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Abstract: The “old” conformal bootstrap was originally formulated by Migdal and
Polyakov (MP) as a method for calculating conformal dimensions self-consistently.
In this work we revisit the MP bootstrap and apply efficient multi-loop Feynman
integral techniques in order to solve the corresponding equations. We obtain solutions
at first order in the skeleton expansion for finite coupling and for integer values of
the spacetime dimension. We focus in particular on ¢° theory in seven dimensions

and the O(N) vector models in three dimensions.



1 Introduction

The Migdal-Polyakov (MP) bootstrap method, sometimes called the “old” bootstrap method,
played an important role in understanding critical phenomena before the renormalization group
was discovered [1-7]. In fact, in his Nobel Prize lecture in 1982 Kenneth G. Wilson said “if the
1971 renormalization group ideas had not been developed, the Migdal-Polyakov bootstrap would
have been the most promising framework of its time for trying to further understand critical

phenomena.” [8].

Efforts to understand critical phenomena from conformal symmetry later lead to an alternative
bootstrap approach, which is based on four-point functions in conformal field theories (CFTs)
[9,10]. This is the formalism that became highly successful in the past decade and represents
the modern conformal bootstrap program [11]. In favorable situations, the numerical bootstrap
method has been able to provide extremely precise predictions for scaling exponents [12-17].

For a recent review of the modern techniques see [18].

Unlike the modern bootstrap, the old MP bootstrap equations are based on three-point functions
in CFTs, and can be expressed as series expansions in coupling constants using Feynman-like
skeleton diagrams. Each diagram can be written as a generalized multi-loop Feynman integral
where the propagators can have arbitrary powers. The evaluation of these integrals turned out
to be a bottleneck for the MP bootstrap, the equations are technically challenging and were only
solved in certain perturbative limits. For example, in 1973, Mack discovered the first solution
to the bootstrap equations of ¢* theory at leading order in 6 + e dimensions [19]. Another
example is the large N limit which has been used to solve O(N) vector models [20, 21] and
Gross-Neveu- Yukawa models [22-25].

On a related line of research, the last decades have seen great progress in analytically and
numerically evaluating multi-loop scattering amplitudes and Feynman integrals. Any Feynman
integral with arbitrary powers of propagators is equivalent to an integral over a set of parameters,
such as the Feynman, Lee-Pomeransky [26] and Mellin-Barnes [27-29] representations, see [30]
for a pedagogical review. Once a representation is chosen, analytic continuation methods and
advanced numerical integration techniques have proved to be a powerful method to evaluate
dimensionally-regularized integrals. Fortunately, these techniques are also applicable to the
integrals that appear in the MP bootstrap equations. We will solve the equations at first order
in the skeleton expansion directly at finite coupling and for integer values of the spacetime
dimension. This strategy was already attempted in the early days but was soon discarded due
to the lack of proper technology. The main goal of this work is to revisit the MP bootstrap and
apply modern multi-loop techniques to the evaluation of generalized Feynman integrals.

The paper is organized as follows. In Section 2 we discuss how to use multi-loop techniques to
bootstrap the ¢* theory in seven dimensions. This model might be of pure academic interest, but
the section also serves as a brief introduction to the Migdal-Polyakov bootstrap in a somehow



simple setting. In Section 3 we apply our techniques to the more physically relevant case of O(N)
vector models in three dimensions. In Section 4, we discuss our results and propose possible

future directions in order to generalize this work to higher orders.

2 The g¢® theory

Let us start with the cubic g¢? theory. This section serves as a brief introduction to the Migdal-
Polyakov bootstrap, and as a test for our method in a setting where all the major steps can be
easily explained.

The two point function (propagator) and the three-point one particle irreducible (1PI) vertex
in g¢® theory at the conformal fixed point are
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where x;; = z;—x;, D is the dinension of spacetime, A is the conformal dimension of the field
¢, and the symbol ¢ stands for the shadow field of ¢, which has scaling dimension fl;; =D-A.
The three point correlation function is related to the three point 1PI vertex by (notice that
{¢(x1)@(x2)) is the full propagator after renormalization)

(¢(z1)d(x2)p(z3)) = f dPz4dz5d e ((1)d(xa)) ((72)d(5))
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It is clear that the combination [dPr- c,b{:r}q@{:rj -+ is invariant under the conformal trans-

formation. The integral expression in (3) therefore has the correct conformal covariance. To
evaluate (3), we need the famous star-triangular formula introduced by Symanzik in [27],
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which is valid when Aj + As 4+ Ag = 20, The function & is defined as
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which is symmetric under permutation of its three arguments. By iterating the star-triangular
formula (3) becomes
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which is indeed a correct three-point function in a conformal field theory.

The three-point function with two scalars and a stress-energy tensor (T, ¢¢) is also fixed by
conformal symmetry, i.e.,
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The OPE coefficient fyg7 is fixed by the corresponding Ward identity. The dilation opera-
tor is given by D = [ dS &,x,T*, with the integration over a sphere surrounding the ori-
gin'. According to the conformal algebra, we need ﬁq&{{]j = A¢@(0). Using the OPE relation
T (2)$(0) = fgr —prz (22 — ;n*2%)$(0) + ..., the OPE is fixed to be
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where Sp_1 = TTID_IF‘EI is the volume of the unit sphere §”~1. The above three-point function
satisfies the following differential form of the Ward identity [7]

(8, T™ (1) d(x2)d(xa))
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with 9, = Bjﬂ:.:’f .

