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Abstrat

We alulate the standard model preditions for top quark pair prodution and deay into six

fermions at a linear e

+

e

�

ollider. We inlude the fatorizable eletroweak O(�) orretions in

the pole approximation and QED orretions due to the initial state radiation in the struture

funtion approah. The e�ets of the radiative orretions on the preditions are illustrated

by showing numerial results for two seleted six-fermion reations e
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1 INTRODUCTION

Preise measurements of top quark pair prodution

e

+

e

�

! t

�

t (1)

at the threshold and in the ontinuum region will belong to the basi physis program of the

future International Linear Collider (ILC) [1℄. In order to fully pro�t from these high preision

measurements one has to bring theoretial preditions to at least the same, or preferably better,

preision, whih obviously requires taking into aount radiative orretions. The latter should

be alulated not only for the on-shell prodution proess (1). Due to their large widths the

t- and

�

t-quark of reation (1) almost immediately deay into bW

+

and

�

bW

�

, respetively, and

the W -bosons subsequently into 2 fermions eah, thus onstituting six-fermion reations of

the form

e

+

e

�

! bf

1

�

f

0

1

�

bf

2

�

f

0

2

; (2)

where f

1

; f

0

2

= �

e

; �

�

; �

�

; u;  and f

0

1

; f

2

= e

�

; �

�

; �

�

; d; s. Typial lowest order Feynman

diagrams of reation (2) are shown in Fig. 1.
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Figure 1: Examples of Feynman diagrams of reation (2): (a) `signal', (b) and () `bakground'

diagrams.

As deays of the top and antitop take plae before toponium resonanes an form, the Standard

Model (SM) preditions for reation (1) an be obtained with the perturbative method. The

QCD preditions for reation (1) in the threshold region were obtained in [2℄ and then improved

by alulation of the next-to-next-to-leading order QCD orretions [3℄, and by inluding the

e�ets of initial state radiation and beamstrahlung [4℄. The O(��

s

) [5, 6, 7℄ and O(��

2

s

) [8℄

orretions to the subsequent top deay into a W boson and a b quark are also known. In the

ontinuum above the threshold, the QCD preditions for reation (1) are known to order �

2

s

[9℄ and the eletroweak (EW) orretions to one{loop order [10, 11, 12℄, inluding the hard

bremsstrahlung orretions [13, 11℄. The QCD and EW orretions are large, typially of

O(10%). Order �

s

[15℄ and �

2

s

QCD, and EW orretions have been ombined in [16℄. Quite

reently the EW radiative orretions to (1) have been realulated with a program topfit

[11, 12℄ and thoroughly ompared with results of other alulations, with hard bremsstrahlung

[17℄ and without it [18℄. Finally, the radiative orretions to W deays into fermion pairs, whih

have to be taken into aount too, are also known [19, 20, 21℄.

At tree level, reations (2) an be studied with a Monte Carlo (MC) program eett6f [22, 23℄

or with any other MC program dediated to the six fermion reations, suh as Sixphat [24℄,

2



Sixfap [25℄, Lusifer [26℄, or with any of multi-purpose generators, suh as Amegi [27℄,

Grae [28℄/Bases [29℄, Madgraph [30℄/Madevent [31℄, Phegas [32℄/Hela [33℄, or

Whizard [34℄/Comphep [35℄, Madgraph [30℄, or O'mega [36℄. Thorough omparison of

the lowest order preditions for several di�erent hannels of (2) obtained with Amegi++,

eett6f, Lusifer, Phegas, Sixfap and Whizard have been performed in the framework of

the Monte Carlo Generators group of the ECFA/DESY workshop [37℄. A survey of SM ross

setions of all six fermion reations with up to four quarks in the limit of massless fermions

(but the top quark), has been done in [26℄. The latter ontains also a �ne tuned omparison

of both the lowest order and lowest order plus ISR results, obtained in the struture funtion

approah, between Lusifer and Whizard.

Conerning radiative orretions to the six-fermion reations (2), the situation is less advaned.

Already at the tree level, any of the reations reeives ontributions from typially several hun-

dred Feynman diagrams, e.g. in the unitary gauge, with neglet of the Higgs boson ouplings

to fermions lighter than the b quark, reations e

+

e

�

! b�

�

�

+

�

bd�u, e

+

e

�

! b�

�

�

+

�

b�

�

��

�

, and

e

+

e

�

! bu

�

d

�

bd�u get ontributions from 264, 452, and 1484 Feynman diagrams, respetively.

