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By employing a twisted mass term, we 
ompare re
ent results from latti
e 
al
ulations of N

f

= 2 dynami
al

Wilson fermions with Wilson Chiral Perturbation Theory (WChPT). The �nal goal is to determine some 
om-

binations of Gasser-Leutwyler Low Energy Constants (LECs). A wide set of data with di�erent latti
e spa
ings

(a � 0:2� 0:12 fm), di�erent gauge a
tions (Wilson plaquette, DBW2) and di�erent quark masses (down to the

lowest pion mass allowed by latti
e artifa
ts and in
luding negative quark masses) provide a strong 
he
k of the

appli
ability of WChPT in this regime and the s
aling behaviours in the 
ontinuum limit.

1. Introdu
tion

It was re
ently re
ognized [1,2,3℄ that an im-

portant obsta
le for the simulation of Latti
e

QCD with light dynami
al quarks 
omes from the

phase stru
ture of Latti
e QCD at small quark

masses. Latti
e artifa
ts of O(a

2

) may prevent

the pion mass from being smaller than a 
ertain

minimum value. Su
h a s
enario had been pre-

di
ted { as an alternative to an Aoki phase s
e-

nario { in the 
ontext of Chiral Perturbation The-

ory for the Wilson fermion a
tion (WChPT) [4℄,

and 
on�rmed numeri
ally in [1℄. These possi-

bilities are not only a feature of all Wilson-like

fermions, but also of staggered fermions [5,6,7℄.
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The most disturbing aspe
t of this problem is that

it may be easily overlooked. In fa
t very long

Monte Carlo histories have been observed, whi
h

eventually turned out to be meta-stable points

when jumping to a higher value of the pion mass

[1℄. In the 
ase of pure Wilson fermions long

metastable HMC histories (� 1000 traje
tories)

have been re
ently observed (before 
onverging

to a single point) even for latti
e spa
ings as low

as a � 0:08 fm and pion masses m

�

� 300 MeV

[8℄. Even if dangerous, the problem has a simple

solution (although for an additional 
ost): the


omparison of simulations at positive and nega-

tive quark masses allows to re
ognize where meta-

stabilities appear.

In this s
enario the e�e
t of the gauge a
tion

has proved to play an important role. In par-

ti
ular simulations with the DBW2 [9℄ gauge a
-

tion showed a 
onsiderable de
rease of the mini-

mal pion mass [2℄. In this work we look in detail

into this e�e
t.

The twisted mass fermion approa
h [10℄

(tmQCD) provides, among other advantages, the
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ideal framework for the investigation of the (zero-

temperature) phase diagram of latti
e QCD with

Wilson fermions, see refs. [11,12,13℄ for reviews on

twisted mass fermions in present and past 
onfer-

en
es. On the analyti
al side WChPT [4,14,15℄,

whi
h has been extended to the twisted mass 
ase

[16,17,18,19,20℄, o�ers an eÆ
ient tool to inter-

pret the latti
e data.

Re
ently we have 
olle
ted a large statisti
s of

latti
e data at large and moderate latti
e spa
ing

(a � 0:2� 0:12 fm), di�erent gauge a
tions (Wil-

son plaquette and DBW2) and di�erent quark

masses (down to the lowest pion mass allowed

by latti
e artifa
ts and in
luding negative quark

masses). In this work we show expli
itly the 
om-

parison between these latti
e data and WChPT.

Although for reliable physi
al predi
tions de�-

nitely smaller latti
e spa
ings are needed, also

the latti
e spa
ings that we 
onsider here are use-

ful as a starting point for the extrapolation to a


ontinuum limit. Nevertheless, the results of the

present work have to be seen as an exploratory

study.

By now a good amount of data has been 
ol-

le
ted also for the tree-level Symanzik improved

gauge a
tion (tlSym) [21℄, whi
h are very promis-

ing, but a detailed ChPT analysis is not yet ready.

We will only 
omment brie
y on that at the end.

