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Abstract

Davydov–Yetter (DY) cohomology classifies infinitesimal deformations of the monoidal struc-
ture of tensor functors and tensor categories. We consider such deformations of finite tensor
categories and exact tensor functors between them. In [GHS19], DY cohomology with coeffi-
cients was introduced and related to the comonad cohomology for a certain adjunction; in the
case of tensor categories it reduces to the adjunction for the forgetful functor of the Drinfeld
center. We first prove that the DY cohomology groups are isomorphic to the relative Ext groups
for this adjunction. From this, we derive the following main results: the vanishing of the first
DY cohomology group, long exact sequences of DY cohomology groups which allow to express
the groups in terms of Hom spaces, and the existence of a Yoneda-type product on DY cocycles.
We apply these results to the category of finite-dimensional modules over a finite-dimensional
Hopf algebra and provide a method to compute explicit DY cocycles. We study in detail the ex-
amples of the bosonization of exterior algebras ΛCkoC[Z2], the Taft algebras and the restricted
quantum group of sl2 at a fourth root of unity Ūi(sl2).

1 Introduction

A deformation theory of monoidal structures has been introduced and studied by Davydov, Crane
and Yetter [Dav97, CY98, Yet98, Yet03]; it describes deformations of the monoidal structure of a
k-linear monoidal functor or the associator of a k-linear monoidal category, without changing the
underlying categories and functors except that the scalars are extended from k to k[[h]], where k is a
field. This theory is the first step to the classification problem of monoidal structures [Dav97] but is
also related to quantum algebra and low-dimensional topology. Within this deformation theory, one
recovers the category of modules over the quantum group Uq(g) as a deformation of the category of
modules over the envelopping algebra U(g) of a semisimple Lie algebra g [DE19]. Also, this theory
allows to deform the braiding of a tensor category and this can be used to produce link invariants;
see [Yet98] where a relation with Vassiliev invariants was established.

We first recall a bit more precisely this deformation theory. Let C,D be k-linear monoidal
categories, assumed strict for simplicity, and let F : C → D be a tensor functor, i.e. a k-linear
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monoidal functor. By definition, there exists a natural isomorphism θX,Y : F (X⊗Y )
∼→ F (X)⊗F (Y )

such that the diagram

F (X ⊗ Y ⊗ Z)
θX⊗Y,Z //

θX,Y⊗Z

��

F (X ⊗ Y )⊗ F (Z)

θX,Y ⊗idF (Z)

��
F (X)⊗ F (Y ⊗ Z)

idF (X)⊗θY,Z

// F (X)⊗ F (Y )⊗ F (Z)

(1)

is commutative. In Davydov–Yetter theory we are looking for deformations of θ, which are expansions
over k[[h]] of the form θh = θ +

∑
n≥1 h

nfn, where the fn’s are natural transformations (fn)X,Y :
F (X ⊗ Y ) → F (X) ⊗ F (Y ), such that the diagram (1) remains commutative with θh instead of θ.
Without loss of generality, we assume from now on that F is strict: θ = id [JS93, Th. 1.7].

In order to get the cochain complex C•DY(F ) associated to this deformation problem, we restrict
to infinitesimal deformations θh = id + hf , with h2 = 0. Then the condition (1) on θh implies that
the natural transformation f : F ⊗ F → F ⊗ F satisfies

idF (X1) ⊗ fX2,X3 − fX1⊗X2,X3 + fX1,X2⊗X3 − fX1,X2 ⊗ idF (X3) = 0. (2)

The space of 2-cochains C2
DY(F ) is defined as the space of all natural transformations F⊗F → F⊗F

while the subspace of 2-cocycles contains the solutions of (2). In other words, the differential
δ2(f)X1,X2,X3 is defined as the expression at the left hand-side of (2). The other cochain spaces
Cn

DY(F ) and differentials δn are defined as a generalization of the case n = 2. The resulting coho-
mology, denoted by H•DY(F ), is called the Davydov–Yetter (DY) cohomology of F . The infinitesimal
deformations of the monoidal structure of F are classified by H2

DY(F ), and it was shown in [Yet98]
that the obstructions are contained in H3

DY(F ).

We note that the identity functor F = IdC deserves a special attention because H3
DY(IdC) classifies

the infinitesimal deformations of the (trivial) associator of C. Such a deformation is an expansion
ah = id+hg over k[h]/(h2) which satisfies the pentagon equation, where g is a natural transformation
gX,Y,Z : X ⊗ Y ⊗ Z → X ⊗ Y ⊗ Z. The obstructions are contained in H4

DY(IdC), at least for the
extension of an infinitesimal deformation to the order 2 [BD20, Prop. 3.21].

In this paper we study DY cohomology for finite tensor categories and exact tensor functors
between them. Such categories are equivalent to A-mod for a finite-dimensional k-algebra A and
are equipped with a rigid monoidal structure (see §3). They are ubiquitous in quantum algebra and
mathematical physics, for instance from logarithmic CFTs [GR17, FGR17, CGR19], small quantum
groups [GLO18, N18] or more generally finite-dimensional Hopf algebras.

In general, cohomology theories admit coefficients; for instance in Hochschild cohomology the
coefficients are bimodules. Coefficients for DY cohomology have been introduced in [GHS19] and are
objects in Z(F ), namely the centralizer of the tensor functor F : C → D. The category Z(F ) is rigid
and monoidal and plays a crucial role in this paper; its objects are pairs V = (V, ρV ) where V ∈ D and
ρV : V ⊗F (?)→ F (?)⊗V is like a half-braiding for V (see more details in §4.1). In particular Z(IdC)
is just the Drinfeld center Z(C). The DY cohomology with coefficients is denoted by H•DY(F ;V,W)
and the cohomology without coefficients H•DY(F ) is recovered as H•DY(F ; 1,1), where 1 is the tensor
unit of Z(F ) (trivial coefficients).

An obvious question is: how to compute Davydov–Yetter cohomology? This can be divided in
two problems:

(P1) Compute the dimension of the Davydov–Yetter cohomology groups.

(P2) Determine explicit cocycles. This question is especially relevant for 2-cocycles (or 3-cocycles
for the identity functor) since they give rise to infinitesimal deformations.
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In general it is difficult to solve these problems using only the definition of the DY complex C•DY(F )
because the cochain spaces grow fast and natural transformations are in general not suitable for
explicit computations. A more succesful strategy is to use methods from homological algebra. For
instance in [DE19] the DY cohomology of U(g)-mod for a semisimple Lie algebra g has been computed
thanks to a natural filtration on this DY complex and using the associated spectral sequence. But
in general the DY complex of a tensor category does not admit a natural filtration.

In the case of finite tensor categories, DY cohomology was related to comonad cohomology in
[GHS19] for a comonad on Z(F ). In this paper we further extend this result and find a link to
relative homological algebra. The relations of DY cohomology with these more classical cohomology
theories can be schematized as:

Davydov–Yetter cohomology

H•DY(F ;V,W)
Comonad cohomology
H•G
(
V,HomZ(F )(?,W)

)

Relative Ext groups

Ext•Z(F ),D(V,W)

[GHS19, Th. 3.11]

Special case
of Prop. 2.17

Coro. 4.6

(3)

Comonad cohomology [BB96] and relative Ext groups [Hoc56, ML75] are general theories which

are defined in the context of an adjunction A
U // B
F
oo between abelian categories. For comonad

cohomology, the relevant comonad is G = F ◦ U and the cohomology is computed thanks to G-
resolutions, see §2.4. For relative homological algebra the adjunction must be a resolvent pair, which
means that U is k-linear, exact and faithful, and the relative Ext groups are computed thanks to
relatively projective resolutions, see §2.1. We show in Proposition 2.17 that these two types of
resolutions are equivalent.

In [GHS19] it was shown that Davydov–Yetter cohomology is isomorphic to the comonad co-

homology for the adjunction Z(F )
U // D
F
oo , where U is the forgetful functor. This adjunction is a

resolvent pair. In Proposition 2.17 we observe that the relative Ext groups of any resolvent pair are
a special case of comonad cohomology. Hence, as indicated in diagram (3) above, we obtain the key
point of this paper:

Theorem. The Davydov–Yetter cohomology of a tensor functor F : C → D with coefficients U,V ∈
Z(F ) is isomorphic to the relative Ext groups of the adjunction Z(F ) � D:

Hn
DY(F ;U,V) ∼= ExtnZ(F ),D(U,V)

for all n ≥ 0.

We also have the diagram (3) at the level of complexes, with all relations made explicit in §4.2.

It has been explained in [GHS19] that the comonad cohomology reformulation of DY theory
helps to determine the dimensions of the DY cohomology groups. The point is that one is free to
use any G-projective resolution. The computation is feasible if the G-resolution is simple enough, as
was demonstrated in [GHS19, §5] for the identity functor of the category of modules over the Hopf
algebra Λ(Ck) o C[Z2] (bosonization of the exterior algebra). Hence the computation of Davydov–
Yetter cohomology is reduced to the construction of a sufficiently simple G-projective resolution.
However, G-projective resolutions can be very difficult to find and it may happen that even the
minimal one is too complicated, which for instance is the case with the category of modules over
the restricted quantum group Ūi(sl2) studied in §5.4: even the low degrees cochain spaces of the
resolution are difficult to construct.
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Working with relative Ext groups instead of comonad cohomology allows us to use powerful
results from relative homological algebra, which is a well-established subject [ML75]: existence of a
long exact sequence of Ext groups associated to a short exact sequence, Yoneda product, Yoneda
description of relative Extn groups in terms of certain n-fold exact sequences. These results are
reviewed in §2.2. Our goal here is to use these properties in the case of the resolvent pair Z(F ) � D
and to obtain the corresponding properties for Davydov–Yetter cohomology through the isomorphism
in Theorem 1. In that way we obtain the following results:

1. Proposition 4.7: H1
DY(F ) = 0 provided that the tensor functor F is exact.

2. Corollary 4.16: long exact sequence for Davydov–Yetter cohomology.

3. Corollary 4.9: dimension formulas for the Davydov–Yetter cohomology groups.

4. Theorem 4.11: explicit formula of the Yoneda product on Davydov–Yetter cohomology.

5. Proposition 4.14: graded module structure of H•DY(F ;U,V) over the Yoneda product algebra
H•DY(F ).

6. The method in §5.1.4 for constructing explicit DY cocycles for C = H-mod and F = IdC.

These properties are helpful to compute the DY cohomology on examples, as demonstrated in §5.2,
§5.3, §5.4 for certain finite-dimensional Hopf algebras. Let us now give more details on how they are
obtained.

The first item follows from the fact that Z(F ) is a finite tensor category when F is exact; therefore
Ext1

Z(F )(1,1) = 0 from which we derive Ext1
Z(F ),D(1,1) = 0. The second item is immediate from the

corresponding statement on relative Ext groups recalled in §2.2.3.

A simple but important property is that the forgetful functor U : Z(F )→ D is a tensor functor;
we say that Z(F ) � D is a monoidal resolvent pair. We show in §3.1 that the relative Ext groups of
a monoidal resolvent pair have properties similar to those of usual Ext groups for tensor categories:
the relatively projective objects form a tensor ideal and relative Ext groups are compatible with the
duality.

We express the relative Ext groups for monoidal resolvent pairs in terms of Hom spaces in Propo-
sition 3.4. This is based on the long exact sequence for relative Ext groups and on their compatibility
with duality. The associated dimension formula in Corollary 3.5 requires only to find a relatively
projective cover (see definition in §2.3) and to determine the dimension of certain Hom spaces; hence
it replaces the construction of a relatively projective resolution by a problem of representation theory.
Applying this result to the monoidal resolvent pair Z(F ) � D we get the third item; the formula
for dim

(
H2

DY(F )
)

is especially efficient in practice and gives the dimension of the infinitesimal de-
formations of F . In §5.4.1 we apply the dimension formula to the example of C = Ūi(sl2)-mod with
F = IdC and we compute dim

(
Hn

DY(F )
)

for n ≤ 4; this calculation was not accessible with previous
methods. Therefore we have a new method to address the problem (P1).

