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Abstract

We point out an enhancement of the pair production rate of charged fermions in a strong electric field
in the presence of time dependent classical axion-like background field, which we call axion assisted
Schwinger effect. While the standard Schwinger production rate is proportional to exp(—m (m?+ pZT) /E),
with m and pr denoting the fermion mass and its momentum transverse to the electric field E, the ax-
ion assisted Schwinger effect can be enhanced at large momenta to exp(—zm?/E). The origin of this
enhancement is a coupling between the fermion spin and its momentum, induced by the axion veloc-
ity. As a non-trivial validation of our result, we show its invariance under field redefinitions associated
with a chiral rotation and successfully reproduce the chiral anomaly equation in the presence of helical
electric and magnetic fields. We comment on implications of this result for axion cosmology, focussing
on axion inflation and axion dark matter detection.
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1 Introduction

Schwinger production [1, 2] describes the quantum mechanical, non-perturbative production of pairs of
particles and antiparticles in a strong electric field. The production rate is exponentially suppressed by the
mass gap in the dispersion relation,

n(m2+p2T))’ Ly

article production ~ exp | —
parieep P ( gIQIE

for a particle of mass m and charge Q, traveling with a momentum pr transverse to an electric field with
magnitude E and gauge coupling g. Not surprisingly, the spontaneous production of particles with large
momenta pr is exponentially suppressed.

In this paper, we study the production of charged particles in a strong electric field in the presence of
a time-dependent homogeneous background pseudoscalar field ¢, with V¢ = 0 and ¢ # 0. In analogy to
the QCD axion [3-6], we will refer to ¢ as axion-like particle, or axion for short. In the presence of such
an axion background field, a chiral current coupling (or equivalently a pseudoscalar coupling) induces an
additional spin precession operator in the non-relativistic Hamiltonian of a fermion v [7]:"!

0ud _ pM-o

¢ _.
p Rl - ="
I, wytysw or aml,UlYE,l// I, . (1.2)

where the gauge invariant momentum for a fermion is defined as I1 = p— gQ A with A denoting the vector

potential, and o denoting the Pauli matrices. This spin precession leads to an additional contribution to
the fermion energy, with a sign depending on the sign of the axion velocity. For one of the fermion modes,
it reduces the mass gap in the dispersion relation, cancelling the contribution from the transverse mo-
mentum for suitable values of ¢. Correspondingly, the particle production rate is exponentially enhanced
for pr # 0,72

2 , nm?p?
maximal particle production ~ exp (— i ) for (/)zlf2 > Pr (1.3)

glQIE “™ gIQIE

Somewhat counter-intuitively, for sufficiently large axion velocities, this axion assisted Schwinger effect is
thus not exponentially suppressed at large momenta, implying a fundamentally different resulting fermion
spectrum. This is the main result of the present paper.

To obtain this result, we solve the Dirac equation in the presence of an electric background field, in-
cluding the most general shift-symmetric dimension five couplings of an axion-like field to a fermion
and gauge field that do not explicitly break CP. The axion velocity and the electric field imply a time-
dependent background for the fermions, leading to the particle production described by time-dependent
Bogoliubov coefficients. We verify the intuition behind key aspects of our computation using the non-
relativistic effective field theory of fermions. Our results are intrinsically invariant under (chiral) fermion

rotations, reflecting the basis invariance of all observables.

81 For a discussion of the spatial components of this operator, referred to as ‘axion wind), see e.g., Refs. [8, 9].
12The maximal particle production rate given in Eq. (1.3) occurs for constructive interference of the two saddle points of the
adiabatic approximation, the full expression for the rate oscillates as a function of ¢ as discussed in the main text.



The non-vanishing axion velocity moreover leads to a magnetic field parallel to the electric field, i.e.,
a helical gauge field configuration, if the axion couples to the electromagnetic fields. This is, in particular,
relevant if we identify the axion ¢ as the inflaton particle driving cosmic inflation [10-12]. Motivated by
this, we also study the axion assisted Schwinger effect in a background of parallel electric and magnetic
fields. In this case, the fermion dispersion relation is quantized in terms of the Landau levels [13, 14],
each corresponding to a particular transverse momentum. We confirm that the enhancement mechanism
applies also in this case. The helical gauge field background sources a chiral asymmetry as indicated by
the chiral anomaly [15, 16]. As a non-trivial consistency check, we reproduce the chiral anomaly equation
from our result.

Our analysis builds on earlier studies of particle production in (helical) electromagnetic fields, repro-
ducing the chiral anomaly equation and the Schwinger production rate [17-21]. This paper extends these
analyses by including a dynamical axion field with general couplings to the fermions and gauge fields, in-
cluding in particular both operators in Eq. (1.2). The corresponding results of Refs. [17-21] are obtained as
a particular limit of the more general results presented here. Moreover our analysis shares some similari-
ties with the so-called ‘dynamically assisted Schwinger mechanism’ [22, 23], which describes an enhance-
ment of the Schwinger pair production rate in electric fields with a non-trivial time dependence.

The remainder of this paper is organized as follows. In Sec. 2, we compute the particle production due
to the axion assisted Schwinger effect in the presence of an electric field. We generalize this analysis in
Sec. 3 to include an (anti-)parallel magnetic field, in particular verifying the chiral anomaly equation and
providing an estimate for the induced fermion current. We comment on implications for axion cosmology,
in particular on axion inflation and on axion dark matter detection in Sec. 4 before concluding in Sec. 5.
We have relegated several technical but important details to six appendices. App. A fixes our notation and
conventions. Apps. B and C provide the details on deriving the equations of motion for the Bogoliubov
coefficients used in Secs. 2 and 3, respectively. App. D is dedicated to our analytical result for particle
production due to the axion assisted Schwinger effect. Our results are interpreted in the language of non-
relativistic effective field theory in App. E. Finally, we briefly review the WKB estimate of Schwinger particle
production in App. F.

2 Axion assisted Schwinger effect in an electric field

2.1 Dirac equation with classical background fields

Let us consider an axion-like particle ¢, coupled through shift-symmetric dimension five operators to an
Abelian gauge boson A, and a Dirac fermion . Our goal is to study non-perturbative fermion production

by explicitly solving the Dirac equation,

a

; 0
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in a classical background of a homogeneous axion field (with ¢ # 0) in the presence of a strong electric
field. Here I = (au +1 gQAH)y“ denotes the covariant derivative, m the conformal fermion mass®, g the
gauge coupling constant, Q the fermion charge, f, the axion decay constant, and c¢,;,,c5 are dimensionless
couplings constants. We have further assumed a Friedmann-Lemaitre-Robertson (FRW) background met-
ric, and Eq. (2.1) is expressed in conformal coordinates, implying that all contractions of Lorentz indices

are taken with respect to the flat metric 77,,,. For later convenience we introduce
On=cmd!fa and 6Os5=cs5¢/f,, (2.2)

see App. A for more details on our notation and conventions.
Without loss of generality, we choose the direction of the electric field along the z-axis, i.e., we work in

a classical background field configuration described by
A =1(0,0,0,A(1)), ¢=¢(0), 2.3)

where the electric field is given by E = — A, = 0. Introducing the generalized momentum I, = p, — gQA,,

we can write the equation of motion (2.1) in Fourier space as

i0g+1,-05  px—ipy —me?iOm 0
+i i0g—T1, -0 0 —me?im
o=| PrTiPy 07Tl . . 2.4)
—me <m 0 i0g—T;+05 —(px—ipy)
0 —me20m —(px+ipy) i60+Hz+95
We now decompose the fermion modes as
p =750 Y |arupexp(-iQo) + frvyexp (+iQ0)], (2.5)

A=1,2

with u) (v,) denoting the (anti-)particle eigenfunctions of the fermionic part of the Hamiltonian for con-
stant A, and ¢, respectively, see App. B for details. Inserting this into Eq. (2.4) yields the dispersion relation

Q=/T2+m2, (2.6)

with the effective mass m7 = /p2+ pf, + m? now including the transverse momentum. Note that, al-
though the dispersion relation (2.6) is independent of 85 and 6,,, the eigenvectors u,, v; depend on
05+ m = 05 +0,,,. The appearance of only this linear combination can be traced back to the symmetry of our
setup under chiral fermion rotations. This in particular implies that in the limit 72 — 0 any dependence

on 65 and 6, must drop out, since it can be removed from Eq. (2.1) by a suitable fermion rotation.

Bogoliubov coefficients. We now turn on the time-dependence of A, and ¢, thus promoting the coeffi-
cients a) and S, to time dependent Bogoliubov coefficients. Then Eq. (2.4) requires that

. (2.7)

0= ) (d,lu;t+a;tu,1)exp(—ifdtﬂ)+(ﬁ';tv;t+,8,11},1)exp(ifdt0)

A=1,2

13In an FRW background with scale factor a(#), the conformal mass m is related to the physical mass mpp, as m = mypa.



By exploiting the orthogonality among the eigenvectors, we obtain

) =- Z {ujlll,ya,y+u;l'/,lreZifdtQﬁ,y}, (2.8)
A=1,2

,3',1=— Z {V}L't,ye_ZifdtQa,y+Uj;l'//yﬁ,y}. (2-9)
A'=1,2

Using the relations for the scalar products of the eigenvectors 1) and v, and their time derivatives given

in App. B, we obtain the equations of motion for the Bogoliubov coefficients,

,31 %E_ZZG) 0 mﬂT% r’:l_TT 202 e_ZZG) 0 0 0 ,61
3 0 -mere o _ml 0 e 00 A
(2.10)

where we denote © = f dzQ. Here and henceforth we ignore the time dependence of the scale factor,
which is justified as long as particle production rate, driven by the time dependence of A, and ¢, is much
larger than the Hubble expansion rate.