2. Latti
e simulations on N

f

= 2 QCD

2.1. Fermioni
 and gauge a
tion

The latti
e a
tion for a doublet of degenerate

twisted mass Wilson fermions (in the so-
alled

\twisted basis") reads

S

q

=

X

x

f(�

x

[�

�

+ i


5

�

3

a�℄�

x

) + (1)

�

1

2

�4

X

�=�1

�

�

x+�̂

U

x�

[r+ 


�

℄�

x

�

g ;

with �

�

� am

0

+ 4r = 1=(2�), r the Wilson-

parameter, set in our simulations to r = 1, am

0

the bare \untwisted" quark mass in latti
e units

(� is the 
onventional hopping parameter) and �

the twisted quark mass; we also de�ne U

x;��

=

U

y

x��̂;�

and 


��

= �


�

.

The �rst reason for in
luding � is that the

fermioni
 determinant is free from ex
eptional


on�gurations when � 6= 0 [10℄, whi
h helps to

perform numeri
al simulations with light quarks.

The se
ond reason is a general O(a) improvement

[22℄ and the redu
ed operator mixing [23,24℄,

when �

�

= �

�;
rit

.

For the gauge se
tor we 
onsider the one-

parameter family of a
tions in
luding planar re
t-

angular (1� 2) Wilson loops (U

1�2

x��

):

S

g

= �

X

x

(


0

4

X

�<�;�;�=1

f1�

1

3

ReU

1�1

x��

g+

+ 


1

4

X

�6=�; �;�=1

f1�

1

3

ReU

1�2

x��

g) ; (2)

with the normalization 
ondition 


0

= 1 � 8


1

.

We 
onsidered three 
ases: i.) Wilson plaquette

gauge a
tion, 


1

= 0, ii.) DBW2 gauge a
tion [9℄,




1

= �1:4088, iii.) tree-level Symanzik improved

gauge a
tion (tlSym) [21℄, 


1

= �1=12.

The reason why su
h variations have been ex-

plored relies on the experien
e [25℄ that this may

improve the spe
trum of the Wilson fermion op-

erator.

2.2. Analysis of the data in tmQCD

In this se
tion we review some formulae whi
h

are relevant for the analysis of latti
e data pro-

du
ed with tmQCD [2℄. In fa
t tmQCD o�ers

new possibilities for the determinations of the ba-

si
 QCD parameters and renormalization fa
tors.

The twist angle ! de�nes the 
hiral rotation

relating twisted mass QCD to ordinary QCD. In

the 
ase of the ve
tor and axial 
urrents the ro-

tation reads (
onsidering only 
harged 
urrents,

a = 1; 2):

^

V

a

x�

= Z

V

V

a

x�


os ! + �

ab

Z

A

A

b

x�

sin!; (3)

^

A

a

x�

= Z

A

A

a

x�


os ! + �

ab

Z

V

V

b

x�

sin!; (4)

where the hatted 
urrents on the l.h.s. denote the


hiral 
urrents of QCD (physi
al 
urrents), while

the 
urrents on the r.h.s. are the 
orresponding

bilinears of the quark-�eld in the twisted (�-) ba-

sis. Note that the renormalization 
onstants of

these bilinears, Z

V

and Z

A

, are involved. For a

given 
hoi
e of the latti
e parameters, the twist
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angle ! is determined by requiring parity 
onser-

vation for matrix elements of the physi
al 
ur-

rents [26,2℄. Sin
e unknown renormalization 
on-

stants are involved, two 
onditions are required,

our 
hoi
e being:

X

~x

h

^

V

+

x0

P

�

y

i = 0 ; (5)

X

~x;i

h

^

A

+

xi

^

V

�

yi

i = 0 : (6)

The solution of Eqs. (5) and (6) with Eqs. (3)

and (4) gives a dire
t determination of the twist

angle ! and of the ratio Z

A

=Z

V

from latti
e data,

see [2℄ for details. In parti
ular at full twist where

! = �=2 the 
ondition reads

X

~x

hA

+

x0

P

�

y

i = 0.