Hene, the alulation of the full O(�) radiative orretions to any of reations (2) seems not

to be feasible at present. Therefore, in the present note we will make a step towards improving

preision of the lowest order preditions for (2) by inluding leading radiative e�ets, suh as

initial state radiation (ISR) and fatorizable EW radiative orretions to the proess of the

on-shell top quark pair prodution (1), to the deay of the t (

�

t) into bW

+

(

�

bW

�

) and to the

subsequent deays of the W -bosons. We will illustrate an e�et of of these orretions by

showing numerial results for the two seleted six-fermion reations

e

+

e

�

! b�

�

�

+

�

b�

�

��

�

(3)

and

e

+

e

�

! b�

�

�

+

�

bd�u: (4)

2 CALCULATIONAL SCHEME

We alulate the ISR and the fatorizable SM orretions for the reation

e

+

(p

1

; �

1

) e

�

(p

2

; �

2

) ! b(p

3

; �

3

) f

1

(p

4

; �

4

)

�

f

0

1

(p

5

; �

5

)

�

b(p

6

; �

6

) f

2

(p

7

; �

7

)

�

f

0

2

(p

8

; �

8

); (5)

where the partile momenta and heliities have been indiated in the parentheses, aording

to the following formula:

d� =

Z

1

0

dx

1

Z

1

0

dx

2

�

LL

ee

�

x

1

; Q

2

�

�

LL

ee

�

x

2

; Q

2

�

d�

Born+FEWC

(x

1

p

1

; x

2

p

2

) ; (6)

where x

1

p

1

(x

2

p

2

) is the four momentum of the positron (eletron) after emission of a ollinear

photon. The struture funtion �

LL

ee

(x;Q

2

) is given by Eq. (67) of [38℄, with `BETA' hoie

for non-leading terms. The splitting sale Q

2

, whih is not �xed in the LL approximation

is hosen to be s = (p

1

+ p

2

)

2

. By d�

Born+FEWC

we denote the ross setion inluding the

fatorizable EW O(�) orretions

d�

Born+FEWC

=

1

2s

n

jM

Born

j

2

+ 2 Re(M

�

t

�

t

ÆM

t

�

t;FEW

)

o

d�

6f

; (7)
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where M

Born

is the matrix element of reation (5) obtained with the omplete set of the lowest

order Feynman diagrams, M

t

�

t

and ÆM

t

�

t;FEW

is, respetively, the lowest order amplitude of the

`signal' Feynman diagram of Fig. 1a and the orresponding fatorizable EW O(�) orretion,

both in the pole approximation. The overlines in (7) denote, as usual, an initial state partile

spin average and a sum over �nal state partile polarizations, and d�

6f

is the Lorentz invariant

six-partile phase spae element. The basi phase spae parametrizations whih are used in

the program are given by Eqs. (7){(9) of [22℄. The orretions that we take into aount in

ÆM

t

�

t;FEW

are illustrated diagramatially in Fig. 2.
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Figure 2: Fatorizable EW orretions to reation (2).

In the pole approximation, the polarized lowest order amplitude M

t

�

t

and the one{loop orre-

tion ÆM

t

�

t;FEW

of Eq. (7) an be expressed analytially as follows:

M

�

1

�

2

;�

3

::: �

8

t

�

t

=

1

D

t

(p

345

)D

t

(p

678

)

X

�

t

;�

�

t

M

�

1

�

2

;�

t

�

�

t

e

+

e

�

!t

�

t

M

�

t

;�

3

�

4

�

5

t!bf

1

f

0

1

M

�

�

t

;�

6

�

7

�

8

�

t!

�

bf

2

f

0

2

(8)

ÆM

�

1

�

2

;�

3

::: �

8

t

�

t

=

1

D

t

(p

345

)D

t

(p

678

)

X

�

t

;�

�

t

h

ÆM

�

1

�

2

�

t

;�

�

t

e

+

e

�

!t

�

t

M

�

t

;�

3

�

4

�

5

t!bf

1

f

0

1

M

�

�

t

;�

6

�

7

�

8

�

t!

�

bf

2

f

0

2

+ M

�

1

�

2

;�

t

�

�

t

e

+

e

�

!t

�

t

ÆM

�

t

�

3

�

4

�

5

t!bf

1

f

0

1

M

�

�

t

;�

6

�

7

�

8

�

t!

�

bf

2

f

0

2

(9)

+ M

�

1

�

2

;�

t

�

�

t

e

+

e

�

!t

�

t

M

�

t

;�

3

�

4

�

5

t!bf

1

f

0

1

ÆM

�

�

t

;�

6

�

7

�

8

�

t!

�

bf

2

f

0

2

i

;

where the lowest order t and

�

t deay amplitudes and the orresponding one{loop orretions

read

M

�

t

�

3

�

4

�

5

t!bf

1

f

0

1

=

1

D

W

(p

45

)

X

�

W

+

M

�

t

�

3

�

W

+

t!bW

+

M

�

W

+

�

4

�

5

W

+

!f

1

f

0

1

; (10)

M

�

�

t

�

6

�

7

�

8

�

t!

�

bf

2

f

0

2

=

1

D

W

(p

78

)

X

�

W

�

M

�

�

t

�

6

�

W

�

�

t!

