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Gravitational radiation from inspiralling compact objects:

Spin effects to fourth Post-Newtonian order

Gihyuk Cho,1 Rafael A. Porto,1 and Zixin Yang1

1Deutsches Elektronen-Synchrotron DESY, Notkestr. 85, 22607 Hamburg, Germany

The linear- and quadratic-in-spin contributions to the binding potential and gravitational-wave
flux from binary systems are derived to next-to-next-to-leading order in the Post-Newtonian (PN)
expansion of general relativity, including finite-size and tail effects. The calculation is carried out
through the worldline effective field theory framework. We find agreement in the overlap with the
available PN literature and test-body limit. As a direct application, we complete the knowledge of
spin effects in the evolution of the orbital phase for aligned-spin circular orbits to fourth PN order.
We estimate the impact of the new results in the number of accumulated gravitational-wave cycles.
We find they will play an important role in providing reliable physical interpretation of gravitational-
wave signals from spinning binaries with future detectors such as LISA and the Einstein Telescope.

Introduction. The dynamical evolution of compact bi-
naries has been the main cause of the gravitational waves
(GWs) detected by the LIGO-Virgo-KAGRA interferom-
eters [1–3], and will continue to be one of the primary
sources for future GW observatories such as the Laser In-
terferometer Space Antenna (LISA) [4] and the Einstein
Telescope (ET) [5]. The GWs produced by the inspiral,
merger, and ring-down from the expected several two-
body events will carry vast amounts of information that
can shed light on long-standing problems in astrophysics,
cosmology, and particle physics [6–9]. In particular the
spin of the constituents, which has been found to be large
in several recent detections [3], is not only strongly cor-
related with different formation channels, e.g. [3, 10–
15], also offers a window to physics beyond the standard
model, e.g. [16–24]. Therefore, high-precision waveforms
incorporating spin corrections are an essential ingredient
to exploit the discovery potential in GW astronomy.

After a concerted effort involving both numerical [25–
28] as well as analytic techniques [29–31], GW template
banks have been successfully used to analyse the GW
data collected thus far [1–3]. However, while current
templates may be sufficient for detection, when it comes
to parameter estimation, the formidable empirical reach
of future experiments require higher levels of accuracy,
both for the Post-Newtonian (PN) inspiral regime as
well as merger stages of the binary’s dynamics [32–35].
Presently, although partial results for the derivation of
the evolution of the orbital phase in the inspiral regime
are known at 4PN order for non-spinning bodies through
various computations [36–48], and even higher orders in
the conservative sector [49–56], spin contributions have
not been pushed so far to the same relative level of accu-
racy. In particular, for radiative effects, while spin-orbit
corrections were obtained to next-to-next-to-leading or-
der (N2LO) [57, 58], complete spin-spin effects are only
known to NLO [59–66]. In this letter we fill this gap
and report the completion of spin effects to N2LO in the
PN expansion and to quadratic order in the spins, corre-
sponding to the 4PN order for rapidly rotating bodies.

The derivation involves several ingredients, which we
obtain using the worldline effective field theory (EFT)
framework in the PN regime [67, 68] extended to spin-
ning bodies [59–64, 69]. The EFT approach uses power-
ful tools from particle physics resembling, for instance,
methodologies used in the calculation of binding energies
for heavy quark states [70]. The problem of motion is
thus reduced to a series of Feynman diagrams, involving
potential and radiation modes, which are constructed by
iteratively solving for the (classical) gravitational field
sourced by compact objects treated as point-like objects.
Utilizing the EFT formalism, we have compute the grav-
itational potential and necessary radiative multipole mo-
ments at linear and quadratic order in the spins en-
tering in the flux to N2LO, including finite-size effects.
The completion of spin contributions at 4PN entails also
the so-called tail effect, due to the scattering of the out-
going radiation off of the background geometry, e.g. [42],
which we incorporate through the EFT approach. The
values for all of the intermediate (very lengthy) results
are displayed in the ancillary file, see also the supplemen-
tal material. Perfect agreement is found in the overlap
with previous results in the literature [57, 58, 71–77].

From the binding energy and radiated flux we derive
the imprint of spin effects in the orbital phase evolution
for aligned-spins circular orbits. As a measure of the im-
pact of the new terms, we estimate the accumulated GW
cycles for various paradigmatic astrophysical configura-
tions as well as detector-sensitivity curves. We find the
N2LO spin terms make a significant contribution both in
ET and LISA frequency bands. (The effect increases the
larger the mass ratio, which coincidentally is expected to
correlate with larger spins [13].) This is partially driven
by quadratic-in-spin terms carrying information about
the inner structure of the compact objects. The results
presented here will therefore play an important role in
elucidating the origin of binary black holes as well as
aiding future discoveries, such as new dark objects [24]
or clouds of putative ultralight particles induced by su-
perradiance [16–23], through GW precision data.
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Figure 1. Topologies needed for the N2LO potential (see text).

Worldline EFT approach. The effective action is ob-
tained in the weak-field regime by solving for the metric
perturbation in the (classical) saddle-point approxima-
tion [59, 67]. The compact bodies are described by the
Routhian,

R = −1

2

∑
n=1,2

(
mn gµνv

µ
nv

ν
n + ωabµ Snabv

µ
n (1)

−
C

(n)
ES2

mn

EabS
ac
n Sn c

b√
vµnvnµ

+
1

mn
RdeabS

ab
n S

cd
n v

e
nvn c + · · ·

)
,

which serves both as a Lagrangian for the position vari-
ables (xαn, v

α
n) and a Hamiltonian for the spin, projected

onto a locally-flat frame, Sabn ≡ eaµe
b
νS

µν
n , and coupled

to ωabµ , the Ricci rotation coefficients. The free parame-

ters include the masses, mn, as well as C
(n)
ES2 , which ac-

counts for finite-size effects [59–62]. The latter couple to
Eab, the electric component of the Weyl tensor. The last
term in (1), involving the Riemann tensor, ensures the
covariant spin-supplementarity-condition, Sabvb = 0, is
preserved upon evolution. However, for convenience, our
results will be presented in terms of (Newton-Wigner)
precession-only spin variables. The ellipses encapsulate
higher orders in spin and curvature, which are not rele-
vant in this letter. See [31] for more details.

Gravitational potential & Binding energy. The deriva-
tion of the potential follows by computing the ‘vacuum-
to-vacuum’ amplitude in the presence of external sources,
by integrating out the off-shell quasi-instantaneous modes
of the gravitational field. The associated Feynman di-
agrams needed to N2LO are depicted in Fig. 1. The
worldline couplings, depicted as a black disc, include the
mass as well as the linear and quadratic spin terms shown
in (1). The dashed lines represent the potential modes of
the gravitational field responsible for the binding of the
two-body system. Hence, the Green’s function (a.k.a.
propagator) must be PN expanded [67]

i

(k0)2 − k2
= − i

k2

(
1 +

(k0)2

k2
+ · · ·

)
, (2)

with each factor of (k0)2 scaling as v2.

From the gravitational potential, and after transform-
ing to conserved-norm spins, we derive the equations of
motion including the spin precession, which are displayed
in full glory in the ancillary file. We then compute the

binding energy, which can be written as

ESO =
GMν

r2

[
e0

3 +
1

2

(
e0

5 +
GM

r
e1

5

)]
+
GMν

4r2

[
1

2

(
e0

7 +
GM

r
e1

7

)
+
G2M2

r2
e2

7

]
, (3)

for the spin-orbit terms, and

ESS =
Gν

4r3

[
e0

4 +
1

2
e0

6 +
GM

r
e1

6

]
+

Gν

16r3

[
1

2
e0

8 +
GM

r
e1

8 +
7

2

G2M2

r2
e2

8

]
, (4)

for spin-spin contribution. The value for the eij PN
coefficients are given in the supplemental material and
ancillary file. We use M ≡ m1 + m2 for the total
mass, ν ≡ m1m2/M

2 for the symmetric-mass-ratio and
r ≡ |x1 − x2| the relative distance, respectively. We use

the parameter δ ≡ (m1−m2)/M , and κ± ≡ C(1)
ES2±C(2)

ES2 .
For the spin variables we use the standard, e.g. [29],

S ≡ S1 + S2 ,

Σ ≡M
( S2

m2
− S1

m1

)
.

(5)

Radiated flux. The emitted power is obtained by
matching the one-point function to a long-distance world-
line effective theory for the binary system treated as
a point-like object endowed with multipole moments.
The action includes, in addition to the (Bondi) mass-
energy monopole term, −MB

∫
dτ , a series of symmetric-

trace-free (STF) source mass, IL, and current, JL, time-
dependent multipoles, with L ≡ {i1 · · · iL}, [68]∑
`=2

(
1

`!
ILSTF∇L−2Ēi`−1i`−

2`

(2`+ 1)!
JLSTF∇L−2B̄i`−1i`

)]
,

(6)
which couple to (covariant) derivatives of Ēij and B̄kl,
the electric and magnetic components of the Weyl tensor
involving only the background radiation field. The rele-
vant topologies are shown in Fig. 2. The wavy line rep-
resents the on-shell radiation, which couples both to the
constituents of the binary as well as the binding modes.
From the source multipoles we compute the energy flux
by squaring the emission amplitude [68],

Fsrc = G

(
1

5
I

(3)
ij I

(3)
ij +

16

45
J

(3)
ij J

(3)
ij +

1

189
I

(4)
ijkI

(4)
ijk (7)

+
1

84
J

(4)
ijk J

(4)
ijk +

1

9072
I

(5)
ijklI

(5)
ijkl +

4

14175
J

(5)
ijklJ

(5)
ijkl · · ·

)
,

to the desired order. The time derivatives are computed
within the adiabatic approximation, by using the conser-
vative equations of motion.
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Figure 2. Topologies needed to match the multipole moments
entering the radiated flux to NNLO (see text).

MB
<latexit sha1_base64="QOHu3q8cwl2D54+bxxru0WK4dq0=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh5LvXgRKtgPaZeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MdvuQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNxkfueJKs0i+WCmMfUFHkkWMoKNlR7vBmlfCdSYDcoVt+rOgVaJl5MK5GgOyl/9YUQSQaUhHGvd89zY+ClWhhFOZ6V+ommMyQSPaM9SiQXVfjo/eIbOrDJEYaRsSYPm6u+JFAutpyKwnQKbsV72MvE/r5eY8NpPmYwTQyVZLAoTjkyEsu/RkClKDJ9agoli9lZExlhhYmxGJRuCt/zyKmnXqt5FtXZ/Wak38jiKcAKncA4eXEEdbqEJLSAg4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gBVHZAZ</latexit>

Figure 3. Tail coupling between the binary’s mass monopole
and other source moments.

We find for the spin-orbit flux

FSO
src =

8G3M3ν2

15r5

([
f0

3 + 4
GM

r
f1

3

]
(8)

+
1

28

[
f0

5 + 2
GM

r
f1

5 + 4
G2M2

r2
f2

5

]
+

1

84

[
f0

7 +
GM

r
f1

7 +
2

3

G2M2

r2
f2

7 +
4

9

G3M3

r3
f3

7

])
,

whereas, for the spin-spin terms, we have

FSS
src =

2G3M2ν2

15r6

(
f0

4 +
1

7

[
f0

6 +
GM

r
f1

6 + 4
G2M2

r2
f2

6

]
+

1

84

[
f0

8 +
GM

r
f1

8 +
2

3

G2M2

r2
f2

8 +
8

3

G3M3

r3
f3

8

])
.

