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ABSTRACT

We investigate the quantization of a gravitational theory with restricted coordinate
invariance. The gauge fixing and the corresponding ghost system follow from an analysis

of the BRS algebra. In addition to the graviton the metric contains a dilaton.

The known gravitational phenomena are successfully described by Finstein'’s equati-
ons. These equations do not only follow from an action which is invariant under general
coordinate transformations but emerge already if one restricts the transformations to the
ones which do not change the scale set by ihe volume element [1]. In this note we show
that these restricted coordinate transformations are an acceptable gauge symmetry of a
quantized theory. In particular one can introduce a gauge fixing and ghosts to allow for
perturbation theory. The physical subspace with positive definite norm can be defined
such that scattering leads from physical states again to physical states with amplitudes
which are independent of the gauge fixing parameters. The metric tensor g,, turns out to
generate 3 physical degrees of freedom: the helicity 2 states of the graviton and one massive

scalar particle, the dilaton, in agreement with the analysis of the classical theory [1].

To establish all these properties we require invariance of the action under BRS-trans-

formations [2] s and 3, which are linear, real, anticommuting operators satisfying

8 =5 = {s,5} = [5,8,] = [5,8,] = 0, (1a)
s(AB) = (sA)B + (—)Y4sB,  3(AB) = (3A)B +(-)“*l4sB, (1)
(s4) = (-)4aas,  (34) = (-)4sa”, (1)

with {A] = 1(0) for anticommuting (commuting) fields. Consistently with the algebra one
attributes to s (5) the ghost number 1 (-1), physical fields are taken to have vanishing

ghost number.

On physical fields s and 5 generate coordinate transformations which for a scalar field

¢ “generally” take the form

s = "8, 9, 3¢ = 0, (2)
This is the classical transformation law where the infinitesimal gauge parameters ¢*(z),

2#(z) have become real anticommuting ghost fields. More generally tensors transform with

the Lie-derivative. For the metric one therefore has

3G = c"agg,w + 8,,6’\9,\., + apc’\gxp. (3)



In the analogous relation for 5g,. the antighost & replaces c#. The implied change of the
volume element /g = (— det g,,, )}

V=g =0PV=g), - =a(TV=g) (4)
coincides with the transformation of a scalar field (2) if one restricts the ghost fields by
8,c" =0 =8,8". (5)

We solve these restrictions by

= DA, AR = A",
(6)

=, A, A=A,
and define restricted coordinate iransformations by (2} and (3} where the ghosts ¢* and

t# are given by (6). The algebra (1) then completely determines the ghost system and the

action of s and & on the ghosts. For example s¢ and s?g,, vanish if and only if
38, A" = 8, (sA¥") = 8 A 8,8,4°" = 8, (B, AN, APF) . (1)

It is nontrivial that at this stage (as in the subsequent steps) the differential operators
match so that (7) can be integrated with local fields*. From (7) one deduces sA** =

8A4%3A* up to terms with vanishing divergence, so (7) imnplies
sAYF = JAYBA* — B AP, g4” =8, 4>, (8)

Here A*** is a completely antisymmetric tensor. If one had not included A**#* then
s A¥* could not be made vanish. A*"* are ghosts for the ghosts A** which one can
change by 8, A*** without changing c* (6). Iterating the sketched arguments one deduces

the complete ghost multiplet;: All ghosts are completely antisymmetric tensors (A5 ) #

* The counterexample ¢ = §,4** + 84 (6') shows that s? = 0 together with a local

transformation law for the ghosts is a nontrivial requirement.

of rank I, I > 2, and ghost number G which ranges from 1 — I to T — 1. (We identify
A¥# with (A?)*# and A"* with (A?,)**.) The rank I and the ghost number G with

2<I, 1-I<@G<Ii-1 (9)

uniquely characterize the ghost fields. They are commuting {anticommuting) if @ is even

(odd} and are real or purely imaginary
()" = (4f) - ()T +OUD, (10)

In 4 space-time dimensions I < 4 and one has altogether 45 ghosts of which 24
anticommute and 21 commute. They are necessary to compensate for the 3 gauge degrees

of freedom of resiricted coordinate transformations (5).
The action of s and 5 on the ghosts contains nonlinear terms which only appear in the

completely antisymmetric combinations

(Sgi‘fg)ﬁl--.ﬂN-(-R = E}IVT' Z sign(m)ehi) . cPr(MIghe(N 41 | ghe(rm) {11)
IN ~

The sum runs over all permutations 7 of ¥ + N indices, ¢* and #* are given by (6) and
G = N — N is the ghost number, It is convenient to denote the ghost fields AL by B if

G + I is even, they will turn out be auxiliary fields. The action of s and # is given by

s(BLyr-m =, I+ G even, (12a}
s(ALywrerr = (BL Y I+Godd,G<I -3, {12b)
S Af_ Yt = @, (AfT) B 4 (SRR, {12c)
F(BLY8r = §,(BEFY yrrrBr (8L pemre I + G even, {(13a)