�

bW

�

M

�

W

�

�

7

�

8

W

�

!f

2

f

0

2

; (11)

ÆM

�

t

�

3

�

4

�

5

t!bf

1

f

0

1

=

1

D

W

(p

45

)

X

�

W

+

h

ÆM

�

t

�

3

�

W

+

t!bW

+

M

�

W

+

�

4

�

5

W

+

!f

1

f

0

1

+ M

�

t

�

3

�

W

+

t!bW

+

ÆM

�

W

+

�

4

�

5

W

+

!f

1

f

0

1

i

; (12)

4



ÆM

�

�

t

�

6

�

7

�

8

�

t!

�

bf

2

f

0

2

=

1

D

W

(p

78

)

X

�

W

�

h

ÆM

�

�

t

�

6

�

W

�

�

t!

�

bW

�

M

�

W

�

�

7

�

8

W

�

!f

2

f

0

2

+ M

�

�

t

�

6

�

W

�

�

t!

�

bW

�

ÆM

�

W

�

�

7

�

8

W

�

!f

2

f

0

2

i

: (13)

In (8{13), �

t

, �

�

t

and �

W

+
, �

W

�
denote polarizations of the intermediate top quarks and W

bosons whih are treated as on-shell partiles, exept for keeping their atual o�-shell momenta

p

345

= p

3

+ p

4

+ p

5

; p

678

= p

6

+ p

7

+ p

8

; p

78

= p

7

+ p

8

; p

45

= p

4

+ p

5

(14)

in the denominators D

t

(p) and D

W

(p) of their propagators

D

t

(p) = p

2

�m

2

t

+ im

t

�

t

; D

W

(p) = p

2

�m

2

W

+ im

W

�

W

: (15)

The �xed widths �

t

and �

W

of (15) are alulated in the program for a given set of ini-

tial parameters. They are set to their SM lowest order values, �

(0)

t

and �

(0)

W

, for the Born

ross setions, or they inlude radiative orretions of the same kind as those inluded in the

numerators of (9), (12) and (13) for the radiatively orreted ross setions.

While explaining further the notation of Eqs. (8{13) we will suppress the polarization indies.

M

e

+

e

�

!t

�

t

and ÆM

e

+

e

�

!t

�

t

are the lowest order and the EW one{loop amplitudes of the on-shell

top quark pair prodution proess (1). They an be deomposed in a basis omposed of the

following invariant amplitudes

M

1; ab

= �v(p

1

) 

�

g

a

u(p

2

) �u(k

t

)

�

g

b

�v(k

�

t

); g

a

; g

b

= 1l; 

5

;

M

3;11

= ��v(p

1

) k=

t

u(p

2

) �u(k

t

)�v(k

�

t

); (16)

M

3;51

= ��v(p

1

) k=

t



5

u(p

2

) �u(k

t

)�v(k

�

t

):

The projeted four momenta k

t

; k

�

t

of the on-shell top- and antitop-quark of (16), as well as

the four momenta k

W

+

; k

W

�

of the on-shell W -bosons and the four momenta k

3

; : : : ; k

8

of the

deay fermions, whih are used later, have been obtained from the four momenta of the �nal

state fermions p

3

; : : : ; p

8

of reation (2) with the projetion proedure desribed in Appendix

A.

In terms of invariant amplitudes (16), the lowest order amplitude of (1) reads

M

e

+

e

�

!t

�

t

=

X

a;b=1;5

F

ab

1B

M

1;ab

; (17)

where the 4 Born form fators F

ab

1B

are given by

F

11

1B

=

e

2

W

(�

Z

v

e

v

t

+ Q

e

Q

t

)

s

;

F

15

1B

= �

e

2

W

�

Z

v

e

a

t

s

;

F

51

1B

= �

e

2

W

�

Z

v

t

a

e

s

;

F

55

1B

=

e

2

W

�

Z

a

e

a

t

s

:

(18)

In (18), e

W

is the e�etive eletri harge, e

W

=

p

4��

W

, with

�

W

=

p

2G

�

m

2

W

sin

2

�

W

�

and sin

2

�

W

= 1�

m

2

W

m

2

Z

; (19)

the Z-boson propagator is ontained in the fator

�

Z

=

1

4 sin

2

�

W

os

2

�

W

s

s�m

2

Z

+ im

Z

�

Z

(20)
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and we have used the following onventions for ouplings of the eletron and top quark to a

photon and Z-boson

Q

e

= �1; Q

t

=

2

3

; a

e

= �a

t

= �

1

2

; v

f

= a

f

�

1� 4 jQ

f

j sin

2

�

W

�

; f = e; t: (21)

We have introdued a onstant Z-boson width �

Z

in (20), in a similar way as �

t

and �

W

have

been introdued in (15), although the Z-boson propagator in the e

+

e

�

annihilation hannel

never beomes resonant in the CMS energy range above the t

�

t-pair prodution threshold.