Quantization and initial conditions. In terms of these Bogoliubov coefficients, the quantized fermionic
mode function is given by
7505 -ie (W A+ pA)* 0 (g A+A" (A)*
y=e" Y |ue®(aMby - MY BN dl )+ vie® (B by + DMV o L), @
LA=1,2
with by, b;, dy and d; denoting the usual fermionic annihilation and creation operators. Here the mi-

. . . T .. . .
nus signs arise from the observation that + (— B, B35, ay, —a’zk) satisfies the same equation of motion as

(al, az, b1, ﬁg)T, and the superscript indicates the initial conditions for a and S, that is,

1 _ 1) _ o) _ p@) _ (2) _ (2) _ p) _ p@2) _
a; =1, a, =p;"'=p, =0 and a;"' =1, a;”"=p,"=p," =0, (2.12)

at the initial time ¢ = —oo. In other words, there are two types of particles that are the remnants of the two
helicities, and we take both particles absent for the initial state. In our final results we need to sum over
both particles since they both contribute to physical quantities. Note that, due to the degeneracy in the
eigenvalue Q, the labelling of the states A = {1,2} is arbitrary, and any two orthogonal linear combinations
would lead to the same final results. In particular, (non-perturbative) particle production corresponds to
anon-zero value of )3 y/| ,351“ |? arising from the time-dependence in the background A, and ¢.

The quantized fermionic mode function (2.11) can be equally expressed in terms of the fermionic an-

nihilation and creation operators B}, B/Jrl, Dj and D; at any given time ¢, defined as

! ! 1y *
Bi= Y (a(ﬂ“bﬂr—(—l)“" py dT,), 2.13)
AM=1,2
A A+A (AN
D;:A’;Z(ﬁ; by + DM a7 al). (2.14)



They satisfy the standard anti-commutation relations,

{Bo,(9), B} (91} = {D2, (), D}, (3"} = @m?61,1,6® (- P,
{Bo,(, D}, (31} = {BA,(B), Dy, (3"} =0, 2.15)

where here we have made the dependence on the momentum explicit. These relations indicate that the

Bogoliubov coefficients satisfy
R W LN 216
x VB0 - (A2 VB <0, (2.17)
independently of the time t. We show that these relations follow from Egs. (2.10) and (2.12) in App. D.

2.2 Particle production

For concreteness, let us consider that ¢» and A, are turned on and off adiabatically at #, and #yax respec-

tively, i.e.,
0 _9 1+tanh(t_tmm)Hl tanh(t_tmax)] (2.18)
5+m—4 T T » .
. E t— tmi t—
AZZ_Z 1+tanh( mm) l—tanh( Tmax)]. (2.19)

Here 6 and E denote the constant amplitude of these functions for i, < ¢ < fhax and T denotes the
characteristic time-scale for switching the ¢ and A, on and off. We can now proceed to solve Eq. (2.10)
numerically. The result, depicted in Fig. 1, displays a remarkable property: The exponential suppression
of the non-perturbative Schwinger particle production is not given by exp(—nsz/ (glQIE)), as one would
expect from the gap in the dispersion relation (2.6), but instead the suppression is governed by the bare

mass m,

"2 nm2

particle production ~ ) |,Bfl/1 ) | o exp (— ) . (2.20)
i gIQIE

This corresponds to an exponential enhancement of the Schwinger production rate for py,, # 0, possible

only in the presence of a suitable 6 # 0, i.e., in the presence of a moving axion background field. We call this

exponential enhancement of the particle production the axion assisted Schwinger effect. The remainder of

this section is dedicated to explaining this result.

Numerical results. We first explain our numerical results displayed in Fig. 1 in more detail. In the upper
panels, we plot the spectrum of the produced particles for several different values of 6 with two sets of
m, px and py. We take fmin = 0, fmax = IOO/W and T = \/W, and evaluated the spectrum
at t =150/ \/W . The resulting spectrum features an approximate plateau for -7 < p,/gQE < 0 with
T = tmax— tmin. The width of the plateau thus depends linearly on the duration of the non-zero electric field
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Figure 1: Upper panels: the spectrum Y, ;s ) ,Bfl )‘ as a function of p, for several different values of §. Lower panels:
the height of the plateau of the spectrum evaluated at p, = —50 as a function of §. The blue solid lines are the full
numerical results, while the gray dashed lines are the analytical formula (2.24). The parameters are shown in the
unit g|Q| E =1 and for all figures in the paper we chose Q > 0.

7 which implies that for large values of 7, any transient effects at #in, max become irrelevant. The height
and the width of the plateau in the case = 0 can be intuitively understood as follows. When the electric
field is imposed, the particle is accelerated and I1, increases with time. The gap between the particle and
antiparticle energy levels is minimized when I1, = 0, and hence particle production is most efficient at
this point. Therefore, only the modes which cross I1; =0, i.e. —7 < p,/gQE < 0, are efficiently enhanced,
corresponding to the plateau of the spectrum. The gap at I1, = 0 is given by my =/ pZT + m?, and hence
the height of the plateau is suppressed by exp(—anT/ glQIE).*

As one can see in the upper panels of Fig. 1, once we turn on s, ,,, the height of the plateau depends
strongly on this parameter. This dependence is shown explicitly in the respective lower panels, where we
plot the occupation number for p,/+/g|Q| E = —50, corresponding to the center of the plateau, as a func-

#40ne can make the qualitative argument here more rigorous with the help of the WKB analysis, see App. F for a brief review
and references.



tion of #. Two important features stand out. First, the particle production is drastically enhanced as
increases, and the envelope of the suppression factor asymptotically approaches to exp(—zm?/g|Q| E). In
other words, the part of the gap in the dispersion relation due to pr is overcome and the spectrum is cor-
respondingly enhanced by exp(r pZT/ g1QI| E). Second, on top of the exponential enhancement, the height
of the plateau oscillates with . As we explain below, we may interpret this oscillation as an interference
effect of two saddle points. We note in passing that we have checked that the particle production is inde-
pendent of 05 m if the fermion is massless. This should be the case since 65, ,,, can be rotated away if the
fermion is massless and hence 5., is physical only when m # 0.

Non-relativistic limit. We now proceed to interpret our numerical results. For this purpose, we study the
dispersion relation of the Bogoliubov coefficients. As we saw in Sec. 2.1, the eigenvalues Q of the Hamil-
tonian are independent of 65, ,,. However, since the equation of motion of the Bogoliubov coefficients
depends on s, ,,, their time evolution is not simply governed by Q. Indeed, by taking the non-relativistic
limit, we show in App. E that the non-zero axion velocity induces the following operators (in the particle

SeCtOI'):
n 0 2 +m 5+m 21 .

where 77 is a two-component spinor corresponding to the positive frequency part, o is the Pauli matrix and
= (px, py, 11 z). Thus, the axion induces a coupling between the spin and momentum. Accordingly we

obtain for the time-dependent eigenfrequency,

Q% = ﬁ (\ /2 + p2 i0'5+m)2, 2.22)

by diagonalizing the equation of motion of .° These eigenvalues have an interesting property. For defi-
niteness, let us take 05, ,, > 0 and consider the minimum value of QI:IR with respect to IT,. The minimum
value is Ql:IR = pzT/ (2m) at I, = 0 for s, ,, = 0. Once 5., is turned on, however, the minimum value of
Q;IR is smaller than pZT/(Zm), and eventually becomes zero when 65, ,, > pr. In other words, the spin-
momentum interaction induced by the axion velocity compensates the gap from the transverse momen-
tum. We thus naturally expect that the exponential suppression from pr is compensated by the axion
velocity, which is exactly what we find in Fig. 1.

Semi-analytical results. The above observation relies on the non-relativistic limit, but this limit is not
essential. Indeed, as we see in App. D, the full relativistic equation of motion of the Bogoliubov coefficients

has the following eigenvalues (among others),

a* (1) = \/(\/H%+p2Ti95+m)2+m2, (2.23)

15The eigenvalues of the fermion equation of motion depend on the choice of basis for 1. For the basis choice in Eq. (B.12),

which is the eigenbasis of the Hamiltonian (B.5), Q;—(IR coincides with Eq. (2.6).



which reduce to Eq. (2.22) in the non-relativistic limit. As an empirical proof that these modes play the

essential role, we find that the following integral approximates the numerical results well for m, pr =

gIQIE:
)2 Mo dl; o | - die o o di.

