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Abstract

A point particle sliding freely on a two—dimensional surface of constant negative curvature ( Hada-
mard - Gutzwiller model ) exemplifies the simplest chaotic Hamiltonian system. Exploiting the close
connection hetween hyperbolic geometry and the group SU{1,1)/{+1}, we construct an algerithm
(symbolic dynamics), which generates the periodic orbits of the system. For the simplest compact
Riemann surface having as its fundamental group the “octagon group”, we present an enumeration
of more than 2 million periodic orbits. For.the length of the nth primitive periodic orbit we find a
simple expression in termns of algebraic nuinbers of the form m + N (m,n € N are governed by a
particular Beatty sequence), which reveals a strange arithmetical structure of chaos. Knowledge of
the length spectrum is crucial for quantization via the Selberg trace formula (periodic orbit theory),
which in turn is expected to unravel the mystery of quantum chaos.

*Supported by Deutsche Forschungsgemeinschaft under Contract No. DFG-Ste 241/4-1



I Introduction

In this paper we are presenting for the first time a detailed description of the spectrum of periodic orbits
(closed geodesics) for the special case of a compact Riemann surface of genus ¢ = 2. This is a surface
of constant negative Gaussian curvature, X' = -1 in appropriate units, which can be considered
topologically as a double doughnut. Such surfaces are currently under intensive investigation [1],
because they vield the most chaotic models of Hamiltonian systems with a few degrees of freedom. In
1898 this point of view had already been stressed by Hadamard who investigated the free motion of
a mass point on such a surface. But now physicists are interested in the connection between classical
chaos and its counterpart in quantum mechanics, which remains a mystery until now. There are some
hints that the eigenvalue spectrum of the quantum mechanical system displays some unique statistical
properties [2], if the classical counterpart is chaotic. The most promising way - as emphasized by
Gutzwiller [3]- is to employ the Selberg trace formula [4,5,6], which yields a kind of duality relation
hetween the lengths of periodic orbits of the classical system and the eigenvalues of the quantum
mechanical system. Until now a direct use of this remarkable fornula was impossible, because of lack
of knowledge of the classical periodic orbits. In this paper we describe the properties of the length
spectrum for the special case of genus ¢ = 2. The application of the Selberg trace formula using this
length spectrum as an input will be published in a subsequent. paper.

The classical dynamics on the pseudosphere, the whole surface of constant negative curvature, can
be described conveniently by one of the models which map the infinitely extended pseudosphere on a
special domain of the complex plane. We use the so—called Poincaré disc, where the special domain
is the interior of the unit circle, i.e. each point of the pseudosphere is mapped into the unit circle on
the complex plane. There one has the metric tensor of hyperbolic geometry (4,7 = 1,2)

4
AT s T W
with = = x4 + iz; and 2% + 22 < 1. The classical motion of a particle of mass m sliding freely on a
surface M of constant negative curvature is governed by the Lagrangian
m  dz'del
L= —gi—— 2
SRRl 2)
and takes place along euclidean circles {geodesics) intersecting perpendicularly the unit circle. The
classical Hamiltonian is given by

1 ..
H = ——p-ap:
5Pig P (3)

where p; = mg;; %T;{ and g'7 is the inverse of g;;. (We call the dynamical system defined by (2} and
{3) the Hadamard-Gutzwiller model.)
The energy £ = I = H is the only constant of motion, and the dynamics is the geodesic flow on

M,
T 2K
ds = \/g;jdz”dr-’ =4 ;di‘

There are no invariant tori in phase space, the system has very sensitive dependence on initial con-
ditions, and almost all orbits are dense [7]. The system has the Anosov property [8] : neighbouring
trajectories diverge with time at the rate e“?, i.e. the trajectories are unstable, a typical property
of chaos. From Jacobi’s equation for the geodesic deviation one obtaines for the Liapunov exponent
w = \/% Pesin’s equality [9], & = w, relates w to the Kolmogorow-Sinai entropy A [10], which in
turn determines the exponential proliferation of the closed periodic orbits :
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where b denotes a primitive periodic orbit and T(b) its period. With I(b) = AT(b) = length of periodic
orbit b with energy F and period T(b), we obtain Huber’s law [11], see Eq.(12) below. Thus the length
spectrum {I(#)} on M shows an exponential proliferation of long periodic orbits.