Generally speaking, the onstant width � of an unstable partile is introdued into the lowest

order matrix elements by replaing its mass with the omplex mass parameter

m

2

! m

2

� im� (22)

in the orresponding propagator, both in the s- and t-hannel one, while keeping the ele-

troweak mixing parameter sin

2

�

W

of (19) real. This approah is usually referred to in the

literature as the �xed width sheme (FWS). The approah, in whih m

2

W

and m

2

Z

are replaed

with their omplex ounterparts aording to (22) also in sin

2

�

W

of (19) is on the other hand

referred to as the omplex mass sheme [39℄. The latter has the advantage that it preserves

Ward identities. Let us note, that in Eqs. (8{13), substitution (22) is done only in the de-

nominators of the top-quark and W -boson propagators and not in the one{loop amplitudes.

Also the sums over the top-quark and W -boson polarizations result in the numerators of the

orresponding propagators with real masses. However, this does not violate the substitution

rule of (22), as the amplitudes of Eqs. (8{13) onstitute the fatorizable one{loop orretion

term in (7).

The EW one{loop amplitude of (1) reads

ÆM

e

+

e

�

!t

�

t

=

X

a;b=1;5

^

F

ab

1

M

1;ab

+

^

F

11

3

M

3;11

+

^

F

51

3

M

3;51

; (23)

with the six independent form fators:

^

F

ab

1

; a; b = 1; 5,

^

F

11

3

and

^

F

51

3

whih are alulated

numerially with a program topfit [11, 12℄ that is tailored to a subroutine of a new version

of eett6f. Note that a fator i has been omitted on the left hand side of (16) ompared to

[11℄. Keeping it would result in an extra minus sign on the right hand side of (8) and (9), as

we neglet the i fator in every vertex and propagator and onsequently the resulting ommon

+i fator for every Feynman diagram in the present work. The ags in topfit swith o� all

photoni orretions there, inluding the running of the eletromagneti oupling. This means

that only the genuine weak orretions will ontribute.

In order to �x normalization we give the formula for the EW one{loop orreted ross setion

d�

e

+

e

�

! t

�

t

of the on-shell top prodution (1)

d�

e

+

e

�

!t

�

t

=

1

2s

n

jM

e

+

e

�

!t

�

t

j

2

+ 2 Re (M

�

e

+

e

�

!t

�

t

ÆM

e

+

e

�

!t

�

t

)

o

d�

2f

; (24)

where the matrix elements M

e

+

e

�

!t

�

t

and ÆM

e

+

e

�

!t

�

t

are given by (17) and (23) and d�

2f

is

the Lorentz invariant two-partile phase spae element

d�

2f

=

j~p

t

j

4

p

s

d


t

; (25)
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with ~p

t

being the momentum and 


t

the solid angle of the t-quark.

The t- and

�

t-quark deay amplitudes M

t!bW

+
and M

�

t
!

�

bW

�
, and the orresponding one{loop

orretions ÆM

t!bW

+
and ÆM

�

t!

�

bW

�
an be deomposed in terms of the invariant amplitudes

M

(�)

t;1

= �u(k

3

)"=(k

W

+

)P

�

u(k

t

);

M

(�)

t;2

= k

t

� "(k

W

+
) �u(k

3

)P

�

u(k

t

):

M

(�)

�

t;1

= �v(k

�

t

)"=(k

W

�
)P

�

v(k

6

);

M

(�)

�

t;2

= �k

�

t

� "(k

W

�
) �v(k

�

t

)P

�

v(k

6

):

(26)

,

where P

�

= (1+�

5

)=2, � = �1, are the hirality projetors and we have used real polarization

vetors for W bosons. The deomposition reads

M

t!bW

+
= g

Wff

M

(�)

t;1

;

ÆM

t!bW

+

= g

Wff

X

i=1;2

�=�1

F

(�)

t;i

M

(�)

t;i

;

M

�

t!

�

bW

�

= g

Wff

M

(�)

�

t;1

;

ÆM

�

t!

�

bW

�

= g

Wff

X

i=1;2

�=�1

F

(�)

�

t;i

M

(�)

�

t;i

:

(27)

In (27), g

Wff

is the SM W boson oupling to fermions whih, similarly to the Born form

fators of (18), is de�ned in terms of the e�etive eletri harge e

W

g

Wff

= �

e

W

p

2 sin �

W

; (28)

F

(�)

t;i

and F

(�)

�

t;i

are the EW one{loop form fators of the top- and antitop-quark deay, re-

spetively. The form fators F

(�)

t;i

are alulated numerially with a newly written dediated

subroutine that reprodues results of [6, 7℄. The one{loop form fators of the antitop deay

are then obtained assuming CP onservation whih lead to the following relations

F

(�)

�

t;1

= F

(�)

�

t;1

; F

(�)

�

t;2

= F

(��)

�

t;2

: (29)

Note that the imaginary parts of the form fators do not ontribute at the one-loop order.