(9)

The value of the f ij coefficients are displayed in the sup-
plemental material and ancillary file.

In order to complete the derivation of the total flux we
must also include the tail effect, depicted in Fig. 3, where
the radiated field interacts with the background geometry
around the binary system, sourced by the monopole term.
This is often packaged in terms of radiative multipole
moments, which can then be used to compute the total
power using (7). The (leading) tail term yields

Ftail = −G2MB π

∫ [(2

5
Iij(p) Iij(q) +

32

45
Jij(p) Jij(q)

)
− pq

( 2

189
Iijk(p) Iijk(q) +

1

42
Jijk(p) Jijk(q)

)]
×

p3q4 sign(q)e−i(p+q)tdp dq , (10)

where IL(p) is the Fourier transform. In the above ex-
pression the MB includes not only the total mass of the
binary but also the kinetic energy and binding potential
to a given PN order.

Aligned-spin circular orbits. As a direct application of
our results we consider the phenomenologically relevant
case of (planar) circular orbits with the (conserved-norm)
spins being either aligned or anti-aligned with the angular
momentum. In what follow we quote the results using the
following projected (dimensionless) spin variables

Ŝ` ≡
` · S
GM2

, Σ` ≡
` ·Σ
GM2

, (11)

with ` the unit vector in the direction of the angu-
lar momentum. Garnering all the pieces together we
find for the spin-dependent linear- and bilinear-in-spin
binding energy as a function of the orbital frequency,
x ≡ (GMΩ)2/3,

Espin = −
M ν x

2

[
x
3/2
( 14

3
Ŝ` + 2 δ Σ̂`

)
+ x

2

{(
− 2− κ+

)
Ŝ

2
` +

[
κ− + δ

(
− 2− κ+

)]
Ŝ` Σ̂` (12)

+

[
2 ν +

1

2
δ κ− +

(
−

1

2
+ ν

)
κ+

]
Σ̂

2
`

}
+ x

5/2

[(
11−

61

9
ν
)
Ŝ` +

(
3−

10

3
ν
)
δ Σ̂`

]

+ x
3

([
50

9
+

5

3
ν −

5

3
δ κ− +

(
−

25

6
+

5

6
ν
)
κ+

]
Ŝ

2
` +

{( 5

2
+

35

6
ν
)
κ− + δ

[
25

3
+

5

3
ν +

(
−

5

2
+

5

6
ν
)
κ+

]}
Ŝ` Σ̂`

+

[
5− 10 ν −

5

3
ν
2

+
( 5

4
+

5

4
ν
)
δ κ− +

(
−

5

4
+

5

4
ν −

5

6
ν
2
)
κ+

]
Σ̂

2
`

)
+ x

7/2

[( 135

4
−

367

4
ν +

29

12
ν
2
)
Ŝ` +

( 27

4
− 39 ν +

5

4
ν
2
)
δ Σ̂`

]

+ x
4

([
67

12
+

6445

108
ν −

7

36
ν
2

+
(
−

31

4
+

35

18
ν
)
δ κ− +

(
−

125

8
+

1025

72
ν −

7

72
ν
2
)
κ+

]
Ŝ

2
` +

{( 63

8
+

449

24
ν −

553

72
ν
2
)
κ−

+ δ

[
49

4
+

1649

36
ν −

7

36
ν
2

+
(
−

63

8
+

295

24
ν −

7

72
ν
2
)
κ+

]}
Ŝ` Σ̂` +

[
21

2
−

119

12
ν −

135

4
ν
2

+
7

36
ν
3

+
( 63

16
+

77

48
ν −

91

48
ν
2
)
δ κ−

+
(
−

63

16
+

301

48
ν −

499

48
ν
2

+
7

72
ν
3
)
κ+

]
Σ̂

2
`

)]
.
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On the other hand, the energy flux becomes

Fspin =
32 ν2x5

5G

[
x
3/2
(
− 4 Ŝ` −

5

4
δ Σ̂`

)
+ x

2

{(
4 + 2κ+

)
Ŝ

2
` +

[
− 2κ− + δ

(
4 + 2κ+

)]
Ŝ` Σ̂` (13)

+

[
1

16
− 4 ν − δ κ− + κ+

(
1− 2 ν

)]
Σ̂

2
`

}
+ x

5/2

[(
−

9

2
+

272

9
ν
)
Ŝ` + δ

(
−

13

16
+

43

4
ν
)

Σ̂`

]

+ x
3

(
− 16π Ŝ` −

31

6
π δ Σ̂` +

[
−

5239

504
−

43

2
ν +

41

16
δ κ− + κ+

(
−

271

112
−

43

4
ν
)]
Ŝ

2
`

+

{
δ

[
−

817

56
+ κ+

(
−

279

56
−

43

4
ν
)
−

43

2
ν

]
+ κ−

( 279

56
+

1

2
ν
)}

Ŝ` Σ̂`

+

[
−

25

8
+

344

21
ν +

43

2
ν
2

+ δ κ−

( 279

112
+

45

16
ν
)

+ κ+

(
−

279

112
+

243

112
ν +

43

4
ν
2
)]

Σ̂
2
`

)

+ x
7/2

{( 476645

6804
+

6172

189
ν −

2810

27
ν
2
)
Ŝ` + δ

( 9535

336
+

1849

126
ν −

1501

36
ν
2
)

Σ̂` +
(

16π + 8π κ+

)
Ŝ

2
`

+

[
− 8π κ− + δ

(
16π + 8π κ+

)]
Ŝ` Σ̂` +

[
1

8
π − 4π δ κ− − 16π ν + κ+

(
4π − 8π ν

)]
Σ̂

2
`

}

+ x
4

((
−

3485π

96
+

13879π

72
ν
)
Ŝ` + δ

(
−

7163π

672
+

130583π

2016
ν
)

Σ̂` +

[
−

4289

648
−

295

21
ν + 54 ν

2
+ δ κ−

( 935

336
−

2153

144
ν
)

+ κ+

(
−

124577

9072
+

3265

126
ν + 27 ν

2
)]
Ŝ

2
` +

{
κ−

( 74911

4536
−

52411

1008
ν +

1181

36
ν
2
)

+ δ

[
−

160621

9072
+

9977

252
ν + 54 ν

2
+ κ+

(
−

74911

4536
+

41191

1008
ν + 27 ν

2
)]}

Ŝ` Σ̂`

+

[
1633

336
+

465071

18144
ν −

74033

1008
ν
2 − 54 ν

3
+ δ κ−

( 74911

9072
−

46801

2016
ν +

209

144
ν
2
)

+ κ+

(
−

74911

9072
+

102979

2592
ν −

7109

168
ν
2 − 27 ν

3
)]

Σ̂
2
`

)]
.

As a consistency check, this result agrees with the GW
flux computed for a (non-spinning) test body orbiting
around a Kerr black hole in [78], to the given PN order.

We then combine these results to derive the evolution
of the orbital frequency, from which we infer the change
in the orbital phase, φ =

∫
Ω(t)dt, using the TaylorT2

approximant, e.g. [32], yielding

φspin = −
x−5/2

32 ν

[
x
3/2
( 235

6
Ŝ` +

125

8
δ Σ̂`

)
+ x

2

{(
− 50− 25κ+

)
Ŝ

2
` (14)

+

[
25κ− + δ

(
− 50− 25κ+

)]
Ŝ` Σ̂` +

[
−

5

16
+ 50 ν +

25

2
δ κ− +

(
−

25

2
+ 25 ν

)
κ+

]
Σ̂

2
`

}

+ x
5/2

log x

[(
−

554345

2016
−

55

8
ν
)
Ŝ` +

(
−

41745

448
+

15

8
ν
)
δ Σ̂`

]

+ x
3

(
940

3
π Ŝ` +

745

6
π δ Σ̂` +

[
−

31075

126
+ 60 ν +

2215

48
δ κ− +

( 15635

84
+ 30 ν

)
κ+

]
Ŝ

2
`

+

{(
−

47035

336
−

2575

12
ν
)
κ− + δ

[
−

9775

42
+ 60 ν +

( 47035

336
+ 30 ν

)
κ+

]}
Ŝ` Σ̂`

+

[
−

410825

2688
+

23535

112
ν − 60 ν

2
+
(
−

47035

672
−

2935

48
ν
)
δ κ− +

( 47035

672
−

4415

56
ν − 30 ν

2
)
κ+

]
Σ̂

2
`

)

+ x
7/2

{(
−

8980424995

6096384
+

6586595

6048
ν −

305

288
ν
2
)
Ŝ` +

(
−

170978035

387072
+

2876425

5376
ν +

4735

1152
ν
2
)
δ Σ̂`

+
(
− 100π − 50π κ+

)
Ŝ

2
` +

[
50π κ− + δ

(
− 100π − 50π κ+

)]
Ŝ` Σ̂` +

[
−

15

16
π + 100 ν π + 25π δ κ− +

(
− 25π + 50 ν π

)
κ+

]
Σ̂

2
`

}

+ x
4

(( 2388425π

3024
−

9925π

36
ν
)
Ŝ` + δ

( 3237995π

12096
−

258245π

2016
ν
)

Σ̂` +

[
−

83427805

72576
−

19720

63
ν +

475

24
ν
2

+
( 3284125

24192
+

1115

72
ν
)
δ κ−

+
( 55124675

145152
−

32825

756
ν +

475

48
ν
2
)
κ+

]
Ŝ

2
` +

{(
−

35419925

145152
−

975955

2016
ν −

10345

144
ν
2
)
κ−
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+ δ −
6 6 5 3 6 8 4 5

7 2 5 7 6
−

1 0 9 5 3 5

3 7 8
ν +

4 7 5

2 4
ν

2
+

3 5 4 1 9 9 2 5

1 4 5 1 5 2
−

8 9 0 6 5

1 5 1 2
ν +

4 7 5

4 8
ν

2
κ + Ŝ Σ̂

+ −
1 7 8 1 5 0 5 0 2 6 5

4 8 7 7 1 0 7 2
+

2 6 4 2 6 3 0 5

4 1 4 7 2
ν +

1 2 5 7 0 5 3 5

4 8 3 8 4
ν

2
−

4 7 5

2 4
ν

3
+ −

3 5 4 1 9 9 2 5

2 9 0 3 0 4
−

2 5 7 1 6 0 5

2 4 1 9 2
ν −

5 8 8 5

2 8 8
ν

2
δ κ −

+
3 5 4 1 9 9 2 5

2 9 0 3 0 4
−

1 9 9 9 0 2 9 5

1 4 5 1 5 2
ν +

4 7 9 8 4 5

6 0 4 8
ν

2
−

4 7 5

4 8
ν

3
κ + Σ̂

2
,

i n cl u d e d i n t h e a n cill ar y fil e f or t h e r e a d er’ s c o n v e ni e n c e.
We fi n d p e rf e ct a gr e e m e nt i n t h e o v erl a p at li n e ar or d er
i n t h e s pi n t o 3. 5 P N of [ 5 8, 7 1], w h er e a s s pi n- s pi n e ff e ct s
i n cl u di n g fi nit e- si z e c orr e cti o n s, b ot h at 3. 5 P N a n d 4 P N
o r d er s, ar e r e p ort e d h er e f or t h e fir st ti m e.