The full twist situation 
an be also obtained by

requiring the vanishing of the PCAC quark mass

in the � basis. Both de�nitions are optimal in the

sense of [20,19,27℄.

The knowledge of the twist angle is ne
essary

for the determination of physi
al quantities like

the quark mass and the pion de
ay 
onstant. The

physi
al PCAC quark mass m

PCAC

q


an be ob-

tained from the Ward identity for the physi
al

axial-ve
tor 
urrent. An interesting possibility is

to use Eqs. (3, 4) and parity restoration together

with the 
onserved ve
tor 
urrent of the �-�elds

~

V

b

x�

for whi
h Z

V

= 1. This gives

am

PCAC

q

= �i

1

2 sin!

hr

�

�

~

V

+

x�

P

�

y

i

hP

+

x

P

�

y

i

: (7)

Analogously, for the physi
al pion de
ay 
onstant

f

�

we use

af

�

= (am

�

)

�1

h0j

^

A

+

0

(0)j�

+

i = �i

h0j

~

V

+

0

(0)j�

+

i

(am

�

) sin!

:

(8)

Noti
e that with this de�nition the latti
e de-

termination of f

�

has automati
ally the 
orre
t

normalization [28,29℄.

Finally, the renormalization 
onstant of the

ve
tor 
urrent Z

V


an be determined on the basis

of the non-renormalization property of the 
on-

served 
urrent

~

V

x�

[30℄. In the 
ase of twisted

mass QCD we use

Z

V

=

h0j

~

V

+

0

j�

+

i

h0jV

+

0

j�

+

i

: (9)

We also observe that in a mass independent

renormalization s
heme, the renormalization fa
-

tors need to be extrapolated to the 
hiral limit

(m

PCAC

q

! 0). For this 
hoi
e of renormalization

the parity 
onserving 
onditions (5), (6), hold up

to latti
e artifa
ts.

In this work we 
onsider the latti
e data with

parameters summarized in Table 1. The s
aling

behaviour of the data has already been shown

in [31℄. Here we 
on
entrate on the 
omparison

with ChPT, whi
h is dis
ussed in the next se
-

tion.

Table 1

Simulation points.

A
tion � a [fm℄ a� L

3

� T

DBW2 0.67 0.19 0.01 12

3

� 24

DBW2 0.74 0.12 0.0075 16

3

� 32

plaq 5.1 0.20 0.013 12

3

� 24

plaq 5.2 0.16 0.01 12

3

� 24

plaq 5.3 0.14 0.008 16

3

� 32

3. WChPT versus LQCD

The extension of WChPT to the 
ase of adding

a twisted mass term was 
onsidered in refs. [32,16,

17,19,18,20℄. We denote by L

i

the usual Gasser-

Leutwyler 
oeÆ
ients[33℄, while W ,

f

W and W

0

are some 
ombinations of the new LECs as-

so
iated to O(ma) and O(a

2

) latti
e artifa
ts

[14,15,19℄.

The new LECs depend on the latti
e a
tion and

also { in general { on the de�nition of the mass

parameter, and of the 
urrents.

If �


rit

is 
hosen { for instan
e { from the van-
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ishing of 
os(!) and if we de�ne (�

R

= �=Z

P

):

m

�R

= Z

�1

S

�

1

2a�

�

1

2a�


rit

�

; � = 2W

0

a;

� = 2B

0

q

m

2

�R

+ �

2

R

;


os (!) =

m

�R

p

m

2

�R

+�

2

R

;

then we have for the pion mass and the PCAC

quark mass:

m

2

�

�

= � +

1

32�

2

F

2

0

�

2

ln

�

(4�F

0

)

2

+

+

8

F

2

0

f(4L

6

+ 2L

8

� 2L

4

� L

5

)�

2

+

+2(2W �

f

W )�� 
os (!) +

+4W

0

�

2


os (!)