Z ’ﬁ/l =~ [exp Zif Q|| +|exp Zif Q_] —2Re |exp Zif Q_”,

A o &IQIE o gIQIE n., ZIQIE
(2.24)

where 05, ,, is replaced by 6 in Q~ in this expression, and
— — A 1i02)2 2 I _

M, =My, g —0\/(9+0 im) -p7, 0,0 =4, (2.25)

correspond to the points Q™ = 0 in the complex II, plane. This is depicted as the gray dashed curves in
the lower panels of Fig. 1, and shows excellent agreement with the full numerical result displayed by the
blue solid curves. Although we could not derive this expression from first principles and hence this is an
empirical formula, it is motivated by the saddle point approximation of an integral controlled by Q™ as we
discuss in App. D. Note that Q™ has two pairs of saddle points in the complex I, plane. The last term in
Eq. (2.24) originates from an interference of these two saddle points, and this interference term induces the
oscillatory behavior in the lower panels of Fig. 1 (see also App. F). We further note that the formula (2.24)
overestimates the spectrum for small values of m and/or pr. In particular, the axion assisted Schwinger
effect dies out as m — 0, which is not captured by Eq. (2.24) but is displayed clearly in our numerical results
(see App. D). The case of small pr is not particularly relevant to our discussion, since the axion assisted
Schwinger effect is most prominent when p7 is large. It would however be certainly interesting if one
could derive an analytical formula that works for both small and large values of m and pr, which we leave
as a future work. See App. D for more details on the range of validity and limitations of Eq. (2.24).

In short, we interpret our numerical results as follows. The axion motion induces the spin-momentum
interaction. It modifies the dispersion relation and in particular can compensate the energy gap from the
transverse momentum p7 (see Eq. (2.23)). The remaining minimal gap is given solely by the intrinsic mass
m in the large 65, ,, limit, and hence the particle production is suppressed only by exp(—7m?/g|Q| E). In
other words, the particle production is exponentially enhanced by exp(n pZT/ g|QIE). The UV cut-off of this

process is set by 05+ m, as will be discussed in more detail in Sec. 3.3.

3 Axion assisted Schwinger effect in an electric and magnetic field

3.1 Dirac equation with classical background fields

This section generalizes the analyses performed in Sec. 2 by including a constant magnetic field, aligned

(anti-)parallel to the electric field. Such a configuration is generated dynamically through a tachyonic

%6 This formula works for a sizable value of €. It does not reproduce the correct expression in the limit § — 0 since the full result
reduces to 2 exp (—anT /g1Ql E), while this formula vanishes in this limit. It is still enough for our purpose since our main interest
is the exponential enhancement due to a sizable .



instability in the axion gauge field coupling, leading to an exponential enhancement of one of the two

gauge field helicities [10-12]. We will thus consider the background field configuration
A =(0,0,Bx, Az(1)), ¢ =(1), 3.1

where the magnetic field B is constant and as before the electric field is given by —A,. Here, our starting
point will be the most general action coupling axions, fermions and gauge bosons through dimension five

operators, while preserving the shift-symmetry of the axion and CP-invariance,

s=[aa] i

This in particular extends the discussion of Ref. [21], which assumed for simplicity 85 + 6, = 0.

1
— (0¢) ——F“VFWH/J(ZID man’Cm¢/f“Y5)w+cA

0y
GFu F*Y + s f—('bwy”yg,u/ (3.2)

The introduction of the magnetic field induces a spiralling motion of the charged fermions. This

spiralling motion is quantum-mechanically quantized and the dispersion relations are consequently de-

scribed by discrete Landau levels (see Ref. [21] for an explicit construction). The equation of motion for
the lowest Landau level reads
_ N 0 e\l [yl
0= | il + (sT1; —05) (0 _1) -m (e—ZiGm 0 ) (W(()R) 3.3)

where s = sign(QB). We note that in this lowest Landau level, the effect of 85 is degenerate with I1,. In
particular, if ¢ is constant, we can absorb it by shifting the momentum p,. Hence, since the computation
of particle production involves an integral over p,, we can anticipate that the particle production in the
lowest Landau level will not be affected by the axion motion.

Similarly, introducing the magnetic mass m% =2ng|QB|, the equation of motion for the higher Landau

levels reads

idg + ST, — 05 img —me?im 0
—img i0g— s, — 05 0 —me?iOm
0= —2if : . . . YnlD), (3.4)
—me =m 0 i0g— sII; + 05 —img
0 —me2i0m img i0g+ sIl, + 05

where n = 1,2,.. labels the Landau levels and v, is a vector containing the four fermionic modes, i.e.,
(anti-)particles of both helicities, which mix for a given Landau level, see Ref. [21] for details.

As in Sec. 2.1 we may now expand the fermionic mode functions as

wo = e 9% [aqugexp (—iQot) + Bovoexp (+iQot) ], (3.5)
for the lowest Landau level, and
Wy =elrs0 Y [anatinaexp(—iQnt) + Bnavnaexp (+iQ,0)], (3.6)
1=1,2

for the higher Landau levels, with ug, v and u,, ,, v, 1 denoting the eigenfunctions of the fermionic part

of the Hamiltonian, see App. C for details. Inserting this into Egs. (3.3) and (3.4) yields the dispersion

Qo=\2+m? and Q,=,/lIz+m7, 3.7)

with the effective mass labelling the Landau level, mr =/ m% + m?.

relations

10



Bogoliubov coefficients. We again turn on the time-dependence of A, and ¢, thus promoting the coef-
ficients a and f, to time dependent Bogoliubov coefficients. Proceeding as in Sec. 2.1, the equations of

motion are given by

. . sIl, mH my\ e
G0 = i05em™g "0 = +i05m | €% po, (3.8)
Qo 2(22 Qo
3 A ST, m ,
—21@0
0=—105:m—Po + — 05 m— |e ag (3.9)
p o e - ,
for the lowest Landau level, and
. m_SII mg me2iOn '
dn,1 Tmr 9, mr om 0 0 0 —e® s
1 m m_ sl me2i®n . )6
K i‘95+m m_zio mr Q"Z 0 T smrll, 0 0 0 —e~!®n An,2
. - —z19p STL m 5 20 ’
ﬁn,l me_ﬂn 02.@ mﬂT Q"z m—t; ZQI’L e 4Pn 0 0 0 ‘Bn’l
. _meOn mp _m Sl -2i0,
ﬁn,Z 0 Q, mr mr Q, 0 e 0 0 ﬁn,Z
(3.10)

for the higher Landau levels, where Oy = [dtQg and ©, = [dtQ,. In particular, we see that Eq. (3.10)
is equivalent to its counterpart without the magnetic field (2.10) after replacing pr with mp. The only
difference is that the transverse momentum is quantized due to the magnetic field in Eq. (3.10), while it is

continuous in Eq. (2.10).

Quantization and initial conditions. In terms of these Bogoliubov coefficients, the quantized mode
function is given by

Wo = e~i030s [uoe_iOO ((xobo - B dg) + vpe'® (,Bobo +ag dg)] , (3.11)

for the lowest Landau level, and

" _ezY595A/1/Z12[u e z@n( (/l)b -1 A+ '3(/1) drfw)Jrv/lei@,, (ﬁ(,f;fbn,aﬁ(—l)“a x djm,)],
(3.12)

for the higher Landau levels, where by, do, by, dy,2 are the fermion creation and annihilation operators.

The initial conditions are given by

ap=1, po=0, (3.13)

for the lowest Landau level and
any =1, “(1) ﬁm ﬁm =0, (3.14)
a?, =1, al =p=p2,= (3.15)

for the higher Landau level, respectively, at the initial time ¢ = —oo.
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As in the case without a magnetic field, one can define the fermionic annihilation and creation opera-

tors at any given time ¢ as

Bo=aobo—Bydl, D}=PBobo+ajdy, (3.16)
for the lowest Landau level, and
Bua= Y (abyy -0V 0 al ), (3.17)
=12
D,:,,L:”_Zl (B8 b+ 0 2l a! ), (3.18)

for the higher Landau levels. They satisfy the standard anti-commutation relations, indicating that

laol? +|Bol* =1, 3.19)

for the lowest Landau level, and
Z[ ) @l et g B T =6, (3.20)
Z[ ) B, -0t al g T =0, (3.21)

for the highest Landau level, for all times ¢. The former trivially follows from Egs. (3.8) and (3.9), while the
latter is shown to be satisfied in App. D.

3.2 Anomaly equation

The anomaly equation relates the chiral fermion current with the Chern-Simons term as [15, 16]

22 .
Oult = ——“’; ,fi €VP7 Fyy Fpo +2imipe® O Voysy,  JE = gytysy. (3.22)

An important property of the system in this section is that the Chern-Simons density is non-vanishing,
FF = —4EB # 0. Therefore a non-trivial consistency check of our computation is to correctly reproduce
the anomaly equation. Ref. [21] shows that the anomaly equation holds in the case 05 + 0, = 0, and we
now generalize this result including a non-vanishing 05 + 6,,.

In the following we focus on the spatially averaged version of the anomaly equation, which reads

ds = g;g; +2lm<we2’9'”575w> (3.23)
where
T I s Sy ) PR [

with the expectation value (- -) taken with respect to the initial vacuum state. We consider contributions
from the lowest and higher Landau levels separately. In particular, we will see that only the lowest Landau
level contributes to the Chern-Simons term. See App. C for some useful relations that are used in the
computation below.