II The Length Spectrum of Periodic Orbits

11.1 The Fundamental Domain and the Generating Boosts

Here we briefly describe how to construct a compact Riemann surface of constant negative curvature.
The starting point is the whole surface of constant negative curvature called pseudosphere, on which
one can define boosts in analogy to translations on the plane. These boosts together with the rotations
span the three—dimensional Lorentz group £ on the pseudosphere. Considering a discrete subgroup
G C L containing only boosts, one can tessellate the pseudosphere by identifying the points z and z',
where =’ = bz and b € G. Figure | shows the tessellation of the pseudosphere in regular octagons.
The distortion of the octagons near the boundary of the Poincaré disc is due to the metric (1).
The tessallation can be viewed as cutting out a piece of the whole pseudosphere and gluing together
the edges according to the connection rules of the group G. As already mentioned, we use the
Poincaré disc as the model for the psendosphere. There the Lorentz group is the pseudo-unitary
group SU7(1,1}/{+1}, because in the Poincaré disc D a boost or a rotation can be represented by
2 x 2 matrices

a B .
Tl( 3t a* ) 1 Ea{z—‘ﬂﬂ?:l : (4)
if one defines the action of T on z € I as the linear fractional transformation
az + 3
=T —/— 5
5z + a* ()
The boosts are hyperbolic transformations, i.e. 3|Tr(T)| = |Ra| > 1, whereas rotations are elliptic

ones, Ra| < 1. If the subgroup G is generated by the 2¢g generators (g > 2)

km
hi % sinh &
by = *.C;S 2 ¢ 77 smig , k=0....,2¢9-1 (6)
e "% sinh % cosh &2
( and their inverses, k = 2g,....49 — 1) where
{ 7
cosh — = cot — \ {7)
2 4q

the resulting fundamental domain, which has 4¢ edges and an area of 4 = 47(g — 1), represents a
regular surface of genus g.

The 2g generators differ only by the factor ei%r in the offdiagonal of (6) which determines the
direction of the invariant line, defined as the geodesic curve C which is mapped under the action of
b, onto itself. The invariant lines of the bx’s intersect each other at angles of ¢ = 75 at the origin
z = 0 yielding a regular fundamental domain. Eq.(7) follows from elementary hyperbolic geometry:
The dotted triangle in Fig. 1 has an area

A 4m{g—-1)
Aa= = =1-(at+f+y),
Bg &g
and from a = % = 3’:—; and v = 7 one obtains g = fg = . Furthermore (see Fig. 1)
cos 3 T
coshbh = \ =cota = cot —
SII (X 4g

and realizing that by translates a point = by the distance Iy = 2b, one arrives at Eq.(7).
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I1.2 The Periodic Orbits

Now we describe our method to find all periodic orbits, at least theoretically. In practice this method
yields the lower part of the length spectrum which is most important in using the Selberg trace formula.

Every group element b € G belongs to a periodic orbit. Hence one can find the length spectrum
by calculating all group elements by forming the product out of the generating boosts b, and their

IIl‘v erses
b=b by, ... b = (!; ﬁi) . (8)

The length [{b) of the periodic orbit belonging to this & € G depends only on the real part of
I(b) = 2arcosh|Ra| . (9)

To confirm Eq.(9), consider the eigenvalues of the matrix b, which represents the corresponding
generator:
! 3T 1
cosh 2 — A 29 ginh ¢ l
det ik’ [ € 2 | =A7- 2 cosh=+1=0
€ ?9sinh$ cosh %l - A 2

l / l
A2 = cosh 50 + y/cosh? ED -1 . (10)

The eigenvalues are fixed by the length Iy of the periodic orbit. Repeating the same procedure for an
arbitrary boost b € G as given by Eq.(8), one obtains for the eigenvalues A ; = Ra £ /{Ra)?