2

g; (10)

m

PCAC

q

=

Z

P

2B

0

[�+

16

F

2

0

(W�� 
os (!) +

+2W

0

�

2


os (!)

2

)℄ (11)

Similar formulae are available for f

�

and g

�

[19℄.

These formulae are valid in the regime where

m

PCAC

q

=�

QCD

& a�

QCD

, where most of our sim-

ulated points are lo
ated. In the 
ase of a �rst or-

der phase transition s
enario (as it appears to be

the 
ase), the same formulae hold also for smaller

masses (although some terms 
an be dropped). In

the regime of very small masses also NLO 
al
u-

lations have been done, leading to the addition of

the O(a

3

) terms, [34,35℄, however we will negle
t

these 
orre
tions here.

We �rst show a qualitative 
omparison of our

data with the formulae above. Figure 1 (left)

displays the pion mass in the 
ase of DBW2

gauge a
tion and a relatively large latti
e spa
ing

(a � 0:19 fm). The data for m

2

�


an be reason-

ably �tted by straight lines (therefore negle
ting

NLO ChPT terms and the small twisted mass �).

What 
annot be negle
ted is the presen
e of a

minimal pion mass of roughly � 300 MeV. No

meta-stabilities have been dete
ted. If we 
om-

pare with Figure 1 (right) { whose data are pro-

du
ed with plaquette gauge a
tion at an even

smaller latti
e spa
ing (a � 0:16 fm) { the strik-

ing di�eren
e is the presen
e of a mu
h higher

minimal pion mass. Here many meta-stable

points have been dete
ted, whi
h did not tunnel

into stable ones. Noti
e that the 
omparison is

done at the same value of �, and a� is larger for

the DBW2 
ase (the e�e
t of � is however small,

at the present value).

This pi
ture is 
on�rmed by the PCAC quark

mass. Eq. (11) shows that latti
e artifa
ts break

the linear relation between m

PCAC

q

and � (they

are simply two de�nitions of the quark mass). In

parti
ular the W term indu
es a di�eren
e in the

slope at positive and negative quark masses. The

term W

0

, instead, is responsible for a jump at

the origin, whi
h prevents jm

PCAC

q

j from being

smaller than some O(a

2

) latti
e artifa
t. Both

these expe
ted features are visible, but small, in

Figure 2 (left): two di�erent slopes and a small

jump. Also Figure 2 (right) 
an be understood in

terms of su
h e�e
ts, whi
h however 
ompletely

upset the 
ontinuum pi
ture. The s
aling be-

haviour of these e�e
ts is 
on�rmed by the other

� values in Table 1.

The observation that the optimal 
riti
al mass


an be determined by the vanishing of m

PCAC

�

suggested [2℄ to express the pion mass (and in

general all pioni
 quantities) as fun
tion of the

PCAC quark mass instead of 1=�. The result for

m

�

is (now � := 2

B

0

Z

P

q

(
os(!)m

PCAC

q

)

2

+ �

2

,

other de�nitions are as above):

m

2

�

�

= �+

1

32�

2

F

2

0

�

2

ln

�

(4�F

0

)

2

+

+

8

F

2

0

f(4L

6

+ 2L

8

� 2L

4

� L

5

)�

2

+2(W �

f

W )�� 
os (!)g; (12)

In this reparametrization the 
onstant W

0

dis-

appears, { and so does the O(a

2

) term { and

the pion mass 
an apparently go to zero when

m

PCAC

q

! 0. However, one should keep in mind

that not all values of m

PCAC

q

are a

essible with

stable simulation points. This parametrization

allows to in
lude in the ChPT �t also meta-stable

points, where both m

�

and m

PCAC

q

are lower

than it would be possible in a stable minimum

of the e�e
tive potential. Sin
e this is an inter-

esting 
he
k, we exploit this possibility and we

in
lude also meta-stable points (from [3℄) in the

�t.
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Figure 1. Pion mass for DBW2 (left) and plaquette (right) gauge a
tion at � = 0:67 (DBW2), and

� = 5:2 (plaquette). For both V= 12

3

� 24 and a� = 0:01. Fit of m

2

�

is done with a linear �t.