In [3] Polyakov realized that by analytically continuing the Euclidean field theories back to
Lorentz signature, one could use the unitarity conditions to derive bootstrap equations for
propagators. Later, Mack and Symanzik derived an alternative form of the the propagator
bootstrap equations which involves the three point function (T, ¢¢) [7]. This is the form of
propagator bootstrap equations we will be using in this work,
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Here —+— denotes the three point correlation function (T),,.¢¢) defined in (8), and the orange
dot (connected to three legs) denotes the 1PI vertex (2), each internal line that connects two
vertices denotes the two-point function (1). The alternative forms of the propagator bootstrap
equation from unitarity conditions can be found in [2, 3, 6,32, 33]. For more details, see for
example [19,34,35]. Similarly, the vertex bootstrap equation was proposed by Migdal in [5],

)\ = /}\\x + T (13)
R

!This is the dilation operator in radical quantization, for details, see [31].
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Physically, the above bootstrap equations mean that the corresponding solutions describe cor-
relators that are invariant under renormalization. For each bootstrap equation, (12) or (13), the
right hand side is a skeleton expansion. It is also a series in g where the number of 1PI vertices
counts the power of g. At a given order in g, all inequivalent skeleton diagrams are included. It
is crucial that diagrams like

(14)

should not be included, as the circled part is a renormalization of the 1PI vertex, which is already
included in the fully dressed 1PI vertex {cqugtﬁ) Because of this property, at a fixed order, the
skeleton expansion contains much less diagrams than the usual Feynman diagram expansion.

In addition to the three external coordinates {xy, 2,3}, in the two ends of each internal line,
there are two undetermined (loop) coordinates, which need to be integrated. An important
property is that in every diagram, ¢(x), cf}{m} and [ drl always appear together. This guarantees
that the diagram has the correct conformal transformation to be consistent with the left-hand
side of the equation. Using various building blocks, including (1), (2) and (8), all skeleton graphs
can be translated into generalized Feynman integrals, where the powers of propagators are the
linear combinations of conformal weights and the spacetime dimension. The two equations (12)
and (13) have two unknowns, and in principle can be used to solve for {A, g?}. This is the point
where the classic papers stop, solving these equations is challenging due to the complexity of
the integrals involved.

In the following we describe a framework to calculate generalized Feynman integrals in order
to solve the MP bootstrap equations. In this work we focus on the leading order (LO) in the
skeleton expansion, which already captures all the key steps of our method. At LO, as shown
in (12) and (13), both the propagator and vertex bootstrap equations have only one diagram.
Let us start with the vertex equation (13). Using the two-point function (1) and the 1PI vertex
(2), the first diagram on the right-hand side of (13) can be written as

I1(z1, z2,73) = (H f d” )(¢ (x1)@(xa)d(5)) (B(x2)d(6)D(7)) (d(x2) d(5)d(xa))
x (@(za)(zs)) (@(zs)P(z0)) (@(27)d(28))

3
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This is a six-loop generalized Feynman integral. Luckily, we can easily evaluate the integrals over
three of the internal coordinates using the star-triangle formula (5). The remaining integrals are
highly non-trivial, and our strategy is to employ modern multi-loop techniques. More explicitly,
we first derive a parametric representation for each integral in our computation. There are many

options available such as MB, Feynman and Lee-Pomeransky representations (see Appendix A
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for a short summary). Notice that these parametric integrals are, in general, not well-defined
in some physical regions. Usually, they need to be analytically continued to the region of
physical interest. Many methods have been developed to perform the analytic continuation
systematically, such as the MB technique [29, 36] and the sector decomposition method [37-40].
Finally, various efficient numerical integration methods and tools can be used to numerically
evaluate resulting integrals, for example Cuba [41].

Below we compute the integral in (15) in detail to show our method more explicitly,. We first
translate the integral into an MB integral representation. To proceed, let us introduce a nice
graphic representation for generalized Feynman integrals— Migdal diagrams. In these diagrams,
each line connecting two coordinates represents a propagator, while the weight on the edge
denotes the power of the propagator. In this way, the integral in (15) can be represented by the
following left diagram.

Iy Iy
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As mentioned previously, we can easily integrate out three of six internal coordinates using the
star-triangular formula (5), and obtain

I = K*(D—-A, D—A,2A) x I, (17)

where I5 is represented by the right diagram in (16) (it is straightforward to write down a
mathematical expression from the Migdal diagram). We observed that all three loop integrals
are four-star integrals, i.e.each node associated with an internal coordinate connects 4 lines.
Furthermore, for each integration coordinate, the sum of the powers of all four related prop-
agators is equal to 2D, which is consistent with the property that the integral has a correct
conformal weight as the left-hand side of the bootstrap equation. Because of this property, we
can successively use Symanzik’s generalization of the star-triangular formula (54) to write the

integral as an MB representation. Schematically,
I/r 1 1\‘ ;\1\\
/1N / \\ /\
N\ /,r \ / \ (18)
/ \ KM\\X / \ / \
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From the second diagram in (16), we obtain the first one above after ‘integrating’ over x4 using
the Symanzik formula (54), similarly we can iteratively integrate over zg and zs to obtain the
final MB representation:

gk} (D—A, D—A,2A)

D—A n—A D—A 1
(#h) 72 (235)77 (a) 2

I =1(D,A) x (19)

with
KD +sa+20, 0 +5 —s1— 50— 2ty —29,D— 5 + 51 +2t1)