C o n cl u si o n s a n d O utl o o k. We h a v e c o m pl et e d t h e
k n o wl e d g e of s pi n e ff e ct s i n t h e or bit al p h a s e e v ol uti o n of
c o m p a ct bi n ar y s y st e m s t o N 2 L O i n t h e P N e x p a n si o n of
g e n er al r el ati vit y a n d q u a dr ati c or d er i n t h e s pi n s, c or-
r e s p o n di n g t o a n o v er all 4 P N or d er f or r a pi dl y r ot ati n g
b o di e s, i n cl u di n g b ot h fi nit e- si z e a s w ell a s t ail e ff e ct s.
T h e v ari o u s i n gr e di e nt s f or t h e f ull d eri v ati o n, s u c h a s

t h e gr a vit ati o n al p ot e nti al a n d m ulti p ol e m o m e nt s, w er e
o bt ai n e d t hr o u g h t h e w orl dli n e E F T fr a m e w or k f or s pi n-
ni n g c o m p a ct o bj e ct s [ 3 1], w hi c h s y st e m ati z e s t h e t w o-
b o d y pr o bl e m i nt o a s eri e s of Fe y n m a n di a gr a m s i n v ol v-
i n g p ot e nti al a n d r a di ati o n m o d e s. A gr e e m e nt i s f o u n d
i n t h e o v erl a p wit h pr e vi o u s P N r e s ult s i n t h e c o n s er-
v ati v e [ 7 2 – 7 7] a n d r a di ati o n s e ct or s [ 5 7, 5 8, 7 1]. I n or-
d er t o e v al u at e t h e i m p a ct of t h e n e w s pi n- d e p e n d e nt
t er m s i n t h e G W p h a s e e v ol uti o n, w e u s e d t h e l e a di n g
q u a dr u p ol ar a p pr o xi m ati o n ( φ G W 2 φ ) t o e sti m at e t h e
n u m b er of G W c y cl e s i n f ut ur e d et e ct or’ s b a n d s o p er at-
i n g at d e si g n- s e n siti vit y. T h e r e s ult s, p arti c ul ari z e d t o
LI S A ( 0. 1 m H z t o mi n (f I S C O , 1 H z)) a n d E T ( 1 H z t o
f I S C O , wit h f I S C O = 1

6 3 / 2 π G M
), ar e s u m m ari z e d h er e: 1

Alt h o u g h g e n eri c all y r el e v a nt f or c o m p ar a bl e m a s s e s,
s pi n e ff e ct s b e c o m e m or e i m p ort a nt f or bi n ari e s wit h u n-
e q u al m a s s e s, w hi c h ar e al s o e x p e ct e d t o e x hi bit l ar g er
s pi n s [ 1 3]. M or e o v er, t er m s q u a dr ati c i n t h e s pi n s, d e-
p e n di n g o n t h e i n n er str u ct ur e of c o m p a ct b o di e s a n d
n e ar b y s urr o u n di n g s t hr o u g h t h e κ ± c o u pli n g s [ 1 7, 1 8],
a c c o u nt f or a l ar g e p orti o n of t h e a c c u m ul at e d G W c y-
cl e s. We t h er ef or e e x p e ct N 2 L O s pi n t er m s t o pl a y a n i m-
p ort a nt r ol e i n pr o vi di n g a c c ur at e w a v ef or m m o d el s a n d
r eli a bl e p h y si c al i nt er pr et ati o n of G W si g n al s fr o m r o-

1 We h a v e n o t i n cl u d e d t h e k n o w n a b s o r p ti o n [ 7 9 – 8 1], r a di a ti o n-
r e a c ti o n [ 8 2, 8 3] o r c u bi c-i n- s pi n [ 8 4] e ff e c t s.

t ati n g c o m p a ct bi n ari e s, t h u s m oti v ati n g f urt h er i n- d e pt h
st u di e s t o f ull y c h ar a ct eri z e t h eir i m p a ct i n d et e cti o n a n d
p ar a m et er e sti m ati o n wit h f ort h c o mi n g t hir d- g e n er ati o n
G W e x p eri m e nt s.

A c k n o wl e d g m e nt s. We ar e gr at ef ul t o Bri a n P ar d o f or
c oll a b or ati o n i n [ 6 6] a n d d uri n g t h e e arl y st a g e s of t hi s
pr oj e ct. We t h a n k Gr e g or K äli n f o r hi s h el p dr a wi n g t h e
di a gr a m s. T hi s w or k w a s s u p p ort e d b y t h e E R C C o n-
s oli d at or Gr a nt “ Pr e ci si o n Gr a vit y: Fr o m t h e L H C t o
LI S A, ” pr o vi d e d b y t h e E ur o p e a n R e s e ar c h C o u n cil
( E R C) u n d er t h e E ur o p e a n U ni o n’ s H 2 0 2 0 r e s e ar c h a n d
i n n o v ati o n pr o g r a m m e, gr a nt N o. 8 1 7 7 9 1. We a c k n o wl-
e d g e e xt e n si v e u s e of t h e x A c t p a c k a g e s [ 8 5].
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Supplemental Material

In what follows we summarize various results quoted
in the main text. All these values are also conveniently
given in the ancillary file. We use the (Euclidean) abbre-
viation

(ab) ≡ aibi , (a, b, c) ≡ εijkaibjck , (15)

to simplify the notation. We also define the norm vector
as n ≡ r/r and use v ≡ v1 − v2 for the relative velocity.
The coefficients of the spin-orbit and spin-spin binding
energy in (3)-(4) are give by:

e
0
3 = − (n, S, v)− δ (n,Σ, v) ,

e
0
5 = 3 ν (nv)

2
(n, S, v) + 3

(
1 + ν

)
(n, S, v) v

2
+
(
− 1 + 5 ν

)
δ (n,Σ, v) v

2
,

e
1
5 = −4 ν (n, S, v)− 3 ν δ (n,Σ, v) ,

e
0
7 = 15 ν

(
− 1 + 3 ν

)
(nv)

4
(n, S, v) + 15 ν

2
δ (nv)

4
(n,Σ, v) + 6

(
1− 17 ν

)
ν (nv)

2
(n, S, v) v

2

− 12 ν
(
2 + ν

)
δ (nv)

2
(n,Σ, v) v

2
+
(
21− 31 ν − 55 ν

2)
(n, S, v) v

4

+
(
− 3 + 53 ν − 99 ν

2)
δ (n,Σ, v) v

4

e
1
7 = 2 ν

(
187 + 20 ν

)
(nv)

2
(n, S, v) + ν

(
179 + 12 ν

)
δ (nv)

2
(n,Σ, v)

+ 2
(
24− 143 ν + 40 ν

2)
(n, S, v) v

2
+
(
− 16− 145 ν + 82 ν

2)
δ (n,Σ, v) v

2
,

e
2
7 =

(
6− 111 ν − 8 ν

2)
(n, S, v)− 2

(
− 3 + 25 ν + 3 ν

2)
δ (n,Σ, v) ,

e
0
4 = 6

(
2 + κ+

)
(nS)

2
+
[
− 6κ− + 6 δ

(
2 + κ+

)]
(nS) (nΣ)

+
[
− 3 δ κ− + 3κ+ − 6 ν

(
2 + κ+

)]
(nΣ)

2 − 2
(
2 + κ+

)
S

2

+
[
2κ− − 2 δ

(
2 + κ+

)]
(SΣ) +

[
δ κ− − κ+ + 2 ν

(
2 + κ+

)]
Σ

2
,

e
0
6 =

(
28 + 6 δ κ− − 6κ+

)
(vS)

2
+ 4

[ (
3− 6 ν

)
κ− + δ

(
13− 3κ+

)]
(vS) (vΣ)

+
[
− 2 ν

(
38 + 3 δ κ− − 9κ+

)
+ 6

(
4 + δ κ− − κ+

)]
(vΣ)

2

+ 6
[
− 14− 3 δ κ− + 3κ+ + 2 ν

(
2 + κ+

)]
(nv) (vS) (nS) + 6

{(
− 3 + 5 ν

)
κ−

+ δ
[
− 14 + 3κ+ + ν

(
2 + κ+

)]}
(nv) (vΣ) (nS) +

{
− 30 ν

(
2 + κ+

)
(nv)

2

− 6
[
− 10 + 3κ+ + ν

(
2 + κ+

)]
v
2
}

(nS)
2

+ 6
[ (
− 3 + 5 ν

)
κ−

+ 3 δ
(
− 4 + κ+

)
+ ν δ

(
2 + κ+

)]
(nv) (vS) (nΣ)

− 6
[
− 2 ν

(
19 + δ κ− − 4κ+

)
+ 3

(
4 + δ κ− − κ+

)
+ 2 ν

2 (
2 + κ+

)]
(nv) (vΣ) (nΣ)

+
{

30 ν
[
κ− − δ

(
2 + κ+

)]
(nv)

2 − 6
[
−
(
3 + ν

)
κ− + 3 δ

(
− 6 + κ+

)
+ ν δ

(
2 + κ+

)]
v
2
}

(nS) (nΣ) +
{

15 ν
[
δ κ− − κ+ + 2 ν

(
2 + κ+

)]
(nv)

2

+
[
48 + 9 δ κ− − 9κ+ + 6 ν

2 (
2 + κ+

)
+ 3 ν

(
− 52 + δ κ− + 5κ+

)]
v
2
}

(nΣ)
2

+
{

6
[
4 + δ κ− − κ+ + ν

(
2 + κ+

)]
(nv)

2
+
[
− 28− 2 δ κ− + 8κ+ + 2 ν

(
2 + κ+

)]
v
2
}
S

2

+
(

6
{(

2− 5 ν
)
κ− + δ

[
8− 2κ+ + ν

(
2 + κ+

)]}
(nv)

2
+ 2

{(
− 5 + 3 ν

)
κ−

+ δ
[
− 26 + 5κ+ + ν

(
2 + κ+

)]}
v
2
)

(SΣ) +
{
− 3

[
− 8− 2 δ κ−

+ ν
(
24 + 3 δ κ− − 7κ+

)
+ 2κ+ + 2 ν

2 (
2 + κ+

)]
(nv)

2

+
[
− 24− 5 δ κ− + ν

(
76 + δ κ− − 11κ+

)
+ 5κ+ − 2 ν

2 (
2 + κ+

)]
v
2
}
Σ

2
,

e
1
6 =

(
− 36 + 9 δ κ− − 15κ+

)
(nS)

2 − 4
(
8 δ − 6κ− + 9 ν κ− + 6 δ κ+

)
(nS) (nΣ)

