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Abstract 

The form factor FA(O) in 1r ----t ev-y is calculated,at the soft pion point,directly from 

data on the semileptonic r-lepton decays T ----t Vr + n1r, which determine the rele~ 

vant vector and axial~vector hadronic spectral functions. The reliability of this cal­

culation is assessed by using these fitted spectral functions to check the saturation 

of the first two Weinberg sum rules. The results are: FA(O) = 0.017±0.001±0.004, 

and -r(O)'=FA(O)j Fv(O) ~ 0.67 ± 0.04 ± 0.16. 

1 Alexander von Humboldt Research Fellow. On leave of absenct> from: Facultad dt> Fisica, Pontificia Uni­
versidad CatOlica de Chile, Santiago, Chile. 

Considerable experimental and theoretical attention has been devoted in the past to the 

radiative decay of the pion: 7r+ (p) ---1 ve( k) + c+( k') + --r( t", q), as this process serves as a unique 

testing ground of the low energy structure of QCD (for reviews see [1]-[2]). Since the inner 

bremsstrahlung (IB) from e+ or 7r+ is calculable in QED , this decay essentially probes the 

structure dependent (SD) piece of the amplitude associated to the vector and axial-vector 

.6.5=0 weak hadronic current. This SD amplitude involves two a priori unknown form factors 

Fv and FA, to be defined more precisely below. Theoretically, Fv may be related through 

eve to the form factor in 7r0 ---t /"Y !3] which is accurately described by the chiral anomaly 

[4]. Concerning FA, or equivalently 1=-FA/ Fv, there is a wide variety of predict.ions from e.g. 

the quark model [5], the linear u model [6],etc. and: more pertinent to make contact with 

QCD, from QCD sum rules [7], chiral~ symmetry [8] and current algebra [9]. From the last 

two methods one finds 1 ;:::; 0.5, while other predictions span the range -1 ::::; 1 ::::; 1.5. The 

latest two experimental results are (earlier experiments are reviewed in [2]) 

I= 0.7 ± 0.5 (I) 

from SIN [10], and 

'~ 0_25 ± 0.12 (2) 

from LAMPF [11], while the world average stands now at [llj 

1 = 0.39 ± 0.06 (3) 

In this paper we calculate FA at the soft pion point,i.e. FA(O), directly from experimental 

data on the semileptonic decays T ----t Vr + mr [12]. These data determine the vector and 

axial-vector hadronic spectral functions entering the expression for FA(O). Previous current 

algebra estimates of FA(O) relied upon theory, e.g. tree-level chiral Lagrangians or model 

parametrizations of the spedral functions. Hence, our results should be useful to constrain 

some of the theoretical parameters appearing there, in addition to being a valuable test of the 

soft pion expression for FA(O) from experimental data independent from radiative pion decay. 

The reliability of our calculation may be assessed by analyzing how well do the fitted spectral 

functions saturate the first two Weinberg sum rules (WSR) [13]. This analysis was first 

done in [14], but we briefly reexamine it here on the light of some recent developments [15]. 

Apart from the IB contribution, radiative pion decay is described by the on~mass-shell 

limit of the hadronic amplitude 

M,"(p,q)[sv ~ i j d:'u'" < O[T(V,"M(x).T~-I(o))[~+(p) > (4) 

where VI-'EM is the electromagnetic current and J~-l the .6.5=0 weak (V~A) hadronic current.. 