1(D,A) = «” fm dsydsadtydts
A= (3D - ) IB+s) LA -2 —s1—s)

xD(F -5 +s)0(3-F+s)l(F-F —s1 —s)T(5 —F — 51 —52)
xO(F -3 +8)0(F —F — 351 +0)0(7 — 3 + 351 + 1)
xD(§-—F+isi+dsn—t1—0)T(§ - L —1sa 4 1)

xD(Z -7 -ps1-32—t1—0)0(7 -3 + 350+ ta). (20)

Here the contour is defined such that all the I"'s in the numerator of the integrand (including
the ["s in k) to have positive real parts (which is required by Symmanzik’s generalization of
star-triangular formula). This is only possible if

D D

3=asy
In fact, in such a region, the integral in (15) or(20) is free of UV and IR divergence. The
existence of such a region was conjectured in the original work of Migdal [5], and was proven
for Yukawa theory in [42], see also Section 3 of [19]. It was also proven in the earlier days
that the generalized Feynman integral is a meromorphic function of A [43], which is an analytic
continuation of the integral (15). The MB representation of Migdal diagrams was introduced
by Symmanzik in [27]. To evaluate this integral, however, another step is necessary, namely
analytical continuation. Suppose the theory we study lives beyond the convergent domain, such
an analytic continuation is necessary. One can define the analytic continuation of integrals by

changing the integration contour. For example, the following integral?
K(g) = [ ¥4 as, 2
C

with Re(g) > 0 is defined by choosing the integration contour C to be along the real axis. To
continue K(g) to Re(g) < 0, however, the integration contour C need to approach arg(¢) = =7
at large |¢|, see for example, [44]. Our case is a bit more complicated, when A < /3, it is not
possible to pick a contour to guarantee that all the arguments of the I function in the numerator
of the integrand in (20) to have positive real parts. This is because Z(D, A), as a function of A,
has a pole at A = D/3.

To proceed, let us show how to perform the analytic continuation for MB integrals in detail.
For simplicity, let us look at the following example [29, 30]

fm dzT(—2)T(A + 2). (22)

*This kind of integral typically appears in instanton calculation.



We pick the integration contour to be parallel to the imaginary axis. The formula is only valid
if the integration contour separates the poles of I'(—z) and I'(A+z). The separation of the poles
is only possible when Re(A) > 0. To analytically continue to the region —1 < Re(A) < 0, one
can pick up the pole at z = —A by deforming the integration contour. To be explicit,

mrm}+fdz T(—2)T(A + 2), (23)
C

where the deformed contour C is now along the imaginary axis and intersect with the real axis
in the region (—A — 1,0). The first term contains a simple pole at A = 0, while the second term
is regular at A = 0. For given values of A, now one can directly evaluate the integral analytically
or numerically. For more complicated integrals, like our integral in (20), similar algorithms have
been proposed and implemented in publicly available programs, such as MB.m3.

We used MB.m to analytically continue our integral (20) to various physical regions we are inter-
ested in. Then we numerically computed the integrals involved using the numerical integration

library Cuba [41]. We present the results at the end of this section.

Now let us turn to the propagator bootstrap equation (12). As mentioned previously, at LO in

g, there is only one diagram and can be written as

k]
(H f dﬂiﬁ) (@(z6)p(z7) {D(z8)d(22) ) (D(20)D(3)) (24)
i=d
x {@(x4)d(z6)d(xs) ) (D(25)D(27)B(T0) ) D(z4) d(25) T (1))

Following the method we described previously, we can derive an MB representation for the

formula above, i.e.

g*X (D, A) (T (21)(2)d(23)), (25)

where A (D, A) is a multiple MB integral. Of course, we can resolve the integral with MB.m and
numerically evaluate it using Cuba in various physical regions. Remarkably, we can analytically
compute the integral in (24) using a trick introduced in [35] based on Ward identity (11). The
final result is
_ mP(A -1)T(A -1)T3(3)
2AD(D — A —1)(D — A)I(F)T5(A)T(D - 32
(g -A)TA -5+ 1) - 5)
N -A+1)n(D-A-1)r3(&58)
x (Dﬁaw{%] —D?Ay(32-2) _2D? _sA? — DA?y(4) + 8AD

X(D,4A)

(26)

4 Dﬂﬂqb{%—%] +AD(D - A)y(252) + AD(A - D}“»"J(D—%)):

where 1/ is the digamma function. The calculation is lengthy and the details will be given in
Appendix B. We also numerically checked this integral for many values for I) and A using MB.m
and Cuba.

3The online version need the library cernlib.1lib to work with Gamma functions [36].
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In summary, the vertex and propagator bootstrap equations to leading order can be written as

1=gI(D,A)+---,

(27)
1=g?X(D,A)+---, (28)
where T(D,A) = k3(D—A, D—A,2A) x (D, A) with T defined in (20). The two bootstrap
equations have two unknowns {gﬂ, A} and are highly non-linear. As we will show later, Z(D, A)
has a pole at A = %, while A'(D, A) has a pole at A = %. At I) = 6, the two poles coincide.

Using this property, Mack solves the bootstrap equations in 6 + ¢ dimensions [19]. Setting
D=E+Eandﬂ.=£§—2+cr£,weget

I BTTIS
I(D,AY=g m+

18
XD A =g®— T ... 20
(D.8)= ¢ premrs + (29)
which gives us a solution with o = 1!5
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\ ™
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-1 %101 \

20x10% P
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II |
15x10" \
i1 — I(D,4)
|
[ 11 — X(D.A)
1010} bl
\i |
\
50x%10% i\

53 26 — 2

Figure 1: Numerical solutions of the bootstrap equations in I) = 5 and D) = 7 respectively. The
dashed lines indicate poles of T and X respectively.