Similarly the W

+

- and W

�

-boson deay amplitudes M

W

+

!f

1

�

f

0

1

and M

W

�

!f

2

�

f

0

2

, and the or-

responding one{loop orretions ÆM

W

+

!f

1

�

f

0

1

and ÆM

W

�

!f

2

�

f

0

2

are given by

M

W

+

!f

1

�

f

0

1

= g

Wff

M

(�)

W

+

;1

;

ÆM

W

+

!f

1

�

f

0

1

= g

Wff

X

i=1;2

�=�1

F

(�)

W

+

;i

M

(�)

W

+

;i

;

M

W

�

!f

2

�

f

0

2

= g

Wff

M

(�)

�

W

�

;1

;

ÆM

W

�

!f

2

�

f

0

2

= g

Wff

X

i=1;2

�=�1

F

(�)

W

�

;i

M

(�)

W

�

;i

;

(30)

with the invariant amplitudes

M

(�)

W

+

;1

= �u(k

4

)"=(k

W

+

)P

�

v(k

5

);

M

(�)

W

+

;2

= k

4

� "(k

W

+
) �u(k

4

)P

�

v(k

5

):

M

(�)

W

�

;1

= �u(k

7

)"=(k

W

�

)P

�

v(k

8

);

M

(�)

W

�

;2

= �k

8

� "(k

W

�
) �u(k

7

)P

�

v(k

8

)

(31)

and the EW one{loop form fators of the W -boson deays F

(�)

W

�

;i

being alulated numerially,

this time with a new subroutine that reprodues results of [21, 7℄ for the EW orreted W -

boson width. Again, the imaginary parts of the form fators do not ontribute at the one-loop

order.
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The alulation of the EW fatorizable orretions to reation (2) in the pole approximation

makes sense only if the invariant masses

m

345

=

q

(p

3

+ p

4

+ p

5

)

2

; m

678

=

q

(p

6

+ p

7

+ p

8

)

2

(32)

of the bf

1

�

f

0

1

and

�

bf

2

�

f

0

2

are lose to m

t

eah and if

m

45

=

q

(p

4

+ p

5

)

2

; m

78

=

q

(p

7

+ p

8

)

2

(33)

of the f

1

�

f

0

1

and f

2

�

f

0

2

do not depart too muh from m

W

. Otherwise the signal diagrams of

Fig. 1(a) stop to dominate the ross setion and the assoiation of the redued phase spae

point, at whih the EW fatorizable O(�) orretions depited in Fig. 2 are alulated, with

the phase spae point of the full six partile phase spae of (2) may lead to unneessary

distortion of the o� resonane bakground ontributions. Therefore in the following we will

impose kinematial uts on the quantities

Æ

t

= m

345

=m

t

� 1; Æ

�

t

= m

678

=m

t

� 1; Æ

W

+
= m

45

=m

W

� 1; Æ

W

�
= m

78

=m

W

� 1; (34)

whih desribe the relative departures of the invariant masses of (32) and (33) from m

t

and

m

W

, respetively.

3 NUMERICAL RESULTS

In this setion, we will illustrate the e�et of the fatorizable EW O(�) orretions desribed

in Setion 2 on the SM preditions for six fermion reations relevant for detetion of the top

quark pair prodution and deay at the ILC (2) by showing results for total ross setions of

its two spei� hannels (3) and (4).

We hoose the Z boson mass, Fermi oupling and �ne struture onstant in the Thomson limit

as the EW SM input parameters

m

Z

= 91:1876 GeV; G

�

= 1:16637 � 10

�5

GeV

�2

; �

0

= 1=137:0359895: (35)

The external fermion masses of reation (3) and the top quark mass are the following:

m

e

= 0:51099907 MeV; m

�

= 105:658389 MeV; m

b

= 4:7 GeV; m

t

= 178 GeV: (36)

For de�niteness, we give also values of the other fermion masses

m

�

= 1:77705 GeV; m

u

= 75 MeV; m

d

= 75 MeV; m

s

= 250 MeV; m



= 1:5 GeV (37)

and the value of a strong oupling �

s

(m

2

Z

) = 0:117.

Assuming a value of the Higgs boson mass, the W boson mass and the Z boson width are

determined with ZFITTER [40℄, while the SM Higgs boson width is alulated with HDECAY

[41℄. We obtain the following values of these parameters for m

H

= 120 GeV:

m

W

= 80:38509 GeV; �

Z

= 2:495270 GeV; �

H

= 3:2780 MeV: (38)
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The atual values of the Z and Higgs boson widths are not very relevant in the ontext of the

top quark pair prodution as they enter the alulation through the o� resonane bakground

ontributions. The EW orreted top quark and W boson widths, whih on the other hand play

an essential role for the alulation, are alulated with a newly written dediated subroutine

that reprodues results of [21, 7℄. We obtain the following values for them for the parameters

spei�ed in (35{37)

�

W

= 2:03777 GeV; �

t

= 1:67432GeV: (39)

We have negleted the QCD orretion to the widths �

W

and �

t

, as no QCD orretions

have been inluded in the one{loop orretions to the t

�

t-pair prodution proess. The EW

orreted widths of (39) are used in the alulation of the ross setions that inlude the EW

fatorizable orretions. For the alulation of the lowest order ross setions of (3) and (4)

the orresponding lowest order SM values of the top quark and W -boson widths are used.