To address the problem (P2), we recall in §2.2.1 the Yoneda description YExtnA,B of the relative
Ext groups ExtnA,B, based on exact sequences in A of length n that are split in B. The point is
that these n-fold exact sequences are not so difficult to construct (in particular they are easier than
relatively projective resolutions) and that we have the isomorphism

YExtnZ(F ),D(V,W)
∼→ ExtnZ(F ),D(V,W)

∼→ Hn
DY(F ;V,W) (4)

which associates DY cocycles to exact sequences.

Long exact sequences have a natural gluing operation ◦ : YExtnA,B(V,W ) × YExtmA,B(U, V ) →
YExtm+n

A,B (U,W ) called Yoneda product and recalled in §2.2.2. We transport the Yoneda product
through the isomorphism (4), in order to get an associative product on DY cohomology:

◦ : Hn
DY(F ;V,W)×Hm

DY(F ;U,V)→ Hm+n
DY (F ;U,W).
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The explicit expression of this product is determined in Theorem 4.11 and turns out to be very simple;
it is an important tool in practice because every cocycle can be factored as a product of 1-cocycles.
The fifth item follows from the fact that ◦ endows H•(F ) with a structure of graded associative
algebra and that H•DY(F ;U,V) can be naturally endowed with a structure of graded H•(F )-module;
we also determine the formula of the action.

In section 5 we turn to the case C = H-mod where H is a finite-dimensional Hopf algebra
over an algebraically closed field k and we obtain fully explicit results for F = IdC. Note that
Z(IdH-mod) ∼= D(H)-mod, where D(H) is the Drinfeld double of H and U : D(H)-mod→ H-mod is
the restriction functor for the standard embedding H ↪→ D(H) = (H∗)op ⊗H. The isomorphism of
Theorem 1 then becomes

Hn
DY(IdH-mod;V,W ) ∼= ExtnD(H),H(V,W )

for all n ≥ 0. The Yoneda Ext group YExtnD(H),H(V,W ) consists of exact sequences of D(H)-modules
of length n from W to V which split as sequences in H-mod. The method of §5.1.4, based on the
isomorphism (4) and on its compatibility with the Yoneda product, associates to such an exact
sequence an explicit DY n-cocycle. A key feature in this case is that the Davydov–Yetter cochains
can be encoded in a very explicit manner in terms of H-linear maps, suitable for computations. We
finally apply these results and methods to examples:

• In §5.2 we consider the bosonization H = Λ(Ck) o C[Z2] of the exterior algebra of Ck. The
dimensions of the Davydov-Yetter cohomology groups of this example have been already com-
puted in [GHS19] thanks to comonad cohomology; here we give a shorter computation based
on relative Ext groups for algebras in tensor categories (Proposition 3.8) and we moreover
determine explicit 2-cocycles which generate H•DY(IdH) thanks to the Yoneda product.

• In §5.3 we consider the Taft algebras H = Tq for every root of unity q. We show that
H•DY(Tq-mod) ∼= C[X2] as a graded algebra and we compute the explicit Davydov–Yetter
cocycle in each even degree.

• In §5.4 we consider H = Ūi(sl2), namely the restricted quantum group of sl2 at i =
√
−1.

This example is much more involved: it is too difficult to construct a relatively projective
resolution of the trivial D(Ūi(sl2))-module C. Instead we determine only the relatively projec-
tive cover of C and we apply the dimension formulas of Corollary 4.9. This allows to easily
find that dim

(
H2

DY(Ūi)
)

= 0 while it is computationnaly harder to get dim
(
H3

DY(Ūi)
)

= 3,
dim

(
H4

DY(Ūi)
)

= 0. We construct two explicit DY 3-cocycles with the method of §5.1.4; then
using a GAP program we prove that they are linearly independent and we find a third basis
element of H3

DY(Ūi). This gives a complete picture of the infinitesimal associators on Ūi-mod.

Acknowledgments. We thank P. Etingof for correspondence. M.F. and C.S. are partially supported
by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) under Germany’s Ex-
cellence Strategy - EXC 2121 “Quantum Universe”- 390833306. The work of A.M.G. was supported
by the CNRS, and partially by the ANR grant JCJC ANR-18-CE40-0001 and the RSF Grant No.
20-61-46005. A.M.G. is also grateful to Hamburg University for its kind hospitality in 2021.

2 Relative homological algebra

This section collect results on resolvent pairs, relatively projective objects, relative Ext groups,
Yoneda product, etc following [ML75]. It also contains results that we have not been able to find
in the literature: for instance the existence and properties of relatively projective covers for general
resolvent pairs in §2.3 or the relation between the notions from relative homological algebra and
those from comonad cohomology in §2.4.
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2.1 Resolvent pairs and relative Ext groups

Let A,B be abelian categories and
A

U
��
a

B

F

FF (5)

be a pair of adjoint functors (F left adjoint to U). We first recall some notions of relative homological
algebra from [ML75, Chap. IX].

• If the functor U : A → B is additive, exact and faithful then we say that the adjunction in (5)
is a resolvent pair of abelian categories.

• A morphism f ∈ HomA(V,W ) is called allowable if there exists s ∈ HomB(U(W ),U(V )) such
that U(f)sU(f) = U(f). This condition is equivalent to the requirement that U(ker(f)) is a
direct summand1 of U(V ) and U(im(f)) is a direct summand of U(W ).

• An object P of A is called relatively projective if the diagram (with exact row)

P

~~
g
��

V
f
//W // 0

can always be filled, whenever f is allowable and g is any morphism in A.

• A relatively projective resolution of V ∈ A is an exact sequence

0←− V
d0←− P0

d1←− P1
d2←− . . . (6)

such that each Pi ∈ A is relatively projective and each di is allowable. The latter is equivalent
to the statement that the image by U of the exact sequence is split, i.e. U(Pi) = im

(
U(di+1)

)
⊕

ker
(
U(di)

)
for all i.

Note that the definitions are analogous to the ones in usual homological algebra, the difference being
the notion of allowable morphism.

Let ε : FU → IdA be the counit of the adjunction (5). Then for all V ∈ A, εV : FU(V ) → V is
an epimorphism and is allowable since we have U(εV )ηU(V ) = idU(V ), where η : IdB → UF is the unit
of the adjunction. Thanks to εV one can construct an important relatively projective resolution of
V , called the bar resolution [ML75, Th. 6.3]:

Bar•A,B(V ) =
(

0←− V
εV←− FU(V )

d1←− (FU)2(V )
d2←− . . .

)
(7)

where

dn =
n∑
i=0

(−1)i(FU)n−i
(
ε(FU)i(V )

)
. (8)

This shows in particular that any V ∈ A admits at least one relatively projective resolution. However,
bar resolutions are not suitable for concrete computations because the objects (FU)n(V ) grow too
fast. One can obtain smaller relatively projective objects thanks to the following basic properties:

1Recall that in an additive category an object X is a direct summand of Y if there exist morphisms ι : X → Y and
π : Y → X such that πι = idX .
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Lemma 2.1. 1. Let M = V ⊕W be a direct sum in A. Then M is relatively projective if and only
if V and W are relatively projective.
2. An object P ∈ A is relatively projective if and only if it is a direct summand of F(X) for some
X ∈ B.

Proof. 1. This is the same statement as in usual homological algebra. The easy proof is left to the
reader.
2. We know by [ML75, Th. 6.1] that F(X) is relatively projective. Hence, direct summands of F(X)
are relatively projective as well thanks to the previous item. Conversely, assume that P is relatively
projective. Then since εP : FU(P )→ P is an allowable epimorphism we can fill the diagram

P
ι

{{
idP

��
FU(P ) εP

// P // 0

Hence εP ι = idP and P is a direct summand of F(U(P )).

Definition 2.2. Given a resolvent pair as in (5) and a relatively projective resolution as in (6), the
n-th cohomology group of the complex of abelian groups

0 −→ HomA(P0,W )
d∗1−→ HomA(P1,W )

d∗2−→ HomA(P2,W )
d∗3−→ . . .

is denoted by ExtnA,B(V,W ) and is called the n-th relative Ext group of V and W . We denote by
[α] ∈ ExtnA,B(V,W ) the equivalence class of a cocycle α ∈ HomA,B(Pn,W ).

Thanks to the fundamental lemma of relative homological algebra [ML75, Chap. IX, Th. 4.3] (which
is the generalization of the well-known statement in usual homological algebra), Ext•A,B(V,W ) does
not depend on the choice of a relatively projective resolution. For the particular choice of the bar
resolution (7), we denote the complex in Definition 2.2 by

Bar•A,B(V,W ) =

(
0 −→ HomA

(
FU(V ),W

) d∗1−→ HomA
(
(FU)2(V ),W

) d∗2−→ . . .

)
.

Note that the adjunction is not apparent in the notation ExtnA,B(V,W ) but different adjunctions
yield different cohomologies since they yield different allowable morphisms and relatively projective
objects.

Example 2.3. If the category B is semisimple, then Ext•A,B(V,W ) = Ext•A(V,W ). Indeed, any sub-
object in B is a direct summand. In particular for any f ∈ HomA(V,W ), the objects U(ker(f)) and
U(im(f)) are direct summands of U(V ) and U(W ) respectively and thus f is allowable. It follows that
a relatively projective object is projective in A and that any projective resolution in A is relatively
projective.

Let A be a finite-dimensional algebra over a field k and R ⊂ A be a subalgebra. The obvious
forgetful functor U : A-mod → R-mod has induction as left adjoint: F(X) = A ⊗R X. This
adjunction is an example of a resolvent pair. We write ExtA,R instead of ExtA-mod,R-mod. The next
example is a special case of this type of resolvent pair:

Example 2.4. Let A,B be two finite-dimensional k-algebras. Take A = (A ⊗ B)-mod,B = B-mod,
where B is identified with the subalgebra 1⊗B ⊂ A⊗B. If V, V ′ are (finite-dimensional) A-modules
and S, S ′ are (finite-dimensional) B-modules such that HomB(S, S ′) ∼= k, then

ExtnA⊗B,B(V � S, V ′ � S ′) ∼= ExtnA(V, V ′) (9)

where V �W is V ⊗kW with the action (a⊗ b) · (v⊗w) = (a · v)⊗ (b ·w). To see this isomorphism,
note first that the induction functor is F(W ) = A �W . If P is a projective A-module, then the

7



(A⊗B)-module P�W is relatively projective for any W ∈ B-mod. Indeed, as a projective A-module,
P is a direct summand of a free module A⊕n for some n ≥ 0 so that P �W is a direct summand of

A⊕n �W ∼= (A�W )⊕n ∼= A�W⊕n = F(W⊕n).

Now, take a projective resolution 0← V
d0←− P0

d1←− P1
d2←− . . . in A-mod and consider

0←− V � S
d0⊗id←−−− P0 � S

d1⊗id←−−− P1 � S
d2⊗id←−−− . . . . (10)

It is an exact sequence of relatively projective modules. Moreover each di is allowable: indeed, since
the B-action on U(Pi � S) is simply b · (x ⊗ s) = x ⊗ (b · s), U

(
ker(di ⊗ id)

)
= U

(
ker(di) � S

)
is a

direct summand of U(Pi�S) and similarly U
(
im(di⊗ id)

)
= U

(
(im(di)�S

)
is a direct summand of

U(Pi−1 � S)). Hence (10) is a relatively projective resolution. The isomorphism (9) follows from the
fact that HomA⊗B(Pi � S, V ′ � S ′) ∼= HomA(Pi, V

′) ⊗ HomB(S, S ′) ∼= HomA(Pi, V
′). This example

will be generalized in section 3.2 to algebras in braided tensor categories.