We first try to solve the bootstrap equations at D = 5. It is well known that A¢® describes the
Lee-Yang edge singularity at ) < 6 [45]. As can be seen in Figure 1, Z(D,A) and X(D,A)



never intersect, so that we found no solution that corresponds to this CFT. This is however not
surprising, since the propagator bootstrap equation is based on unitarity conditions [3], while
the Lee-Yang edge singularity is a non-unitary CFT. To maintain unitarity, we can instead solve
the equations at [) = 7 and get the second plot in Figure 1. The intersection of T(D, A) and
X(D,A) is at A = 2.558. Previously, this quantity was calculated using Gliozzi's fusion rule
truncation bootstrap method [46] and one gets A = 2.530 [47,48]. We should emphasise that
since the g¢* potential is unstable, A receives instanton contributions and will be a complex
number. The g¢® theory is therefore not the perfect model to apply the bootstrap method. Our
numerical calculation is performed on a laptop. In general, it takes a few minutes to evaluate

one data point.

3 The O(N) vector models

In the previous section, we reviewed the old MP bootstrap and developed an efficient method
for solving the bootstrap equations in the g¢® theory at leading order. Let us now move on to
the more physically interesting case of O(N) vector models in three dimensions.

In the O(N) vector models, the two-point functions {¢(xq)@(za)), (F(z1)F(xs)) and the 1PI
vertex (¢(x1)d(xa)F(xa)) are fixed by conformal symmetry to be

(é(1)b(22)) = %ﬁ? (30)
(F(z1)F(x2)) = %ﬁ, (31)
(@(21)$(2) F (23)) = g (32)

{mil!z}[ﬂ+ﬁp':l [2-Ag "@%3 )(D-AF) jil:mgl}{ﬂ—ﬁp}fi ’
The three point functions (T'¢¢) and (TFF) are also fixed by conformal symmetry. They take
the form of (8), with A replaced by Ay and Ap respectively.

There are three bootstrap equations corresponding to the 1PI vertex {q@{ml}é{mg}ﬁ'{zg}} and
two three-point functions (T, (z1)d(x2)d(23)), (T (x1)F(x2)F(zs)) respectively (c.f. [49] for a
detailed derivation of the bootstrap equations in this theory). They are given by the following
skeleton expansions,

‘ /\R_ /;\. N . (33)
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In these diagrams, the dashed line and solid line denote the field ¢ and F respectively, the orange
dot denotes the 1PI vertex and the cross symbol denotes either (T'¢) or (T'FF'}, the internal
line denotes the two-point function {(¢$¢) or (FF).

It is now straightforward to apply the method described in the previous section to solve the
bootstrap equations in the O(N') vector models. At leading order in the skeleton expansion, the
three bootstrap equations in (33), (34) and (35) can be written as

1 =QEIE-&¢7&F¢D}+ cee

1 =92X1{jl¢!;‘lpjﬂ:| +--,

1=g’NXp(Ag, Ap, D) +--- . (36)
The extra factor of N in the third equation comes from the ¢-loop of the corresponding bootstrap
equation. The calculation of T(Ay, Ap, D), X(Ag, Ap, D) and T(Ay, A, D)) are analogous what
we did for the g¢® theory, we skip the details here. The final results are given in (86), (83) and

(84) respectively. We now try to solve the equations in the large N limit, as was done in [20,21].
Setting D =3 and A, = % +c1ﬁr,ﬂp =12 —{:g?lm we get

64 N3
I(Ag, ArF, D) = —W-" e
BariN?
Xi(Ag, Ap, D)= ——"" 4.,
Jcy (61 — %3—)
167 N*?
NXo(&s, Ap, D)= ——5 + (37)
{Cl - 2]
The bootstrap equations have a solution with
4 32
- = —. 38
“ 3w’ = 32 (38)

We can also directly solve them numerically at finite N and get Figure 2. More explicitly, we

found
N=1, A;=052, Ap=162,
N=2, Ay=0521, Ap=1.705,
N =3, Asy=052, Ap=1765,
N=5, A;=05168, Ap=1383, (39)
N =8 As=05126, Ap=1882. (40)

This can be compared with
N =1, As=05181489(10), Ap = 1.412625(10),
N=2, A;=0519088(22), Ar=1.51136(22),
N =3, As=0518036(67), Ap=1.59488(81),
N=5, A,=0516007, Ap=172788, (41)
N =8, As=0513312, Ap=1.83188. (42)
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Figure 2: Numerical solutions of the bootstrap equations for O(N) vector models. The left
plot is for N = 1 and the right plot is for N = 2. The green, yellow and blue areas denote
T(As, Ap, D), X1(Ag, Ap, D) and As(Ag, Ap, D) respectively.

The N = 1,2,3 data comes from the numerical bootstrap results in [14,17,50]. The N = 5,8
data comes from the two-sided Padé re-summation of the large N results [20,21] together with
the N = 1,2, 3 data, which gives

120172 , 27.7202 , 6.38G2

A=
@ 25?‘}29‘2 + 52}?128 + IE_N‘EBQ +2 '
1.75813 144595 287073
- + — +2
Ap = — e (43)

R

In general, the solutions for Ay seem reasonable and fair well when compared to other ap-
proaches. The solutions for Ap on the other hand contain larger errors, however, we remind the
reader that we are working at leading order in the skeleton expansion. It is likely that including

higher-order contributions will improve the result.