Since G is a subgroup of the guotient group SU7(1,1)/{+1}, one must take |Ra} instead of Ra, wh]ch
then gives Eq.(9).

However, if one would generate all group elements successively one would count the orbits repeat-
edly because two group elements b and b have the same orbit if they belong to the same conjugacy
class [b] = {#'|p' = bbb='.b € G}. In other words, one must generate the conjugacy classes instead of
the group elements 1tself In addition, there is the identity

boby Mb2b3 Tbg Tk by = 1,
which has to be used in its many equivalent forms in the process of enumerating the conjugacy classes.
Therefore we developed a computer program which successively generated the conjugacy classes for
the surface of genus g = 2 corresponding to the regular octagon shown in Fig.1. It calculated all
conjugacy classes which had elements consisting of a product up to 9 generating boosts b;. This
program provided more than 2.6 million conjugacy classes to which bhelong more than 21,000 orbits
of different lengths. The first 80 different lengths of primitive orbits are given in Table 1. The Table
shows that many orbits have the same length which is denoted as multiplicity. This multiplicity is
expected to be a bit too low at greater lengths because our computation takes only into account the
conjugacy classes consisting of products of at most 9 generating hoosts. Products of ten and more
generating boosts may contribute to the length spectrum at length of order 11 or larger. The column
“multiplicity™ in Tahble 1 sometimes contains a nwmber in parenthesis which must be added to the
multiplicity if one is interested in the multiplicity of all orhits including multiple traversals, i.e. non
primitive orhits. The integers ' and 7n are explained in Sect. I1.4 below.

Some periodic orbits are shown as an illustration in their fundamental domains in Figure 2. Figures
2a to 2f display orbits in the regular octagon, whereas Figures 2g and 2h represent examples in the
case of surfaces of genus ¢ = 3 and g = 8 respectively.
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length of periodic orbit | multiplicity | m | n || length of periodic orbit | multiplicity | m | n
3.0671418390 24 1 1 10.8758208811 96 57 1 41
4.8969048954 24 3 2 10.9343449467 256 59 | 42
5.8280707754 48 5 3 10.9912049969 432 61 | 43
6.1142836779 0 (24) 5 4 11.0464930504 96 63 | 44
6.6720057699 96 7 5 11.0689538604 288 63 | 45
7.1073758741 48 9 6 11.1221615882 192 65 | 46
7.2631634751 48 9 7 11.1739903506 384 67 | 47
7.5956918304 8 11 8 11.2450675676 544 69 | 49
T.8806922887 96 13 9 11.2938444648 272 71 | 50
8.1300755289 48 15110 11.3414600077 272 73|51
§.2249036233 192 15111 11.3608557221 96 73| 52
8.4368496405 48 17 12 11.4069202001 672 75 | 53
8.6284636565 96 19 | 13 11.4519475300 192 77 | 54
8.7027505564 48 19 | 14 11.4703055581 464 77 ] 55
8.8714798107 288 21 | 15 11.5139434106 48 79 | 56
90270717197 12 L 23116 11.5566494092 648 81 | b7
9.1714255169 48 (24) 25 | 17 11.5984625221 40 83 | 58
9.2282950896 96 25 | 18 - 11.6155292590 544 83 | 59
9.3592716579 192 27 119 11.6561415509 192 (48) 85 | 60
9.4821941493 48 29 | 20 11.6959455360 416 87 | 61
9.5309770571 192 29 | 21 11.7122036393 288 87 | 62
9.6440656486 96 31 | 22 11.7509179318 496 89 | 63
9.7510997583 336 33 | 23 11.7888970234 96 91 | 64
9.7938097907 4 (24) ]33] 24 11.8044196553 192 91 | 65
9.8933106878 192 35| 25 11.8414054395 352 93 | 66
9.9880946367 192 137 | 26 11.8777196407 544 95 | 67
10.0°785887303 192 39 | 27 11.9133862138 24 97 | 68
10.1149054114 96 39 | 28 11.9279754971 512 97 | 69
10.1999558888 384 41 | 29 11.9627646508 352 99 | 70
10.2815363765 96 43 | 30 11.9969589861 384 101 | 71
10.3143770353 192 43 | 31 12.0443403136 544 103 | 73
10.3915072941 32 45 | 32 12.0771791386 288 165 | 74
10.4657729697 384 47 | 33 12.1094874621 352 L1671 75
10.5373792543 96 49 | 34 12.1227186314 96 107§ 76
10.5663046423 288 49 | 35 12.1543053200 800 109 | 77
10.6344594911 96 51 { 36 12.1854008904 352 111 | 78
10.7003680283 272 53 | 37 12.1981408207 368 111 1 79
10.7270445783 96 53 | 38 12.2285673558 48 (24) | 113 | 80
10.7900178989 560 55| 39 12.2585379275 736 115 | 81