Results for the total ross setions of reations (3) and (4) at three di�erent entre of mass

(CMS) energies in the presene of the following uts on quantities Æ

t

; Æ

�

t

; Æ

W

+
; Æ

W

�
, de�ned in

(34),

Æ

t

< 0:1; Æ

�

t

< 0:1; Æ

W

+
< 0:1; Æ

W

�
< 0:1; (40)

are shown in Table 1. The seond olumn shows the Born ross setions alulated with

the omplete set of the lowest order Feynman diagrams. The third olumn shows the Born

`signal' ross setion, i.e. the ross setion obtained with the two lowest order signal diagrams

of Fig. 1a only. We see that imposing the invariant mass uts (40) eÆiently redues the

o� resonane bakground, whih beomes quite sizeable if the uts are not imposed [23, 42℄.

The fourth and �fth olumns show the ross setions inluding the ISR and fatorizable EW

orretions separately and the sixth olumn shows the results inluding both the ISR and EW

fatorizable orretions. Note that the ross setions of (4) are almost exatly 3 times larger

than the ross setions of (3), in agreement with the naive ounting of the olour degrees

of freedom. This is beause the neutral urrent o� resonane bakground ontributions that

make reation (3) di�er from (4) are almost ompletely suppressed in the presene of uts

(40).

How the radiative orretions for the six fermion reations (2) depend on the CMS energy is

illustrated in Fig. 3, where, on the left hand side, we plot the total ross setions of reation

(4) as a funtion of the CMS energy, both in the lowest order and inluding di�erent lasses

of orretions. The dashed-dotted line shows the Born ross setion, the dotted line is the

ross setion inluding the ISR orretion, the dashed line shows an e�et of the fatorizable

EW orretion while the solid line shows an e�et of the ombined ISR and fatorizable

EW orretion. The plots on the right hand side of Fig. 3 show the orresponding relative

orretions

Æ

or:

=

�

Born+or:

� �

Born

�

Born

; or: = FEW; ISR; ISR + FEW: (41)

The dashed line shows the relative fatorizable EW orretion. The orretion is small and

positive a few GeV above the t

�

t-pair prodution threshold, but already about 20 GeV above

the threshold it beomes negative and it falls down logarithmially towards more and more

negative values, due to large logarithmi terms� [ln (m

2

W

=s)℄

2

and � ln (m

2

W

=s), reahing 20%
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Table 1: Total ross setions of reations (3) and (4) in fb at three di�erent CMS energies in the

presene of uts (40). The numbers in parenthesis show the unertainty of the last deimals.

e

+

e

�

! b�

�

�

+

�

b�

�

��

�

p

s (GeV) �

Born

�

t

�

�

t

�

Born

�

Born+ISR

�

Born+FEWC

�

Born+ISR+FEWC

430 5.9117(54) 5.8642(45) 5.2919(91) 5.6884(55) 5.0978(53)

500 5.3094(50) 5.2849(43) 5.0997(51) 4.9909(49) 4.8085(48)

1000 1.6387(16) 1.6369(15) 1.8320(18) 1.4243(14) 1.6110(16)

e

+

e

�

! b�

�

�

+

�

bd�u

p

s (GeV) �

Born

�

t

�

�

t

�

Born

�

Born+ISR

�

Born+FEWC

�

Born+ISR+FEWC

430 17.727(16) 17.592(13) 15.857(20) 17.052(16) 15.283(16)

500 15.950(15) 15.855(13) 15.311(15) 14.977(16) 14.438(14)

1000 4.9134(48) 4.9106(46) 5.4949(55) 4.2697(40) 4.8287(47)

at

p

s = 2 TeV. The dotted line shows the relative ISR orretion, whih on the other hand is

dominated by large ollinear logarithms [ln (s=m

2

e

)℄

2

and ln (s=m

2

e

). It starts from about �25%

at energies lose to the threshold and grows to almost +25% at

p

s = 2 TeV. Finally, the solid

line shows the ombined ISR and fatorizable EW orretion. The net relative orretion is

dominated by the ISR: it is large and negative for energies not far above the threshold and it

beomes positive at high energies, reahing 1.4% at at

p

s = 2 TeV.

4 SUMMARY AND OUTLOOK

We have alulated the SM preditions for top quark pair prodution and deay into six

fermions at a linear e

+

e

�

ollider. We have inluded the fatorizable EW O(�) orretions in

the pole approximation and QED orretions due to the initial state radiation in the struture

funtion approah into SM preditions for the top quark pair prodution and deay into six

fermions at the ILC. We have illustrated an e�et of the radiative orretions on the preditions

by showing numerial results for two seleted six-fermion reations (3) and (4). The ISR and

fatorizable EW radiative orretions are sizeable and therefore should be inluded in the

analysis of future preision data on the top quark pair prodution and deay from the ILC.

