

4

+ 1;

1

�

4

+ 1

�

:

For the ase �

1

= 0, �

2

+ �

3

= 1, and �

4

= �1 one must �nd in addition the limit

for �

4

! �1. One arrives at the result

L

+

(0; 1� �

3

; �

3

;�1) = Li

2;2

�

1

�

3

; �

3

�

� ln�

3

Li

2;1

�

1

�

3

; �

3

�

+ �(2)Li

2

(1 � �

3

): (79)

5. �

1

= 0; �

2

= ��

3

To obtain the result for this ase one must alulate the limit of the rhs of (76)

for �

3

! ��

2

. After taking the limit one has

L

+

(0; �

2

;��

2

; �

4

) = �Li

1;1;2

�

�

2

�

2

� 1

;��

4

;�

1

�

4

�

+ ln(1� �

2

)Li

1;2

�

��

4

;�

1

�

4

�

+ Li

2

(�

2

)Li

2

�

�

1

�

4

�

: (80)
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6. �

1

= 0; �

2

= 0

For this ase one an diretly use Eq. (76),

L

+

(0; 0; �

3

; �

4

) = Li

1;1;1;1

�

�

4

+ 1;

1

�

4

+ 1

;

�

3

� 1

�

3

;

�

3

�

3

� 1

�

: (81)

But there is also another very simple possibility. We �rst hange the integration

variable y ! t=�

3

,

1

Z

0

dy

ln y

�

4

+ y

Li

2

(�

3

y) =

�

3

Z

0

dt

ln(t=�

3

)

�

3

�

4

+ t

Li

2

(t) =

�

3

Z

0

dt

1

�

3

�

4

+ t

1

Li

2

(t

1

)

t

1

Z

�

3

dt

2

t

2

=

�

�

3

Z

0

dt

2

t

2

t

2

Z

0

dt

1

�

3

�

4

+ t

1

Li

2

(t

1

) =

�

3

Z

0

dt

2

t

2

t

2

Z

0

dt

1

��

3

�

4

+ t

1

t

1

Z

0

dt

3

t

3

t

3

Z

0

dt

4

1 � t

4

: (82)

Now using the de�nition (7) we obtain the result

L

+

(0; 0; �

3

; �

4

) = Li

2;2

�

��

3

�

4

;

�1

�

4

�

: (83)

The reader has a free hoie to use either formula (81) or (83). Both equations ontain

multiple polylogarithm of weight four. The depth of the multiple polylogarithm in

Eq. (83) is two against four in Eq. (81). For �

4

= �1 Eq. (83) an be diretly used.

However, in the ase of Eq. (81) one must �rst alulate the limit for �

4

! �1.

7. �

1

= 0; �

2

= 1

Unfortunately, in this ase one annot use Eq. (76) beause of the term ln(1��

2

).

To express this L

+

funtion in terms of multiple polylogarithms we �rst make use of

a standard relation between dilogs with arguments x and 1 � x for the funtion Li

2

under the sign of the integral:
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where the Li

1;1;1;1

funtion was obtained with the help of Eq. (81). To obtain the last

integral in Eq. (84) one proeeds as follows:
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Similarly one an evaluate the remaining integral
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Now ombining Eqs. (84), (85), and (86) one arrives at the result

L

+

(0; 1; �

3

; �

4

) = �2Li

1;1;1;1

 

1; �

4

+ 1;

�

3

+ 1

�

3

(�

4

+ 1)

;

�

3

�

3

+ 1

!

�Li

1;1;1;1

�

�

4

+ 1;

1

�

4

+ 1

;

�

3

+ 1

�

3

;

�

3

�

3

+ 1

�

(87)

+ ln(��

3

)Li

1;1;1

 

�

4

+ 1;

�

3

+ 1

�

3

(�

4

+ 1)

;

�

3

�

3

+ 1

!

+ �(2)Li

2

�

�

1

�

4

�

:

8. �

1

= 0; �

2

= ��

3

= 1

For these values of the �
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After taking the limit we obtain
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VI. CONCLUSIONS

We have presented all the neessary relations to transform the L funtions [as

de�ned in Eqs. (1) and (2)℄ that our in our O("

2

) results [1℄ for the Laurent series
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expansion of massive salar one-loop integrals to multiple polylogarithms. We have

used these relations to transform our results on massive one-loop integrals involving

L funtions to orresponding results involving multiple polylogarithms. The multiple

polylogarithms results are readily available in eletroni form [11℄.

Despite of the fat that the relations between the L funtions and the multiple

polylogarithms have been derived having the massive salar one-loop integrals in mind

they an also be used in a more general setting. In fat, any de�nite integral given

by

B

Z

A

ln(a

1

+ b

1

x) ln(a

2

+ b

2

x) ln(a

3

+ b

3

x)dx

a

4

+ b

4

x

or

B

Z

A

ln(a

1

+ b

1

x)Li

2

(a

2

+ b

2

x)dx

a

3

+ b

3

x

an be written in terms of multiple polylogarithms with the help of the relations

presented in this paper. It is worthwhile to mention that all the equations presented

in the present paper have been also heked numerially.

We have found several examples where the representation of the L funtions in

terms of multiple polylogarithms is not unique. This reets the fat that multiple

polylogarithms obey quasishu�e and shu�e Hopf algebras and hene satisfy numerous

identities as is the ase for the lassial polylogarithms. More information about

identities between multiple polylogarithms an be found, e.g., in [5℄ and [9℄, and

referenes therein.

For future parton model appliations of our results numerial eÆieny is an im-

portant issue. We are presently writing numerial C

++

odes to ompare the nu-

merial eÆieny of the two representations in terms of L funtions and multiple

polylogarithms.
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APPENDIX

In this Appendix we onsider as an example the real part of the O("

2

) oeÆient

ReD

(2)

1

of the Laurent series expansion of the massive box D

1

with three massive

propagators. Using the rules written down in the main text of this paper we have

expressed the orresponding results of [1℄ involving L funtions in terms of multiple
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polylogarithms. The L funtion struture of ReD

(2)

1

in [1℄ is suÆiently rih to provide

an illustration of the orresponding omplexity in terms of multiple polylogarithms

when transforming to the latter representation. We mention that all multiple polylog-

arithms up to weight three have been reexpressed in terms of lassial polylogarithms.

We then used automati program odes to simplify the lassial polylogarithms as

muh as possible, as was also done in [1℄.

We use the notation and the onventions of [1℄. In brief, we use the Mandelstam-

type variables
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At the very end of the expression one �nds an expliit imaginary part. Sine the whole

expression must be real this learly indiates that the same imaginary ontribution

with opposite sign must be ontained in multiple polylogarithms, e.g., some of them

are sitting on branh uts. This is in fat true for the multiple polylogarithms
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Indeed, one �nds that the imaginary ontributions anel out when one numerially

evaluates the result.

As regards the length the representations of ReD

(2)

1

in terms of L funtions in

[1℄ and in terms of multiple polylogarithms are of similar size. The representation in

terms of L funtions ontains 43 di�erent L funtion expressions against 59 di�erent

multiple polylogarithm expressions.
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