4 Conclusions and discussion

We have revisited the old Migdal-Polyakov bootstrap equations in light of modern techniques for
evaluating multi-loop integrals. Qur main result is a framework for computing the generalized
Feynman integrals that appear in the MP formalism. We demonstrated the use of our method
by solving the bootstrap equations in ¢* and ¢ theories at LO in the skeleton expansion. At
this order, while the propagator equations can be solved analytically, non-trivial three-loop
generalized Feynman integrals are involved in the vertex equations. To solve these integrals,
we first derived their MB representations and analytically continued the resulting MB integrals
to the region of physical interest. We then evaluated them numerically using the numerical
integration program Cuba. We found non-trivial solutions corresponding to the ¢* theory in
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seven dimensions and the O(N) vector models in three dimensions. One of the merits of these

results is that we work directly for integer values of the spacetime dimensions.

It would be highly desirable to push our approach to higher orders. At NLO, while only a small
number of diagrams are involved, their computation is significantly more challenging. One of the
reasons is that the number of integration loops (and propagators) grows quickly. For example,
consider the following diagram for the vertex bootstrap equation in ¢*:

o
\,
N

At face value this is a 12-loop integral, however six internal coordinates are easily integrated
using the star-triangle formula. The resulting 6-loop generalized Feynman integral can be an-
alyzed using our methods. We derived its MB representation and found that the resulting
MB integral has 16 integration variables. Alternatively, we also derived the corresponding
Feynman/Lee-Pomeransky parametric representation that is a 13-fold integral (with a delta
function constraint). This is still a challenging task. A standard method, the sector decompo-
sition technique [37-40], can be used to analytically continue the integral to the physical region
where the integral is not convergent. However, a direct use of the sector decomposition method
at NLO looks clumsy and leads to massive computations. A better understanding of general-
ized Feynman integrals is still needed, for example, exploiting symmetries of our integrals may
simplify our computation. We hope to come back to this in the future.

It is well known that perturbative techniques such as the e-expansion give asymptotic series
for physical quantities such as Ay and Ap. The series are divergent and proper re-summation
is necessary to obtain meaningful results. This is because of the existence of a branch cut for
physical quantities at A < 0. In the case of QED and A¢* theory, this is also related to the
instability of the theory at negative coupling [51-53] (see also the review [54]). Such a divergence
was proven by explicit calculation in [55-58] for ¢* theory. The divergence is partially due to
the rapid growth of the number of Feynman diagrams at higher loops. Since the MP hootstrap
equations are based on a skeleton expansion, the number of generalized Feynman diagrams
are smaller. We might therefore hope that solving the bootstrap equations by successively
including higher loops gives us a convergent series. This brings up the interesting question: do
the bootstrap equations from the skeleton erpansion give a convergent answer which correctly
describes the data of the conformal field theory? Our work can be viewed as a first step towards
answering this question, however we emphasize that without including the contribution from
higher loop diagrams we cannot make any precise statements. In any case, it is encouraging to
get solutions that give reasonable results. Hopefully development of efficient techniques to deal
with generalized Feynman integrals continues, and the MP bootstrap comes back as an active
method to study conformal field theories.
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A A brief review of Feynman integrals

In this appendix, we provide a brief introduction to (generalized) Feynman integrals, which is a
fundamental tool throughout our work.

We consider the following generalized Feynman integral defined in D-dimensional Euclidean

space
L4+m 1
I = 44
([ 11 ﬂm) e (4
i=m+1
where inverse propagators have the form D; = [ma—zh}g vie RY. Herem; withm<i< L+m
denote L integration (loop) coordinates while x; with 1 < i < m are the external coordinates.

In general, it is convenient to evaluate Feynman integrals with parametric representation. Let
us perform the following parameterization for each propagator

1 1 1 —ad .
1= = Tt @ fum dooa™ e 77, (45)
with Re(A) > 0 and Re(a) > 0. Then the integral (44) becomes

= ([ 8 58 (L ool annrd] o

i=m+1

where A is a L = L matrix with scalar products of external coordinates as entries and B is a
L-vector with the linear combinations of vectors a:;‘ (1 £ j < m) as entries in the exponential.

Performing Gaussian integrals for all integration variables x;, one obtains

_F

where I{ and F are the first and second Symanzik polynomials [59]. They both are homogenous

polynomials in Feynman parameters and are completely determined by the topology of integral.
Algebraically, they can be evaluated via

U=detd, F = (detA)(Q+BA'B). (48)
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From the Schwinger representation in (47), by inserting the identity 1 = [dnd(n — «) with
o =3 .o, rescaling all parameters according to @; — no; and finally integrating over 7, one
immediately obtains

B r(p - Lﬂjﬂ i RN et

where v =37 | v;. It is called the Feynman representation. Interestingly, Lee and Pomeransky
found the following alternative form [26]

= L(D/2) = Qi1 -Dj2.
I = I'((L+1)D/2—v) T, F(Va}(l_[j doy; ){.F+H] (50)

Using the same procedure of deriving (49) from (47), one can easily show the equivalence between
(50) and (49) or (47).

All integrals appear in MP hootstrap equations belong to the following special type of generalized
Feynman integrals

= Dy ! wi P =
L= [ TG "0 25=D, o

where {x1,z2,z3} are the external coordinates. In the case of n = 3, one can exactly evaluate
the integrals and get the so-called star-triangle formula, ie.(5). This formula was originally
derived by Symanzik in [27]. He also generalized the star-triangle formula to the n-star integral
(51) in the case of n > 3.