12



Lowest Landau level. The chiral charge from the lowest Landau level is given by’

glQB| 2sll,
472

q5,0 = ) (3.25)

|/30| +— (aoﬁf; e 2% 1 ap /30€2i®°)

where the subscript “0" indicates the contribution of the lowest Landau level. With Egs. (3.8) and (3.9), its

time derivative reads

B :
5.0 = g|Q |[d [ (aoﬁ* —2i0y a(ﬂ;ﬁerl@o) (3.26)
The first term is easily integrated, and the second term corresponds to the mass term,
= 20y 3 260,75 __8los| f « 20 _ % p 200
<we Y5w>|LLL 2V01(R3) fd [W ¢ Vs w]>|LLL 472 dp= [aoﬁoe @ foe ’
(3.27)
where “LLL" stands for the lowest Landau level. As a result, we obtain
202
. _8QEB ./ 20y ’
G50= > 5 +2im <1//e y51//> . (3.28)

Thus, the Chern-Simons term is supplied by the lowest Landau level. Below we confirm that the higher

Landau levels do not induce additional contributions to the Chern-Simons term.

Higher Landau level. The chiral charge from the higher Landau levels is given by
B I
8IQBI [, 5 { m sl

472 p 7 (mr Qn

2
q5,n =

MBI M* A, a)*al) m (A) w _ (A)* M) 2ie,
_m_T[anlan2+ﬁ B, +(c.c.)]—Q—n[( B BY ) i +(c.c.)],

(3.29)

“_n

where the subscript “n" indicates the contribution of the nth Landau level for n = 1. By taking the time

derivative and using Eq. (3.10), we obtain

B * .
Gon = szng Ifd Z[ m) (/1) (/1) ’B(A)) 21@,,_( (A)ﬁ()t) (A)’B(A) ) —2z®n]_ (3.30)

It is straightforward to show that the right-hand-side corresponds to the mass term,

2iY59mY5w>| , (3.31)

Is n =21m < Ve
d5.n v HLL, %

where “HLL" stands for the higher Landau levels. Therefore the higher Landau levels do not contribute to
the Chern-Simons term. This completes the proof of the anomaly equation.
3.3 Particle production

We now study the particle production for the lowest and higher Landau levels separately, and estimate the

induced current. We impose the electric field and the axion dynamics as in Egs. (2.18) and (2.19).

YWe dropped a regulator in this expression. One can show, as in Ref. [21], that the results do not depend on the choice of a
regulator function as long as it depends only on Q.
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Figure 2: Left panel: the spectrum ), ’ ,BE{V) )2 as a function of p, for several different values of #. Right panel: the
height of the plateau of the spectrum evaluated at p, = —50 as a function of 8. The blue solid line is the full numerical
results, the gray dashed line is the analytical formula (2.24) after replacing pr by mp, and the orange dashed line
shows our analytical result for the envelope, given by twice the asymptotic formula (3.37). The parameters are shown
in the unit g|Q|E =1.

Lowest Landau level. We have checked numerically that the spectrum of the lowest Landau level does
not depend on . This result is easily understood based on our discussion in Sec. 2.2 as follows. The
lowest Landau level corresponds to the mode that moves parallel to the magnetic field, or equivalently has
a vanishing transverse momentum. In this case, the minimum of Q_ is not affected by the presence of
05.m, and hence no exponential enhancement of the particle production is expected to occur. The non-
vanishing axion velocity simply leads to the replacement p, by p, — 05, ,, in the eigenvalue, and this is
absorbed by a constant shift of p, for a constant #. As a result there is no effect on the particle production
of the lowest Landau level.

Higher Landau levels. In Fig. 2, we plot our numerical results for the particle production for the higher
Landau levels. It shows that the spectrum is again exponentially enhanced when @ is large. As we noted
above, the equation of motion of the Bogoliubov coefficients for the higher Landau levels are equivalent
to Eq. (2.10) after replacing pr with mp. Therefore, we can interpret this result in exactly the same way
as we did in Sec. 2.2. In particular, the enhancement of the particle production is well approximated by
Eq. (2.24) after replacing pr with mp as we show in the right panel. The axion-induced spin-momentum
interaction does not care whether the transverse momentum is continuous or discretized, and the axion
assisted Schwinger effect is at work for both cases.

Induced current. We finally estimate the current of the produced fermions. As discussed in Sec. 4, this

is a key quantity to determine the backreaction of the fermion production on the background gauge fields
in a dynamical system. In our setup, only the z-component of the induced current is non-vanishing, and
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is given as

|Bo|? +Q—(a0 Bo+h.c.)

ﬁ(“ ( @) pM) +hec)

_ 1 3 _ 3 _ 80B {[ s,
U2 = ol @) f &Ex([yyvl)) =7 [ dp-

sl'[z

2|2

n,AA

} , (3.32)

We focus on the first term since it is proportional to the duration 7 of the non-zero electric field, and hence

dominates for large 7. As we saw before, the spectrum develops a plateau approximated as

ﬁm = |Bul” © (sgn(Q)p: + g1QI E7) © (~sgn(Q)pz) (3.33)

where we denote the height of the plateau as | B |2, O is the Heaviside theta function and sgn(Q) = Q/|Q|.
Therefore the induced current is estimated as

(ngl)

8QUL) =1 x E|B|Z|ﬂn| : (3.34)

where we assumed 7 > m7/(g|Q| E).
If there is no coupling to the axion, 05, = 0, the height is given by

2 2
. Tm - n(m*+2ng|QBl)
~exp|— R ~2exp |- , (3.35)
ol ~exp | -T2 [l = zexp | TS
and hence the induced current is estimated as
B _ am? .
gQJy) = (gzlf) E|B|co (%)e giQE, for 054, =0, (3.36)

reproducing our previous result [21].

Once we turn on the axion coupling, the spectrum for the higher Landau level is exponentially en-
hanced and | ,Bn|2 is estimated by Eq. (2.24) after replacing pr with mp. Unfortunately, Eq. (2.24) is still
complicated enough so that we could not obtain the induced current analytically. Therefore, we just make
a crude estimation of the induced current by further simplifying Eq. (2.24). First, we approximate the os-
cillatory behavior of | Bn |2 with respect to 6 by simply inserting half the envelope of the oscillation. We also
focus on the modes that satisfy mp = g|Q| E since otherwise the axion assisted Schwinger effect is not so
drastic (see App. D for a discussion of the m « g|Q|E limit). With these simplifications, we find

2
m

+=2
202

As shown in Fig. 2, this formula describes the envelope well in the asymptotic regime. We see that the

2

am”_ [
gIQIE

for 6% > mz, m%. (3.37)

1Bul? ~ 2exp | -

suppression factor approaches exp(-nm?/(g|Q| E)), i.e., exp(—wm?®m%/(2g|Q|E6?) = 1, when
2.2
nmimg _ o,

3.38
ZI0E ~ (5:38)
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Thus, we may estimate the induced current as

3 2 N2
(g1Ql) |B| (@) 02 1 5.39)

~Tx 2= F?p7%0E x max | — coth ,
§QU= ) 22 ) E E | nm?

where we simply count the number of the modes that satisfy Eq. (3.38) and introduce the “max" function so
that it reduces to the previous result when 05+, is small. One can see that the induced current is enhanced
as 05, increases. In particular, for E ~ | B, the axion assisted Schwinger effect leads to an enhancement
of the induced currently by a factor of roughly #?/m? compared the standard result in the absence of the
axion field. Here we emphasize again that our estimation above is quite rough, and we leave a more precise

estimation to future work.

4 Implications for axion cosmology

Axioninflation. Identifying the inflaton, i.e., the particle responsible for driving cosmic inflation, with an
axion-like particle with shift-symmetric dimension five couplings to gauge fields and fermions, naturally
ensures a sufficiently flat scalar potential as required for slow-roll inflation [24, 25]. The coupling to gauge
fields induces a tachyonic instability in one of the helicities of the vector potential, leading to the produc-
tion of a strong, large-scale helical gauge field configuration during inflation, driven by the kinetic energy
of the axion field [10-12]."® The production of fermions in this helical gauge field background is well de-
scribed by the analysis of Sec. 3 as long as the axion velocity varies only slowly, implying approximately
constant physical electric and magnetic field strengths.*

In the absence of charged fermions, the exponential gauge field production in axion inflation leads to
striking signatures [36], including the generation of gravitational waves in the range of ground-and space-
based interferometers [37,38] and of primordial black holes [39-41]. The dual production of helical gauge
fields and charged fermions was first studied in Ref. [19] for massless fermions and extended in Ref. [21] to
massive fermions, for the particular parameter choice of ¢, + ¢5 = 0, corresponding to the absence of the
last term in Eq. (3.2). The fermion production and the resulting induced current lead to the formation of
electric and magnetic fields anti-aligned to the background fields, and thus to a reduction of the net gauge
field background generated in axion inflation by several orders of magnitude. This dramatically changes
the predictions of axion inflation.

Our new estimate for the induced current, Eq. (3.39), indicates that for suitable values of §, the induced

18 As in the rest of this paper, we focus on Abelian gauge fields here. Non-Abelian gauge field configurations can also be sourced
by a non-vanishing axion velocity [26-29], however due to the self-interactions of the non-Abelian gauge fields, the fermion
backreaction originating from the induced fermion current is less relevant in this case [30]. Moreover, for a discussion of the
gravitational production of neutral fermions in axion inflation, see Ref. [31].