The next lemma is an immediate generalization of a well-known fact in homological algebra and
will be useful later; it can be found in [ML75, Chap. IX, Prop. 4.2] but we recall the proof for
convenience.

Lemma 2.5. An object P ∈ A is relatively projective if and only if the functor HomA(P,−) sends
allowable short exact sequences in A to short exact sequences (of abelian groups).

Proof. Let 0→ X
j→ Y

σ→ Z → 0 be an allowable short exact sequence in A. Recall that the functor
HomA(P,−) is left exact for all P ∈ A which means that

0 −→ HomA(P,X)
j∗−→ HomA(P, Y )

σ∗−→ HomA(P,Z)

is automatically exact. Thus the sequence

0 −→ HomA(P,X)
j∗−→ HomA(P, Y )

σ∗−→ HomA(P,Z) −→ 0

is exact if and only if σ∗ = HomA(P, σ) is surjective. But note that the definition of a relatively
projective object is equivalent to the statement that if σ is an allowable epimorphism then HomA(P, σ)
is surjective. Hence the equivalence.

2.2 Properties of relative Ext groups

In this section we consider a resolvent pair of abelian categories as in (5) and we discuss properties
of the associated relative Ext groups: the Yoneda description of these groups, the Yoneda product
and the long exact sequence of Ext groups associated to a short exact sequence of coefficients.

2.2.1 Yoneda description of relative Ext groups

A n-fold exact sequence from W to V is an exact sequence in A of the form

0 −→ W
fn−→ Xn

fn−1−→ . . .
f1−→ X1

f0−→ V −→ 0. (11)

It is called allowable if each fi is allowable. This condition is equivalent to the property that the
exact sequence

0 −→ U(W )
U(fn)−−−→ U(Xn)

U(fn−1)−−−−→ . . .
U(f1)−−−→ U(X1)

U(f0)−−−→ U(V ) −→ 0

splits in B.

8



Definition 2.6. The n-th relative Yoneda Ext group of V and W , denoted by YExtnA,B(V,W ) is the
set of all allowable n-fold exact sequences from W to V , modulo congruence relations. We denote by
[S] the congruence class of a sequence S.

We do not explain what are the congruence relations in YExtnA,B(V,W ) and refer to [ML75], Chap.
III (§1 and §5) and Chap. XII (§4).

For further use, let us recall from [ML75, Chap. III, Th. 6.4]2 the construction of the isomorphism

η : YExtnA,B(V,W )
∼→ ExtnA,B(V,W ). (12)

We first define a map η at the level of cocycles. Let S be a n-fold allowable exact sequence as in (11)

and let . . .
d1−→ P0

d0−→ V −→ 0 be a relatively projective resolution of V . Fill the dashed arrows in
the diagram (which bottom row is S)

Pn
dn //

ηn=η(S)

��

Pn−1
dn−1 //

ηn−1

��

. . .
d1 // P0

d0 //

η0
��

V // 0

W
fn
// Xn fn−1

// . . .
f1
// X1 f0

// V // 0

(13)

such that it becomes commutative. This is always possible by the fundamental lemma of relative
homological algebra [ML75, Chap. IX, Th. 4.3], since the top row is a relatively projective resolution.
Then the morphism ηn ∈ HomA(Pn,W ) is a cocycle of the complex from Definition 2.2 which
we denote by η(S). Indeed, fnηndn+1 = ηn−1dndn+1 = 0 and since fn is a monomorphism we
get ηndn+1 = 0. This cocycle depends on the choice of the relatively projective resolution of V
but one shows that η sends congruent sequences to cohomologous cocycles, yielding a morphism
η : YExtnA,B(V,W ) → ExtnA,B(V,W ) defined by η([S]) = [η(S)]; in particular η([S]) does not longer
depend on the choice of the relatively projective resolution. Finally, η turns out to be an isomorphism.

With the Yoneda description of Ext groups, it is easy to see that there is an injective morphism

Ext1
A,B(V,W ) ↪→ Ext1

A(V,W ). (14)

Indeed, YExt1
A,B(V,W ) (resp. YExt1

A(V,W )) consists of congruence classes of allowable short exact
sequences (resp. congruence classes of short exact sequences) from W to V . In both cases, the zero
element is the split exact sequence 0→ W → V ⊕W → V → 0 and two sequences 0→ W → Z →
V → 0, 0 → W → Z ′ → V → 0 are congruent if there exists a morphism in HomA(Z,Z ′) such
that the obvious diagram is commutative (see pages 64 and 368 in [ML75]). Hence, if a sequence
is equal to 0 in YExt1

A(V,W ), then it is equal to 0 in YExt1
A,B(V,W ). This property is not true

for higher Ext groups; indeed, two n-fold exact sequences (resp. allowable exact sequences) S, T are
equal in YExtnA(V,W ) (resp. in YExtnA,B(V,W )) if there exists a chain of morphisms like for instance
S → C1 ← C2 → C3 ← T , where the Ci are n-fold exact sequences (resp. allowable exact sequences).
Hence it might happen that two allowable exact sequences are not equal YExtnA,B(V,W ) but they
are equal in YExtnA(V,W ) because they can be related by a chain of morphisms using non-allowable
exact sequences. For an example, see item 2 in Remark 5.10 below.

In general, it is not easy to prove that a n-fold allowable exact sequence is not congruent to 0 (i.e.
that it is not equal to 0 in the corresponding Yoneda Ext group), except for n = 1 where congruence
is just isomorphism of short exact sequences. For n = 2 we have this useful criterion [ML75, Chap.
XII, Lemma 5.3]:

Lemma 2.7. Let S =
(
0→ W → X2

π−→ K → 0
)

and T =
(
0→ K

j−→ X1 → V → 0
)

be allowable

short exact sequences in A and let S ◦ T =
(
0 → W → X2

jπ−→ X1 → V → 0
)

be their Yoneda
product (see §2.2.2 below). The following are equivalent:

2In [ML75] both Ext groups are denote by Extn. In Theorem 6.4 of Chapter III, YExtn is denoted Extn while
Extn is denoted Hn. Moreover this theorem is stated for usual Ext groups, but in §5, Chap. XII it is said that it
holds for relative Ext groups.
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1. S ◦ T ≡ 0.

2. There exists an allowable short exact sequence P =
(
0 → W → M → X1 → 0

)
such that

S = Pj, where Pj denotes the pullback of P by j.

3. There exists an allowable short exact sequence Q =
(
0 → X2 → N → V → 0

)
such that

T = πQ, where πQ denotes the push-forward of Q by π.

By definition of the pullback and of the push-forward of a short exact sequence, items 2 and 3 mean
respectively that there exist commutative diagrams (with exact rows):

S =
(
0 //W // X2

//

��

K //

j

��

0
)

P =
(
0 //W //M // X1

// 0
)

and Q =
(
0 // X2

//

π

��

N //

��

V // 0
)

T =
(
0 // K // X1

// V // 0
)

See §5.2.2 for a use of this criterion on an example. This lemma can be extended to n-fold exact
sequences (see [ML75, Chap. XII, Lemma 5.5]) but it becomes much more difficult to apply in
practice.

Corollary 2.8. Let S, T be allowable short exact sequences as above.

1. If S 6≡ 0 and Ext1
A,B(X1,W ) = 0, then S ◦ T 6≡ 0.

2. If T 6≡ 0 and Ext1
A,B(V,X2) = 0, then S ◦ T 6≡ 0

Proof. We show the first item, the proof of the second being analogous. Any allowable short exact
sequence P as in Lemma 2.7 belongs to YExt1

A,B(X1,W ) ∼= Ext1
A,B(X1,W ) = 0 and thus is congruent

to 0. It follows that Pj ≡ 0 as well. But then S = Pj is impossible since S 6≡ 0. Hence, by the
equivalence in Lemma 2.7, S ◦ T 6≡ 0.

See §5.3.2 for a use of this corollary on an example.

2.2.2 The Yoneda product

For two allowable exact sequences from W to V and from V to U , their Yoneda product ◦ is an
allowable exact sequence from W to U defined by(

0 −→ W
fn−→ Yn

fn−1−→ . . .
f1−→ Y1

f0−→ V −→ 0
)
◦
(
0 −→ V

gm−→ Xm
gm−1−→ . . .

g1−→ X1
g0−→ U −→ 0

)
= 0 −→ W

fn−→ Yn
fn−1−→ . . .

f1−→ Y1
gmf0−−−→ Xm

gm−1−→ . . .
g1−→ X1

g0−→ U −→ 0 (15)

Any n-fold allowable exact sequence can be written as a product of n allowable short exact sequences
[ML75, Chap. III, §5].

The Yoneda product is compatible with the congruence relations and yields a bilinear map

◦ : YExtnA,B(V,W )× YExtmA,B(U, V ) → YExtm+n
A,B (U,W )

([S], [S ′]) 7→ [S ◦ S ′]

We recall how to compute the corresponding product (also called Yoneda product) on cocycles:

◦ : ExtnA,B(V,W )× ExtmA,B(U, V )→ Extm+n
A,B (U,W ) (16)
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along the isomorphism η from (12). Let . . .
dU1−→ P0

dU0−→ U −→ 0 and . . .
dV1−→ Q0

dV0−→ V −→ 0
be relatively projective resolutions of U and V respectively and let α ∈ HomA(Qn,W ) and β ∈
HomA(Pm, V ) be cocycles with respect to these resolutions. Fill the dashed arrows in the diagram

Pm+n

β̃n

��

dUm+n // . . .
dUm+2 // Pm+1

β̃1

��

dUm+1 // Pm

β̃0

��

β

  
Qn

dVn // . . .
dV2 // Q1

dV1 // Q0

dV0 // V // 0

(17)

such that it becomes commutative (this is always possible thanks to the fundamental lemma of relative

homological algebra [ML75, Chap. IX, Th. 4.3]). Then α ◦ β is defined to be the composition αβ̃n ∈
HomA(Pm+n,W ) and [α]◦ [β] is defined to be [α◦β] ∈ Extm+n

A,B (V,W ). The definition is such that the
map η from (13) satisfies η(S ◦S ′) = η(S)◦η(S ′), and thus in particular η([S]◦ [S ′]) = η([S])◦η([S ′]).

2.2.3 The long exact sequence for relative Ext groups

Note that ExtnA,B(−,−) is a bifunctor Aop×A → Ab for all n, because it is an instance of a derived
functor [ML75, Chap. XII, §9]. Let U, V,W be objects in A and let f : U → V be a morphism in A;
here we only need to recall how to define the morphism of abelian groups

f ∗ = ExtnA,B(f,W ) : ExtnA,B(V,W )→ ExtnA,B(U,W ).

We first define f ∗ on cochains. Take relative projective resolutions . . . → P1 → P0 → U → 0,
. . .→ Q1 → Q0 → V → 0 of U , V respectively, and let α ∈ HomA(Qn,W ) be a cocycle representing
a class [α] ∈ ExtnA,B(V,W ) (see Definition 2.2). Fill the dashed arrows in the diagram

Pn //

f̃n
��

Pn−1
//

f̃n−1

��

. . . // P0
//

f̃0
��

U //

f

��

0

Qn
// Qn−1

// . . . // Q0
// V // 0

such that it becomes commutative (again this is always possible thanks to the fundamental lemma

of relative homological algebra). Then αf̃n ∈ HomA(Pn,W ) is a cocycle which we denote by f ∗(α)
and we put f ∗([α]) = [f ∗(α)] ∈ ExtnA,B(U,W ).

Theorem 2.9. [ML75, Chap. XII, Th. 5.1]3 Let S =
(
0 −→ U

j−→ V
π−→ W −→ 0

)
be an allowable

short exact sequence in A and let N be any object in A. Then we have the long exact sequence of
abelian groups

0 // HomA(W,N) π∗ // HomA(V,N)
j∗ // HomA(U,N)

c0

ss
Ext1

A,B(W,N) π∗ // Ext1
A,B(V,N)

j∗ // Ext1
A,B(U,N)

c1

ss
Ext2

A,B(W,N) π∗ // Ext2
A,B(V,N)

j∗ // Ext2
A,B(U,N) . . .