Combined �ts of m

�

, f

�

and g

�

provide strong


onstraints. Results for m

�

are shown in Fig-

ure 3. They give an estimate of F

0

' 85 MeV

and values for the LECs in agreement with previ-

ous estimates [36,37℄. Results for the W's appear


ompatible with zero. Details will be presented

elsewhere [38℄.

4. Con
lusions

We have shown a 
omparison of unquen
hed

latti
e data with WChPT. We found that

WChPT seems to des
ribe the data rather well

and results for low-energy 
onstants are 
onsis-

tent with previous determinations. This lets us

be 
on�dent that a pre
ise determination will be

possible with reasonable 
omputation 
ost.

WChPT lets us investigate the phase stru
ture

of latti
e QCD. There is a striking di�eren
e on

this aspe
t between DBW2 and plaquette gauge

a
tion. It is interesting to vary the 
oupling 


1

in Eq. (2) and interpolate between DBW2 and

plaquette a
tions. It appears that even a small

value of 


1


an already have a large impa
t on

the phase stru
ture. This is illustrated in Fig-

ure 4 where we show the average plaquette value

as a fun
tion of the hopping parameter � for

three di�erent a
tions, i.e. di�erent values of 


1

,

namely 


1

= 0 (Wilson), 


1

= �1=12 (tlSym) and




1

= �1:4088 (DBW2). As one moves � from the

0.165 0.17 0.175 0.18
κ

0.48

0.5

0.52

0.54

0.56

0.58

0.6

av
er

ag
e 

pl
aq

ue
tte

DBW2, µ=0.0
tlSym, µ=0.0
Wilson, µ=0.013

Figure 4. Hysteresis of the average plaquette

value as � is moved a
ross the 
riti
al point,

for Wilson, tlSym and DBW2 gauge a
tion at

a � 0:17 fm.

negative or positive side a
ross the 
riti
al point,



6

−0.06 −0.04 −0.02 0 0.02 0.04 0.06 0.08
−60

−40

−20

0

20

40

60

1/κ−1/κ
c

m
pc

ac
 [M

eV
]

β=0.67; a~0.19 fm

−0.04 −0.03 −0.02 −0.01 0 0.01 0.02
−150

−100

−50

0

50

100

150

1/κ−1/κ
c

m
pc

ac
 [M

eV
]

β=5.2; a~0.16 fm

Figure 2. PCAC quark mass for DBW2 (left) and plaquette (right) gauge a
tion at � = 0:67 (DBW2),

and � = 5:2 (plaquette). For both V= 12

3

� 24 and a� = 0:01. Fits are only qualitative, on the basis of

Eq. (11).

where the PCAC quark mass vanishes, a hystere-

sis in the average plaquette value develops whose

size and width are indi
ators of the strength of

the phase transition. We observe that both the

width and the size of the gap in the plaquette

value de
reases 
onsiderably as we swit
h on 


1

to 


1

= �1=12 (tlSym a
tion). De
reasing 


1

fur-

ther down to 


1

= �1:4088 (DBW2 a
tion) still

seems to redu
e the size of the gap, but the e�e
t

is surprisingly small despite the large 
hange in




1

. Note that the results in Figure 4 are for a

latti
e spa
ing a � 0:17 fm that is roughly 
on-

sistent for all three a
tions. One should remark

that the results for the Wilson plaquette gauge

a
tion are at non-zero twisted mass � = 0:013, as

opposed to the tlSym and the DBW2 data in the

same plot. Sin
e the strength of the phase tran-

sition is expe
ted to be redu
ed as one swit
hes

to a non-zero twisted mass, a true 
omparison at

� = 0 would disfavor the Wilson plaquette gauge

a
tion even more.

Comparison of tlSym data with ChPT will be

presented elsewhere [39℄.
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