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Abstract 

The Jacobian for a finite gauge transformation of the fermion fields in the 

chiral Schwinger model is calculated. In contrast to the results published 

before this Jacobian is suitable for the construction of a gauge invariant 

fermionic quantum theory. 
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The chiral Schwinger model /1/ (chiral QED 2) has become a popular tool frequently 

used for the demonstration of ideas concerning anomalies. (See /2/ and t·eferences 

therein.) The reason is twofold: the model is exactly solvable and it is con-

sistent in spite of the apparent anomaly /1/. The consistency relies on a nonzero 

value of a regularization parameter "a" which reflects the ambiguity in the treat-

ment of chiral fermions. In the path integral approach, where the anomaly comes 

from the gauge noninvariance of the fermionic measure /3/, "a" depends on the 

regularization of the Jacobian belonging to a chiral gauge transformation of the 

fermions. This is not unique, since there is no requirement for gauge invariance, 

contrary to the nonchiral case. This has been called into question /4, 5/, but 

explicit regularization prescriptions have been given which are able to introduce 

such an arbitrary "a" /6-9/ *). Therefore the consistency of the model is esta-

blished by now. 

This can be understood as a consequence of gauge invariance. In fact, it has 

been shown that the procedure of quantizing the gauge field automatically leads 

to a gauge invariant quantum theory /11-13/. This is achieved by a Wess-Zumino 

scalar field which can be viewed upon as the (surviving) gauge degree of freedom 

contained in the gauge field. For gauge invariance the gauge variation of the 

Wess-Zumino action has to cancel the above-mentioned Jacobian of the fermionic 

measure. It has been proven by general arguments that this procedure works /11-13/. 

Also, gauge invariance of the chiral Schwinger model has been demonstrated at the 

level of a purely bosonic theory /14, 15/. Of course, in the chlral Schwino~r model 

it should also be possible to show explicitly that the gauge variation 

Zumino action cancels the fermionic Jacobian. This has not been done 

*) Ref. /10/ also tries to introduce a free para~ 
use a regularization operator which effective' 

the Jacobian cannot depend on r , either. 
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Indeed, if one would try to do so by taking the Wess-Zumino action ·and the regu-

larization of the fermionic measure from the literature, one would fail. The reason 

is that some Jacob1ans are incorrect /7, 9, 10/ and that the correct ones /6, 8/ 

are not suitable for the design of a gauge invariant quantum theory. Therefore an 

explicit construction of a gauge invariant version of the chiral Schwinger model at 

the fermionic level is still lacking. The present letter is going to fill this gap. 

The classical fermionic action reads 

s [ ii' 't I A J • f "i- i' I' [ ' :;.. .. A,. PL J1r rl 'X (I) 

where the conventions of ref. /2/ are used. Under a gauge transformation with group 

element h = e-ioC, the fermions transform according to 

J, -I.,{. PL 
'<•e 't 

_, - ,·«. PR 
'It =lfe ( 2) 

T~e JacoBian with respect to this transformation is not unity /3/, but 

d 'lfh olii"· d 'If di/ J [A,hJ ( 3) 

because the Ys- part does not cancel. let the effective action Q[A] be the result 

of integrating out the fermion fields: 

' e 
W[AJ 

= r"''" d il e' sr 1/, ".A 1 

Then the Wess-Zumino action is defined by the difference 

«,[A ,f'J ~ W[Af-'J- w [A] 

with the transformed gauge field 

_, 
A1 =A+!..Jg 
I" I" er 

Q _; 9 
~ = e 

--

( 4) 

( 5) 

( 6) 
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Now the claim is that the quantum theory defir,·d by the generati 

Z:fcl.4 "-} !CfCA,Jl) t./[A,p d • oiii 

~i[f-~r;.."r=-"vol 1 x • S[ii, \ IJ + o<,[A,{' 

=- f .V(A,1) hr,-{H,r;,..,F"'vJ'x 4 W[A,~J} 

is gauge invariant /11-13/. This is fulfilled;, W'[A,J] is gauge 

fore we calculate 

1 'P•ctional 

(7) 