For each n, π∗ and j∗ are the pullbacks ExtnA,B(π,N) and ExtnA,B(j,N). The maps cn are called
connecting morphisms and are defined by

cn(α) = (−1)nα ◦ η(S)

3Note that in [ML75] this theorem is stated in a more general setting based on the notion of proper class of short
exact sequences. Here we take the class of all allowable short exact sequences in A (i.e. the short exact sequences
which arrows are allowable morphisms), which is a proper class as remarked in [ML75, p. 368].
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where ◦ is the Yoneda product defined after (16) and η([S]) ∈ Ext1
A,B(W,U) is the element associated

to [S] ∈ YExt1
A,B(W,U) by the isomorphism from (12).

The long exact sequence from Theorem 2.9 gives in particular an inductive formula for the relative
Ext groups:

Corollary 2.10. Let 0 −→ L
i−→ Q

p−→ V −→ 0 be an allowable short exact sequence in A, with Q
a relatively projective object. We have

ExtnA,B(V,W ) ∼= Extn−1
A,B (L,W ) for n > 1,

Ext1
A,B(V,W ) ∼= HomA(L,W )/im(i∗)

where i∗ is the pullback HomA(Q,W )→ HomA(L,W ).

Proof. Since Q is relatively projective we have ExtnA,B(Q,−) = 0 for all n ≥ 1. Thanks to Theorem
2.9 we get for all n > 1 an exact sequence

Extn−1
A,B (Q,W ) = 0

i∗−→ Extn−1
A,B (L,W )

cn−1

−→ ExtnA,B(V,W )
p∗−→ ExtnA,B(Q,W ) = 0

which implies that cn−1 is an isomorphism of vector spaces. For the case n = 1, again thanks to
Theorem 2.9 we have the exact sequence

0 −→ HomA(V,W )
i∗−→ HomA(Q,W )

p∗−→ HomA(L,W )
c0−→ Ext1

A,B(V,W )
i∗−→ Ext1

A,B(Q,W ) = 0

which gives the desired isomorphism.

2.3 Relatively projective cover

Relatively projective covers have been defined and studied in [Thé85] in the special case where A is
the category of modules over a ring, B is the category of modules over a subring and the adjunction
is given by the usual restriction and induction functors.

Here we only assume that A is the category A-mod of finite-dimensional modules over a k-algebra
A (not necessarily finite-dimensional), where k is a field; the category B and the functors U ,F remain
arbitrary, except of course that they form a resolvent pair as in (5). We prove existence, uniqueness
and some properties of the relatively projective cover in this general setting. The assumption on
A is important because our proofs are based on the fact that the objects are in particular k-vector
spaces.

As explained in [Thé85, §1], there are two possible definitions of a relatively projective cover (as
for usual projective covers) based respectively on the notions of minimal epimorphism and relatively
essential epimorphism. Recall that an allowable epimorphism π : M → V in A is called

• minimal if for all f ∈ EndA(M),

πf = π =⇒ f is an isomorphism.

• relatively essential if for every submodule S ⊂M ,

π|S : S → V is an allowable epimorphism =⇒ S = M

where π|S is the restriction of π to S.

With our assumption that A ∼= A-mod these two notions are equivalent:

Lemma 2.11. Let P be a relatively projective object and π : P → V be an allowable epimorphism.
Then π is minimal if and only if it is relatively essential.
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Proof. Assume that π is minimal and that some restriction π|S is an allowable epimorphism. We can
fill the diagram

P
f

��
π
��

S
π|S
// V // 0

Let ι : S → P be the canonical embedding. Then πιf = π|Sf = π. Hence ιf is an isomorphism due
to the minimality of π, which implies that ι is surjective and thus S = P . Conversely, assume that
π is relatively essential and let f : P → P be such that πf = π. Then π|im(f) is an epimorphism
since so is π. Moreover π|im(f) is allowable: indeed, since π is allowable and is an epimorphism there
exists s ∈ HomB

(
U(V ),U(P )

)
such that U(π)s = idU(V ), hence we have

U(π|im(f))U(f)s = U(πf)s = U(π)s = idU(V ).

It follows that im(f) = P , so that f is a surjection from a finite-dimensional vector space to itself,
which implies that f is an isomorphism.

Definition 2.12. A relatively projective cover of V ∈ A is a relatively projective object RV together
with a relatively essential allowable epimorphism pV : RV → V .

Proposition 2.13. 1. Any object V ∈ A has a relatively projective cover, which is unique up to
isomorphism.
2. Let P be any relatively projective object with an allowable epimorphism π : P → V . Then RV is
(isomorphic to) a direct summand of P and π|RV

= pV .
3. If k is algebraically closed and U(V ) ∈ B is a simple object then HomA(RV , V ) ∼= k, with basis
element pV .

Proof. 1. For existence, let P be a relatively projective object together with an allowable epimorphism
π : P → V . There always exists such a pair (P, π); for instance one can take P = G(V ) and π = εV
where G = FU is the comonad on A and ε is the counit of G. Consider

S =
{
S ⊂ P

∣∣ π|S is an allowable epimorphism
}

and let R be an element of S with minimal dimension. Since P is relatively projective there exists
f : P → R such that π|Rf = π. By the same arguments as in the proof of Lemma 2.11 we get
that π|im(f) is an allowable epimorphism; hence im(f) ∈ S. On one hand im(f) ⊂ R but on the
other hand dim(im(f)) ≥ dim(R) by the minimality assumption on R. As a result, im(f) = R and
f is surjective. Now let ι : R ↪→ P be the canonical embedding. Then fι : R → R is a surjective
morphism from a finite-dimensional vector space to itself, so it is an isomorphism. If we define
pr = (fι)−1f : P → R we have pr ι = idR, which shows that R is a direct summand of P . In
particular, R is relatively projective as a direct summand of P by Lemma 2.1. We thus take RV = R
and pV = π|R. The morphism pV is relatively essential because RV is an element in S with minimal
dimension.
For uniqueness, let (RV , pV ), (R′V , p

′
V ) be two relatively projective covers of V . We can fill the

diagrams
RV

g

}}
pV
��

R′V p′V

// V // 0

R′V
h

}}
p′V
��

RV pV
// V // 0

Note that pV hg = p′V g = pV and p′V gh = pV h = p′V . Since pV and p′V are minimal by Lemma 2.11,
hg and gh are isomorphisms. It follows that g and h are isomorphisms.
2. By the proof of item 1 we know that P contains a direct summand R such that (R, π|R) is a
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relatively projective cover. By uniqueness of the projective cover, (RV , pV ) is isomorphic to (R, π|R).
3. By the previous item RV is a direct summand of G(V ), so we have

HomA(RV , V ) ↪→ HomA(G(V ), V ) = HomA(FU(V ), V ) ∼= HomB(U(V ),U(V )) ∼= k. (18)

The last equality is due to Schur’s lemma, which applies since we assume that k is algebraically closed.
Hence HomA(RV , V ) is at most one-dimensional; but it contains pV , so it is one-dimensional.

Remark 2.14. It follows from the proof of Proposition 2.13 that the relatively projective cover RV of
V is isomorphic to any one of the direct summands of G(V ) which cover V by the restriction of εV
and which have minimal dimension; in particular all such direct summands are isomorphic. If U(V )
is simple then V is simple (because U is faithful) and RV is the minimal direct summand of G(V )
on which εV does not vanish.

2.4 Comonad cohomology and relative Ext groups

Let G = FU be the comonad on A associated to an adjunction F a U as in (5). In this section we
review the theory of comonad cohomology introduced in [BB96] and in the case of a resolvent pair
we relate it to relative Ext groups. Our notations and conventions are those of [GHS19].

• An object P of A is called G-projective if there exists a morphism s : P → G(P ) such that
εP s = idP , where ε is the counit of G. By [GHS19, Lemma 2.5], this is equivalent to the
requirement that P is a direct summand of some G(V ).

• A sequence X
f−→ Y

g−→ Z in A is called G-exact if gf = 0 and the sequence of abelian groups

HomA(G(V ), X)
f∗−→ HomA(G(V ), Y )

g∗−→ HomA(G(V ), Z)

is exact for all V ∈ A. Note that thanks to the adjunction property, this last condition is
equivalent to the exactness of

HomB
(
U(V ),U(X)

) U(f)∗−−−→ HomB
(
U(V ),U(Y )

) U(g)∗−−−→ HomB
(
U(V ),U(Z)

)
. (19)

for all V ∈ A.

• A sequence 0 ←− V
d0←− P0

d1←− P1
d2←− . . . in A is called a G-resolution if each Pi is G-

projective and the sequence is G-exact.

There always exists at least oneG-projective resolution of any object V inA, called the bar resolution:

Bar•G(V ) =
(

0←− V
εV←− G(V )

d1←− G2(V )
d2←− . . .

)
(20)

where εV : G(V )→ V is the counit of the comonad G and

dn =
n∑
i=0

(−1)iGn−i(εGi(V )

)
. (21)

Definition 2.15. Let E be an abelian category and E : A → E be a contravariant additive functor.
Given a G-projective resolution as above, the cohomology of the complex in E

0 −→ E(P0)
E(d1)−−−→ E(P1)

E(d2)−−−→ E(P2)
E(d3)−−−→ . . .

is called the cohomology of V associated to G with coefficients in E, and is denoted H•G(V,E).
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There is an analogue of the fundamental lemma of homological algebra for comonad cohomology
which implies that H•G(V,E) does not depend on the choice of a G-projective resolution [BB96, §4.2].
For the particular choice of the bar resolution (20), we denote the complex in Definition 2.15 by

Bar•G(V,E) =
(

0 −→ E(G(V ))
E(d1)−→ E(G2(V ))

E(d2)−→ . . .
)

(22)

We now relate the notions from comonad cohomology to those from relative homological algebra.
Suppose we are given a resolvent pair of categories as in (5) and let G = FU be the associated
comonad on A.

Lemma 2.16. Let X
f−→ Y

g−→ Z be a sequence in A.

1. Let ker(g) = (k : K → Y ). The sequence is G-exact if and only if gf = 0 and there exists
t ∈ HomB

(
U(K),U(X)

)
such that U(f)t = U(k).

2. If the sequence is G-exact and g is allowable, then f is allowable.

3. If the sequence is exact and f is allowable, then it is G-exact.

4. If the sequence is G-exact, then it is exact.

Proof. Note that ker(U(g)) = U(ker(g)) and im(U(f)) = U(im(f)) since U is exact.
1. Since gk = 0, the exactness of (19) with V = K implies that there exists t : U(K)→ U(X) such
that U(f)t = U(k). Conversely, let V ∈ A and h : U(V ) → U(Y ) such that U(g)h = 0. Thus by
the universal property of the kernel, there exists u : U(V ) → U(K) such that h = U(k)u = U(f)tu,
which shows that h ∈ im(U(f)∗). Hence the sequence (19) is exact.
2. By definition, there exists s : U(Z)→ U(Y ) such that U(g)sU(g) = U(g). Let π = idU(Y )−sU(g) :
U(Y ) → U(Y ). We have U(g)π = 0, so by the universal property of the kernel we get u : U(Y ) →
U(K) such that U(k)u = π. Now since the sequence is G-exact, we have t : U(K) → U(X) from
item 1. Then tu : U(Y )→ U(X) satisfies

U(f)tuU(f) = U(k)uU(f) = π U(f) = U(f)− sU(g)U(f) = U(f)

where for the last equality we used that gf = 0. Hence f is allowable.
3. Since f is allowable, we have some s : U(Y ) → U(X) such that U(f)sU(f) = U(f). Since the
sequence is exact, ker(g) = (k : K → Y ) = im(f), and by definition of the image there exists an
epimorphism e : X → K such that f = ke. We have

U(f)
(
sU(k)

)
U(e) = U(f)sU(f) = U(f) = U(k)U(e).