Using the Schwinger parameterization, one can write our n-star integral (51) as

——Trﬂﬁ i ;adi~! 1 ex _ ey x?
S VRYCY (E[J; dases ){gimi}ﬂfﬂ 7| 5 v 2 I

where A; > 0 for any 7 and } ; }L? = 0. A key observation is that this formula is independent of
A = 0, Vi, To proceed, we note that the exponential function €= can be represented in terms
of Gamma function via the inverse Mellin transformation formula
1 ctioo
et = — ds z* I'(—s), (53)

2mi c—ioo

where ¢ < 0 and the complex function z* are on the principal branch, i.e. |argz| < 7/2. Finally,
the n-star Feynman integral (51) can be written in a Mellin-Barnes form,

dPz ab2 (M2 pi (A + i)
T [(z—=z:)2)% - TL.T(5) ( !;Il j:im d-sr:r) (lggiﬂ {m?jjﬁij+5ij )? (54)

with

Sij = zcij,ctsa7 {EEJ
o
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where A;; satisfy

Y Ay =4, (56)
J#i
and the real c;;, obey
IdEtCij,crl =1, Zcij,ﬂ = 0 with Cia = 0, Cja = Cjia- (57)

J#i
It is worth emphasizing that the integration paths in (54) have to be along the imaginary axis
with real parts such that the real parts of the arguments of all I functions are positive.

One of choices for A;; may take
I D
Y on—-2  (n—-1)(n—2)
When n = 3, one can easily check that the formula (54) is immediately reduced to the star-
triangle formula (5).

(58)

In the case of n = 4, we may take

1] 59 81 —&1 — 82
59 0 —5] — 89 51
8= . (59)
51 —51 — 89 0 59
—8&8] — &g 51 89 0

B The propagator equations

In this appendix, we provide detail of analytically solving the leading-order propagator bootstrap

equations.

The stress-energy tensor T, is a short representation of the conformal group, its descendant
0"T,, is a null state. The representation theory of conformal group tells us that when multi-
plets shortening happens, the null state T, is also a conformal primary. Notice the relative
coefficients between the two terms of the (11) can be fixed by requiring the right-hand side to
transforms like the three point function of a conformal primary vector field and two confor-
mal primary scalars. The three point funtion of T, and two non-identical scalar is allowed by
conformal symmetry

zZZ,— 15 7 Z¢°

(Lo (z1)@a(22)PB(T2)) = fapr % { 5 }D+a‘4—a3—2: 2 }D+§Eﬁya;12{ 5 }a‘4+a3—ﬂ+2 . (60)
Tia 7 Ti3 7 Ty T

It is however not allowed by Ward identity, which implies that the fip7r vanishes for a local

conformal field theory. More explicitly,

(8, T (z1)@a(z2)0B(23))
__(D-1)(Aa-Bp)fasr Z4

Oth 4—Apg DfApg—a, A tAg-—D*
D (@)~ F C(ady) T T (ad) 2

(61)

15



indeed looks like a three point function involving two scalars and a conformal primary vector
field with scaling dimension D + 1. Setting Ap = Ay, A4 = Ay + € and taking the limit e — 0,
we get the familiar differential form of Wald identity (11).

Let us start with the propagator bootstrap equation (12) in g¢® theory. Below we show that
the right-hand side of the equation at LO has the following form

L __(#(6)0(1))(64(8)9a (D) (65(9)65(3)) (B(4)5(6)6(8)) ((5)(7)(9)) (6(4)6(5) o (1)
= X(D, A, Ax, Ap) (T (1)6a(2)65(3)), (62)

where we used the short-handed notations, J:;_- = de.-r,- .- ~dﬂmj1 @(i) = ¢(z:). To use the
Ward identity, here we are using the prescription as follows: we consider (T"(z1)¢a(z2)¢p(z3))
in (62), and will set Ag = A; and Ay = A; + € and take the limit € — 0 in the final step.

Now let us apply the Ward identity for the equation. For (62),

fmm (8(6)0(7)) (04 (8)4(2)) (95 (9)95(3)) ($(4)9(6)04 (8)) (B(5)(T) D5 (9)) (9 Thw (1)6(4)(5))
=X(D, A, A4, Ap) (87T,,(1)04(2)¢6(3)), (63)

While the second line in (63) is just (61) up to the factor &', the first line of (63) is given by

Cp [ (64(8)64(2)) (65(9)65(3))
RETED
< (@895 FDBEA®) (FE)1HT)E5(9)) (HEO)(7) (64)
— B3, ((BSEN GOSN EDHOFAE) GEIFNEa()) + {8 39,4 & B

with Ca = 2¢/mT'(2:2)/T(Z). Interestingly, all integrals (64) can be evaluated by analytically.
First, for the second term in the squared bracket in (63), a straightforward use of the star-

trianglar formula gives

—%ﬂ» j;ﬁ7{¢(1}¢(51){¢{ﬁ}¢(?}}{<5(1}¢3iﬁltﬂ4 (8))(@(5)é(7)95(9))

__A4, g2K1kgky (65)
- v DA g—A D+, —A D—A 4 —Ap *
G e € s e € S A

with

k1 = K(2A,D — Ag,Ap + D — 24),
k2 = K(2A, D — Ag,Aq + D — 2A),
K3 =K(Ag +Ag,2A — Ay, 2D — Ag — 2A). (66)