"9 For very strong gauge field backgrounds with correspondingly strong backreaction effects on the axion equation of motion,
this approximation becomes invalid due to resonance effects in the coupled axion gauge field system [32-35]. However, in the
presence of light fermions, the gauge field production is inhibited, and hence the resonance effects are expected to be less rele-

vant.
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current is enhanced by roughly

62 H\%(Mp)?
vz~ lo) (7) ’ @y
with € = (/32/ (MI% H%/2 <1 denoting the first slow-roll parameter. The expression (3.39) is valid for m? =
glQIE (with an additional suppression arising for smaller masses , see App. D), implying (H/ m)? < H?/E.
In axion inflation, we typically expect H?/E ~ 10~*~2 [21] and (Mp/ f)? < 103 [36], indicating a potentially
sizable enhancement of the induced current. This is in particular true towards the end of inflation, when
€ ~ 1. Consequently, we expect a further reduction of the gauge fields production compared to the analysis
of Ref. [21].

Moreover, due to the slow variation of ¢ over the course of slow-roll inflation, we expect to scan the
oscillatory features of Fig. 2. For moderate values of & when only a small number of Landau levels con-
tribute significantly to the induced current, this may lead to an oscillation in the fermion backreaction
which could induce oscillations in gauge field background, and thus, through the gauge friction effect, in
the inflaton velocity. Since the approximation of an adiabatically varying inflaton velocity and gauge field
strength may fail in this case, a detailed analysis of this system requires non-linear methods such as lattice
simulations. Qualitatively, resonance effects similar to Refs. [32-35] may occur, leading to characteristic

‘spikes’ in the spectra of scalar and tensor perturbations. We leave a thorough investigation to future work.

Axion dark matter. Axion-like particles are intriguing dark matter candidates. Here we are particularly
interested in ultralight (sub-eV) axions, which are stable on cosmological time scales and can be described
by a coherently oscillating axion background field.”’? In the rest-frame of an earth-based laboratory, this
leads to an ‘axion wind’, with characteristic frequencies associated with the motion with respect to DM
halo of our galaxy as well as with the axion mass, my. For an overview of axion searches exploiting this
effect, see Ref. [42].

In principle, earth-based experiments aimed at detecting Schwinger production in strong electric
fields may thus be sensitive to the axion-electron coupling through a distortion of the high-momentum
tail of the electron spectrum, resulting from the enhanced electron production for mr > m, depicted in
Fig. 1, with m, denoting the electron mass. However, since 6 < my << me ~ gE, the enhancement is only
mild (see Fig. 1). Since moreover Schwinger production has not yet been successfully observed in the lab-
oratory due to the experimental challenges involved [43], this conceptually interesting observation seems

of little practical use in the immediate future.

5 Discussion and conclusions

In this paper, we study Schwinger production of charged fermions in the background of a homogeneous

axion field with a non-vanishing velocity. By numerically solving the Dirac equation in background gauge

b0 fter gravitational collapse and structure formation, this remains true on time-scales less than the coherence time, 7o ~

108 @2/ mg), which accounts for the loss of perfect monochromaticity due to virialisation, see e.g. [42].
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and axion fields, we obtain time-dependent Bogoliubov coefficients describing the non-perturbative par-
ticle production. We find that the Schwinger production rate is exponentially enhanced when the ax-
ion velocity is sufficiently large (1.3) and the transverse momentum of the produced particle is non-zero,
which we dub axion assisted Schwinger effect. We also provide a semi-analytic expression for the number
densities of produced particles, which well explains our numerical results [see Eqg. (2.24) and below].

Throughout this paper, we allow for general dimension-five couplings which preserve the axion shift
symmetry. By means of a chiral rotation, some couplings can be expressed by the others, implying that
physical quantities should solely depend on their specific linear combinations invariant under it. We have
explicitly demonstrated that our result is invariant under this field redefinition. In addition, in the pres-
ence of magnetic fields parallel to electric fields, a chiral asymmetry is sourced according to the chiral
anomaly equation. We confirm that our result reproduces the chiral anomaly.

The enhancement happens only if a specific combination of parameters 65 ,,, invariant under chiral
rotations, is non-vanishing [see Eq. (2.2) and below Eq. (2.6)], implying that the enhancement dies out
for massless fermions. This is because one may perform a chiral rotation so that all the axion couplings
are expressed as the axion Chern-Simons coupling ¢FF in the case of massless fermions, rendering 05 ,,,
unphysical. For this reason, the axion assisted Schwinger effect is more pronounced for a larger mass,
while we should bear in mind that the overall production rate gets more suppressed as Eq. (1.3). As a
consistency check, we also confirm that our result reproduces the earlier studies [17-21] in the limit of a
vanishing 05, ;, or massless fermions (see also Figs. 1, 2, and 5).

Based on these results, we discuss phenomenological implications of the axion assisted Schwinger
effect. The enhanced production rate results in an enhancement of the induced current, which back-
reacts on the gauge field equation of motion. This is, in particular, relevant for axion inflation which
predicts the production of helical gauge fields. Since the backreaction is enhanced by the axion assisted
Schwinger effect, we expect a reduced helical gauge field production in parameter regimes where the axion
assisted Schwinger production is relevant. Moreover, the enhanced production rate predicts a distortion
of the high-momentum tail of the electron spectrum in laboratory experiments aiming at measuring the
Schwinger mechanism, such as the X-ray laser XFEL and the extreme-light infrastructure ELI [43-45]. We
briefly discuss its implication in the case of axion dark matter, but the enhancement is small for the pa-

rameters of our interest.

Acknowledgements It is a pleasure to thank Ben Mares for helpful discussions related to this project.
This work was partly funded by the Deutsche Forschungsgemeinschaft under Germany’s Excellence Strat-
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A Notation and conventions

In Eq. (3.2) we have introduced the comoving quantities v, A, and gV, related to the corresponding phys-

ical quantities (indicated by a hat) as

v=a*y,  Ay=(Ag,-A)=A,, A'=ad*(Ay,A)=atAF. (A.1)
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and correspondingly, with E = -9y A, B =V x A in temporal gauge Ay =0,
E=E/a*>, B=Bld. (A.2)

The indices of the physical quantities are raised/lowered by the FRW metric g** whereas the indices of
the comoving quantities are raised/lowered by the flat metric n,, = diag(+,—,—,-) = gw,/az. Note that
for brevity, in Eq. (2.19) and thereafter, we denote the constant amplitude of the electric field imposed for
some time 7 with E.

Using the chiral representation of the y matrices, (y*) = (yo,~) with

pov o o [01 0 o -1 0
{Y ’Y}:ZTI y Y= 1 0 y Y= o 0 y V5= 0 1 (A.3)

the left(right-)handed component of the four-spinor ¢ = (1, ¥ r) is projected out by the projection oper-
ator Pr,;gr = (1 Fv5)/2. The (dual) field strength tensor of the gauge field is given by

o1
Fuy=0,A, —0yA,, M= ze*”f"’FpU, (A.4)

0123

with € =+1.

B Particles and antiparticles

Hamiltonian. To introduce the notion of particles and anti-particles, we derive the Hamiltonian density

of our system. The conjugate momentum are given from Eq. (3.2) with a=1 as

s B0
Ty =+ EU/Y Y5V, (B.1)
my = iy’ (B.2)
ma, =—F+ m%q)e"”kﬂ-k. (B.3)
a

The Hamiltonian density is then given by
I, (. ; 1,2, =
A=+ V)~ (i D = me? 075 )y + 5 (B +B%). (B.4)
For our purpose the fermion part is important. Imposing the equation of motion for v, it is given by

ey =" (100 +0s5ys5) . (B.5)

Wave function. In the absence of any magnetic field, we decompose the fermion mode function in

Fourier space as

y=Y yix?, (B.6)
S,0

19



with

) _

L —
X+ =

B (B.7)

0
0
R R
’Xi)zl R _
0

S O O
S O = O
- o o O

Here the superscript (o) labels left- and righthanded particles in the m — 0 limit. The meaning of the
subscript s will be more transparent once we include magnetic fields, for the moment this just labels to

two linearly independent modes associated with each value of A.
Positive and negative frequency modes. Inserting Eq. (B.6) into Eq. (B.5) gives

where we have used the notation y; = ¥, 7 ). We note that the time derivative is shifted by i0sys,

d3 .
s VA (00 +Bsys) v, B.8)

and consequently the eigenstates ¥ of the Hamiltonian are given by extracting this phase factor, ¥ =
exp(—iys0s)y. In this basis, the equation of motion (2.4) simplifies to

i0o +11, px—ipy  —me*Osm 0
+i i0g—TI 0 —me?i0sem |
o=| PxT Py 0~z ‘ _ (B.9)
—me “tVsm 0 i0g—1I1, —(px—1ipy)
0 —me2i05+m —(px+ipy) i0g+11,

Inserting the ansatz ¥ o« exp(—iQt), we find

Q=\/Z+m3, (B.10)

which in particular does not depend on 85 or 6,,.
We now proceed to express our wave function as a decomposition of positive and negative frequency
states,
w=e1% N [arupexp(-iQt) +frvyexp (+iQ0)], (B.11)
A=12

where u), v, are eigenvectors of the Hamiltonian (B.5) for constant A,:

—(px—ipy)mr mr (m+ mr)
e~ 1s0sem | (Q+T1,) (m+ my) e~ s0seme=i9p | —(py+ip,) (Q+11,)
U =———— , , Up=m ———————
N (px—ipy) (Q+11,) N (Q+11,) (m+my)
mry (m+mr) (px+ipy)mr
_(px_ipy) (Q+1I) (Q+1II;) (m+my)
—iY5051m — + —1Y505:m p— L@ +1i
b =? mT(ﬂ.i mr) =t e (px+ipy)mr , (B.12)
N ~(px—ipy)mr N —mr (m+ mr)
Q+1Iz) (m+ mr) (px+ipy) (Q+II;)
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with the normalization factor

N=2/Q(Q+I1,) (m+ mr) mr. (B.13)

Here we define the transverse momentum

px+ipy=pre'?, pr=./pi+p3 (B.14)

and choose the phases of u, and v, such that the analogy to the case with the magnetic field becomes
transparent. Note that the eigenvalues Q associated with u; and u, (and correspondingly v; and v») are

degenerate. Here we have chosen u,,» and v, » so as to match uy, vy for p7 — 0.