Since e is an epimorphism, we deduce U(f)
(
sU(k)

)
= U(k) and by item 1 the sequence is G-exact.

4. We show that ker(U(g)) = im(U(f)), then it follows that ker(g) = im(f) since U is faithful.
First, U(k) is a monomorphism and by definition of the kernel, since U(f)U(g) = 0, there exists
u : U(X)→ U(K) such that U(f) = U(k)U(u). It remains to prove that U(k) is universal for these
properties. So let m : I → U(Y ) be a monomorphism such that there exists e : U(X) → I with
U(f) = me. We want to show that there exists v : U(K) → I such that U(k) = mv. Using item 1,
we have U(k) = U(f)t = met, hence v = et.

Proposition 2.17. Let A
U
// B

Foo be a resolvent pair of abelian categories and G = FU be the

associated comonad on A.

1. An object P ∈ A is G-projective if and only if it is relatively projective.

2. A sequence is a G-resolution if and only if it is a relatively projective resolution.
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3. We have an equality of complexes Bar•G
(
V,HomA(?,W )

)
= Bar•A,B(V,W ), for any V,W ∈ A.

4. This implies ExtnA,B(V,W ) ∼= Hn
G

(
V,HomA(?,W )

)
for all n ≥ 0.

Proof. 1. If P is G-projective then it is a direct summand of some G(V ) = F(U(V )) and hence is
relatively projective by Lemma 2.1. Conversely, assume that P is a direct summand of some F(X),
with morphisms ι : P → F(X) and π : F(X) → P such that πι = idP . Let η : IdB → UF and
ε : FU → IdA be respectively the unit and the counit of the adjunction. Define

ι′ : P
ι−→ F(X)

F(ηX)−−−→ FUF(X) = G(F(X)),

π′ : G(F(X)) = FUF(X)
εF(X)−−−→ F(X)

π−→ P.

Then π′ι′ = πεF(X)F(ηX)ι = πι = idP , thanks to one of the defining properties of ε and η. Hence P
is G-projective, as a direct summand of G(F(X)).

2. Let . . .
d2−→ P1

d1−→ P0
d0−→ V −→ 0 be a G-projective resolution. Since P0

d0−→ V −→ 0 is G-exact

and V
0−→ 0 is allowable, so is d0 by the previous lemma. Assume now that some di is allowable.

Since Pi+1
di+1−→ Pi

di−→ Pi−1 is G-exact, di+1 is allowable by the previous lemma. By induction, all
the di’s are allowable. Since moreover we have seen that a G-exact sequence is exact, we have a
relatively projective resolution.
The converse implication is obvious due to the third item in the previous lemma.
3. Trivial, the definitions are the same.
4. Follows immediately from any of the two previous items.

3 Relative Ext groups for tensor categories

Let k be a field, which we assume algebraically closed. A tensor category C is a k-linear, rigid and
monoidal category with k-bilinear tensor product and with simple tensor unit object 1 (see e.g.
[EGNO15, Chap. 4]). In a tensor category the tensor product is exact, because of rigidity [EGNO15,
Prop. 4.2.1].

Recall that C is rigid if every object X ∈ C has a right dual X∨ and a left dual ∨X together with
left and right (co)evaluation morphisms

evX : X∨ ⊗X → k, coevX : k → X ⊗X∨,
ẽvX : X ⊗ ∨X → k, c̃oevX : k → ∨X ⊗X,

satisfying the standard axioms. For certain computations it will be convenient to represent morphisms
with diagrams, following the usual rules:

X X∨

X∨ X

∨X X

X ∨X

= evX = coevX = ẽvX = c̃oevX

= idX
X

f

X

Y

= (f : X → Y )
f

X

g

Z

Y gf

X

Z

= f

X

X′

g

Y

Y ′

f ⊗ g=

X Y

X′ Y ′

f ⊗ g=

X⊗Y

X′⊗Y ′

Note that we read diagrams from bottom to top.
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3.1 Monoidal resolvent pairs

In this subsection, we consider a resolvent pair of categories as in (5) but moreover we assume that
A,B are tensor categories and that the exact, faithful and linear functor U : A → B is monoidal.

Lemma 3.1. If f ∈ HomA(X,X ′) and g ∈ HomA(Y, Y ′) are allowable morphisms then f ⊗ g is an
allowable morphism.

Proof. Let s ∈ HomB(X ′, X), t ∈ HomB(Y ′, Y ) be such that U(f)sU(f) = U(f) and U(g) tU(g) =

U(g) and let U (2)
V,W : U(V )⊗ U(W )

∼→ U(V ⊗W ) be the monoidal structure of U . Then

U(f ⊗ g)
(
U (2)
X,Y (s⊗ t) (U (2)

X′,Y ′)
−1
)
U(f ⊗ g) = U (2)

X′,Y ′

(
U(f)⊗ U(g)

)
(s⊗ t)

(
U(f)⊗ U(g)

)
(U (2)

X,Y )−1

= U (2)
X′,Y ′

(
U(f)⊗ U(g)

)
(U (2)

X,Y )−1 = U(f ⊗ g).

Proposition 3.2. The full subcategory ProjA,B of relatively projective objects is a tensor ideal in A.

Proof. Let P be a relatively projective object and V any object in A, we want to show that V ⊗ P
and P⊗V are relatively projective. So take 0→ X

j→ Y
σ→ Z → 0 an allowable short exact sequence

in A. By exactness of ⊗ [EGNO15, Prop. 4.2.1], the sequence

0 −→ X ⊗ V ∨ j⊗id−−→ Y ⊗ V ∨ σ⊗id−−−→ Z ⊗ V ∨ −→ 0

is exact and it is allowable due to Lemma (3.1). Hence by Lemma 2.5 the sequence

0 −→ HomA(P,X ⊗ V ∨) (j⊗id)∗−−−−→ HomA(P, Y ⊗ V ∨) (σ⊗id)∗−−−−→ HomA(P,Z ⊗ V ∨) −→ 0

is exact. Due to the adjunction (−⊗ V ) a (−⊗ V ∨) [EGNO15, Prop. 2.10.8] it follows that

0 −→ HomA(P ⊗ V,X)
j∗−→ HomA(P ⊗ V, Y )

σ∗−→ HomA(P ⊗ V, Z) −→ 0

is exact. Thus by Lemma 2.5, P ⊗ V is relatively projective. The proof for V ⊗ P is similar.

Corollary 3.3. It holds

ExtnA,B(X, Y ) ∼= ExtnA,B(X ⊗ ∨Y ,1), ExtnA,B(X, Y ) ∼= ExtnA,B(1, Y ⊗X∨)

where 1 is the tensor unit of A.

Proof. We show the first isomorphism, the proof of the second being similar. Let 0 ←− X
d0←−

P0
d1←− P1

d2←− . . . be a relatively projective resolution of X. By exactness of ⊗, the sequence

0←− X ⊗ ∨Y d0⊗id←−−− P0 ⊗ ∨Y
d1⊗id←−−− P1 ⊗ ∨Y

d2⊗id←−−− . . .

is exact. By the previous proposition, each Pi⊗∨Y is relatively projective and by Lemma 3.1, di⊗ id
is allowable. Hence it is a relatively projective resolution of X ⊗ ∨Y . The result follows from the
natural isomorphism HomA(X,−) ∼= HomA(X ⊗ ∨(−),1).

Note that thanks to the second isomorphism, it is enough to know a relatively projective resolution
of the unit object 1 to compute any Ext group.

In general it is difficult to determine a relatively projective resolution which is simple enough
to make the computation of (the dimension of) the Ext groups feasible. The following proposition,
which is a refinement of Corollary 2.10, replaces this problem by the computation of the first step of
a relatively projective resolution and of certain Hom spaces:
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Proposition 3.4. Let V ∈ A and let

0 −→ K
j−→ P

π−→ 1 −→ 0, 0 −→ L
i−→ Q

p−→ V −→ 0

be allowable short exact sequences in A where P,Q are relatively projective objects. Then for all
n ≥ 2,

ExtnA,B(V,W ) ∼= HomA
(
K,W ⊗ L∨ ⊗ (K∨)⊗(n−2)

)/
im(j∗)

where j∗ is the pullback HomA
(
P,W ⊗ L∨ ⊗ (K∨)⊗(n−2)

)
→ HomA

(
K,W ⊗ L∨ ⊗ (K∨)⊗(n−2)

)
.

Proof. We use Corollary 2.10 and Corollary 3.3 several times:

ExtnA,B(V,W ) ∼= Extn−1
A,B (L,W ) ∼= Extn−1

A,B (1,W ⊗ L∨)
∼= Extn−2

A,B (K,W ⊗ L∨) ∼= Extn−2
A,B (1,W ⊗ L∨ ⊗K∨)

∼= . . .

∼= Ext1
A,B
(
K,W ⊗ L∨ ⊗ (K∨)⊗(n−3)

) ∼= Ext1
A,B
(
1,W ⊗ L∨ ⊗ (K∨)⊗(n−2)

)
∼= HomA

(
K,W ⊗ L∨ ⊗ (K∨)⊗(n−2)

)/
im(j∗).

Corollary 3.5. With the notations of the previous proposition and M = W ⊗ L∨ ⊗ (K∨)⊗(n−2), we
have for n ≥ 2

dim ExtnA,B(V,W ) = dim HomA(K,M)− dim HomA(P,M) + dim HomA(1,M).

In particular

dim ExtnA,B(1,1) = dim HomA
(
K, (K∨)⊗(n−1)

)
−dim HomA

(
P, (K∨

)⊗(n−1))
+dim HomA

(
1, (K∨

)⊗(n−1))
.

Proof. Thanks to the exactness of

0 −→ HomA(1,M)
π∗−→ HomA(P,M)

j∗−→ HomA(K,M)

we have dim im(j∗) = dim HomA(P,M)−dim HomA(1,M) and then the isomorphism in the previous
proposition gives the result.

In order to use relatively projective covers (Definition 2.12) we assume that A = A-mod as a k-linear
category, for some k-algebra A; this is in particular the case if A is a finite category. If P is the
relatively projective cover R1 of 1 (which exists by Proposition 2.13), the second formula of Corollary
3.5 admits a special case:

Corollary 3.6. Let K1 = ker(p1 : R1 � 1). We have

dim Ext2
A,B(1,1) = dim HomA(K1, K

∨
1 )− dim HomA(R1, K

∨
1 ).

Proof. By definition there is the short exact sequence 0 −→ K1 −→ R1 −→ 1 −→ 0. Hence
Corollary (3.5) gives

dim Ext2
A,B(1,1) = dim HomA(K1, K

∨
1 )− dim HomA(R1, K

∨
1 ) + dim HomA(1, K∨1 ).

We want to show that the last term is equal to 0. Using Theorem 2.9 we obtain an exact sequence

0 −→ HomA(1,1) −→ HomA(R1,1) −→ HomA(K1,1) −→ Ext1
A,B(1,1).

Since 1 is a simple object and k is algebraically closed, Schur’s lemma applies and we have HomA(1,1) ∼=
k. Since the functor U is monoidal we have that U(1) ∼= 1 is simple and thus HomA(R1,1) ∼= k by
Proposition 2.13. Finally Ext1

A,B(1,1) ⊂ Ext1
A(1,1) = 0, where we used (14) and the fact that in a

finite tensor category the unit object does not have non-trivial self-extensions [EGNO15, Theorem
4.4.1]. Hence the exact sequence becomes

0 −→ k −→ k −→ HomA(K1,1) −→ 0

which forces HomA(1, K∨1 ) ∼= HomA(K1,1) = 0.
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3.2 Tensor product of algebras in braided tensor categories

In this section we generalize Example 2.4 to algebras in a braided tensor category C. We assume
that C is strict and we denote its braiding by c:

cX,Y : X ⊗ Y ∼→ Y ⊗X.