i 57 | 40 12.2708217905 96 115 | 82

Table 1: The first 80 lengths of the length spectrum of the regular octagon



11.3 The asymptotic behaviour of the length spectrum

Let us define the number N(!) of all primitive orbits of length less than [ by

N(l):= Zgn (11)
la<l
where the ¢,'s are the multiplicities of the lengths [,, which are ordered as 0 < Iy < Iy < Iy < ....
The periodic orbits proliferate exponentially for long lengths as shown by Huber [11]

{ N !
N~ (ZD% + O(I“Nl)) Ll (12)
This behaviour is characteristic for chaotic systems, whereas a power-law determines the proliferation
of periodic orbits in the case of integrable systems. The asymptotic expression (12) coincides well with
our computation down to the shortest lengths as depicted in Fig. 3, where we take into account the
correction terms up to N = 3. Above [ ~ 12 the calculated staircase function is below the prediction
(12), see the dotted line in Fig.3, which is a reflection of missing lengths as explained in Sect.IL.2.
With the aid of our computation we have empirically found the law which determines the proliferation
of the different lengths themselves

M= 1 (13)
In<l
without regard to their multiplicities. The law
. 2 1
N{l)~-e2 , l—00 , (14)
P

with p = 11.3 is in excellent agreement with our numerical results. In order to check Eq.(14), consider
the length differences between two adjacent lengths (“length density™)

1 AN  dN(L) 1 14
— ~ ~ —€ 2 (15)
iy~ 1, Al dl P
and define
e
6(n) = (lns1 - ln)‘;— (18)

which should fluctuate around 1 if Eq.(14} is correct. Indeed this behaviour is confirmed in Fig. 4,
where we use p = 8y/2 as will be explained later. The exceptionally high spikes seen in Fig. 4 are
almost certainly due to missing orbits which are generated by more than 9 boosts. The law (14)
uniquely determines the mean multiplicity ¢(I}): To be consistent with Huber’s law, the following
asymptotic law should hold

!

(i) w:fli : (17)

Figure 5 reveals large fluctuations around this mean multiplicity §(i). If one compares, however, the
mean value g, over the intervall (I, — 1,1, + %]

Gn = % Z Ik (18)

ln—3 <lp<lnt}

with the mean multiplicity §(!), one observes good agreement until lengths of order 11 or 12 (Fig. 6).
Above these lengths the mean multiplicity §, lies somewhat below g(!) for reasons explained above.



I1.4 Arithmetical Properties of Periodic Orbits

a i ,
bﬁ(ﬁt 0*)€G

can he represented in the case of genus ¢ = 2 by algebraic numbers ( here the algebraic numbers are
7 .
of the form ny + +v2n2 , 3,2 & N )

Each boost

a =1y +V2ny + ilns + \/5114) =g V2D , (19)

where n; € N and @ = ny +inz, b = ny + iny. The offdiagonal element 3 has the form 3 =

-
\/1 < /2{c + v/2d) where ¢ and d are of the same form as a and b but with n; € Z. Indeed, any boost
b € (& has the representation