The dimensionless form factors Fv(s) and FA(s), with s=p·q, are defined through 

J2J..-M,.,,(p,q)lsv = t,.,,poq"p(7 F\'(s) + i(sg,.,,- q,.,p.,)FA(s) (5) 
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wht>rt' fn = 93.2il1ti", and tht> ;r-init>rnwdiak ~taft' pieC'e in (5) ha.s been removed to eombine 

"'·it.h the IB contribution. Using C\rC and the chiral anomaly one obt.ains for FF(O) r3) 

1 1 
F;-(0) c- -0 F,.,,~-.(0) = 

4
;r

2 
V-

(6) 

Some timf' ago, daims werf' mack -lG] of possible large deviations of CVC in ECJ.(6) but they 

havt' nor snrvived doser scrutiny 11:. Corred.ions t.o Eq.(G) arf' expected to be- of order 

O(md- m") and thus \'er:-._. small :17:. Turning to lA. current algebra in the soft pion limit 

leads to :1: 

' FA(O) ,- C(O) ~ ~J: < c; (7) 

wht>re < r~ -_,is the EI\-1 r.m . .s. radius of the pion, and 

' ~.~ dt C(O) =- - ~ -- 'Im Ill·( f)- Im ll.4(f) 
7r 411~ f 

{8) 

In Eq.(8) II;· (II.4) is the- longitudinal plus transverse projection of the diagonal two-point 

function invoh-ing n·dor {axial-vc\tor) <"Urrents.normalized such that the QCD asymptoti(' 

freedom limit. is 
. 1 1 _ n.(l) 

2 
. 

hm lm. n\-,A(f);qcn- ----2 1 ~ --- -~ O(o._,J 
t-~ r. 8r, )i' . 

(9) 

wherf' a,(f)/rr = -2_t;31 ln(t;,\bcvl. is the runninf!: coupling mnstant with .:11 - -~for two 

flavours and AQrn ~ lOOAJcF. \\iith t.his normalization the first two \~~einberg sum rules. in 

the chiral limit, read. 

:. toe dt -lm Tid f)- Im TIA(tJ: = {; 
rr Jo 
1 I' -/n dff:Imlll'(i)-JmiTA.(f); =0 
" • 0 

(10) 

( 11) 

where the longitudinal piecc of hn ITA. i.e. the 1f-pole, has b!O'en writt.en expliritly in (10); 

noti('e that. this term does not \ontribute to C(O) in Eq.(S). 

Recent experimental dat.a ·12: on the semileptonic de<".ays T ---4 v~--+- nrr. with n=even 

(odd), allow for a determination of the Yedor (a...xial-vector) hadronic spectral fundions up 

to the kinemati<"al phas<' spa\e limit f ~ 3 Gdr2
• Fits t.o t.hese data were done in [14~ and 

used there to study the saturation of the \VSR {10)-(11). Somp improYements to these fits 

wen· performed in )5. b~· E'-f';- including ba<.'kground contribution:> to the axial-vector channel 

and using updated values for some of tht> bran<"hing ratios. Thf' rE'sults of thesf' latter fits arE' 

depict-ed in Fig.1, where for simplicity experimental error~ are not ~hown. 

Although the upper limit of integration in Eqs.(8),(10)-(11) extends tot = 'X), in practice 

it is only necessar:-· to integrate up to some finite <"Utoff t = fc. In fact, as it follows from 

duality, after ~omc threshold t = t6',A (in general ~~- jt;J) the hadroni' spectral function 

is expected to merge into its asymptotiC" QCD value- (9J.Qualitativdy, a visual inspection 

of Fig.l shmvs t.hat the data above resonance supports this expe<"tation.Quantitatively,this 
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asymptotic frt>edom threshold is an eigenvalue solution to tht" following Finik Energy Sum 

Rule (FESR) [15;.[18 

where 

S;r 2 r:·A 1 
1 -i- F2(to):::::: lo(to)iv,A =VA r dt -Imiiv,A(t) 

t
0

' lo ;r 

F2(fo) =- o,(fol ·I [o,(to)]<(F1-1!_2, 
rr IT 

82 to 
--- lnln~) 
fJ1 QCD 

(12) 

(13) 

with F3 ::- 1. 7566 .... and {i2 ::- -115/12 for two flavoun;. In Fig.2 we show the behaviour of the 

r.h.s. and the l.h.s. of Eq.(12) as a fundion of to for the spectral fundions of Fig.l. Taking 

into account thP experimental errors in the data {for a description of the error analysis see [18]) 

one finds st.ablP eigenvalue solutions to Eq.(12) in the range 1.4GeV2 :::__ t~' :.._ 1.7GeV2 ,and 

1.75Gr:l/2 
:.:_ t~ ~ 2.25GeV 2 . 