Recall that a (unital) algebra (A,mA, ηA) in C is an object A ∈ C together with morphisms mA ∈
HomC(A⊗A,A) and ηA ∈ HomC(1, A) satisfying the usual axioms. Similarly, an A-module (V, ρV ) in
C is an object V ∈ C together with a morphism ρV ∈ HomC(A⊗V, V ) satisfying the usual axioms. A
morphism of A-modules is defined in the obvious way and we get the category A-modC of A-modules
in C. Note that (A,mA) ∈ A-modC. If (B,mB, ηB) is another algebra in C, then A ⊗ B is again an
algebra in C thanks to the braiding, with

mA⊗B = (mA ⊗mB)(idA ⊗ cA,B ⊗ idB), ηA⊗B = ηA ⊗ ηB.

We have the forgetful functor U : (A ⊗ B)-modC → B-modC induced by the pullback along the
morphism ηA ⊗ idB ∈ HomC(B,A ⊗ B), namely U(V, ρV ) =

(
V, ρV (ηA ⊗ idB⊗V )

)
on objects and

U(f) = f on morphisms. It is clear that U is exact and faithful; moreover, it has a left adjoint F
given by

F(W ) = A�W, F(f) = idA � f

where the functor � : A-modC×B-modC → (A⊗B)-modC is defined on objects by (V, ρV )�(W, ρW ) =
(V ⊗W, ρV �W ) with

ρV �W : A⊗B ⊗ V ⊗W
id⊗cB,V ⊗id
−−−−−−−→ A⊗ V ⊗B ⊗W ρV ⊗ρW−−−−→ V ⊗W

and on morphisms by f � g = f ⊗ g. Indeed, one checks easily that the adjunction property holds:

Hom(A⊗B)-modC(A�W,M)
∼→ HomB-modC(W,U(M))

f 7→ f(ηA ⊗ idV )
ρM(idA ⊗ ηB ⊗ g) 7→g

We will see that the following resolvent pairs of categories are related:

A-modC

U

��
a

C

F

GG (A⊗B)-modC

U
��
a

B-modC

F

HH

In the former U is the obvious forgetful functor and F(X) = (A⊗X,mA ⊗ idX).

Lemma 3.7. Let W ∈ B-modC. If P is relatively projective in A-modC then P �W is relatively
projective in (A⊗B)-modC.

Proof. By assumption P is a direct summand of F(X) for some X ∈ C. Let

Xtriv ⊗W =
def

(
X ⊗W, (idX ⊗ ρW )(cB,X ⊗ idW )

)
. (23)

It is easy to check that Xtriv ⊗W ∈ B-modC. Observe that F(Xtriv ⊗W ) = F(X) �W . Indeed:

F(Xtriv ⊗W ) =
(
A⊗ (X ⊗W ),

(
mA ⊗ ((idX ⊗ ρW )(cB,X ⊗ idW ))

)
(idA ⊗ cB,A ⊗ idX⊗W )

)
,

F(X) �W =
(
(A⊗X)⊗W, (mA ⊗ idX ⊗ ρW )(idA ⊗ cB,A⊗X ⊗ idW )

)
and the two actions coincide thanks to the property of the braiding. It follows that P �W is a direct
summand of F(Xtriv ⊗W ) and hence is relatively projective by Lemma 2.1.
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Proposition 3.8. Let V, V ′ ∈ A-modC and S, S ′ ∈ B-modC be such that HomB-modC(S, S
′) ∼= k. It

holds
Extn(A⊗B)-modC , B-modC

(V � S, V ′ � S ′) ∼= ExtnA-modC , C(V, V
′).

Proof. Let 0←− V
d0←− P0

d1←− P1
d2←− . . . be a relatively projective resolution in A-modC and since

di is allowable let ti ∈ HomC(Pi−1, Pi) be such that di ti di = di (we write di instead of U(di) because
U is the identity on morphisms). By the previous lemma

0←− V � S
d0⊗idS←−−−− P0 � S

d1⊗idS←−−−− P1 � S
d2⊗idS←−−−− . . .

is an exact sequence of relatively projective modules in (A⊗B)-modC. Let us show that it is allowable,
and thus a relatively projective resolution. Note that U(Pi � S) = (Pi)triv ⊗ S with the notation
introduced in (23). For f ∈ HomC(X, Y ) it is easy to see that f⊗idS ∈ HomB-modC(Xtriv⊗S, Ytriv⊗S).
Hence ti⊗idS ∈ HomB-modC(U(Pi−1�S),U(Pi�S)) and it holds (di⊗idS)(ti⊗idS)(di⊗idS) = (di⊗idS),
which shows that di ⊗ idS is allowable (again, we do not write U(di ⊗ idS) because U is the identity
on morphisms). The claims follows from

Hom(A⊗B)-modC(Pi � S, V ′ � S ′) ∼= HomA-modC(Pi, V
′)⊗ HomB-modC(S, S

′) ∼= HomA-modC(Pi, V
′)

and the fact that these isomorphisms commutes with the differentials.

Remark 3.9. Let H be a finite-dimensional quasi-triangular Hopf algebra (in Vectk) and take C =
H-mod. Let A be a finite-dimensional H-module-algebra or equivalently an algebra in C. Then it
holds A-modC ∼= (A#H)-mod, where A#H is the smash product of A and H. Let B be another
finite-dimensional H-module algebra and let A ⊗̃B be their braided tensor product (in other words,
their tensor product in C). Then the proposition is rewritten as

Extn
(A⊗̃B)#H,B#H

(V � S, V ′ � S ′) ∼= ExtnA#H,H(V, V ′).

Corollary 3.10. Under the assumptions of Proposition of 3.8 and if the category C is semisimple,
it holds

Extn(A⊗B)-modC ,B-modC
(V � S, V ′ � S ′) ∼= ExtnA-modC

(V, V ′).

Proof. Since C is semisimple, we know from Example 2.3 that ExtnA-modC , C(V, V
′) = ExtnA-modC

(V, V ′)
and the claim follows from Proposition 3.8.

4 Davydov–Yetter cohomology and relative Ext groups

Davydov–Yetter cohomology classifies infinitesimal deformations of tensor structures, as reviewed in
the Introduction. Here we will work in the setting of finite tensor categories and with the version of
this cohomology theory with coefficients introduced in [GHS19].

A k-linear category is finite if it is equivalent as a k-linear category to the category of finite-
dimensional modules over some finite-dimensional k-algebra. Here we assume that the field k is
algebraically closed.

Recall from [ML71, Chap. IX, §6] the notion of a coend. Let X ,Y be categories and let T :
X op × X → Y be a bifunctor. The coend of T , if it exists, is a universal pair (C, i), where C is an
object in Y and i = (iX : T (X,X)→ C)X∈X is a dinatural transformation. This means that for any
dinatural transformation ψX : T (X,X)→ V , there exists a unique morphism Ψ ∈ HomY(C, V ) such

that ψX = Ψ iX for all X ∈ X . The object C is denoted by
∫ X∈X

T (X,X). Note in particular that
morphisms f, g ∈ HomY(C,W ) (where W is any object of Y) are equal if, and only if, f iX = g iX
for all X ∈ X .

In this section, C and D denote finite tensor categories, assumed to be strict for simplicity.
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4.1 The centralizer of a functor and the associated adjunction

Let F : C → D be a k-linear monoidal functor, assumed to be strict for simplicity. Recall that there
exists a monoidal natural isomorphism dX : F (X∨)

∼→ F (X)∨ (see e.g. [NS07, Lemma 1.1]); in the
sequel for simplicity we identify F (X)∨ with F (X∨).

• A half-braiding relative to F is a natural isomorphism ρV : V ⊗ F (?)→ F (?)⊗ V such that

ρVX⊗Y = (idF (X) ⊗ ρVY )(ρVX ⊗ idF (Y )) (24)

for all X, Y ∈ C.

• The centralizer Z(F ) of the functor F is the category whose objects are pairs V = (V, ρV ) where
V ∈ D and ρV is a half-braiding relative to F and whose morphisms f : (V, ρV )→ (W, ρW ) are
morphisms f ∈ HomD(V,W ) such that the diagram

V ⊗ F (X)

f⊗idF (X)

��

ρVX // F (X)⊗ V
idF (X)⊗f
��

W ⊗ F (X)
ρWX

// F (X)⊗W

commutes for all X ∈ C.

Z(F ) is a (strict) tensor category [Maj91], [Shi17b, §3.2] with tensor product

(V, ρV )⊗ (W, ρW ) =
(
V ⊗W, ρV⊗W = (ρV ⊗ idW )(idV ⊗ ρW )

)
and with left and right duals given by (V, ρV )∨ = (V ∨, ρV

∨
), ∨(V, ρV ) = (∨V , ρ

∨V ), where

ρV
∨

X

V ∨

V ∨

F (X)

F (X)

(ρVX)−1

F (X)

F (X)

V ∨

V ∨

ρ
∨V
X

∨V

∨V

F (X)

F (X)

ρVX∨

F (X) ∨V

∨V F (X)

==

(25)

In particular, if F = IdC is the identity functor, then Z(IdC) is Z(C), the usual Drinfeld center of C.
Assumption: We assume from now on that F is an exact functor.

Under this assumption, Z(F ) is a finite tensor category, see [Shi17b, §3.3].

Let U : Z(F ) → D be the forgetful functor defined by U(V, ρV ) = V , U(f) = f . Let us recall
the explicit construction of its left adjoint F : D → Z(F ) ([DS07, BV12, Shi17b], here we use the
conventions of [GHS19, §3.3]). First, consider

ZF (V ) =

∫ X∈C
F (X)∨ ⊗ V ⊗ F (X) (26)

and denote by
iX(V ) : F (X)∨ ⊗ V ⊗ F (X)→ ZF (V )

the associated universal dinatural transformation. The coend ZF (V ) exists for all V by exactness of
F , thanks to [KL11, Cor. 5.1.8.] or [Shi17, Th. 3.6]. Moreover, ZF gives a functor D → D; for a
morphism f : V → W , ZF (f) is defined to be the unique morphism such that

ZF (f) iX(V ) = iX(W )
(
idF (X)∨ ⊗ f ⊗ idF (X)

)
(27)
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for all X ∈ C. Here we use the universality of the coend, the right hand side of (27) being dinatural
in X. In the sequel we often implicitly use universality of the coend to define morphisms. For any
Y ∈ C, we define ρ

ZF (V )
Y : ZF (V )⊗ F (Y )→ F (Y )⊗ ZF (V ) as the unique morphism in D such that

ρ
ZF (V )
Y

(
iX(V )⊗ idF (Y )

)
=
(
idF (Y ) ⊗ iX⊗Y (V )

)(
coevF (Y ) ⊗ idF (X)∨⊗V⊗F (X)⊗F (Y )

)
(28)

for all X ∈ C (again we use the universality of the coend). Then one can show that ρZF (V ) is a
half-braiding relative to F and that the left adjoint to U is given by

F(V ) =
(
ZF (V ), ρZF (V )

)
.

The forgetful functor U is clearly additive, exact and faithful, and it has the left adjoint F , so we
have a resolvent pair of categories:

Z(F )

U
��
a

D

F

HH
(29)

Since U : Z(F )→ D is obviously monoidal, Proposition 3.2 applies:

Corollary 4.1. The relatively projective objects in Z(F ) form a tensor ideal.