+
[
12
(
δ κ− − κ+

)
+ ν

(
30− 9 δ κ− + 33κ+

)]
(nΣ)

2
+
(
8− 3 δ κ− + 5κ+

)
S

2

+
[
4
(
− 2 + 3 ν

)
κ− + 8 δ

(
1 + κ+

)]
(SΣ)

+
[
− 4 δ κ− + ν

(
− 10 + 3 δ κ− − 11κ+

)
+ 4κ+

]
Σ

2
,

e
0
8 =

{
− 6

[
− 8− 3 δ κ− + 3κ+ + 6 ν

2 (
2 + κ+

)
− 2 ν

(
− 26 + 6 δ κ− + 7κ+

)]
(nv)

2

− 4
[
− 39− 9 δ κ− + ν

(
70 + 27 δ κ− − 15κ+

)
+ 9κ+

]
v
2}

(vS)
2

+
{

6
[
8 + 3 δ κ− − 2 ν

(
12 + 2 δ κ− − 5κ+

)
− 3κ+

+ 6 ν
3 (

2 + κ+

)
+ ν

2 (− 44− 9 δ κ− + 7κ+

)]
(nv)

2
+ 4

[
ν
2 (

286 + 27 δ κ− − 69κ+

)
− 3 ν

(
65 + 10 δ κ− − 16κ+

)
+ 9

(
4 + δ κ− − κ+

)]
v
2}

(vΣ)
2

+
{

60 ν
[
10− 3 δ κ− − 5κ+ + 6 ν

(
2 + κ+

)]
(nv)

3

− 6
[
86 + 21 δ κ− − 2 ν

(
90 + 30 δ κ− − 11κ+

)
− 21κ+ + 54 ν

2 (
2 + κ+

)]
(nv) v

2}
(vS) (nS)

+
(

60 ν
[
κ− + 3 ν κ− +

(
− 1 + 3 ν

)
δ
(
2 + κ+

)]
(nv)

3
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− 6
{ (

21− 83 ν + 93 ν
2)
κ− + δ

[
86− 21κ+ + 27 ν

2 (
2 + κ+

)
+ ν

(
− 214 + 41κ+

)]}
(nv) v

2
)

(vΣ) (nS) +
{
− 210 ν

(
− 1 + 3 ν

) (
2 + κ+

)
(nv)

4

+ 60 ν
[
− 18− κ+ + 15 ν

(
2 + κ+

)]
(nv)

2
v
2

+ 6
[
54− 21κ+ + 27 ν

2 (
2 + κ+

)
+ ν

(
− 114 + 23κ+

)]
v
4}

(nS)
2

+
(

60 ν
{
κ− − δ κ+ + 3 ν

[
κ−

+ δ
(
2 + κ+

)]}
(nv)

3 − 6
{ (

21− 83 ν + 93 ν
2)
κ− + δ

[
80− 21κ+ + 27 ν

2 (
2 + κ+

)
+ ν

(
− 174 + 41κ+

)]}
(nv) v

2
)

(vS) (nΣ) +
{
− 60 ν

[
− δ κ− + κ+ + 6 ν

2 (
2 + κ+

)
− 2 ν

(
7 + κ+

)]
(nv)

3
+ 6

[
− 80− 21 δ κ− + 2 ν

(
207 + 31 δ κ− − 52κ+

)
+ 21κ+

+ 54 ν
3 (

2 + κ+

)
+ ν

2 (− 596− 33 δ κ− + 115κ+

)]
(nv) v

2}
(vΣ) (nΣ)

+
(

210 ν
(
− 1 + 3 ν

) [
κ− − δ

(
2 + κ+

)]
(nv)

4
+ 60 ν

{
κ− − 15 ν κ−

+ δ
[
− 10− κ+ + 15 ν

(
2 + κ+

)]}
(nv)

2
v
2

+ 6
{ (

21− 23 ν − 27 ν
2)
κ− + δ

[
102− 21κ+ + 27 ν

2 (
2 + κ+

)
+ ν

(
− 258 + 23κ+

)]}
v
4
)

(nS) (nΣ) +
{

105 ν
(
− 1 + 3 ν

) [
δ κ− − κ+ + 2 ν

(
2 + κ+

)]
(nv)

4

− 30 ν
(
− 1 + 15 ν

) [
δ κ− − κ+ + 2 ν

(
2 + κ+

)]
(nv)

2
v
2

− 3
[
ν
(
524 + 23 δ κ− − 65κ+

)
− 3

(
32 + 7 δ κ− − 7κ+

)
+ 54 ν

3 (
2 + κ+

)
+ ν

2 (− 804 + 27 δ κ− + 19κ+

)]
v
4}

(nΣ)
2

+
{

30 ν
[
− 10 + 2 δ κ− + κ+ + 3 ν

(
2 + κ+

)]
(nv)

4

− 12
[
ν
(
− 10 + 12 δ κ− − 3κ+

)
+ 15 ν

2 (
2 + κ+

)
+ 3

(
− 4− δ κ− + κ+

)]
(nv)

2
v
2

− 2
[
78 + 6 δ κ− − 27κ+ + 27 ν

2 (
2 + κ+

)
+ ν

(
− 154− 18 δ κ− + 33κ+

)]
v
4}

S
2

+
(

30 ν
[
κ− − 11 ν κ− +

(
− 1 + 3 ν

)
δ
(
2 + κ+

)]
(nv)

4
+
{

36
(
2− 9 ν + 21 ν

2)
κ−

− 12 δ
[
ν
(
46− 15κ+

)
+ 6

(
− 4 + κ+

)
+ 15 ν

2 (
2 + κ+

)]}
(nv)

2
v
2

− 2
{

3
(
11− 25 ν + 15 ν

2)
κ− + δ

[
150− 33κ+ + 27 ν

2 (
2 + κ+

)
+ ν

(
− 370 + 51κ+

)]}
v
4
)

(SΣ) +
{
− 15 ν

[
− δ κ− + ν

(
12 + 7 δ κ− − 9κ+

)
+ κ+ + 6 ν

2 (
2 + κ+

)]
(nv)

4
+ 6

[
3 ν

2 (
68 + 13 δ κ− − 23κ+

)
+ 6

(
4 + δ κ− − κ+

)
+ 30 ν

3 (
2 + κ+

)
+ ν

(
− 128− 21 δ κ− + 33κ+

)]
(nv)

2
v
2

+
[
− 144− 33 δ κ− + 3 ν

(
260 + 21 δ κ− − 43κ+

)
+ 33κ+ + 54 ν

3 (
2 + κ+

)
+ ν

2 (− 1172− 9 δ κ− + 111κ+

)]
v
4}

Σ
2

+ (vS)
[ (
− 12

{ (
− 3 + 7 ν + 21 ν

2)
κ− + δ

[
− 8− ν

(
− 2 + κ+

)
+ 3κ+ + 3 ν

2 (
2 + κ+

)]}
(nv)

2
+ 4

{
6
(
3− 13 ν + 18 ν

2)
κ−

+ δ
[
75− 18κ+ + 2 ν

(
− 89 + 21κ+

)]}
v
2
)

(vΣ)
]
,

e
1
8 = 4

[
ν
(
− 4 + 3 δ κ− − 41κ+

)
+ 5

(
2 + δ κ− + κ+

)]
(vS)

2

+ 8
{
− 6

(
− 2 + ν

)
ν κ− + δ

[
5 + ν

(
6− 22κ+

)]}
(vS) (vΣ)

+ 4 ν
[
20 + 17 δ κ− − 17κ+ + ν

(
− 38− 3 δ κ− + 47κ+

)]
(vΣ)

2

+
[
72 ν

2 (
2 + κ+

)
− 8

(
5 + 21 δ κ− + 21κ+

)
+ 2 ν

(
930 + 15 δ κ− + 649κ+

)]
(nv) (vS) (nS)

+
{
− 2 ν

(
149 + 48 ν

)
κ− + δ

[
− 56 + 36 ν

2 (
2 + κ+

)
+ ν

(
824 + 634κ+

)]}
(nv) (vΣ) (nS)

+
{
− 6

[
26− 43 δ κ− − 43κ+ + 40 ν

2 (
2 + κ+

)
+ ν

(
740 + 27 δ κ− + 340κ+

)]
(nv)

2

− 2
[
− 54 + 46 δ κ− + ν

(
− 682 + 9 δ κ− − 348κ+

)
+ 46κ+ + 12 ν

2 (
2 + κ+

)]
v
2}

(nS)
2

+
{
− 2 ν

(
149 + 48 ν

)
κ− + δ

[
− 32 + 36 ν

2 (
2 + κ+

)
+ ν

(
876 + 634κ+

)]}
(nv) (vS) (nΣ)

− 2 ν
[
84 + 233 δ κ− − 233κ+ + 36 ν

2 (
2 + κ+

)
+ ν

(
730 + 33 δ κ− + 601κ+

)]
(nv) (vΣ) (nΣ)

+
({

6 ν
(
141 + 148 ν

)
κ− − 6 ν δ

[
752 + 313κ+ + 40 ν

(
2 + κ+

)]}
(nv)

2

+
{

2 ν
(
− 173 + 48 ν

)
κ− + δ

[
64− 24 ν

2 (
2 + κ+

)
+ 6 ν

(
246 + 119κ+

)]}
v
2
)

(nS) (nΣ)

+
{

3 ν
[
− 60 + 227 δ κ− − 227κ+ + 80 ν

2 (
2 + κ+

)
+ 2 ν

(
768 + 47 δ κ− + 266κ+

)]
(nv)

2

+ ν
[
156− 265 δ κ− + 2 ν

(
− 824 + 15 δ κ− − 372κ+

)
+ 265κ+ + 24 ν

2 (
2 + κ+

)]
v
2}

(nΣ)
2

+
{

2
[
28 ν

2 (
2 + κ+

)
− 5

(
− 2 + 3 δ κ− + 3κ+

)
+ ν

(
658 + 22 δ κ− + 209κ+

)]
(nv)

2

+
[
2 ν
(
− 302 + δ κ− − 110κ+

)
+ 8 ν

2 (
2 + κ+

)
+ 4

(
− 11 + 6 δ κ− + 6κ+

)]
v
2}

S
2

+
({
− 2 ν

(
127 + 116 ν

)
κ− + 2 δ

[
16 + 28 ν

2 (
2 + κ+

)
+ ν

(
702 + 187κ+

)]}
(nv)

2

+ 2
{ (

63− 8 ν
)
ν κ− + δ

[
− 24 + 4 ν

2 (
2 + κ+

)
− ν

(
338 + 111κ+

)]}
v
2
)

(SΣ)

+
{
− ν

[
− 124 + 157 δ κ− − 157κ+ + 56 ν

2 (
2 + κ+

)
+ 2 ν

(
778 + 36 δ κ− + 151κ+

)]
(nv)

2

− ν
[
108− 87 δ κ− + ν

(
− 808 + 6 δ κ− − 228κ+

)
+ 87κ+ + 8 ν

2 (
2 + κ+

)]
v
2}

Σ
2
,
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e
2
8 =

[
72− 414 δ κ− − 120κ+ + 94 ν

(
50 + 17κ+

)]
(nS)

2

+ 2
{ (
− 147 + 29 ν

)
κ− + δ

[
− 70 + 147κ+ + ν

(
2322 + 799κ+

)]}
(nS) (nΣ)

+
[
147

(
− δ κ− + κ+

)
+ ν

(
420− 385 δ κ− + 91κ+

)
− 2 ν

2 (
2280 + 799κ+

)]
(nΣ)

2

+ 2
[
72 + 69 δ κ− + 20κ+ − ν

(
662 + 341κ+

)]
S

2

+
{

2
(
49 + 65 ν

)
κ− − 2 δ

[
− 70 + 49κ+ + ν

(
634 + 341κ+

)]}
(SΣ)

+
[
7 ν
(
4 + 29 δ κ− − 15κ+

)
+ 49

(
δ κ− − κ+

)
+ 2 ν

2 (
592 + 341κ+

)]
Σ

2
.