Some useful relations. Computing the equations of motion for the coefficients @ and § requires the
evaluation of inner products among the vectors u,;, v, and their time derivatives in the presence of time-

dependent A, and 05, ,,,. We give some useful relations in the following:

. to ot F. LA m 11,
ulul——uzuz——vlvl—v2v2—195+mm—T6, (B.15)
u{l;tz = UIDZ = u;l:tl = U;l)l = —i95+m&, (B.16)

mr

. mr . - ﬂ .o mr . » ﬁ
w0 =507 I, —i05:m q Uh=-357 I, —i05:m q’ (B.17)

t. Mt LA m t. . mr. . m
uzvz—ﬂnzﬂ-les_;_ma, Uzug——ﬁﬂz+195+m5, (B.18)
ul v = vl =ulvy = vl =o0. (B.19)

C Particles and antiparticles - with magnetic field

Wave function. In the presence of (anti-)parallel electric and magnetic fields pointing in the z-direction,

we can expand the fermion wave function as

Yt py P = ), Yen(Oha(E)yY, (C.1)

n,s’,

. . . . - py
where we have performed a Fourier-transform with respect to the y and z direction, Xs = \/g|QB]| (x ~ SZI0B] )
and h,, is related to the Hermite function that satisfies

ahp=vVnhy_y, a'hy=vVn+1hg, (C.2)
with the ladder operators
a=L1 (05, +%5), a' = 1 (-85, + Xs) (C.3)
v2© v2© v
.. . R 1 i .
characterizing the Landau levels n with 05, —md x. Recall that s = sign(QB). The mode with 2n +

1-ss'=0,i.e, n=0,s = s corresponds to the lowest Landau level, while the others describe the higher

Landau levels.
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Positive and negative frequency modes. As before, we obtain the eigenstates {/ of the Hamiltonian by
extracting the 65 phase factor, ¥ = exp(—iys60s5)w. In this basis, the equations of motion for the lowest and
higher Landau levels, Egs. (3.3) and (3.4), simplify to

0= oo +sm,|  ° e -
= |l 0+S ¥4 1 -m e_2i05+m 0 wo ( . )
and
i0g + sII, imp — me2ifsem 0
—impg i0g — sIl, 0 —me2i0sem |
0= _me—2i95+m 0 i0g — sII —im w}’l! (CS)
0 z B
0 —me20sm imp 0o+ sl
where we used the short-hand notation
= (L)
wn+1,s
= (L) ~ (L)
_ (v _ U
w°=(~?ies))' Yn= ~(Z) e (C.6)
Wo,s wn+1,s
~ (R
AN

Inserting the ansatz ¥ « exp(—iQt), we find

Qo=1/N2+m? and Qp=/TIZ+m2, (C.7)

which is in particular does not depend on 5 or 6,,.

We now proceed to express our wave function as a decomposition of positive and negative frequency

states,
1&0 =agugpexp (—iQot) + Povoexp (+iQp 1), (C.8)
Un= Y [Anrtnr€xp(—iQut)+Ppavprexp(+iQp0)], n=1, (C.9)
A=1,2

where ugy, vp and u, , v, are eigenvectors of the Hamiltonian (B.5) for constant A,. For the lowest

Landau level, this yields

e_iY5(9m+95) m e—iY5(9m+95) QO + SHZ
uO = , 1}0 = y (C].O)
V2Q0 (Qo + sII) |\ Qg + sI1, V2Q0 (Qq + sIIy) —-m
whereas for the higher Landau levels we find
—imgmry mry (m+ mr)
e~ Ys0sem | (Q, + sT1,) (M + my) ie”s0sm [ §(Q, + 1) mp
Upl = ——— ) y Upp=—T7 ) (C.11)
N i(Qy+ sIl,) mp N (Qp+ s (m+mr)
my (m+mr) —imgmr
—i1(Q,+sll;)) mp (Q, + sIT,) (m+m7)
e~ VsOsm | —my(m+my) ie 1rs0sem —impmr
Upl=—">F . y Up2=—"> ) (C.12)
N —impmr N —mr(m+mr)
Q)+ sIl) (m+m7) —1(Q, + sll;) mp
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where the normalization factor is

N =2/Q, (Q, + sI1,) my (m+ mr7). (C.13)

Note that the eigenvalues Q, associated with u,; and u,» (and correspondingly v,,; and v, ) are degen-

erate. Here we have chosen 1, and v, so as to match uy, vy for mp — 0 for s > 0.

Some useful relations. Computing the equations of motion for the Bogoliubov coefficients requires the
evaluation of inner products among the vectors ug, vp and u, 5, v, ). We give some useful relations in the

following (dropping for notational simplicity the index n for the higher Landau levels):

. L sIl, t . L sI,
u, g =—1i6 —=, Vg =1i6 , C.14
o 40 5+m Qo o0 5+m Qo ( )
i oomll; . om 4. m, .. m
U\ Vg=S—— +i0s5.p—, UVollg=—S5 +i05, 1 —, (C.15)
0 ZQ% +mQ() 0 ZQ% +mQ()
for the lowest Landau level, and correspondingly
S S U SR S m sl
U Uy = —Uyllp ==V U = Uy Vo = 1050 — , C.16
141 o U2 1Y1 2 V2 5+mmT Qn ( )
. m
ulity = ulin = vlv, = viv) = —i05+mm—B, (C.17)
T
n T oo M mr . .. m
u, 0y =——=sIl,—i0 —, vl =———=sII,—i60 —_—, (C.18)
1Y1 Q%l z 5+an 141 ZQ% z 5+an
. mr LA m . mr - LA m
u;vzz 07 st+195+mQ—, U;Ltg:— Ry st+l95+mQ—, (C.19)
n n n n
ul v = vl =ulvy = vl =0, (C.20)

for the higher Landau levels.

In addition, the following relations are useful to show the anomaly equation. For the lowest Landau

level,
II m
ugY5u0=—VgY5V0=S—Z, V(T)Y5uo=ug7’5vo=——, (C.21)
Qo Qg
and for the higher Landau levels,
m sIl
uJ{Ys up = —u;Ys Up = _VIYS vy = V;YS V2= = (C.22)
T n
mp
uIy5 Uy = ugyg, Uy = UIY5 Uy = vgy5 v = m—T, (C.23)
wlysvr = vlysur = —ulysvo = —vf u—ﬂ (C.24)
1Y5 1— 1Y5 1= 2Y5 2 = 2Y5 Z_Qn) .
ulysvy = vlysuy = ulysvy = viysup =0 (C.25)
1Ys5V2 =V, Ys5Ul = Uy, Y501 = U Ys5U2 =0, .
are useful relations for the evaluation of the chiral charge. Moreover, for the lowest Landau level,
u$y062i9m75y5 ug = v(’;yoezm’”“% vy =0, vgyoezm”"’sm uy = —u$y062i9"175y5 vo=1, (C.26)
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and for the higher Landau levels,

u}'YOeZiY505+m,}/5 u] — Uj,}/o eziY505+m Y5 V]‘ — u'{,}/o eZl'Y505+m/y5 Uy = u;,yo eZiY595+m /}/5 v = 0’ (C.27)

uly? e smys g = —ply0e V05 emy sy = —uly0e V5 myg vy = ply OV sy sy, = 1, (C.28)

with i, j € {1,2}, are useful for evaluating the mass term.

D Bilinear forms of Bogoliubov coefficients and particle production

In this appendix, we consider products of the Bogoliubov coefficients. The purpose of this appendix is two-
fold. First, we show the existence of the conserved quantities (Egs. (2.16) and (2.17) in the case with only
an electric field). Second, we motivate the analytical formula that we use to estimate the spectrum (2.24).
Although we could not derive this formula rigorously, we outline our computation that leads us to this
formula, with the hope that one may find the argument there useful to derive a more complete analytical
formula in the future. We consider the case with only an electric field in the following, but the results
equally apply to the case with both an electric and magnetic field after replacing pr by mg.