In the sequel we will use intensively the bar resolution (20) (or equivalently (7)) for the adjunction
(29), so in the rest of this section we describe it in detail. First, let G be the comonad on Z(F ) for
this adjunction:

G = FU : Z(F )→ Z(F ), G(V) =
(
ZF (V ), ρZF (V )

)
, G(f) = ZF (f) (30)

where V = (V, ρV ) ∈ Z(F ) and f is a morphism (recall that a morphism f ∈ HomZ(F )(V,W) is just
a morphism f ∈ HomD(V,W ) which commutes with the half-braidings ρV , ρW ). For any object V,
let εV ∈ HomD

(
ZF (V ), V

)
be the unique morphism such that

εV iX(V ) =
(
evF (X) ⊗ idV

)(
idF (X)∨ ⊗ ρVX

)
. (31)

One can show that εV ∈ HomZ(F )

(
G(V),V

)
and that ε : G→ Id is the counit of G.

The chain objects of the bar resolution of V are

BarnZ(F ),D(V) = BarnG(V) = Gn+1(V) =

(
Zn+1
F (V ), ρZ

n+1
F (V )

)
for V = (V, ρV ) ∈ Z(F ), and where the first equality simply reminds the two possible notations.
Using the Fubini theorem for coends [ML71, Prop. IX.8], we have

Zn
F (V ) =

∫ (X1,...,Xn)∈Cn

F (Xn)∨ ⊗ . . .⊗ F (X1)∨ ⊗ V ⊗ F (X1)⊗ . . .⊗ F (Xn)

with the universal dinatural transformation i
(n)
X1,...,Xn

(V ) defined inductively by

i
(n)
X1,...,Xn

(V ) = iXn

(
Zn−1
F (V )

)(
idF (Xn)∨ ⊗ i(n−1)

X1,...,Xn−1
(V )⊗ idF (Xn)

)
= i

(n−1)
X2,...,Xn

(
ZF (V )

)(
idF (Xn)∨⊗...⊗F (X2)∨ ⊗ iX1(V )⊗ idF (X2)⊗...⊗F (Xn)

)
.

We can characterize the bar differential dVn : BarnG(V)→ Barn−1
G (V) thanks to the universal dinatural

transformations:
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Lemma 4.2. For the comonad G on Z(F ), the differential of the bar resolution for an object V =
(V, ρV ) satisfies

dVn i
(n+1)
X1,...,Xn+1

(V ) = i
(n)
X2,...,Xn+1

(V )
(
idF (Xn+1)∨⊗...⊗F (X2)∨ ⊗ εViX1(V )⊗ idF (X2)⊗...⊗F (Xn+1)

)
+

n∑
j=1

(−1)j i
(n)
X1,...,Xj⊗Xj+1,...,Xn+1

(V )

where εV is the counit of G, defined in (31).

Proof. Recall the general definition of the bar differential in (21). The result is obtained by a
computation based on the definitions of the counit and of the value of G on a morphism (see (30)
and (27)); we skip the details.

Let V = (V, ρV ),W = (W, ρW ) ∈ Z(F ) and for n ∈ N let

ΨV,W
n ∈ HomD

(
Zn
F (V ⊗W ), Zn

F (V )⊗W
)

be the unique morphism such that ΨV,W
n i

(n)
X1,...,Xn

(V ⊗W ) is equal to the following dinatural trans-
formation

F (Xn)∨ ⊗ . . .⊗ F (X1)∨ ⊗ V ⊗W ⊗ F (X1)⊗ . . .⊗ F (Xn)

idF (Xn)∨⊗...⊗F (X1)
∨⊗V ⊗ρWX1⊗...⊗Xn−−−−−−−−−−−−−−−−−−−−−→ F (Xn)∨ ⊗ . . .⊗ F (X1)∨ ⊗ V ⊗ F (X1)⊗ . . .⊗ F (Xn)⊗W

i
(n)
X1,...,Xn

(V )⊗idW

−−−−−−−−−−→ ZF (V )⊗W.

Proposition 4.3. For each n, ΨV,W
n is an isomorphism in Z(F ):

ΨV,W
n : Gn(V ⊗W)

∼→ Gn(V)⊗W.

Moreover, the family
(
ΨV,W
n

)
n∈N is an isomorphism of complexes from Bar•G(V⊗W) to Bar•G(V)⊗W.

Proof. Let us first show that ΨV,W
1 is an isomorphism in Z(F ). The inverse of ΨV,W

1 is simply
the unique morphism in HomD

(
ZF (V ) ⊗ W,ZF (V ⊗ W )

)
determined by the following dinatural

transformation:

F (X)∨ ⊗ V ⊗ F (X)⊗W
idF (X)∨⊗(ρWX )−1

−−−−−−−−−−→ F (X)∨ ⊗ V ⊗W ⊗ F (X)
iX(V⊗W )−−−−−−→ ZF (V ⊗W ).

A morphism in Z(F ) is a morphism in D which commutes with the half-braidings, so we have to
check that the following diagram is commuative:

ZF (V ⊗W )⊗ F (Y )
ρ
ZF (V⊗W )

Y //

ΨV,W
1 ⊗idF (Y )

��

F (Y )⊗ ZF (V ⊗W )

idF (Y )⊗ΨV,W
1

��
ZF (V )⊗W ⊗ F (Y )

ρ
ZF (V )⊗W

Y

// F (Y )⊗ ZF (V )⊗W

(32)

for all Y ∈ C. The computation is displayed in Figure 1. The first equality uses the definition of ΨV,W
1

and ρ
ZF (V )⊗W
Y =

(
ρ
ZF (V )
Y ⊗ idW

)(
idZF (V )⊗ ρWY

)
, the second equality uses the definition of ρZF (V ) (see

(28)) and (idF (X)⊗ ρWY )(ρWX ⊗ idF (Y )) = ρWX⊗Y , and the third and fourth equalities are the definitions

of ΨV,W
1 and ρZF (V⊗W ) respectively. Since this holds for any X ∈ C, the diagram is commutative.

Now for general n, it is not difficult to show that ΨV,W
n+1 can be constructed as follows:

Zn+1
F (V ⊗W )

ZF (ΨV,W
n )−−−−−→ ZF

(
Zn
F (V )⊗W

) Ψ
Zn
F (V ),W

1−−−−−−→ Zn+1
F (V )⊗W.
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ΨV,W
1

WZF (V )

iX(V ⊗W )

V F (X)F (X)∨

ZF (V⊗W )

F (Y )W

ρ
ZF (V )
Y

ρWY

F (Y )

W

ZF (V )

F (X) F (Y )W

F (Y ) ZF (V ) W

ρWX

iX(V )

V

F (X)

iX⊗Y (V )

V

F (X) F (Y )

ρWX⊗Y

WZF (V )F (Y )

F (X)W F (Y )

= =

iX⊗Y (V ⊗W )

V

ZF (V )

F (Y )

F (X)W F (Y )

ZF (V ) W

=

iX(V ⊗W )

V F (X)

ZF (V⊗W )

W

ρ
ZF (V⊗W )
Y

F (Y )

ZF (V )

F (Y )

=

ρ
ZF (V )⊗W
Y

F (Y ) ZF (V ) W

F (X)∨

F (X)∨

F (X)∨

F (X)∨

ΨV,W
1

ZF (V ) W

ΨV,W
1

Figure 1: Proof of the commutation of the diagram (32).

Hence by induction we obtain that ΨV,W
n is an isomorphism in Z(F ) for all n. To prove the last

claim, we must check that

Gn+1(V ⊗W)
dV⊗W
n //

ΨV,W
n+1
��

Gn(V ⊗W)

ΨV,W
n

��
Gn+1(V)⊗W

dVn⊗idW // Gn(V)⊗W

is commutative, where dV⊗W, dV are the bar differentials for V ⊗W and V respectively. This follows
from a straightforward computation using Lemma 4.2 and is left to the reader.

Remark 4.4. One can similarly construct isomorphisms Gn(V ⊗W)
∼→ V ⊗ Gn(W) which yield an

isomorphism of complexes from Bar•G(V ⊗W) to V ⊗ Bar•G(W).

Recall that for coefficients V,W, the complex associated to the bar resolution of V is

BarnZ(F ),D(V,W) = HomZ(F )

(
BarnG(V),W

)
= HomZ(F )

(
Gn+1(V),W

)
.

The isomorphism in Proposition 4.3 allows us to write down explicitly the first isomorphism from
Corollary 3.3 (and a similar description applies for the second). Indeed,

HomZ(F )

(
Gn+1(V),W

) ∼−→ HomZ(F )

(
Gn+1(V)⊗ ∨W,1

) (ΨV,∨W
n+1 )∗

−−−−−→ HomZ(F )

(
Gn+1(V ⊗ ∨W),1

)
is an isomorphism and due to the naturality of the first arrow and to Proposition 4.3 it yields an
isomorphism of complexes

BarnZ(F ),D(V,W)
∼→ BarnZ(F ),D(V ⊗ ∨W,1)

α 7→ ẽvW (α⊗ id∨W )ΨV,∨W
n+1

(33)

which in turn gives an isomorphism Ext•Z(F ),D(V,W)
∼→ Ext•Z(F ),D(V ⊗ ∨W,1).
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4.2 Relation to Davydov-Yetter cohomology

Recall first the following notions:

• Let U = (U, ρU),V = (V, ρV ) ∈ Z(F ). The n-th Davydov–Yetter cochain space of F with
coefficients U,V, denoted by Cn

DY(F,U,V), is the space of all natural transformations f of the
form

fX1,...,Xn : U ⊗ F (X1)⊗ . . .⊗ F (Xn)→ F (X1)⊗ . . .⊗ F (Xn)⊗ V.

The case n = 0 is C0
DY(F,U,V) = HomD(U, V ).

• The Davydov–Yetter differential δn : Cn
DY(F,U,V)→ Cn+1

DY (F,U,V) is defined by

δn(f)X0,...,Xn =(idF (X0) ⊗ fX1,...,Xn)(ρUX0
⊗ idF (X1)⊗...⊗F (Xn))

+
n∑
i=1

(−1)ifX0,...,Xi−1⊗Xi,...,Xn

+ (−1)n+1(idF (X0)⊗...⊗F (Xn−1) ⊗ ρVXn
)(fX0,...,Xn−1 ⊗ idF (Xn)).

The case n = 0 is δ0(f)X0 = (idF (X0) ⊗ f)ρUX0
− ρVX0

(f ⊗ idF (X0)).

• The n-th Davydov–Yetter cohomology4 group of F with coefficients U,V, denoted byHn
DY(F,U,V),

is ker(δn)/im(δn−1). The case n = 0 is H0
DY(F,U,V) = ker(δ0).

• If coefficients are trivial (U = V = 1), then we write simply Cn
DY(F ) and Hn

DY(F ). If the functor
F is the identity functor IdC, then we write Cn

DY(C,U,V) and Hn
DY(C,U,V). Finally, Cn

DY(C)
and Hn

DY(C) mean respectively the DY cochains and DY cohomology of the identity functor
with trivial coefficients.

Let G = FU be the comonad on Z(F ) associated to the adjunction (29) discussed in the previous
subsection and recall that the bar complex of a comonad is defined in (22). We have the key result:

Theorem 4.5. [GHS19, Th. 3.11] Let U = (U, ρU),V = (V, ρV ) ∈ Z(F ). Under the previous
assumptions, there is an isomorphism of cochain complexes

C•DY(F,U,V) ∼= Bar•G
(
U,HomZ(F )(?,V)

)
.

It follows that
Hn

DY(F,U,V) ∼= Hn
G

(
U,HomZ(F )(?,V)

)
.

Now, since the adjunction (29) is a resolvent pair of categories, this theorem can be restated as
follows, thanks to Proposition 2.17:

Corollary 4.6. With the same notations, there is an isomorphism of cochain complexes

C•DY(F,U,V) ∼= Bar•Z(F ),D(U,V).

It follows that
Hn

DY(F,U,V) ∼= ExtnZ(F ),D(U,V).