On the other hand, for the radiated flux in (8)-(9) we find

f
0
3 = −78 (nv)

2
(n, S, v)− 51 δ (nv)

2
(n,Σ, v) + 80 (n, S, v) v

2
+ 43 δ (n,Σ, v) v

2
,

f
1
3 = 2 (n, S, v)− δ (n,Σ, v) ,

f
0
5 = 48

(
187− 262 ν

)
(nv)

4
(n, S, v) + 3

(
2647− 3568 ν

)
δ (nv)

4
(n,Σ, v)

+ 36
(
− 391 + 556 ν

)
(nv)

2
(n, S, v) v

2
+ 12

(
− 788 + 1207 ν

)
δ (nv)

2
(n,Σ, v) v

2

+
(
4828− 7240 ν

)
(n, S, v) v

4
+
(
2603− 4160 ν

)
δ (n,Σ, v) v

4

f
1
5 = 22

(
293− 46 ν

)
(nv)

2
(n, S, v) +

(
7327− 2398 ν

)
δ (nv)

2
(n,Σ, v)

+ 2
(
− 3805 + 224 ν

)
(n, S, v) v

2
+
(
− 5387 + 994 ν

)
δ (n,Σ, v) v

2

f
2
5 = −2

(
472 + 195 ν

)
(n, S, v) +

(
137− 238 ν

)
δ (n,Σ, v) ,

f
0
7 = −10

(
2939− 26896 ν + 6632 ν

2)
(nv)

6
(n, S, v)

+ 5
(
12215 + 56391 ν − 23312 ν

2)
δ (nv)

6
(n,Σ, v)

+ 6
(
11731− 97552 ν + 41208 ν

2)
(nv)

4
(n, S, v) v

2

+ 3
(
− 28423− 177451 ν + 98604 ν

2)
δ (nv)

4
(n,Σ, v) v

2

− 6
(
10485− 67206 ν + 44150 ν

2)
(nv)

2
(n, S, v) v

4

+ 3
(
4369 + 99655 ν − 75750 ν

2)
δ (nv)

2
(n,Σ, v) v

4

+ 2
(
11237− 43924 ν + 41766 ν

2)
(n, S, v) v

6
+
(
8847− 49916 ν + 50198 ν

2)
δ (n,Σ, v) v

6
,

f
1
7 = −2

(
36959− 204812 ν + 94378 ν

2)
(nv)

4
(n, S, v)

+
(
− 140184 + 619741 ν − 243534 ν

2)
δ (nv)

4
(n,Σ, v)

+ 2
(
87510− 279467 ν + 111074 ν

2)
(nv)

2
(n, S, v) v

2

+
(
177222− 664927 ν + 273594 ν

2)
δ (nv)

2
(n,Σ, v) v

2

− 2
(
44009− 72691 ν + 23602 ν

2)
(n, S, v) v

4 − 2
(
33267− 65918 ν + 26015 ν

2)
δ (n,Σ, v) v

4
,

f
2
7 =

(
165714− 210143 ν − 82280 ν

2)
(nv)

2
(n, S, v)

+
(
− 169603 + 142753 ν − 108405 ν

2)
δ (nv)

2
(n,Σ, v)

+
(
98244 + 77017 ν + 23098 ν

2)
(n, S, v) v

2
+ 2

(
76462− 19183 ν + 14961 ν

2)
δ (n,Σ, v) v

2
,

f
3
7 = 3

(
67927 + 32320 ν − 2362 ν

2)
(n, S, v) +

(
21076 + 28209 ν − 6021 ν

2)
δ (n,Σ, v)

f
0
4 = 72

(
2 + κ+

)
(vS)

2
+ 72

[
− κ− + δ

(
2 + κ+

)]
(vS) (vΣ)

+
[
1− 36 δ κ− + 36κ+ − 72 ν

(
2 + κ+

)]
(vΣ)

2 − 348
(
2 + κ+

)
(nv) (vS) (nS)

+ 174
[
κ− − δ

(
2 + κ+

)]
(nv) (vΣ) (nS) +

[
816

(
2 + κ+

)
(nv)

2 − 504
(
2 + κ+

)
v
2]

(nS)
2

+ 174
[
κ− − δ

(
2 + κ+

)]
(nv) (vS) (nΣ)

+ 6
[
− 1 + 29 δ κ− − 29κ+ + 58 ν

(
2 + κ+

)]
(nv) (vΣ) (nΣ)

+
{

816
[
− κ− + δ

(
2 + κ+

)]
(nv)

2
+ 504

[
κ− − δ

(
2 + κ+

)]
v
2}

(nS) (nΣ)

+
{ [

9− 408 δ κ− + 408κ+ − 816 ν
(
2 + κ+

)]
(nv)

2
+ 252

[
δ κ− − κ+ + 2 ν

(
2 + κ+

)]
v
2}

(nΣ)
2

+
[
− 156

(
2 + κ+

)
(nv)

2
+ 144

(
2 + κ+

)
v
2]

S
2

+
{

156
[
κ− − δ

(
2 + κ+

)]
(nv)

2

+ 144
[
− κ− + δ

(
2 + κ+

)]
v
2}

(SΣ) +
{ [

9 + 78 δ κ− − 78κ+ + 156 ν
(
2 + κ+

)]
(nv)

2

+
[
3− 72 δ κ− + 72κ+ − 144 ν

(
2 + κ+

)]
v
2}

Σ
2
,

f
0
6 =

{ [
3897 + 3189 δ κ− − 4557κ+ + 2550 ν

(
2 + κ+

)]
(nv)

2

+
[
− 3239− 834 δ κ− − 162κ+ + 60 ν

(
2 + κ+

)]
v
2}

(vS)
2

+
(

6
{ (

1291− 2551 ν
)
κ− + δ

[
1921− 1291κ+ + 425 ν

(
2 + κ+

)]}
(nv)

2

+
{

84
(
− 8 + 39 ν

)
κ− + 2 δ

[
− 2047 + 336κ+ + 30 ν

(
2 + κ+

)]}
v
2
)

(vS) (vΣ)

+
{ [

7062 + 3873 δ κ− − 6 ν
(
3036 + 744 δ κ− − 2035κ+

)
− 3873κ+ − 2550 ν

2 (
2 + κ+

)]
(nv)

2

+
[
− 1121− 336 δ κ− + 2 ν

(
2447 + 402 δ κ− − 738κ+

)
+ 336κ+ − 60 ν

2 (
2 + κ+

)]
v
2}

(vΣ)
2

+
{
− 12

[
− 686 + 823 δ κ− − 2159κ+ + 1216 ν

(
2 + κ+

)]
(nv)

3

+
[
− 90 + 4761 δ κ− − 9945κ+ + 2046 ν

(
2 + κ+

)]
(nv) v

2}
(vS) (nS)
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+
(
− 12

{
7
(
213− 322 ν

)
κ− + δ

[
10− 1491κ+ + 608 ν

(
2 + κ+

)]}
(nv)

3

+
{

57
(
129− 185 ν

)
κ− + 3 δ

[
− 854− 2451κ+ + 341 ν

(
2 + κ+

)]}
(nv) v

2
)

(vΣ) (nS)

+
{

15
[
− 2719 + 431 δ κ− − 3019κ+ + 2384 ν

(
2 + κ+

)]
(nv)

4

− 6
[
− 5435 + 677 δ κ− − 6803κ+ + 5248 ν

(
2 + κ+

)]
(nv)

2
v
2

+
[
− 3273 + 285 δ κ− − 7389κ+ + 6816 ν

(
2 + κ+

)]
v
4}

(nS)
2

+
(
− 3

{
28
(
213− 322 ν

)
κ− + δ

[
2567− 5964κ+ + 2432 ν

(
2 + κ+

)]}
(nv)

3

+
{

57
(
129− 185 ν

)
κ− + 3 δ

[
1365− 2451κ+ + 341 ν

(
2 + κ+

)]}
(nv) v

2
)

(vS) (nΣ)

+
{

3
[
− 5589− 5964 δ κ− + ν

(
8143 + 5724 δ κ− − 17652κ+

)
+ 5964κ+ + 4864 ν

2 (
2 + κ+

)]
(nv)

3

− 3
[
− 1297− 2451 δ κ− + ν

(
1299 + 1928 δ κ− − 6830κ+

)
+ 2451κ+ + 682 ν

2 (
2 + κ+

)]
(nv) v

2}
(vΣ) (nΣ)

+
(

30
[ (

1725− 2054 ν
)
κ− + 1192 ν δ

(
2 + κ+

)
− 3 δ

(
394 + 575κ+

)]
(nv)

4

− 24
[
17
(
110− 117 ν

)
κ− + 1312 ν δ

(
2 + κ+

)
− 374 δ

(
4 + 5κ+

)]
(nv)

2
v
2

+ 6
{ (

1279− 1326 ν
)
κ− + δ

[
− 722− 1279κ+ + 1136 ν

(
2 + κ+

)]}
v
4
)

(nS) (nΣ)

+
{
− 15

[
− 614− 1725 δ κ− + ν

(
− 2032 + 1623 δ κ−

− 5073κ+

)
+ 1725κ+ + 2384 ν

2 (
2 + κ+

)]
(nv)

4

+ 6
[
ν
(
− 6634 + 3301 δ κ− − 10781κ+

)
− 4

(
169 + 935 δ κ−

− 935κ+

)
+ 5248 ν

2 (
2 + κ+

)]
(nv)

2
v
2

+ 3
[
515 + 1279 δ κ− − 1279κ+ − 2272 ν

2 (
2 + κ+

)
+ ν

(
1814− 1231 δ κ− + 3789κ+

)]
v
4}

(nΣ)
2

+
{

3
[
5906 + 379 δ κ− + 2153κ+ − 2352 ν

(
2 + κ+

)]
(nv)

4

+ 12
[
− 2166− 108 δ κ− − 731κ+ + 747 ν

(
2 + κ+

)]
(nv)

2
v
2

+ 3
[
3046 + 61 δ κ− + 839κ+ − 764 ν

(
2 + κ+

)]
v
4}

S
2

+
(
− 6

{ (
887− 418 ν

)
κ− + δ

[
− 4221− 887κ+ + 1176 ν

(
2 + κ+

)]}
(nv)