"’_(AIG)“'"” _ w,(Bé__:‘ )m-nw _ ay(Aétli )Wh-nm + (Sé_l)"““'“, I+ QG odd. (13;3)

The algebra (la} may easily be verified once one has established the relation

3(5(!;_1 }.us---uz + 5(5'5“)““"“ - 3y(5(1}+1)vm---m_ (14)



The most general local action which conserves ghost number and parity and is invariant
under this BRS algebra (3,6,12,13) is — at least in the quadratic approximation™ - specified
by a scalar Lagrangian L;,, composed out of the metric (for simplicity we consider pure
gravity), and a s-3-invariant part of the form s5X, which is the only way the Lagrangian
can depend on ghosts [3]

L= C.-m,(g) + 25X, (15)

Linw is required to contain two derivatives at most and therefore consists of Einstein’s
action and a kinetic energy and a potential for /=g [1] {recall that the coordinate trans-

formations. are restricted).

Line = 3V/~9R+ K/ =9)9" 0/ =g0/=5 ~ V(V=3). (16)

The lasi 2 terms are responsible for the fact that for ¥ > 0 the metric contains a massive
physical particle, the dilaton, in addition 1o the two helicity states of the graviton. The
gauge fixing and the ghost Lagrangian enter the action via s5X (15) where X is a Lorentz-
scalar with vanishing ghost number. X c¢an be suitably chosen such that the propagators
of all fields become (algebraically) well-defined. We require X to contain no derivatives in
order to avoid higher derivatives and to keep the ghosts BL (I + G even) auxiliary. If in
addition X consists only of the lowest powers of the fields it is given by

X =—ongu+ 3, ab(Algl4h) (17)

0<GLI-1
4G odd

with resl or imaginary parameters a, af according to

o = —a, (aé)' = (")G+laIGa (18)

N is the Lorentz metric diag(1,—1,—1, 1) and the scalar product ( | ) is introduced as

a shorthand for

1
(AJLG!A{?) = ﬁ(AiG )M"'FI(AE)“'"W Rpawy « =~ Tpger- {19)

* The general case is under study.

X (17) does not contain terms (B ;|BL), I + @ even, because they are annihilated by s

and would not contribute to £ (15).

Because of the reality properties (1¢,10,18) the action is real and the S-matrix (pseudo-}
unitary. Changing the parameters  and af; does not influence physical amplitudes ($[2)).
By definition [4] they involve only states satisfying

s|$) = 0. (20)
S0 the amplitudes are invariant
8{p|x) = (p|ss6X ix} = (s$|56X|x) =0 (21)
as long as § X perturbes analytically,

To exhibit the particle content and to establish positive norm of the physical states it
is sufficient to investigate the linearized theory. We expand £ (15, 18, 17} to second order
in '

Ry = Guv — Npw (22)
and the ghosts AL, BL. Ordered according to ghost number one has
L=Lo+ L1+ Ls+ Ly, (23)
Lo = L (0#hP7B,hpe — 8*RYBLRE — 20,h74(8 Ry, — BuR3))
+ £ (3,h0%R} — MB(RY) +200,0 s, (BI™
+ 3(BE|BE + 0A3) + 203(BEIdA3) + a2 (BAIBY), (24)
£; = ~2000(04%, )" D,(0A2), + a}(dA%, | BY) + al(B, |d42)
+ (20§ — af}(B2,|BY) ~ o3(B2,184}) + 204(84%,|BY), (25)
Lo = of(842,|8A3) + ai(BY,1dA}) + o3 (dAL,]B3) + (of — i )(BL,|B3),  (26)

L3 = —od(8A%,|8AY). (27)
d denotes the exterior derivative ,i. e.

1
(B*1)dal) = E(BI“)*‘““"'“3;.1(141)“1...“4,,, (28)



and (§4)42-81 = §, (AF)#1#1, The mass Mp of the dilaton vkh?} is given by

, 1 8 Y
(We have chosen 3%%;' =t = 0 without loss of generality to make the expansion (22)

consistent.}) Note that only the curl*
A 15
9uCy —8,Cn,  Cp = hrg— 58,A3, (30

of the familiar harmonic gauge term C,. couples to the auxiliary field B#* = (B})*. The-
refore the gauge fixing leads to higher derivatives of the metric. In addition the kinetic
energy of the ghosts A%, contains higher derivatives. Usually higher derivatives are unac-
ceptable because they lead to negative norm states. In our case, however, these negative
norms are harmless as they do not occur for physical states (20). Actually the higher
derivatives are essential to yield an odd number, namely 3, of physical degrees of freedom,

-as we shall see shortly.