'ariant. There-

e<wCA',1'1• )dlfol?i u.r,·[>£11"-: 11•-. 1] + oi,[A •, c3' ,-'J} 

= e'WCA,J]. ( JCAY'J) -1 -<.t,[A,h] 
e (8) 

where we used gauge invariance of the classical action and the on' ·~cycle condition 

for the Wess-Zumino action: 

ol, [A", r,4,-'J = «',[ A,f'J- <i, [ ~. 1.] ( 9) 

Hence the theory is gauge invariant, if 

JfA,h- 1 ] = e-io<,[A,4] ( 10) 

In the chiral Schwinger model, however, none of the existing expl; it regulari-

zation prescriptions for the calculation of J /6-9/ fulfills this· ·•'1dition , not 

even for infinitesimal transformations. This makes a new calculat•·-r1 of the Jacobian 

necessary. 

The Jacobian of an infinitesimal transformation 1f~ 'lfh, h= 'J« 
can 

be calculated by the method of Fujikawa /3/, appropriately adjuste I to the present 
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case. After a Wick rotation to euclidean space, the sum 
+ 

2 cpn Ys Cf'~ 
'" 

has 

to be evaluated, where the o/~ form a complete set of eigenfunctions. Since the 

sum is ill-defined, it has to be regularized. This is done by suppressing the large 

eigenvalues: 

-(~~/ 
e <f., 2 Cf,,..' v, Cf., _,. 1hn 2 <f.: fr 

')1. fJ I /'1-'loC -11 

(11) 

~/hich operator do these eigenvalues correspond to? This is the point where the 

arbitrariness enters into the regularization procedure. In the vector case, the 

requirement for vector current conservation fixes the operator to be the covariant 

derivative which appears in the classical action. Here such a requirement cannot 

be satisfied, gauge invariancewould demand that the chiral current is conserved, 

which is impossible. Hence we are free to choose (in Minkowski space) /6-9/ 

. .,.. - t 1 " 
Jl ~ y"' [ Ol,u-' e (,-AI'+ sA_,..)] , A_,.~ T(JI'v ± Er,)A • (12) 

As was pointed out in ref. /9/, the corresponding covariant derivative in euclidean 

space 

JIE~ y"'[~-<e((nfi~l""+t'(,--fi'l-vlA" J (13) 

is not herm1tean. This can be cured by an analytical continuation of r-s to imagi

nary values /9/. Then the calculation of the Jacobian is standard /3/ and leads to 

the result (in Minkowski space); 

JE A I e-' 1"] = 1 + ;·: f ci 'x iJ .t , E I'" ?•J -r A~ + r A,- ) (14) 

This agrees with the result of refs. /6, 8/, though there the authors did not care 

about hermiticity. Unfortunately, ref. /9/, where this has been taken into account, 

contains a sign error in the infinitesimal Jacobian. 
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What we really need is the Jacobian for a fi 

derived from eq. (14) by an iteration procedure 

another speciality; there are two possibilities 

step o{- c£ + Jci the regulator has to con 

differs from the original one by a transformatio' 

action only A~ occurs, one might think that only 

been done in ref. /6/ for the chiral Schwinger 

abelian extension. Certainly, because IP~.-= ~- i~ 

iteration of A- alone is a 2 dimensional special' 
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1as to be itera 
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In any other d 

can be 

offer 

d. In the 

,ld, which 

fermionic 

This has 

w its non-

ions, the 

:; ion the 

only chance is to iterate the complete gauge fie1 Therefore this ~ ,s to be 

reasonable in 2 dimensions, too. More than that, ly the latter pr( lure is able 

to satisfy eq. (10), as will be shown below. 