4

+ 12
{

7
(
89− 45 ν

)
κ− + δ

[
− 2903− 623κ+ + 747 ν

(
2 + κ+

)]}
(nv)

2
v
2

+
{

6
(
− 389 + 260 ν

)
κ− + δ

[
10406 + 2334κ+ − 2292 ν

(
2 + κ+

)]}
v
4
)

(SΣ)

+
{

3
[
1619− 887 δ κ− + ν

(
− 10798 + 797 δ κ−

− 2571κ+

)
+ 887κ+ + 2352 ν

2 (
2 + κ+

)]
(nv)

4

− 3
[
2381− 1246 δ κ− + 2 ν

(
− 7193 + 531 δ κ− − 1777κ+

)
+ 1246κ+ + 2988 ν

2 (
2 + κ+

)]
(nv)

2
v
2

+
[
1898− 1167 δ κ− + ν

(
− 11668 + 963 δ κ− − 3297κ+

)
+ 1167κ+ + 2292 ν

2 (
2 + κ+

)]
v
4}

Σ
2
,

f
1
6 = −2

[
6810− 1166 δ κ− + 3663κ+ + 42 ν

(
2 + κ+

)]
(vS)

2

− 2
{ (
− 4829 + 4622 ν

)
κ− + δ

[
4620 + 4829κ+ + 42 ν

(
2 + κ+

)]}
(vS) (vΣ)

+
[
2392 + 4829 δ κ− − 4829κ+ + 84 ν

2 (
2 + κ+

)
+ ν

(
4904− 2290 δ κ− + 11948κ+

)]
(vΣ)

2

+ 6
[
10250− 1706 δ κ− + 5338κ+ + 161 ν

(
2 + κ+

)]
(nv) (vS) (nS)

+
[
9
(
− 2348 + 2221 ν

)
κ− + 483 ν δ

(
2 + κ+

)
+ 4 δ

(
6343 + 5283κ+

)]
(nv) (vΣ) (nS)

+
{

6
[
− 25044 + 2399 δ κ− − 11299κ+ + 169 ν

(
2 + κ+

)]
(nv)

2

+
[
91376− 6190 δ κ− + 38868κ+ − 996 ν

(
2 + κ+

)]
v
2}

(nS)
2

+
[
9
(
− 2348 + 2221 ν

)
κ− + 483 ν δ

(
2 + κ+

)
+ 4 δ

(
5804 + 5283κ+

)]
(nv) (vS) (nΣ)

+
[
ν
(
− 34902 + 9753 δ κ− − 52017κ+

)
− 4

(
1226 + 5283 δ κ−

− 5283κ+

)
− 966 ν

2 (
2 + κ+

)]
(nv) (vΣ) (nΣ)

+
(

6
{

9
(
1522− 1085 ν

)
κ− + δ

[
− 23537− 13698κ+ + 169 ν

(
2 + κ+

)]}
(nv)

2

+
{

2
(
− 22529 + 12878 ν

)
κ− + δ

[
91858 + 45058κ+ − 996 ν

(
2 + κ+

)]}
v
2
)

(nS) (nΣ)

+
{
− 3

[
934− 13698 δ κ− + ν

(
− 44112 + 4967 δ κ−

− 32363κ+

)
+ 13698κ+ + 338 ν

2 (
2 + κ+

)]
(nv)

2

+
[
4850− 22529 δ κ− + ν

(
− 92766 + 6688 δ κ− − 51746κ+

)
+ 22529κ+ + 996 ν

2 (
2 + κ+

)]
v
2}

(nΣ)
2

+
{ [

24436− 1386 δ κ− + 11922κ+ − 660 ν
(
2 + κ+

)]
(nv)

2

+ 2
[
643 δ κ− + 180 ν

(
2 + κ+

)
− 7

(
1494 + 751κ+

)]
v
2}

S
2



10

+
(
− 12

{ (
1109− 517 ν

)
κ− + δ

[
− 2299− 1109κ+ + 55 ν

(
2 + κ+

)]}
(nv)

2

+
{

8
(
1475− 688 ν

)
κ− + 4 δ

[
− 6109− 2950κ+ + 90 ν

(
2 + κ+

)]}
v
2
)

(SΣ)

+
{ [

604− 6654 δ κ− + 4 ν
(
− 7717 + 429 δ κ− − 3756κ+

)
+ 6654κ+ + 660 ν

2 (
2 + κ+

)]
(nv)

2

− 2
[
1102− 2950 δ κ− + ν

(
− 14072 + 733 δ κ− − 6633κ+

)
+ 2950κ+ + 180 ν

2 (
2 + κ+

)]
v
2}

Σ
2

f
2
6 = 3

[
− 39− 2 δ κ− − 18κ+ + 72 ν

(
2 + κ+

)]
(nS)

2
+
{

48
(
1− 4 ν

)
κ−

+ δ
[
− 98− 48κ+ + 216 ν

(
2 + κ+

)]}
(nS) (nΣ)− 2

[
1− 12 δ κ− + ν

(
− 58 + 51 δ κ− − 75κ+

)
+ 12κ+ + 108 ν

2 (
2 + κ+

)]
(nΣ)

2
+ 2

[
23 + δ κ− + 9κ+ − 36 ν

(
2 + κ+

)]
S

2

− 4
{

4
(
1− 4 ν

)
κ− + δ

[
− 7− 4κ+ + 18 ν

(
2 + κ+

)]}
(SΣ)

+
[
3− 8 δ κ− + ν

(
− 48 + 34 δ κ− − 50κ+

)
+ 8κ+ + 72 ν

2 (
2 + κ+

)]
Σ

2

f
0
8 =

{
− 3

[
− 88255 + 204790 δ κ− + 21058κ+ + 14048 ν

2 (
2 + κ+

)
+ ν

(
47364− 135196 δ κ− + 25148κ+

)]
(nv)

4
+ 3

[
− 52309 + 163221 δ κ− + 39339κ+

+ 24630 ν
2 (

2 + κ+

)
− 2 ν

(
− 8060 + 59661 δ κ− + 19254κ+

)]
(nv)

2
v
2

− 6
[
12058 + 7347 δ κ− + 3273κ+ + 4872 ν

2 (
2 + κ+

)
− 6 ν

(
1883 + 1279 δ κ− + 1941κ+

)]
v
4}

(vS)
2

+
(
− 6

{
2
(
45933− 244876 ν + 131684 ν

2)
κ− + δ

[
90509− 91866κ+ + 7024 ν

2 (
2 + κ+

)
+ ν

(
− 153137 + 80172κ+

)]}
(nv)

4

+ 6
{

3
(
20647− 122283 ν + 75443 ν

2)
κ− + δ

[
70079− 61941κ+ + 12315 ν

2 (
2 + κ+

)
+ 3 ν

(
− 48145 + 13469κ+

)]}
(nv)

2
v
2 − 12

{
3
(
679− 4236 ν + 4304 ν

2)
κ−

+ δ
[
10347− 2037κ+ + 2436 ν

2 (
2 + κ+

)
− 2 ν

(
5947 + 993κ+

)]}
v
4
)

(vS) (vΣ)

+
{

3
[
− 175013− 91866 δ κ− + ν

(
581226 + 284962 δ κ− − 468694κ+

)
+ 91866κ+ + 14048 ν

3 (
2 + κ+

)
+ ν

2 (− 638641− 128172 δ κ− + 288516κ+

)]
(nv)

4

+
[
9 ν

2 (
189985 + 35669 δ κ− − 62607κ+

)
− 18 ν

(
72279 + 33938 δ κ− − 54585κ+

)
+ 33

(
10717 + 5631 δ κ− − 5631κ+

)
− 73890 ν

3 (
2 + κ+

)]
(nv)

2
v
2

+ 6
[
ν
(
31842 + 5361 δ κ− − 9435κ+

)
− 3

(
1934 + 679 δ κ− − 679κ+

)
− 2 ν

2 (
17741 + 2619 δ κ− − 633κ+

)
+ 4872 ν

3 (
2 + κ+

)]
v
4}

(vΣ)
2

+
(

90
[
− 20466 + 22857 δ κ− + 3619κ+ + 1232 ν

2 (
2 + κ+

)
+ ν

(
35394− 14094 δ κ−

+ 8402κ+

)]
(nv)

5 − 12
[
− 176174 + 171751 δ κ− + 50677κ+ + 32588 ν

2 (
2 + κ+

)
+ ν

(
333866− 116344 δ κ− + 22292κ+

)]
(nv)

3
v
2

+ 3
{
− 132202 + 118101 δ κ−

+ 46851κ+ + 89034 ν
2 (

2 + κ+

)
− 2 ν

[
54081 δ κ− + 26

(
− 7777 + 492κ+

)]}
(nv) v

4
)

(vS) (nS)

+
(

90
{ (

9619− 56962 ν + 27572 ν
2)
κ− + δ

[
1766− 9619κ+ + 616 ν

2 (
2 + κ+

)
+ 2 ν

(
6153 + 5624κ+

)]}
(nv)

5 − 12
{ (

60537− 412820 ν + 216394 ν
2)
κ− + δ

[
210− 60537κ+

+ 16294 ν
2 (

2 + κ+

)
+ 2 ν

(
79897 + 34659κ+

)]}
(nv)

3
v
2

+
{

9
(
11875− 92497 ν + 57269 ν

2)
κ−

+ 3 δ
[
19862− 35625κ+ + 44517 ν

2 (
2 + κ+

)
+ 3 ν

(
88346 + 13763κ+

)]}
(nv) v

4
)

(vΣ) (nS)

+
{

30
[
92054− 51639 δ κ− + 12 ν

(
− 21737 + 2383 δ κ− − 7117κ+

)
+ 3159κ+

+ 17664 ν
2 (

2 + κ+

)]
(nv)

6 − 30
[
145074− 60071 δ κ− + 2 ν

(
− 217150 + 17845 δ κ−

− 66746κ+

)
+ 5839κ+ + 38456 ν

2 (
2 + κ+

)]
(nv)

4
v
2

+ 6
[
316786− 73665 δ κ−

+ 4 ν
(
− 255289 + 13716 δ κ− − 87213κ+

)
+ 50505κ+ + 144912 ν

2 (
2 + κ+

)]
(nv)

2
v
4

− 6
[
31638− 1905 δ κ− + ν

(
− 81524 + 2538 δ κ− − 58068κ+

)
+ 19521κ+ + 39720 ν

2 (
2 + κ+

)]
v
6}

(nS)
2

+
(

90
{ (

9619− 56962 ν + 27572 ν
2)
κ− + δ

[
7744− 9619κ+ + 616 ν

2 (
2 + κ+

)
+ 4 ν

(
− 295 + 2812κ+

)]}
(nv)

5 − 3
{

4
(
60537− 412820 ν + 216394 ν

2)
κ−

+ δ
[
182127− 242148κ+ + 65176 ν

2 (
2 + κ+

)
+ ν

(
58154 + 277272κ+

)]}
(nv)

3
v
2

+
{

9
(
11875− 92497 ν + 57269 ν

2)
κ− + 3 δ

[
35069− 35625κ+ + 44517 ν

2 (
2 + κ+

)
+ ν

(
77244 + 41289κ+

)]}
(nv) v

4
)