Now let us compute the first term in the squared bracket. Using the star-trianglar formula
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iteratively yields

f (Bup(1)6(5)){(D(1)B(6)¢4 (8))($(5)(T)05(9))(9(6) (7))

f (3 1 >
- v ooa D—Ap AptD-2A oA DAy DNy A4+D-2A D-Ap
56T T To Ty -'1'57 Tig Loy Tyg Tyy

_ 1 g Ki1K2
= B p28—Ap | 2A-A4 Aa+Ap, —Aa+2D-28 —_Ap+2D-2A
T Tig Loy Ty Ty Ty

-&-B ( 1 ) g° KiKa {ET:I
ﬂA + Ay m?g-ﬂ Aa Elﬂ-?A—FﬂB ;Q&B+ED—Z!& m‘i‘? _agml_s,.-jm 120—2A
1 g% Kikaka

= (31, m_ag) —AA+20-28 _A,+D-28 _Ag-—D+2A_—A4—Ap+D
Tg Tig Tig Ty Tag

Ap ( 1 ) g° KiKakg (68)
VAL +D—IA Ap—D4IA | _IA_Ap A tID-IA A, _AgtD’
‘&A +A4p Tg T8 Ty T8 Ty

where z7; should be understood as {.-r %2 we have used f(x)® 8;(f(z)?) = - +b A (f(x)**?) in
(67).
By combining the two terms, (68) and (65), we obtain

f (T (1)9(4)(5)) ($(6)D(T))(D(4)B(6)da (8)) (S(5)D(T)5(9))

Cag Zy
- BATApID Ay AptD__AsBpiD < £(Aa+D—2A,D — Ay, 24)
18 19 89

x k(28,0 — Ap,Ap + D — 2A)k(Ax + Ap,2A — Ay, 2D — Ap — 2A)
DAA, — AAZ + Ag(D — A) (D — Ap)
x DL+ AL —{A+ B} ). (69)

The right-hand side of the above equations can be written as

@ X(D,A, Ax, Ap) (Thu(1)4(8)d6(9)) (70)

with
2 D/2 1
AGT(F) (Aa—Ap)
x K(2A,D — Ag,Ap + D — 2A) k(A + Ap,2A — Ay, 2D — Ag — 2A)
DAA 4 — AA% + Ap(D — A)(D — Ap)
x DALt AR —{A & B}). (71)

Integrating out further zg and zg¢ in (64) and noting (61), we prove (64) or (63), and obtain
explicitly

X(D,A Ay, Ap) =

(ﬁmA +D—2A,D — Ay, 2A)

. Ay —1) Ay
X(D,A) = (!EX[D7&,.&,&+E}) {_ﬂdig_E(S_ﬂﬂﬁt—ﬂ,ﬁ¢+2ﬂ—2,2?ﬂﬂ¢j

x £(D—2,2(D—Ag) — D+2,204). (72)
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Taking the € — 0 limit, we finally obtain
mP(A -1)T(A -1)T3(5)
2AD(D — A —1)(D - AL 5 (A)T(D - 22
57 —A)TA-F+ )T - F)
N2 -A+1)T(D-A-1)T3(258)
x (D?A%(4) - D*Aw(%-5) — 2D? —8A% - DA?Y(4) + 82D

X(D,A) =

(73)

+ DAY (32 -8) + AD(D — A)¢(252) + AD(A — D)¢(D-322 )
X (D, A) also has a pole like singularity at A = 272,

In fact, we find that the same result can be obtained by solving the equation directly (without
using the Ward identity). It is also a good cross-check for our calculation. When p # v, we have

ﬁ___g(Twl:ﬂ-‘l:|¢I:1-‘4]?5(1.‘7)}(t,‘i?E.-rg}qE(:r,i}é[mﬁ}}{é(mg}é{ms}é{m?}}{(ﬁ{xﬁ}(ﬁ(x?}}

25

B 1 ]' 1
- _ 3 3 A D+2 2
- (D-27 49 ( mnxls} = '[-"-'2:1-"-'2553455335535#3?} z '[%5} (zgr)

=
L 2AD-1) 1} ( ) 1 1
D-12 2A—D+32 A D—4
D(D-2)* TM}T (2}5) 7T (2%5)™ = (2d) 7 (x3,2dsxisarisad,ad) 7
1 1 1
+f (3#3 ) D0—2 Th— Dj: oA DA {?4J
4-9 (15 } (z10) 7 (z3s) (Tg7) 7 (2347367162355, Ty) 2
We have used the & = 0 case of the following equation,
z#-zy - é"&#yzijzp _ 1 1
-3 -2 IA-D+2 T 2 n-2 -2 A —D+32
(@) (2%) T (@h) =7 (D-2) " (@) T (2h) T (ada)
(D —1) 1 1
‘" g 31" —I—a o o —I—a
(D=2PD | \" " (a3) T (al)F ) (23) 3 (ahe) T (ady) " T
1 1
+ a.f-" D—2— ) D—2— o 2A—D+2 }1‘ {TEJ
( {Tuj’f(mla} z (235) "7 (23a)7(x33)” 2
where

—da(a+2)+D® —4(a+1)D? + 4(a® +3a+1) D
(D —2)°D )
The formula is valid when p # 1. C is clearly invariant under &« —+ D) — 2 — . The first term

C(D,a) =

(76)

in (7T4) can be represented by the following MB representation

_1 k(D — A, D — A,2A)
Ml = ) (Bpay 0—12 A — D:t:! ) fﬁi‘l&ldﬂdduﬁdﬂﬁ f{ud! g, U7, 'L"'F} {?TJ
(D-12) (z33) 7 fmla}_'[-’fzs}

where

[
$ITES) (D - 3 T(52 }Pl:l—ar + A)T(F + ug) [(EHE82ud0)
P{%— 2—|—1'.|I:ej.}l—'1::ﬂl ?—l-'u. ]P{Q—E—FHT—%]P{T-FEM-I-H?]
P2 38 Ly g )P(L— 504 38 4y )p( D38 12us12u,46)
I'(
I