In order to obtain a omplete EW next to leading order result for six fermion reations (2)

in the pole approximation one should inlude the nonfatorizable virtual photoni orretions

orresponding to an exhange of a virtual photon between the eletrially harged lines of

the signal diagrams of Fig. 1(a) whih has not been inluded in the shaded blobs of Fig. 2.
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Born + ISR + FEW

Born + ISR

Born + FEW

Born

δt, δt̄, δW +, δW − < 0.1

e+e− → bνµµ+b̄dū

(fb)

σ

√
s (GeV)
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Figure 3: Total ross setions of (4) inluding di�erent lasses of the SM radiative orretions

(left) and orresponding relative orretions (41)(right) as funtions of the CMS energy.

For example, an exhange of a photon between the initial state eletron and any of the �nal

state fermions or intermediate W bosons, or between the b and

�

t quark, or its deay produts

should be taken into aount. This would allow for inlusion of the real photon emission from

the external legs in an exlusive way. Taking into aount the QCD oreetions would also be

higly desirable.
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A PROJECTION OF MOMENTA

In this appendix, we desribe the projetion proedure that has been used in order to assoiate

eah phase spae point of the full 6-partile phase spae of reation (2) with a point of the

redued phase spae of the on-shell top pair prodution (1) and subsequent deay. The on-

shell momenta k

t

and k

�

t

of the t-quar and

�

t-antiquark, k

W

�
of the deay W

�

-bosons, and k

i

,

i = 3; :::; 8, of the deay fermions of reation (2) are onstruted from the four momenta p

i

,

i = 3; :::; 8, of the �nal state fermions of reation (2) with the following projetion proedure.

First the on-shell four momenta of t and

�

t in the entre of mass system (CMS) are found in

the following way
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�

�

�

~

k

t

�

�

� =

�

1

2

(s;m

2

t

;m

2

t

)

2s

1

2

;

k

0

t

=

�

~

k

2

t

+ m

2

t

�

1

2

;

~

k

t

=

�

�

�

~

k

t

�

�

�

~p

3

+ ~p

4

+ ~p

5

j~p

3

+ ~p

4

+ ~p

5

j

;

~

k

�

t

= �

~

k

t

; k

0

�

t

=

p

s� k

0

t

:

(42)

Then the four momenta p

3

, p

4

and p

5

(p

6

, p

7

and p

8

) are boosted to the rest frame of the bf

1

�

f

0

1

(

�

bf

2

�

f

0

2

) subsystem of reation (2), where they are denoted p

0

3

, p

0

4

and p

0

5

(p

0

6

, p

0

7

and p

0

8

). The

projeted four momentum k

0

3

of b (k

0

6

of

�

b) is determined in the rest frame of bf

1

�

f

0

1

(

�

bf

2

�

f

0

2

)

aording to

�

�

�

~

k

0

i

�

�

� =

�

1

2

(m

2

t

;m

2

i

;m

2

W

)

2m

t

;

~

k

0

i

=

�

�

�

~

k

0

i

�

�

�

~

p

0

i

�

�

�

~

p

0

i

�

�

�

; k

0

0

i

=

�

~

k

0

2

i

+ m

2

i

�

1

2

; i = 3; 6; (43)

whih means that the diretions of the b and

�

b momenta are kept unhanged while their lengths

are being altered.

The four momenta p

0

4

and p

0

5

(p

0

7

and p

0

8

) are further boosted to the rest frame of f

1

�

f

0

1

(f

2

�

f

0

2

),

where they are denoted p

00

4

and p

00

5

(p

00

7

and p

00

8

). The projeted four momenta k

00

4

and k

00

5

of f

1

and

�

f

0

1

(k

00

7

and k

00

8

of f

2

and

�

f

0

2

) are in this frame determined aording to

�

�

�

~

k

0

4

�

�

� =

�

1

2

(m

2

W

;m

2

4

;m

2

5

)

2m

W

;

�

�

�

~

k

0

7

�

�

� =

�

1

2

(m

2

W

;m

2

7

;m

2

8

)

2m

W

;

~

k

00

i

=

�

�

�

~

k

00

i

�

�

�

~

p

00

i

�

�

�

~

p

00

i

�

�

�

; i = 4; 7;

~

k

00

5

= �

~

k

00

4

;

~

k

00

8

= �

~

k

00

7

; k

00

0

j

=

�

~

k

00

2

j

+ m

2

j

�

1

2

; j = 4; 5; 7; 8: (44)

This again means that the diretions of momenta of f

1

,

�

f

0

1

, f

2

and

�

f

0

2

are kept unhanged while

their lengths are being altered.