(vS) (nΣ) +
{
− 90

[
− 14140− 9619 δ κ−

+ ν
(
45414 + 34105 δ κ− − 53343κ+

)
− 2 ν

2 (
7778 + 6739 δ κ− − 17987κ+

)
+ 9619κ+

+ 1232 ν
3 (

2 + κ+

)]
(nv)

5
+ 3

[
− 321287− 242148 δ κ− + ν

(
1052063 + 964276 δ κ− − 1448572κ+

)
+ 242148κ+ + 130352 ν

3 (
2 + κ+

)
+ ν

2 (− 17459− 400200 δ κ− + 954744κ+

)]
(nv)

3
v
2
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− 3
[
− 45701− 35625 δ κ− + 15 ν

(
9357 + 10626 δ κ− − 15376κ+

)
+ 35625κ+ + 89034 ν

3 (
2 + κ+

)
+ ν

2 (
260391− 63645 δ κ− + 146223κ+

)]
(nv) v

4}
(vΣ) (nΣ)

+
(

60
{
− 3

(
9133− 53426 ν + 22008 ν

2)
κ−

+ δ
[
5136 + 27399κ+ + 8832 ν

2 (
2 + κ+

)
− 4 ν

(
29311 + 14250κ+

)]}
(nv)

6

− 60
{ (
− 32955 + 204733 ν − 90608 ν

2)
κ− + δ

[
19228 ν

2 (
2 + κ+

)
+ 5

(
4094 + 6591κ+

)
− 3 ν

(
70417 + 28197κ+

)]}
(nv)

4
v
2

+ 12
{
− 3

(
20695− 116396 ν + 60728 ν

2)
κ− + δ

[
72796 + 62085κ+

+ 72456 ν
2 (

2 + κ+

)
− 6 ν

(
88651 + 33643κ+

)]}
(nv)

2
v
4

+
{

36
(
3571− 11371 ν + 8312 ν

2)
κ− − 12 δ

[
11822 + 10713κ+ + 19860 ν

2 (
2 + κ+

)
− 13 ν

(
3467 + 2331κ+

)]}
v
6
)

(nS) (nΣ)

+
{
− 30

[
20690 + 27399 δ κ− + 2 ν

2 (− 104335 + 18714 δ κ− − 75714κ+

)
− 27399κ+ + 17664 ν

3 (
2 + κ+

)
+ ν

(
− 46172− 108639 δ κ− + 163437κ+

)]
(nv)

6

+ 30
[
12682 + 32955 δ κ− + 6 ν

2 (− 69356 + 9153 δ κ− − 37350κ+

)
− 32955κ+

+ 38456 ν
3 (

2 + κ+

)
+ ν

(
3736− 144662 δ κ− + 210572κ+

)]
(nv)

4
v
2

− 6
[
1658 + 62085 δ κ− + 6 ν

2 (− 187653 + 21220 δ κ− − 88506κ+

)
− 62085κ+

+ 144912 ν
3 (

2 + κ+

)
+ ν

(
159576− 275523 δ κ− + 399693κ+

)]
(nv)

2
v
4

+ 6
[
2876 + 10713 δ κ− + 2 ν

2 (− 50069 + 11199 δ κ− − 41502κ+

)
− 10713κ+

+ 39720 ν
3 (

2 + κ+

)
+ ν

(
18530− 32208 δ κ− + 53634κ+

)]
v
6}

(nΣ)
2

+
{
− 20

[
18940 + 8466 δ κ− + 7008κ+ + 10680 ν

2 (
2 + κ+

)
− 3 ν

(
22146 + 2281 δ κ−

+ 10033κ+

)]
(nv)

6
+ 12

[
73878 + 24257 δ κ− + 23513κ+ + 44080 ν

2 (
2 + κ+

)
− ν

(
231290 + 20306 δ κ− + 101717κ+

)]
(nv)

4
v
2 − 12

[
33624 ν

2 (
2 + κ+

)
+ 2

(
29548 + 5583 δ κ− + 7800κ+

)
− ν

(
160250 + 9813 δ κ− + 63483κ+

)]
(nv)

2
v
4

+ 4
[
48002 + 2721 δ κ− + 11397κ+ + 22296 ν

2 (
2 + κ+

)
− ν

(
113566 + 2568 δ κ−

+ 34857κ+

)]
v
6}

S
2

+
(
− 20

{
6
(
243− 1768 ν + 2782 ν

2)
κ− + δ

[
39345− 1458κ+

+ 10680 ν
2 (

2 + κ+

)
− 38 ν

(
3245 + 612κ+

)]}
(nv)

6
+ 12

{ (
744− 15617 ν + 37144 ν

2)
κ−

+ δ
[
134379− 744κ+ + 44080 ν

2 (
2 + κ+

)
− ν

(
409370 + 81411κ+

)]}
(nv)

4
v
2

− 12
{

6
(
− 739 + 1501 ν + 938 ν

2)
κ− + δ

[
88237 + 4434κ+ + 33624 ν

2 (
2 + κ+

)
− 6 ν

(
41937 + 8945κ+

)]}
(nv)

2
v
4

+ 4
{
− 3

(
2892− 7135 ν + 4008 ν

2)
κ−

+ δ
[
55499 + 8676κ+ + 22296 ν

2 (
2 + κ+

)
− ν

(
137578 + 32289κ+

)]}
v
6
)

(SΣ)

+
{

20
[
− 23735− 729 δ κ− + 729κ+ + 10680 ν

3 (
2 + κ+

)
+ ν

(
85325− 3162 δ κ− + 1704κ+

)
− ν

2 (
181780 + 1503 δ κ− + 21753κ+

)]
(nv)

6 − 6
[
2 ν

2 (− 586820 + 1734 δ κ−

− 83145κ+

)
− 12

(
11831 + 62 δ κ− − 62κ+

)
+ 88160 ν

3 (
2 + κ+

)
+ ν

(
563466− 32897 δ κ− + 31409κ+

)]
(nv)

4
v
2

+ 12
[
− 35720 + 2217 δ κ−

+ ν
2 (− 340023 + 6999 δ κ− − 60669κ+

)
− 3 ν

(
− 56914 + 5223 δ κ− − 6701κ+

)
− 2217κ+ + 33624 ν

3 (
2 + κ+

)]
(nv)

2
v
4 − 2

[
2 ν

2 (− 160933 + 8580 δ κ− − 40869κ+

)
+ 18

(
− 1493 + 482 δ κ− − 482κ+

)
+ 44592 ν

3 (
2 + κ+

)
+ ν

(
176176− 26847 δ κ− + 44199κ+

)]
v
6}

Σ
2
,

f
1
8 =

{
4
[
273931− 90475 δ κ− + ν

(
− 101017 + 85054 δ κ− − 190731κ+

)
+ 260591κ+

+ 14 ν
2 (

2 + κ+

)]
(nv)

2
+ 4

[
− 89163 + 14451 δ κ− − 83310κ+ + 9122 ν

2 (
2 + κ+

)
+ ν

(
− 17229− 13020 δ κ− + 14347κ+

)]
v
2}

(vS)
2

+
(

4
{ (
− 351066 + 637685 ν − 340230 ν

2)
κ−

+ δ
[
− 165796 + ν

(
159708− 275785κ+

)
+ 351066κ+ + 14 ν

2 (
2 + κ+

)]}
(nv)

2

+ 4
{ (

97761− 85171 ν + 42958 ν
2)
κ− + δ

[
11030− 97761κ+ + 9122 ν

2 (
2 + κ+

)
+ ν

(
− 92446 + 27367κ+

)]}
v
2
)

(vS) (vΣ) +
{
− 2

[
570262 + 351066 δ κ−

− 3 ν
(
507492 + 152245 δ κ− − 386289κ+

)
+ 2 ν

2 (
420201 + 85061 δ κ− − 360846κ+

)
− 351066κ+ + 28 ν

3 (
2 + κ+

)]
(nv)

2 − 2
[
− 125332− 97761 δ κ−

+ ν
(
305810 + 56269 δ κ− − 251791κ+

)
− 2 ν

2 (
171541 + 8459 δ κ− − 35826κ+

)
+ 97761κ+ + 18244 ν

3 (
2 + κ+

)]
v
2}

(vΣ)
2

+
{

2
[
− 3056658 + 929364 δ κ−

− 2218433κ+ + 46079 ν
2 (

2 + κ+

)
+ ν

(
1676740− 620106 δ κ− + 1491545κ+

)]
(nv)

3
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+
[
3214028− 874916 δ κ− + ν

(
361732 + 302654 δ κ− − 80076κ+

)
+ 2154322κ+

− 475778 ν
2 (

2 + κ+

)]
(nv) v

2}
(vS) (nS) +

({ (
3147797− 5829107 ν + 2434345 ν

2)
κ−

+ δ
[
− 801874− 3147797κ+ + 46079 ν

2 (
2 + κ+

)
+ ν

(
1009158 + 2111651 κ+

)]}
(nv)

3

+
{ (
− 1514619 + 1941197 ν − 367419 ν

2)
κ− + δ

[
997862 + ν

(
114558− 191365κ+

)
+ 1514619κ+ − 237889 ν

2 (
2 + κ+

)]}
(nv) v

2
)

(vΣ) (nS)

+
{

2
[
5227548− 1216896 δ κ− + ν

(
− 6893056 + 684456 δ κ− − 3387479κ+

)
+ 3075029κ+ + 413377 ν

2 (
2 + κ+

)]
(nv)

4 − 6
[
1544838− 328848 δ κ−

+ ν
(
− 2011336 + 138159 δ κ− − 853814κ+

)
+ 907817κ+ + 82405 ν

2 (
2 + κ+

)]
(nv)

2
v
2

+ 4
[
359181− 57141 δ κ− + ν

(
− 616905 + 30384 δ κ− − 219799κ+

)
+ 266628κ+

+ 30484 ν
2 (

2 + κ+

)]
v
4}

(nS)
2

+
({ (

3147797− 5829107 ν + 2434345 ν
2)
κ−

+ δ
[
− 837370− 3147797κ+ + 46079 ν

2 (
2 + κ+

)
+ ν

(
125484 + 2111651 κ+

)]}
(nv)

3

+
{ (
− 1514619 + 1941197 ν − 367419 ν

2)
κ− + δ

[
914702 + ν

(
700104− 191365κ+

)
+ 1514619κ+ − 237889 ν

2 (
2 + κ+

)]}
(nv) v

2
)

(vS) (nΣ) +
{ [

2673496 + 3147797 δ κ−

+ ν
2 (

1386252 + 1194133 δ κ− − 5417435κ+

)
− 3147797κ+ − 92158 ν

3 (
2 + κ+

)
+ ν

(
− 4318238− 3970379 δ κ− + 10265973κ+

)]
(nv)

3
+
[
− 688444− 1514619 δ κ−

+ 3 ν
(
− 120938 + 355427 δ κ− − 1365173κ+

)
+ 1514619κ+ + 475778 ν

3 (
2 + κ+

)
+ ν

2 (− 1396092− 64765 δ κ− + 447495κ+

)]
(nv) v

2}
(vΣ) (nΣ)