If a Lagrangian contains higher derivatives £(g, ¢, §) one introduces [6] new coordinates
¢ via the equation ¢ = ¢ which can be enforced by a Lagrange multiplier. Then the
Lagrangian contains first order derivatives only with constraints among coordinates and
canonically conjugate momenta. Working out the Dirac-brackets [7] one obtains two sets

of canonical phase space coordinates g, p, §, § where

ﬂ(ﬂ!?! és ﬁ) = pﬁ + ﬁﬁ - ﬁ(?a ﬁ! &)) (31)
. 0£(g,4,9)
b= (32)

If the Lagrangian has a continuous symmetry
sL{¢,8,¢,8,8,4) = 8,A", (33)

the conserved Noether current is given by

NN TS o’ .,
3= (s) (a(am) 8"a(a»a,¢))+( %5000 (34)

* Subsequently this curl has been used for gauge fixing also in general relativity [5].

7

(which reduces to the better known current if 8_(%3-{) = 0). The Lagrangian (23 - 27)
yields a consirained phase space where all constraints are second class (confirming that the
gauge fixing is complete). Quantization proceeds by imposing the commutation relations
corresponding to the Dirac brackets. The BRS-transformation is then generated by the

charge
§= fdszjo = fdam %A#VB”BA" + i(@ji“ + 8*8A%N B0 — 2682hy,)

1 ; 1 1
- " 8u04, + ShyDOA* — 2hR00A" — 2008,84°
+ a{ B** 8 — 82 BP (1,384, + nwth84,)

. (35)
+ o (0437 9,(94L,), +(943)°% D(BAL, ), — MOA3)#05(94,),)

af 3 i of 3 3vij o 3 if 4
+ 57 (Bi)eis BY + S5p(BL1)0if(043)7 — S (04%,)7(843 oy

o i 2a3 i ol ..
+ 5 (B oisa(BL )% + 3—!"(83)0,-,1,(3?)"" = Sr{BLa)osn{043) 7

An analogous formula holds for 3.

The ghosts compensate for the unphysical degrees of freedom which propagate after
gauge fixing. The effective number of degrees of freedom is therefore obtained by counting
negative (positive) all pairs of anticommuting (commuting) phase space variables {8]. Dis-
regarding higher derivatives one counts 10 from the metric and 12 from commuting ghosts
minus 16 from anticommuting ghosts resulting in 6. However 3 of the 10 components of .
the metric and the 2x3 components (41,)% i =1,2,3 of the anticommuting ghosts A%,
enter the Lagrangian with second time derivatives. In toto there are 3 degrees of freedom
in agreement with the analysis of the classical theory [1}. This simple counting argument
is confirmed by the mode expansion of the asymptotic fields in terms of 47 creation and

annihilation operators.

To show that physical states have positive norm we group the creation operators into
BRS-multiplets [4]. There are 11 multiplets consisting of 4 creation operators (af, sat, 3at,

s5al} each. The BRS-singlets sZa’ generate zero norm contributions to the physical states



and drop out if one defines physical states modulo states of the form s|x) + #j¢). There
remain 3 BRS singlets: the 2 transverse graviton creation operators and one massive spin
0 creation operator. All 3 generate positive norm states provided the parameter k in the

Lagrangian (16) is positive. This establishes that physical states have positive norm.
The propagators of the metric
Bop s = %(’?up’?ﬂv + NavTigs = Mapfav) + % (Badsmun + 8,8,770p)
- bgg (eBumipy + BaBumgu + BpButicn + BpBunan) ~ %Baaﬁa,,a,,

of 1 4
+ @ (E(aaapﬂﬂv + aaav’?ﬁp + aﬂapﬂav + aﬁau’?n:p.) - Eaaaﬁapau)

2 8.959,9,
ED?(0+M3)
(36)
and of the ghosts A%,
agewr = (L @208 papuse  pugunpe _ pguger 4 pBgryen)
+1 4a®  2(a})2O? 37)

3 3
ap _2‘!0 ap Ay _ _av Ba
+ 3P0 (1™ — 0™ 0P

have infrared divergent contributions, i.e. are not the Fourier transform of a well defined
time-ordered vacuum expectation value in configuration space. These divergences occur
in the gauge sector and for commuting and anticommuting fields. So there is a hope that

they cancel in the loop amplitudes.

In this. letter we have described the quantization of resiricted gravity, i. e. established
tree-level unitarity of the $-matrix and positivity of the norm of physical states. Classically
this theory reproduces Einstein’s equations apart from the problematic relation between
energy density of the vacuum and curvature of the ground state [1]. The gauge fixing
introduces higher derivatives into the action, but dees not spoil unitarity. The metric
automatically contains a massive dilaton, which coincides with the trace of the metric up

to a BRS-variation of some antighost creation operator:

hz) = / & kb(ks e*® (S(k’ — MB)RL(K) + 8(k2)(S, al 1(1c)]+) + he  (38)

9

This makes restricted gravity an interesting alternative to Einstein’s theory.
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