The four momenta k

00

4

and k

00

5

(k

00

7

and k

00

8

) are now boosted to the rest frame of the on-shell

t (

�

t) and, �nally, k

0

3

, k

0

4

and k

0

5

(k

0

6

, k

0

7

and k

0

8

) are boosted from the t (

�

t) rest frame to the

CMS giving the desired projeted four momenta k

i

, i = 3; :::; 8. As one an easily see from

Eqs. (42{44), the projeted momenta, exept for satisfying the neessary on-shell relations

k

2

i

= m

2

i

, i = 3; :::; 8, ful�l also other required on-shell relations

(k

3

+ k

4

+ k

5

)

2

= (k

6

+ k

7

+ k

8

)

2

= m

2

t

; (k

4

+ k

5

)

2

= (k

7

+ k

8

)

2

= m

2

W

: (45)

The desribed projetion proedure is not unique. Moreover, it strongly depends on the

departures (34) of invariant masses m

345

, m

678

of (32) from m

t

, and of the invariant masses

m

45

, m

78

of (33) from m

W

. How it works in pratie is illustrated in Table A, where two

randomly seleted sets of four momenta p

i

, i = 3; :::; 8, p

3

+ p

4

+ p

5

, p

6

+ p

7

+ p

8

, p

4

+ p

5

,

p

7

+ p

8

, and their projetions k

i

, i = 3; :::; 8 , k

t

, k

�

t

, k

W

+

, k

W

�

, respetively, are ompared.

Momenta p

i

have been generated aording to the Breit{Wigner distribution in suh a way

that the invariant masses of the bf

1

�

f

0

1

,

�

bf

2

�

f

0

2

, f

1

�

f

0

1

and f

2

�

f

0

2

subsystems of reation (2) fall into

the viinity of the masses of the orresponding primary on-shell partiles: t-quark,

�

t-antiquark,

W

+

- and W

�

-boson, respetively.

12



Table A: A omparison of two randomly seleted sets of the four momenta p

i

, i = 3; :::; 8, p

3

+p

4

+p

5

,

p

6

+ p

7

+ p

8

, p

4

+ p

5

, p

7

+ p

8

and their projetions k

i

, i = 3; :::; 8 , k

t

, k

�

t

, k

W

+
, k

W

�
, respetively.

Quantities Æ

t

= m

345

=m

t

� 1, Æ

�

t

= m

678

=m

t

� 1, Æ

W

+ = m

45

=m

W

� 1 and Æ

W

� = m

78

=m

W

� 1

desribe relative departures of the orresponding �nal state partile subsystems from a mass-shell of

the t,

�

t, W

+

and W

�

, respetively.

Æ

t

= 0:03%, Æ

�

t

= 0:19%, Æ

t

= 0:06%, Æ

�

t

= 0:17%,

GeV Æ

W

+ = 0:26%, Æ

W

� = 0:85% Æ

W

+ = 0:78%, Æ

W

� = 3:23%

p

3

154.0 141.4 {28.1 53.8 116.5 89.3 13.1 73.6

k

3

153.8 141.3 {28.0 53.8 116.9 89.6 13.1 73.8

p

4

22.9 {15.1 {7.7 {15.4 117.6 92.8 {20.6 {69.3

k

4

22.9 {15.0 {7.8 {15.4 117.4 92.5 {20.6 {69.2

p

5

73.1 24.6 35.7 58.8 16.0 {3.2 7.5 13.8

k

5

73.3 24.8 35.8 59.0 15.7 {3.3 7.5 13.5

p

6

64.5 {10.0 57.5 {27.0 109.8 {78.5 {12.1 {75.7

k

6

64.0 {10.0 57.1 {26.9 108.1 {77.2 {11.9 {74.6

p

7

112.1 {109.2 {20.7 {15.1 106.1 {95.4 33.7 32.0

k

7

112.4 {109.5 {20.4 {15.1 107.8 {97.2 34.5 31.4

p

8

73.5 {31.7 {36.8 {55.1 33.9 {4.9 {21.6 25.7

k

8

73.6 {31.5 {36.7 {55.5 34.1 {4.4 {22.6 25.1

p

3

+ p

4

+ p

5

249.9 150.9 0.0 97.3 250.1 178.9 0.0 18.0

k

t

250.0 151.0 0.0 97.4 250.0 178.8 0.0 18.0

p

6

+ p

7

+ p

8

250.1 {150.9 0.0 {97.3 249.9 {178.9 0.0 {18.0

k

�

t

250.0 {151.0 0.0 {97.4 250.0 {178.8 0.0 {18.0

p

4

+ p

5

95.9 9.5 28.1 43.5 133.6 89.6 {13.1 {55.5

k

W

+ 96.2 9.8 28.0 43.6 133.1 89.2 {13.1 {55.8

p

7

+ p

8

185.6 {140.9 {57.5 {70.3 140.0 {100.4 12.1 57.7

k

W

�
186.0 {141.0 {57.1 {70.5 141.9 {101.6 11.9 56.6
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