+
(

2
{ (
− 4291925 + 8939519 ν − 3151201 ν

2)
κ− + δ

[
4026508 + 4291925 κ+

+ 413377 ν
2 (

2 + κ+

)
− 35 ν

(
186627 + 116341 κ+

)]}
(nv)

4

− 6
{ (
− 1236665 + 2307365 ν − 635041 ν

2)
κ− + δ

[
1502404 + 1236665 κ+

+ 82405 ν
2 (

2 + κ+

)
− ν

(
2117145 + 991973 κ+

)]}
(nv)

2
v
2

+ 4
{ (
− 323769 + 478747 ν − 152020 ν

2)
κ− + δ

[
429376 + 323769 κ+ + 30484 ν

2 (
2 + κ+

)
− ν

(
690749 + 250183 κ+

)]}
v
4
)

(nS) (nΣ) +
{ [

ν
(
− 6095254 + 6505727 δ κ− − 15089577κ+

)
− 5

(
174488 + 858385 δ κ− − 858385κ+

)
− 826754 ν

3 (
2 + κ+

)
+ ν

2 (
12407868− 1782289 δ κ− + 9926159κ+

)]
(nv)

4
+ 3

[
ν
2 (− 4525560 + 358723 δ κ−

− 2342669κ+

)
+ 85

(
− 980 + 14549 δ κ− − 14549κ+

)
+ 164810 ν

3 (
2 + κ+

)
+ ν

(
3418150− 1649669 δ κ− + 4122999κ+

)]
(nv)

2
v
2 − 2

[
− 26330 + 323769 δ κ−

+ 2 ν
2 (− 777095 + 45626 δ κ− − 295809κ+

)
− 323769κ+ + 60968 ν

3 (
2 + κ+

)
+ ν

(
1204762− 364465 δ κ− + 1012003κ+

)]
v
4}

(nΣ)
2

+
{
− 4

[
433968− 47922 δ κ−

+ ν
(
− 715366 + 10725 δ κ− − 315989κ+

)
+ 142766κ+ + 76576 ν

2 (
2 + κ+

)]
(nv)

4

+ 4
[
645648− 61356 δ κ− + ν

(
− 789234 + 15507 δ κ− − 356657κ+

)
+ 187518κ+

+ 80846 ν
2 (

2 + κ+

)]
(nv)

2
v
2 − 8

[
125822− 7115 δ κ− + ν

(
− 74954 + 2894 δ κ−

− 34242κ+

)
+ 30553κ+ + 6601 ν

2 (
2 + κ+

)]
v
4}

S
2

+
(
− 8

{ (
− 95344 + 259201 ν − 59738 ν

2)
κ− + δ

[
354179 + 95344κ+ + 38288 ν

2 (
2 + κ+

)
− ν

(
485847 + 163357 κ+

)]}
(nv)

4
+ 8

{ (
− 124437 + 308794 ν − 71437 ν

2)
κ−

+ δ
[
510814 + 124437 κ+ + 40423 ν

2 (
2 + κ+

)
− ν

(
564209 + 186082 κ+

)]}
(nv)

2
v
2

− 8
{ (
− 37668 + 65596 ν − 18177 ν

2)
κ− + δ

[
170713 + 37668κ+ + 6601 ν

2 (
2 + κ+

)
− 22 ν

(
5271 + 1688κ+

)]}
v
4
)

(SΣ) +
(

4
[
ν
2 (− 1257006 + 49013 δ κ− − 375727κ+

)
+ 16

(
− 12070 + 5959 δ κ− − 5959κ+

)
+ 76576 ν

3 (
2 + κ+

)
+ ν

(
1115375− 211279 δ κ−

+ 401967κ+

)]
(nv)

4 − 4
[
− 298355 + 124437 δ κ− + ν

2 (− 1503589 + 55930 δ κ− − 428094κ+

)
− 124437κ+ + 80846 ν

3 (
2 + κ+

)
+ ν

(
1600063− 247438 δ κ− + 496312κ+

)]
(nv)

2
v
2

+ 4
{
− 87541 + 37668 δ κ− − 6 ν

(
− 80620 + 8561 δ κ− − 21117κ+

)
− 37668κ+

+ 13202 ν
3 (

2 + κ+

)
+ ν

2 [
12389 δ κ− − 9

(
35739 + 9629κ+

)]}
v
4
)
Σ

2
,

f
2
8 = −2

[
− 902544 + 223199 δ κ− − 463094κ+ + 9198 ν

2 (
2 + κ+

)
+ ν

(
− 396690− 754 δ κ− + 5787κ+

)]
(vS)

2 − 2
{ (

686293− 899337 ν − 6182 ν
2)
κ−

+ δ
[
− 480890− 686293κ+ + 9198 ν

2 (
2 + κ+

)
+ ν

(
− 419408 + 6541κ+

)]}
(vS) (vΣ)

+
[
− 386486− 686293 δ κ− + ν

(
96445 + 452939 δ κ− − 1825525κ+

)
+ 686293κ+

+ 18396 ν
3 (

2 + κ+

)
+ ν

2 (− 910930 + 7690 δ κ− + 5392κ+

)]
(vΣ)

2

+
[
− 6363300 + 2012530 δ κ− − 3332386κ+ + 140100 ν

2 (
2 + κ+

)
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− 2 ν
(
1950318 + 7900 δ κ− + 169755κ+

)]
(nv) (vS) (nS)

+
{ (

2672458− 3863205 ν − 38450 ν
2)
κ− + δ

[
− 2063276− 2672458κ+

+ 70050 ν
2 (

2 + κ+

)
− ν

(
1928546 + 161855 κ+

)]}
(nv) (vΣ) (nS)

+
{

2
[
7031031− 1519937 δ κ− + 2903969κ+ − 3306 ν

2 (
2 + κ+

)
+ ν

(
3359898 + 12907 δ κ− + 727107κ+

)]
(nv)

2
+
[
− 9180930 + 1353406 δ κ−

− 3337204κ+ + 40356 ν
2 (

2 + κ+

)
− 2 ν

(
1918032 + 4963 δ κ− + 612954κ+

)]
v
2}

(nS)
2

+
{ (

2672458− 3863205 ν − 38450 ν
2)
κ− + δ

[
70050 ν

2 (
2 + κ+

)
− ν

(
2054114 + 161855 κ+

)
− 2

(
908446 + 1336229 κ+

)]}
(nv) (vS) (nΣ)

+
{

817592 + 2672458 δ κ− − 2672458κ+ − 140100 ν
3 (

2 + κ+

)
+ ν

(
521708− 1850675 δ κ− + 7195591κ+

)
+ ν

2 [− 54250 δ κ−

+ 44
(
95009 + 8590κ+

)]}
(nv) (vΣ) (nΣ) +

({
− 4

(
2211953− 2682774 ν + 24161 ν

2)
κ−

+ 2 δ
[
6095633 + 4423906 κ+ − 3306 ν

2 (
2 + κ+

)
+ ν

(
3369929 + 714200 κ+

)]}
(nv)

2

+
{
− 2

(
− 2345305 + 2098821 ν + 326 ν

2)
κ− + 2 δ

[
− 4610579− 2345305κ+

+ 20178 ν
2 (

2 + κ+

)
− ν

(
1887473 + 607991 κ+

)]}
v
2
)

(nS) (nΣ)

+
{ [

529810− 4423906 δ κ− + ν
(
− 9756929 + 2325674 δ κ− − 11173486κ+

)
+ 4423906κ+ + 6612 ν

3 (
2 + κ+

)
− 2 ν

2 (
3364415 + 11254 δ κ− + 702946κ+

)]
(nv)

2

+
[
5
(
− 185396 + 469061 δ κ− − 469061κ+

)
− 40356 ν

3 (
2 + κ+

)
+ ν

2 (
3647998− 10252 δ κ− + 1226234κ+

)
+ ν

(
9257888− 745415 δ κ−

+ 5436025κ+

)]
v
2}

(nΣ)
2

+
{
− 2

[
759660− 171224 δ κ− + 1669 ν δ κ−

+ 412592κ+ + 22248 ν
2 (

2 + κ+

)
+ 24 ν

(
4621 + 8133κ+

)]
(nv)

2

+
[
1406688− 302336 δ κ− + 803672κ+ − 7320 ν

2 (
2 + κ+

)
+ ν

(
417852 + 2806 δ κ−

+ 444750κ+

)]
v
2}

S
2

+
(
− 2

{ (
− 583816 + 491373 ν − 28924 ν

2)
κ−

+ δ
[
976976 + 583816 κ+ + 22248 ν

2 (
2 + κ+

)
+ ν

(
80996 + 193523κ+

)]}
(nv)

2

− 4
{

2
(
138251− 95925 ν + 488 ν

2)
κ− + δ

[
− 499190− 276502κ+ + 1830 ν

2 (
2 + κ+

)
− ν

(
87269 + 110486κ+

)]}
v
2
)

(SΣ) +
{ [
− 118138 + 583816 δ κ−

− 583816κ+ + 44496 ν
3 (

2 + κ+

)
+ ν

2 (
34756 + 25586 δ κ− + 361460κ+

)
+ ν

(
2720885− 148925 δ κ− + 1316557κ+

)]
(nv)

2
+
[
357386− 553004 δ κ−

+ ν
(
− 2888077 + 81364 δ κ− − 1187372κ+

)
+ ν

2 (− 225662 + 854 δ κ− − 442798κ+

)
+ 553004κ+ + 7320 ν

3 (
2 + κ+

)]
v
2}

Σ
2
,

f
3
8 = 3

[
11798 + 265 δ κ− + 4 ν

(
− 10242 + 463 δ κ− − 5019κ+

)
+ 4977κ+ + 672 ν

2 (
2 + κ+

)]
(nS)

2

+ 6
{
− 2

(
1178− 5217 ν + 2020 ν

2)
κ− + δ

[
4643 + 2356κ+ + 336 ν

2 (
2 + κ+

)
− 2 ν

(
10129 + 5482κ+

)]}
(nS) (nΣ)− 3

[
4 ν

2 (− 10066 + 547 δ κ− − 6029κ+

)
+ 4

(
− 2 + 589 δ κ− − 589κ+

)
+ 672 ν

3 (
2 + κ+

)
+ ν

(
10014− 10699 δ κ− + 15411κ+

)]
(nΣ)

2

+
[
− 14234− 265 δ κ− − 4 ν

(
− 9402 + 463 δ κ− − 5019κ+

)
− 4977κ+ − 672 ν

2 (
2 + κ+

)]
S

2

+
{

4
(
1178− 5217 ν + 2020 ν

2)
κ− − 2 δ

[
3671 + 2356κ+ + 336 ν

2 (
2 + κ+

)
− 2 ν

(
9751 + 5482κ+

)]}
(SΣ) +

[
4 ν

2 (− 10234 + 547 δ κ− − 6029κ+

)
+ 4

(
13 + 589 δ κ− − 589κ+

)
+ 672 ν

3 (
2 + κ+

)
+ ν

(
9942− 10699 δ κ− + 15411κ+

)]
Σ

2
.
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