In order to confront the finite Jacobians Wit 1 1ch other, both 

be presented. If only A is iterated, the Jacobi (denoted by J 1 [ 

solution of the differential equation which is i· 'icitly given by 

J, [ A 
1 

e- i (ot•o" 1] = J, [A 
1 

e- '~ 1 J 
J 1 is easily calculated to be 

-t'd 
1 + ~ d«:', e 

edures will 

-i"'j) is the 

( 15) 

fml [A e-'"J~_i__f[-i.'o<U.t+Je 
Q-t J lf-7T 2 

J"'(-r,A;- s,A1 
/d'x, (16) 

In the other case, where the complete gauge fiel is iterated, the 

equat'ion reads 

ferential 

'1 [A e-i(ot•~"JJ • J [A e-'"]' J, 4 • :'.dot' e-'' 7 
Q'l J J. ' e ' 

( 17) 

which has the solution 

lnJ~[A~e-'"J=,'~f[icr,-<;<lu+~e"''-'"'(">A;-s,A; /ci'x. (18) 
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The effective action ~[A] can be calculated as the Jacobian for the trans-

formation with o{=-U--f') /5/, where o- and f determine the gauge field 

~: ; ( ;;...- + ~l) <l"f). 
( 19) 

The parameters rand s are adjusted in such a way that C/[AJ 

prescriptions, namely the effective action given in ref. /1/: 

is the same for both 

W [A ] • ~ £n 1 (A e' 'H> 1 = 2 .tn. } [A e '"- 'J 1 
( {-t J L 2. I 

~ ~ ([etA,..A"'- A (q~'"t £"'")a.,~, (q'"- £P")A J d'x 
Prr l / /" ' a 1 v , 

where now J 1 and J 2 are given by: 

It 
'f'.f '; 2 s, : 1 ~ 

CnJ, [A, e-'" 1 = .' .. f [- j .t a ot + ~ e ot ;)-" (~A,.' -A,.-)] d ~ x , 

a. 
_,.~ = -,: s, = 1- ~ =9 

.im]a [A, e-· "'1 ={;,Hi (4-1)" a«+ 2 erl ;)-" n A;- (1- ~)A; 1} d 'x. 

(20) 

(21) 

(22) 

J 1 corresponds to the iteration procedure of refs. /6, 8/. As far as the bosonized 

version of the chiral Schwinger model is concerned, it is sufficient to have only 

one free parameter to reflect the regularization ambiguity, because the other one 

can be absorbed into the gauge coupling constant e. In the ordinary Schwinger model 

/16/ as well as in the chiral Schwinger model /5/ with a= 0 it turned out that the 

effective action is one half of the exponent of the infinitesimal Jacobian where J~ 

is just replaced by the ·appropriate finite transformation. This result has been 

adopted for the chiral Schwinger model with a 'f 0 as well /7, 9/. It is, however, 

- 7 -

related to the fact that the gauge field which is going to be "rt ·ated away" 

coincides with the regulator field, This is not true for a t- 0, ~'!Ch that the 

finite Jacobians presented in refs. /7, 9/ are incorrect. This c~n easily be seen 

from the coefficient of the mass term. It is given by the coeffi( ient of the A+ 

term in the infinitesimal Jacobian, which can not be changed by the iteration, 

because V-f only depends on A-. Hence there is no modification of the mass term 

coming from the iteration procedure, especially no factor~. 

Starting from the effective action (20) it is straightforward to calculate 

the Wess-Zumino action: 

cL < [ A, f 'J = i7r f f T ( -1-0) fl a fl - 2_ e fl i1"'[ T A
1
.' - ( 1- ~ ) II"'- J j ci 2 x 

1 

(23) 

where g = e-iS . A comparison of eq. {23) with eqs. (21) and (22) shows that J
2 

satisfies eq. (10) and J 1 does not. Hence the method to iterate A- only is not 

appropriate for the construction of a gauge invariant quantum theory containing 

fermion fields. For this purpose there is only one possibility to regularize the 

fermionic Jacobian: use "'A'+(1-'"JA
J.. !'- a_ I' as a regulator field and iterate 

the complete gauge field to build up a finite transformation out of infinitesimal 

ones. This results in eq. (22). 
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