Lo /777777
a -+ V'2b VI Vate + Vad) ) : (20}

b= ——— -
\fl—k V2{er 4 v@d*) a* 4+ 4/ 2b*

because on the one hand the generating hoosts b, have this form as follows from Eqs.{6) and (7) for
genus g — 2 combined with

=1 EV2 (21)

and on the other hand every product of matrices of the form (20) is again a matrix of this form :

b - at V2b Y1+ V2 + v2d) i+ V2b \/Ijﬁ(a ++/2d)
Y1+ V2t + V2 a* + /2b° Y1+ V206 + V2dY) @t v2br
a 5 |
- ( 4 e ) (22)
where

a' + V2t (23)
VI V2R 4+ V2 (24)

o= {a+ V26)a+ v26) + (14 V2){c + V2d)(é* + V2d*)
3= V/f-: /2 [(a + V2b)(¢ 4 V2d) + (e +V2d) (@t + \/'éif)]

il

and a',b".¢'.d" are again of the form nj + in}. Thus each orbit length is simply determined by
IRat = m+v2n . m.n € N, and because of this important fact these two integers are given in Table
1 too. There one makes a surprising discovery: The n’s are running through all natural numbers with
two exceptions, because there are no orbits at n = 48 and n = 72. These voids are probably filled
up if one takes into account conjugacy classes with elements consisting of ten and more generating
boosts. The rule for the integers m is not so simple. Thev run through all odd integers but there are
sometimes “pairs” of odd integers without any systematics, as it appears at first sight. Nevertheless
one can reproduce the sequence (m,n) by the following “v/2-rule™

e n=1,2,3,...

o m is that odd natural number which minimizes ;7 — V2] .



So the sequence (m,n) is simply a sequence which approximates v/2 supplemented by the subsidiary
condition that m is an odd natural number. Therefore the length spectrum is completely determined
by its arithmetical properties, see Eq.(26) below. Unfortunately we are unable to formulate a likewise
simple rule for the multiplicity.

We would like to mention a connection between the “pairs™ in the n sequence and the so—called
Beatty sequence. The “pairs™ of m occur at the following values of n:

3,6,10,13,17, 20,23, 27, 30,.... (25)

The same sequence appears in a special case of Beatty’s theorem [12] which states:
If% + i =1, where x and y are posttive irrational numbers, then the sequences

=], [22], [32]... {v],{29).[39]....

together include every positive integer just once, where [z| means the integral part of z.

By the special choice # = 2+ /2 and y = v/2 the sequence [z], [2z],]3z], ... is exactly the sequence
(25).

Let us now show that the law (14} follows from the “y/2-rule”. Writing Eq.(19) in the form

L,
coshE:m+\/§n , mneN (26)

we could use m = [v/2n] . But to get a more manageable expression we instead use the asymptotically
correct value m = +2n despite of the fact that this m is not an integer of course. Then we can

asymptotically express Eq.(26) as .

%e% ~ 2V2n (27)
or

7o~ —1~617n . (28)

42

Realizing that [, is the nth length we have recovered Eq.(14] :

23rm

- 2
N{D) ~ e . whence = 84/2 . 29

W~375 p (29)
The theoretical value p = 82 = 11.31... is in excellent agreement with our empirical value 11.3
determined from Fig. 4.

IIT Summary and Discussion

In this paper we have presented for the first time an explicit epumeration of the shortest periodic orbits
{classical paths) for a prototype example of a chaotic Hamiltonian system: a point particle sliding
freely on a two-dimensional surface of constant negative curvature. Our computations crucially relied
on the intimate relation between the periodic orbits and the topology, geometry and group theory of
‘compact Riemann surfaces of genus g > 2. To keep things as simple as possible, we have chosen g = 2
and considered the most regular fundamental region, i.e. the hyperbolic octagon shown in Fig. 1. The
corresponding Riemann surface M can be identified with D/, the action of a particular Fuchsian
group, the “octagon group” G on the Poincaré disc D. The octagon group & can be constructed from
8 generators by (k = 0,1,...,7) playing the role of boosts, whose explicit matrix representation has
been given in Eq.(6). By forming all possible “words™ of arbitrary length from the alphabet consisting