Further constraints on the above duality regions may be obtained from an analysis of the 

\~'SR (10)-(11). In a first step we ign9re the results from Eq.(12) just discussed,and simply 

integrate the spedral functions 

1 1 
-Im II~t·,A.(t) = -Im II\',A(t):FJT 8(t,. 
~ IT 

1 . o,( t) 
t)- -, [1 f ---- - ... 1 8(1- t,) 

8;r 1r . 
(14) 

The result-s shown in Figs.(3.a)-(3.b) (solid curves) indicate a satisfactory saturation of the 

two \VSR. Next, we make me of tht> information provided by the FESR (12) and integrate 

thE' spedral fun<"tion~ 

1 1 ' v 1 o:.(t) 
-lm II.,(t) =--- -Im Tiv(t):nT 0(t0 - t) -1 - [1 + --
IT w ~ rr 

.. jEJ(t- t~) (15) 

a.nd I m ll_,t(f) still gin·n by Eq.(l4) sin<.'e t~ > t~'. Clearly. in this cast' f,-=t~. The results from 

t.hi~ pro<"edure are shown in Figs.(3.a)-(3.b), as dashed CUTYE'S. for the choice t~' = 1.6Gel12 . 

Allowing t6 to change within its duality range and inspe,ting the results as a fundi on of tco=t~ 

one finds that the \VSR are saturated to a very good a<"<"uracy for t6'::::: (1.50- 1.65)GeV2 

and f,=:t;J ;::::(1.75- 2.25)Gc1r2
• 

Turning to C(O) and perfonnlng the integrals in Eq.(8) for the abow ranges of t~'.A one 

finds quitE' stable results as shown in Fig.4. Kumerically wc obtain 

whirh upon using r; 

C(O) = -(4.78:.:. 0.13) X 10- 2 

iEXP----:- 0.44::::- 0.03fm 2 )9: in Eq.(i) leads to 

FA(O) = 0.017 ::t 0.001 ± 0.004 

-y(O) = 0.67 ± 0.04 ± 0.16 

(16) 

(17) 

(18) 

where the first error comes from Eq.(16) and the second one is due to the experimental un­

certainty in< r; >.The different power weighb of the spectral functions in Eqs.(10)-(11) 
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lead us to expect the first WSR to be more accurately saturated than the second.Notke that 

uncertainties in the T~decay data increase with energy,as the number of events approaches 

zero at the phase space end point. This expectation is fully confirmed by the analysis. To this 

extent we expect the result from Eq.(S),i.e.Eq.(16), to have a similar (or better) accuracy 

as the first WSR. The fair agreement between 1'(0),Eq.(18), and the current experimental 

world average (3) appears to support the view that corrections to eve in Eq.(6), and to 

the soft pion theorem (7), should be small. A more precise comparison would have to await 

improvements in the measurements of") and < r! >. 
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Figure Captions 

Fig.l : Hadronic spectral functions in the vector (curve ( a)) and axial-vector (curve (b)) 

channels (Fit. errors are not shown). 

Fig.2 The r.h.s. of the FESR (12) in the vector {curve ( a)) and axial-vector (curve 

(b)) channels, together with the l.h.s. (curve (c)). 

Fig.3.a The first WSR (10) multiplied on both sides by 47r. Curves (a) and (b) are 

obtained using Eqs.(14) and (15),respedively.Straight solid line {c) is the value 471" J;. 

Fig.3.b: The second WSR (11) multiplied by 47r.Curves (a) and (b) are obtained using 

Eqs.(14) and (15) 1respectively. Straight solid line (c) is the value 0. 

Fig.4: The function e{O),Eq.(S),using Eq.(15) with tr =1.65Gd' 2 (curve (a)), and tr =1.50GeV 2 

(curve (b)),both for tc=:=t{ 
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