For our purpose, it is convenient to treat the Bogoliubov coefficients associated with the two sets of
initial conditions (see Eq. (2.12)) in a unified way. We thus define matrices as

(@ =e ®ad), (D.1)

(B) 0 =B, (D.2)

where the quantities in the left-hand-side are now understood as 2 x 2 matrices. These matrices satisfy

: s o omlIl . pr mrll, .. m

a= (—lQ—le5+mm—T50'3+195+mm—T01)(X+(— 202 +195+m503),3» (D.3)
h mTﬁz . A m . - A m HZ . A pT

,3— 502 +105+m503 o+ lQ+165+mm_T503+105+mm_T0-1 ,6, (D.4)

where o; is the standard Pauli matrix, and their initial conditions are given by
a=l, p=0. (D.5)

We consider products of these matrices. They are again 2 x 2 matrices and hence can be expanded in terms

of the Pauli matrix as

aa' =R, +RLo;, BBY = Rgug + R;;ai, apt =, + Clo;. (D.6)

Note that R} and Rg are real while C* are complex. The initial condition now reads R}, = 1 and R, = Rg =
CH =0 at the initial time.
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Conserved quantities. The conserved quantities (2.16) and (2.17) are expressed as

Ry+Ry=1, Ry-Ry=RG+R5=R3+R;=C'=0. (D.7)

These relations can be shown as follows. The equations of motion of R, RZ and C* are derived from
Egs. (D.3) and (D.4) as

R)=- ";g;lz (€4 ") =ibsmz (2= C*), (D.8)
R} :_295””1;2% 5—";21} (¢'+C") +b50mg (2 +C*7), (D.9)
Rgzzésm(mﬁT%R; ZZR?’) m'gzz(c2 cz*)—95+mg(c1+c1*), (D.10)
RS =205, Ziga ”;glez (¢4 ¢ )= ibsameg (- C"7), (D.11)
RS = ";g;lz (C°+c°*) + b5 (CP-CV), (D.12)
Rl =205~ o Lepz "Z;[Z (c'+C)+b50mg c2+ ™), (D.13)
R§:295+m(—ﬂ%}eﬁ :Z[Rﬁ) mgn (c2+ cz*)—é5+mg(c1+c1*), (D.14)
RS = ~2050m II;TTR'B+ ";gn (c3+c* )+i95+mg(C0—C°*), (D.15)
¢ = —2;0C° - 2105+mm—T503 n;TTl;IZ(Rg—Rg)—zG5+mQ (R3 Rﬁ), (D.16)
C'=-2iQC'+ g;[z (Rl ;)+95+m%(}?i+ﬁ'§), (D.17)
€2 = —2iQC? + 205:m :ffc + ";g} (Rg—RE)—95+mg(R;+R,§), (D.18)
¢ = -2iQC? —2105+mm—T—c° 205, L L P ";gzlz (R: - R3)—ibs0ngy (RE-RE).  (D19)
One can see that
Ry + Ry =0, (D.20)

g = 1. One can also see that the equations of motion of

R - Ré, RZ + Rlzi, RS+ R3 and C! form a closed sub-system, indicating that they all vanish as they vanish
at the initial time. Note that the equations are linear in R, Rg and CH.

and it follows from the initial condition that R% + R

Particle production. The occupation number of produced particles is given by

y 'ﬁ/l/|2:Tr[,BﬁT] = 2R3, (D.21)
~
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After exploiting the conserved quantities, we can reduce the equations of motion as

v=Mv+ec, (D.22)
T
y:(Rg RY R2 R} ReC’ ImC’ ReC? ImC? ReC® Imc3) : (D.23)
. . T
c=(0000"§TT2120000—%”), (D.24)
0 0 0 0 mil: 0 0 0o —m
0 0o Zm o 0 o #m 9 0 0
o -#ml L 0 0 mill: g 0 0
20p 20 mrll,
0 0 ~Zpr g 0 ~¥m 0 ] 0
u s 0 0 0 20 0 0 0o Am
| o 0 0 Bm - 20 0 0 0o -%m% o [
0 ~dm o _mill. g 0 0 0 20 zfnﬁ;T 0
0 0 0 0 0 0 20 0 0 s
mrll, 20mM, _ 20p
0 0 o -ml 0 mle _Zor 0 20
20m 0 0 o -ml g o X 20 0
(D.25)

where we omit the subscript 5 + m here and here only for notational simplicity. We can formally solve this

equation as follows. We define the transfer function as

t
U(t, o) =T exp dt' M(th|, (D.26)
)
where 9 indicates the time-ordered product. This transfer function satisfies
d
EU(L ) =M U(t, 1), (D.27)
and is unitary,
U'(t, 1) = U (1, o), (D.28)

since M is real and anti-symmetric. With the help of this function, we can formally express the solution of

the equation of motion (D.22) as
o0
v(t =o00) =f dt U (oo, t)c(1), (D.29)
—00

where we used v(—oo0) = 0.

Adiabatic approximation. We may evaluate this expression in the adiabatic approximation. For this

purpose, we denote the eigensystem of M at a given time ¢ as

M@®In; 0y =id,(DIn; 1), (D.30)
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and assume that |n; £) is an orthonormal basis. Note that A, is real since M is anti-hermitian. In order to

perform the adiabatic approximation, we may expand U as

Ut )= Y. dum(t, to)e /o 94O s 13 (ms 1, (D.31)
n,m
and also v and c as
v() =) vaDInty, c@) =) ca®)n; ). (D.32)
n n

Note that d;, denotes the transition from an m-state to an n-state, and hence the off-diagonal compo-
nents are expected to be exponentially suppressed in the adiabatic limit. The equation of motion of d,;,

reads

. -t ’ _ d
dnm(t» tO) :_Zelftodt (/ll /1m) ((n) t|5|l; t)) dlm(t; tO)) (D-33)
I

where the time derivative acts on ¢, not on f.
If there is no level crossing” ! and m is large compared to the electric field, the adiabatic limit would
be a good approximation. To the leading order in the adiabatic limit, no transition among different eigen-

states occurs. This means in that
A9 o 8pm, (D.34)

where the superscript indicates that this is the leading order in the adiabatic approximation. By substitut-
ing it to Eq. (D.33), we obtain

t d
d¥ (t,1) = e B0yt = | Al | ). (D.35)
Io

This phase factor y,(t, fy) is called the geometrical phase, or the Berry phase [46]. In the adiabatic limit,
one must pay an exponential suppression for each transition, so at the next-to-leading order we can ap-
proximate the right hand side of Eq. (D.33) by dﬁlo,),l. Thus, we obtain

¢ et _ _ ! d
dW (t,t9)=— | dt'eJo 3" Fn=An)=ym(Eite) (. Ul qlmity for m#n. (D.36)
fo

Thus, we may obtain v, (co) up to the next-to-leading order as
o . OO 3.1 /
Vn(oo) :f dtelf[ dt/ln(t)_yn(oo,t)cn(t)
—00

0 oo gy ! 0 st ’ d
+ Y | erTdrh® [/ de'e'fi AV On=A=yn(@:0) ¢y, t’IJIm; t"y | em(2). (D.37)
t

m#nvY —00

We can repeat this computation and derive the higher order expressions.

8110 the case of our interest, there are actually level crossings as one increases 85 ;. We ignore this subtlety here, justified a
posteriori by a numerical verification of our result.
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Figure 3: The height of the plateau of the spectrum of }_ ;| ﬁ;’v) |2 evaluated at p, = —50 as a function of § for a variety
of model parameters. The blue solid lines are the full numerical results, while the gray dashed lines are Eq. (D.42).
The parameters are shown in the unit g|Q|E =1.

Empirical analytical formula. Unfortunately, we could not evaluate the expression (D.37) analytically
in the case of our interest. Nevertheless we can learn properties of our system from this expression. In
particular, we see that Rg is obtained after convoluting the source term with the phase factor e2?/d%An(0
If |1, is large, the integral is suppressed since the integrand oscillates rapidly. Thus, we expect that the
smallest eigenvalue is the most important (see also App. F). One can see that the smallest eigenvalue for a

sizable 05, ,, is given by

Q*(n = \/(mi95+m)2+m2, (D.38)

if we ignore the terms proportional to I1, in M, where we take Q~ for 05, ,, > 0 and Q* for s, ,,, < 0. If this

mode is the most important, we may expect that R% is related to the following integral:

I:/oodtf(t)exp

2§ f dt'Q_(t')] , (D.39)
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Figure 4: As Fig. 3 but with different model parameters, showing the limitations of the analytical expression (D.42) for
m?, p% < g|Q|E.

with some function f(#), where we assume 65, > 0 to be specific. This integral can be evaluated by the
saddle point approximation. The saddle points of the phase factor are given by

: . \2
=y, gy = 0\/(95+m +0'im)” - p3, (D.40)

where 0,0’ = +. We take the saddle points in the upper half plane, and then the integral is given by

I, . Im__
Zif dt, Q Zif drt, Q
gIQIE

gIQIE
where we changed the integral variable from  to I1,, and we ignored all the prefactors. Since Rg is positive
definite, we may expect that it is given by the integral squared as

I,y II - II
2if dZQ‘ Zif dZQ—]
o &IQIE o gIQIE

I~exp

+exp

) (D.41)

2
+

2

2R ~ —2Re

5= |exp

exp exp

. J§ dHZ _
2i f Q ” (D.42)
n, gIOIE
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Figure 5: The height of the plateau of the spectrum of 3 /| ,6;? )12 evaluated at P = —50 as a function of @ for small

values of m (left) and pr (right). The parameters are shown in the unit g|Q| E = 1.

where we chose the minus sign in the interference term simply because it describes the numerical results
well.”'? We show in Figs. 1 and 2 that this formula reproduces the full numerical results extraordinary well
for several model parameters. Since our setup only contains fairly few parameters, we can empirically gain
confidence in the expression (D.42) by systematically varying all these parameters and comparing with the
full numerical result. For large m and pr, we find excellent agreement for the height of the plateau of the
spectrum, despite the rather heuristic approach, as depicted in Fig. 3 for a variety of model parameters.
Eq. (D.42) deviates from the full results when m and/or pr is small as shown in Fig. 4. We note that the
case of small pr is however not particularly relevant for our discussion since the axion assisted Schwinger
effect is most prominent when p7 is large. It would be certainly interesting if one could derive an analytical

formula that works for both small and large values of m and pr, which we leave as a future work.