—
i
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of the 8 “letters™ by by matrix multiplication, one can construct in principle all group elements of G.
Of great importance is the classification of the group elements in terms of conjugacy classes, since such
a classification is equivalent to an enumeration of periodic orbits on M. The (hyperbolic) length I(b)
of a periodic orbit corresponding to a given group element b € G is uniquely determined by Eq.(9).
Although one is led along these lines to a well defined algorithm for calculating the periodic orbits
together with their lengths, the actual computation could only be carried out on a large computer.
Within the computer time available to us, we were able to reconstruct all words with a maximal length
of 9 letters. As a result we obtained 2,605,593 primitive periodic orbits. The shortest 80 lengths and
their multiplicities have been given in Table 1. A few typical examples of periodic orbits have been
displayed in Figs. 2a-h. Surprisingly enough, the “length staircase” N (I}, defined in Eq.(11), is nicely
described by the asymptotic behaviour (12} down to the shortest lengths, as can be seen from Fig.3.
Only at the upper end of the staircase one ohserves a deviation, which is caused by missing words
formed out of 10 or more letters.

In Sect. II.4 we derived a curious representation of the group elements b € G, Eq.(20), in terros
of algebraic numbers of the form ny + v/2ny , n; € Z. Thus the length spectrum {{(4)} is completely
determined by its arithmetical properties as given in Eq.{26). We have thus discovered a close con-
nection between the length spectrum of the octagon group G and number theory. It is hoped, that
this connection can be deepened in order to shed some light on the multiplicity distribution and to
reveal the arithmetical structure of chaos. Work in this direction is being carried out. Using the
arithinetic properties of the length spectrum we could derive the asymptotic law (14) and thus predict
the value 8v/2 for the parameter p which, originally, was introduced as a free parameter in Eq.(14).
The predicted value for p is in excellent agreement with our numerical results (see Figs. 4-6) which
gave p = 11.3.

The length spectrum obtained in this paper constitutes an important input in the Selberg trace
formula [3-6], which is an exact substitute for the Bohr-Sommerfeld-Einstein quantization rules for
our chaotic system, and which can be interpreted as an (exact) instanton—gas evaluation of the cor-
responding Feynman path integral. It establishes a striking duality relation between the quantum
mechanical energy spectrumn and the lengths of the classical trajectories. On the basis of this exact
“periodic orbit theory”™ we hope to unravel the mystery of quantum chaos. Investigations along these
lines are under study and will be published elsewhere. '
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tessellation of the pseudosphere in regular octagons.



& *

Fig 2a - The periodic orbit in the regular cctagon belonging to Fig. 2b : The perjedic orbit in the regular octegon belonging to
bg bs by~ by! Bo byt by byl by b,
(m.n) = (2318) , 1, = 9.02707... (mn) = 25.3 o ln = 582807 .,

»

Fig. 2c : The periodic orbit in the regular octagon belonging to Fig. 2d : The periodic orbit in the regular octegon belonging to
ba by b ! by by byt . bo by be byt De byt .
(m.n) = (39.27) . l. = 10.07858... (ma) = (1511 : 1. = 8.22490

.

Fig 2e © The periodic orbit in the regular octagon belonging to Fig. 2 : The periodic orbit in the regular octagon belonging to
by by by ba byt bo by be be bo™! byt byl byt
{mmn) = {15.11) : 1, = 8.22490.... (m.n} = (25343,17920) : 1, = 23.05309....
~

©
&

Fig. 2¢ : The periodic orbit in the case of genus g=3 belonging to Fig  Zh . The periodic orbit in the case of genus g=8 belonging teo
bo by bs by by . be bs bs by . !
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Fig. 5 ¢ The multiplicity g, of the orbit length 1, plotted as squares is
compared with the mean multiplicity (17) ( the smooth curve } .
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Fig. 6 : The mean multiplicity (18) is plotted as dashed line and is compared with
g(l} eq.(17) { the smooth curve ) .