{D+3&+2u4+du7—d D—ﬂn—duql—ﬂu-;—duq,—ﬂvr+ﬁ 55—5ﬁ+41:4+3ﬂ-;+2)
4

f(ﬂd.w,uhw}=r{

*

*

4
D43A 4120y —2ur 4+ 12wy —2dar 46 ] T { D—A—dug—Bur—dvg —Bor—2 }
P | 3

*

n— ﬂ.-l—dtq+3ﬂ';+2)r(ﬂ+3ﬁ 121.44-24'1'.!-;—5} {?B:I

*
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Similarly, the second term of (74) is given by

. t) { (a P ! ) ! (79)
T DD () BT\ (@) T 0h)E ) el Rl T

! ) ! = }fﬁiﬂddvddﬂsdﬂﬁ _f{ud,vd.., U, Ll';r},

+ aﬁaﬂ o D—3—x D—2—mx
( (235) 7 (213) 2 (232)” 7 (21a)?

with
a=%{—D+5ﬂ—4v4—8w—E}. (80)

Now using (75), we find

(ﬁd f dﬂﬂh) (Tuw (21)d(z4)B(27)) (D(22) B(24) B(6) ) (B(23) (25) B(27)) (b (26) (7))
My + Mo = T(D. A) (T (a1)a2) ) (81)
with
J(D,A) = C(D,a) f duydvydugdug f(ug, vy, ur, vy), (82)

where f and C' are defined in (78) and (76) respectively. The MB integral in M; or M2 can
be analytically calculated using MB.m. We found perfect agreement with the result from Ward
identity, i.e. (73).

The bootstrap equations (33) in O(N) vector models can be analytically solved at the leading
order in a similar manner. We do not write down the detail and list the results as follows:

3D+ Fﬂ{%ﬂ) csc {%ﬂ)r{% _AP)
AT T (A THEET(E - 5, + 57)
L D(Ap+1)T3(F — Ag) T(As — SF)T(Ag — 5+ 5F)
T(86)T(1— 8¢+ §)T(D— Bg+1)T(D - Ay — 5F)
x ({?%ED — Ay) — DAp + A7) (5E)
+(284(D — Ay) — DAp + AR) (P50E)
+ Ay(Ay — DYh(D — Ay — BE) + Ay(Ay — D) b(Ay — 2 + BF)
+ (8¢ — AF)(Ag — D+ Ap) (A — 5F)
+(Ap — AF)(Ay — D+ Ap) (T — Ag + 5F)
_E[D—2&¢,}(—&¢.+D—ﬂpj)? (83)

X1(Ag, Ap, D) =

19



and

P T (SE)T(Ar + 1) T (8 — Ap)T(AF — 8 +1)
wa?r{f’)r{f’ ap+1)1“2( D- ap}]r{ﬂ—apﬂ)

I2(2 - A)T(As — SE)T(Ag — 2 + 5F)
T2(Ag) T3(Ap)T(2 + 48 — A,)T(D - A; - AF)

x (D*Ar9(B — 26+ 5F) ~ DArw(ag - B +4F

XEE'&¢': ﬁF: D}

+ DAp(Ap — D)(D — Ag — SE) + DALY (As — 2 + 5F)

+DAp(D — Ap)¥(Ag — 5F) — DAR ¥(F — A + 5F)

_2D? + 4DA, + 4DAp — aa¢ap). (84)
The two functions X7 (A, Ap, D) and A3(Ag, Ap, D) are introduced in (36).

By the way, let us also list the function T(Ay, Ap, D) introduced in (36), corresponding to the
vertex bootstrap equation (35),

I{ﬁ"i'?"&F?D} :H'{D_ﬂF:D_ﬁF72ﬂF}H'ED_ﬂF:D _ﬂﬂﬂ_"ﬂf;‘agﬁ'i"}
x K(284, D — Ap, D — 204 + Ap)I(Ay, Ar, D), (85)
where f[ﬂd,, Ap, D) is give by

"B s TB B 4 i s i)
(&) (D -8, — ) LG - % + 3o +1)

I(Ay Ap, D) = f dsydsadtdta

TR -%-ds-dn-tu-6)(B-5-4F+is+0)
T(R -5 +30r —§s1—dso—t1 — o) T(S2 + 8 — BF +51)
DG -2+8F Lo+ ) TR+ 2 -8+ dsi +dm+ 11+ 1)

DA —SAT(F+E - +in+ o) T(F - B +5 —a =)
MG -4+ 8 - )B4 +5)M(F -5t - -s2)

xT(52 -2 4 s)T(52 - B 4 Lsj+ sy —t1 —ta). (86)

In D) = 3, we find that the contours such that all the I"s in the numerator of the integrand
having positive real parts only if (A, Ar) is chosen to be inside the diamond-like region given
by the four points

(Ag, Ap) = {(0.75,1.5), (1.5,3), (2.25, 1.5), (1.5, 0)}. (87)

The O(N) vector models, however, lives beyond this region. We have analytically continued the
integral in (86) to the physical regions in ) = 3 using MB.m, and then numerically computed
the resulting MB integrals with Cuba. See Section 3 for a detailed analysis about our results.
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