Small mass/transverse momentum limit. We finally comment on the limit 72 — 0. Our numerical re-
sult shows that the enhancement becomes less significant and eventually dies out as m gets smaller, as
shown in the left panel of Fig. 5. In particular, we observe a scaling well approximated as )_j Iﬁ;“ > o
m?/(g|Q|E) for m? < g|QIE. Since 05, is unphysical when m = 0, this result is consistent with a contin-
uous m — limit.

We also comment on the limit pr — 0. As depicted in the right panel of Fig. 5, the axion assisted
Schwinger effect again becomes less significant and eventually dies out in this limit. Although our for-
mula (D.42) does not reproduce the numerical results accurately in this limit as we mentioned above, the
deviation is at most factor two simply because the suppression due to pr becomes irrelevant in this limit.

t125ee also Ref. [23], which traces the minus sign in the interference term of back to the fermionic nature of the produced
particles in the context of the dynamically assisted Schwinger mechanism.
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E Non-relativistic effective field theory

Effective action. As demonstrated in the main text, Schwinger pair-production sourced by ¢ is enhanced
when the mass term cannot be neglected. This implies that it should be also understood in non-relativistic
effective field theory of fermions. Let us take the Dirac basis for the y matrices in this section (and this

section only) as they are convenient in the non-relativistic limit:

o (1 O [0 o [0 1 E.1)
o 1) "Tlee o) T o) '
In this basis, the upper and lower components of fermion fields stand for particle and anti-particle:
) e—imt,’,’(x)
(x) = e~ OmOYs |7 : (E.2)
(4 elmth (x)

We have factored out the fast oscillation coming from the mass term and 7 (¢) represents a slowly varying
field for the (anti-)particle. One may derive the non-relativistic effective action of Eq. (3.2) in terms of n

and ¢ by performing the expansion of 1/m systematically, which reads

S=fd4x

Here we have assumed that the axion field is homogeneous and slowly varying compared to 1/m. Notice

1 . 1 .
0'iDon = 50 (iD -0 +05em) N+ £ + 5 (D0 +050m) ¢T| +O0IMY). (£3)

that the effective action solely depends on the particular combination s, ,, signaling the basis indepen-
dence under rotations of the fermion fields.
The second (and correspondingly the fourth) term can be rewritten as follows
1
%77
where the gauge invariant momentum is defined by Il = —iD = —iV — gQA. The first two terms are the

. . 1 . .
T (lD-a'+95+m)2n = ETIT (I - gQB -0 - 205, ,I1-0 +60%,, )1, (E.4)

ordinary kinetic term and the magnetic dipole interaction, respectively. The other terms depend on s .
In particular, the third term provides the spin-momentum interaction induced by Os+m. This operator
reduces (increases) the energy of a particle for a given IT = [IT] if its spin is (anti-)parallel to II. The same
argument holds for the anti-particle . As a result, we have two modes in total that are produced more

efficiently than in the case without O54m-

Dispersion relation. Let us first derive the dispersion relation explicitly without the magnetic field, i.e.,
A* =(0,0,0, A;). The case with the magnetic field parallel to the electric field will be mentioned shortly
after. The equation of motion in this case reads

1

i0p1——

0= (T, - 95+m)2 +p2 —205.mpre” v )

. . . 2
=205, mpre'Pr (Hz+05+m) +P%~

+
(TI;_)) , (E.5)
Np

with ¢, = arctan(p,/ px). Here we expand the mode as

Np= . M5Sy 0.5%==%8%. (E.6)
o=+
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One may rotate the basis along the z-axis so that the phase ¢, disappears, i.e.,

1
i0oly — —
0t2 om

0= (Hz - 95+m)2 + p% _295+mpT )

. . 2
—205.mpT (Hz + 65+m) + p%

=+
(n’_’) : (E.7)
NMp

where 7) represents a field in the new basis. For a constant II,, one may solve this equation with two

Ot = ﬁ (, /nz + p2 J_r(95+m)2. (E.8)

Now it is clear that the production of the mode with O is enhanced for 05, < 0, since the gap in the

frequencies:

corresponding dispersion relation is reduced. It is straightforward to obtain the same dispersion relation
for the anti-particle.

Including the magnetic field. Once we turn on a magnetic field parallel to electric field, the momentum

transverse to the electromagnetic field becomes discretized as the Landau levels. The equation of motion
is obtained by just replacing my with mg = 1/2ng|QB| as
+
( T ) . (E.9)
Mp-1

Npyp.(X) =D 15 haSs. (E.10)
n,o

1
i0ply — —
o2 =5

. 2 .
0= (Hz - 95+m) + m% —205,mmp )

. . 2
=205, mmp (Hz+05+m) + mjz_rg

Note that the mode expansion is also modified as

The dispersion relation is now given by

1 R
Qi:%(\/r{§+méie5+m) . (E.11)

In the same way as the case without the magnetic field, the production of the mode with QZ is enhanced
for 05, < O respectively.

F Phase integral method

The exponential suppression of Schwinger particle production can be elegantly understood using the
phase integral method for quantum mechanical scattering problems (see e.g. [47]), based on the WKB
approximation. Here we briefly review the essence of this method, as it provides useful intuition for un-
derstanding the role of the gap in the dispersion relations between particles and antiparticles, as well as for
understanding interference effects between several (complex) zero-points of the dispersion relation. See
Refs. [23, 48, 49] and references therein for derivations and applications to particle production in scalar
and spinor QED.

The computational problem at the heart of particle production in electromagnetic fields can be re-

duced to solving a harmonic oscillator equation with a time-dependent frequency,

P () + QXD () =0. (E1)
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Starting from the Dirac equation, a second order differential equation of the type of Eq. (E1) is obtained

by acting with the conjugate differential operator. In the WKB approximation, the solution is given by

alt) _ijodr, B(1) ol S0

V2Q V2Q

with the Bogoliubov coefficients a and . Determining the asymptotic value (¢ — oo) for the initial con-

wi(t) = (E2)

dition (¢t — —o0) = 0 thus requires solving an integral of the type
I, :fdt%(t)e“fdf"ﬂ“"), (E3)

with the coefficient 6 (t) determined by the coupled first-order ODEs governing the evolution of the Bo-
goliubov coefficients. This integral can be evaluated by choosing a convenient contour in the complex
plane, noting that for Q(¢") real (which is e.g. typically the case along the real axis), the integrand of the
outer integral becomes a highly oscillatory function and hence the contribution to .#. is negligible. More-
over, for iQ is real and positive, the integrand of .#, (.#_) is exponentially suppressed. This qualitatively
explains why to good approximation, Eq. (F3) can be evaluated by integrating along the Stokes line’'®

connecting the pair of complex zeroes of Q(1),

[ i Mo . .

B~ exp (—lf Q(t)dt) =exp (——[ Q(Hz)dl'[z) with Q1) = Q(IT; ) =0, (E4)
fo z Y1z

where for a constant electric field I1, = gQE. For gapped dispersion relation, i.e. Q(p) > 0 for all p € R,

the distance 2Im(II, ) between the pair of complex zeroes corresponds to the minimal energy gap which

needs to be overcome for the production of a particle from the Dirac sea.

Schwinger production for c5 + ¢, =0. Consider Q = H% + sz, with the zero-point I1; o = im7. A direct

integration yields frl[]z i"Q(Hz)dHZ = wm?./2 and hence |B|*> ~ exp(—nm?3./(g|Q|E)). This reproduces the
result for particle production in helical electromagnetic fields obtained in Ref. [21].

For the case c¢5 + ¢, # 0 considered in the main part of this paper, an additional subtlety is that the
eigenvalues of the Dirac equation (in the basis that diagonalizes the Hamiltonian (B.5)) do not coincide
with the eigenvalues of the equations of motion for the Bogoliubov coefficients derived in App. D. How-
ever, once we have arrived at the set of coupled equations of motion (D.22), we can again interpret them as
coupled oscillators with time-dependent frequencies, similar to Eq. (E1). Consequently, the particle pro-
duction is governed by an expression similar to Eq. (F4), with Q replaced by the smallest eigenfrequency
of the system.

Interference effects. In general (and in particular in the situation in the main part of this paper), the

function Q(I1;) can have multiple complex zero points. Intuitively, this can be understood by recasting

t13The Stokes line is a path in the complex ¢ plane along which [Qdr is imaginary. In practice, as long as on pays careful
attention to potential branch cuts, on may equally well integrate on a contour parallel to the imaginary axis.
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Eq. (E1) as a quantum mechanical scattering problem over a time-dependent potential barrier with a po-
tentially complicated shape [23]. Partial reflections of different parts of this barrier can lead to interference
effects. Eq. (F4) is then modified to [48],

EENGUNS
ﬁNZeXP(Ziei)eXP(_HLf_ ' QI)dll, |, (E5)
i 1

z Hz,O

. . . . . -1 (Re()
with the index i labelling the pairs of complex zeroes and ; = IT;! R:(Hl ‘;
z,0

phase accumulated by the integration along the real axis. This leads to interference effects in the final

result for I,BIZ.

Q(I1,)dII, accounting for the
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