Since we will need it in the sequel, we recall from [GHS19] the explicit form of the isomorphism
of cochain complexes in Corollary 4.6, which we denote by Γ:

∀n, Γ : Cn
DY(F,U,V)

∼→ BarnZ(F ),D(U,V) = HomZ(F )

(
Gn+1(U),V

)
. (34)

4We will also use the shortand “DY cohomology”.
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For f ∈ Cn
DY(F,U,V), Γ(f) : Gn+1(U)→ V is the unique morphism such that

Γ(f)

Zn+1
F (U)

i
(n+1)
X1,...,Xn+1

(U)

V

F (Xn+1)∨ F (X1)∨ U F (X1) F (Xn+1)

. . .. . .
fX1,...,Xn

U F (X1) F (Xn)

. . .

ρVXn+1

V

F (Xn+1)

V

F (X1)∨F (Xn)∨F (Xn+1)∨

=

. . .

. . .

(35)

where as before U = (U, ρU) and V = (V, ρV ). Conversely, for g ∈ HomZ(F )

(
Gn+1(U),V

)
, the

components of the natural transformation Γ−1(g) are given by

Γ−1(g)X1,...,Xn

U F (X1) F (Xn+1)

. . .

=

VF (X1) F (Xn+1)
. . .

F (Xn)F (X1)

. . .

. . .

g

Zn+1
F (U)

i
(n+1)
X1,...,Xn,1

(U)

V

U F (X1) F (Xn)

. . .

(36)

where 1 is the tensor unit of C. To show that Γ and Γ−1 are inverse to each other, one uses the
following equality, which is an easy consequence of the definitions and which will also be used in the
next section:

ρ
Zn+1
F (U)

Xn+1

Zn+1
F (U)

F (Xn+1)

Zn+1
F (U)F (Xn+1)

F (Xn+1)

i
(n+1)
X1,...,Xn,1

(U)

F (Xn)∨ F (X1)∨ U F (X1) F (Xn)

. . .. . .
F (Xn+1)

i
(n+1)
X1,...,Xn+1

(U)

U F (X1) F (Xn)

. . .

Zn+1
F (U)

=

F (Xn)∨ F (X1)∨
. . .

(37)

4.3 First consequences

A nice consequence of Corollary 4.6 is:

Proposition 4.7. For every exact tensor functor F : C → D, it holds H1
DY(F ) = 0.

Proof. This is due to (14):

H1
DY(F ) ∼= Ext1

Z(F ),D(1,1) ⊂ Ext1
Z(F )(1,1) = 0

where the last equality is the fact that in a finite tensor category the unit object does not have
non-trivial self-extensions [EGNO15, Theorem 4.4.1], and we already recalled in the previous section
that Z(F ) is a finite tensor category when F is exact.

Remark 4.8. A cocycle in C1
DY(F ) is a F -derivation, that is an element f ∈ Nat(F, F ) such that

fX⊗Y = fX⊗ idF (Y ) +idF (X)⊗fY . For trivial coefficients we have δ0 = 0, and thus H1
DY(F ) = ker(δ1).

Hence the proposition means that non-zero F -derivations do not exist. Note that if C = H-mod and
if F = U : C → Vectk is the forgetful functor, this means that a finite-dimensional Hopf algebra
H does not have non-zero primitive elements, thanks to the description of the DY complex for U
given in (54) in section 5 below. This known fact is actually true for finite-dimensional bialgebras
[EGNO15, Corollary 5.9.1].
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Next, combining Corollary 4.6 and Corollary 3.3, we obtain

Hn
DY(F ;V,W) ∼= Hn

DY(F ;V ⊗ ∨W,1), Hn
DY(F ;V,W) ∼= Hn

DY(F ; 1,W ⊗ V∨) (38)

but even better we can transport the explicit isomorphism from (33) through Γ, which defines

∀n, ξ : Cn
DY(F ;V,W)

Γ−→ BarnZ(F ),D(V,W)
(33)−→ BarnZ(F ),D(V⊗ ∨W,1)

Γ−1

−→ Cn
DY(F ;V⊗ ∨W,1). (39)

Then for all n, ξ descends to an isomorphism ξ : Hn
DY(F ;V,W) ∼= Hn

DY(F ;V ⊗ ∨W,1). A similar
description applies for the second isomorphism in (38). A simple diagrammatic computation reveals
that for f ∈ Cn

DY(F ;V,W), the components of the natural transformation ξ(f) are

ξ(f)X1,...,Xn

V F (X1) F (Xn)

. . .
∨W

F (X1) F (Xn)
. . . fX1,...,Xn

. . .

ρ
∨W
X1⊗...⊗Xn

F (X1) F (Xn)
. . .

∨WV F (X1) F (Xn)

. . .

∨W=

(40)

Finally, the dimension formulas from Corollaries 3.5 and 3.6 translate into dimension formulas
for the DY cohomology groups:

Corollary 4.9. Let

0 −→ K
j−→ P

π−→ 1 −→ 0, 0 −→ L
i−→ Q

p−→ V −→ 0

be allowable short exact sequences in Z(F ) where P,Q are relatively projective objects. Then for
n ≥ 2,

dimHn
DY(F ;V,W) = dim HomA(K,M)− dim HomA(P,M) + dim HomA(1,M)

where M = W ⊗ L∨ ⊗ (K∨)⊗(n−2). In particular,

dimHn
DY(F ) = dim HomA

(
K, (K∨)⊗(n−1)

)
− dim HomA

(
P, (K∨

)⊗(n−1))
+ dim HomA

(
1, (K∨

)⊗(n−1))
.

If moreover P is the relatively projective cover (Definition 2.12) of 1,

dimH2
DY(F ) = dim HomA

(
K,K∨

)
− dim HomA

(
P,K∨

)
.

4.4 The Yoneda product on DY cohomology

As recalled in section 2.1, there is the Yoneda product ◦ on relative Ext cohomology. Thanks to the
isomorphism of cochain complexes Γ in (34) we get a product on the DY side, which we still denote
by ◦:

f ◦ g = Γ−1
(
Γ(f) ◦ Γ(g)

)
. (41)

This is an associative product on DY cocycles which descends to the cohomology groups.

From (13) and (15), we know that any n-cocycle can be written as a Yoneda product of n 1-
cocycles. Hence the same is true for DY cocycles, through the isomorphism Γ:

Lemma 4.10. Let f ∈ Cn
DY(F,U,W) be a cocycle. Then there exists cocycles

g1 ∈ C1
DY(F,V1,W), g2 ∈ C1

DY(F,V2,V1), . . . , gn ∈ C1
DY(F,U,Vn−1)

such that f = g1 ◦ . . . ◦ gn.
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The product (41) has the following simple expression:

Theorem 4.11. Let f ∈ Cn
DY(F,V,W) and g ∈ Cm

DY(F,U,V) be cocycles. Then the components of
the cocycle f ◦ g ∈ Cm+n

DY (F,U,W) are

(f ◦ g)X1,...,Xm,Y1,...,Yn = (−1)nm
(
idF (X1)⊗...⊗F (Xm) ⊗ fY1,...,Yn

)(
gX1,...,Xm ⊗ idF (Y1)⊗...⊗F (Yn)

)
.

The proof of this formula is divided in three steps:

• We first determine the Yoneda product of a n-cocycle α ∈ BarnZ(F ),D(V,W) = HomZ(F )

(
Gn+1(V),W

)
with a 1-cocycle β ∈ Bar1

Z(F ),D(U,V) = HomZ(F )

(
G2(U),V

)
. See Lemma 4.12.

• From this we compute the product (41) for a DY n-cocycle f ∈ Cn
DY(F,V,W) and a DY

1-cocycle g ∈ C1
DY(F,U,V). See Lemma 4.13.

• Then we deduce the product (41) for general DY cocycles f, g by induction on m thanks to
Lemma 4.10.

Restricting g to be a 1-cocycle in the two first steps makes the proofs of the corresponding lemmas
less cumbersome. We write as usual U = (U, ρU),V = (V, ρV ),W = (W, ρW ).

Lemma 4.12. Let α ∈ BarnZ(F ),D(V,W), β ∈ Bar1
Z(F ),D(U,V) be cocycles. The Yoneda product

α ◦ β ∈ Barn+1
Z(F ),D(U,W) is the unique morphism such that

(α ◦ β) i
(n+2)
X,Y1,...,Yn+1

(U) = (−1)n α i
(n+1)
Y1,...,Yn+1

(V )
(
idF (Yn+1)∨⊗...⊗F (Y1)∨ ⊗ β i(2)

X,1(U)⊗ idF (Y1)⊗...⊗F (Yn+1)

)
where 1 is the tensor unit of C.

Proof. Since we use the bar resolution, the diagram in (17) becomes

Gn+2(U)

β̃n
��

dUn+1 // . . .
dUl+3 // Gl+3(U)

β̃l+1
��

dUl+2 // Gl+2(U)

β̃l
��

dUl+1 // . . .
dU2 // G2(U)

β̃0
��

β

!!
Gn+1(V)

dVn // . . .
dUl+2 // Gl+2(V)

dVl+1 // Gl+1(V)
dVl // . . .

dV1 // G(V)
εV // V // 0

(42)

where G is the comonad on Z(F ) defined in (30), dU, dV are the differential of the bar resolutions
of U,V respectively and εV is the counit of G. We have to find the dashed arrows and the Yoneda
product α ◦ β is then αβ̃n. Define β̃l as the unique morphism such that

β̃l i
(l+2)
X,Y1,...,Yl+1

(U) = (−1)l i
(l+1)
Y1,...,Yl+1

(V )
(
idF (Yl+1)∨⊗...⊗F (Y1)∨ ⊗ β i(2)

X,1(U)⊗ idF (Y1)⊗...⊗F (Yl+1)

)
.

We left to the reader to check that β̃l is a morphism in Z(F ), i.e. that it commutes with the
half-braidings relative to F . We first show that the triangle in (42) commutes:
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β
V

i
(2)
X,1(U)

Z2
F (U)

ρVY
εV
ZF (V )

β̃0

i
(2)
X,Y (U)

Z2
F (U)

U F (X) F (Y )F (Y )∨ F (X)∨

β
V

i
(2)
X,1(U)

Z2
F (U)

iY (V )

εV
ZF (V )

V

β

i
(2)
X,1(U)

Z2
F (U)

ρ
Z2
F (U)

Y

Z2
F (U)

i
(2)
X,Y (U)

Z2
F (U)

β

= =

==

i
(2)
X,Y (U)

Z2
F (U)

β
=

V V

V

U F (X) F (Y )F (Y )∨ F (X)∨ U F (X) F (Y )F (Y )∨ F (X)∨

U F (X) F (Y )F (Y )∨ F (X)∨ U F (X) F (Y )F (Y )∨ F (X)∨ U F (X) F (Y )F (Y )∨ F (X)∨

V V

and the claim follows since this holds for any X, Y ∈ C. The first and second equalities are just the
definitions of β̃0 and εV (recall (31)), for the third equality we used that β is a morphism in Z(F )
and for the fourth equality we used (37).

Now we show that the squares in (42) commutes. Recall the expression of the bar differential in
Lemma 4.2. On the one hand we have

β̃l d
U
l+2 i

(l+3)
X,Y1,...,Yl+2

= β̃l i
(l+2)
Y1,...,Yl+2

(U)
(
idF (Yl+2)∨⊗...⊗F (Y1)∨ ⊗ εU iX(U)⊗ idF (Y1)⊗...⊗F (Yl+2)

)
− β̃l i(l+2)

X⊗Y1,Y2,...,Yl+2
(V ) +

l+2∑
j=2

(−1)j β̃l i
(l+2)
X,Y1,...,Yj−1⊗Yj ,...,Yl+2

(V )

= (−1)l i
(l+1)
Y2,...,Yl+2

(V )
(

idF (Yl+2)∨⊗...⊗F (Y2)∨ ⊗ β i(2)
Y1,1

(U)
(
idF (Y1)∨ ⊗ εU iX(U)⊗ idF (Y1)

)
⊗ idF (Y2)⊗...⊗F (Yl+2)

)
− (−1)l i

(l+1)
Y2,...,Yl+2

(V )
(
idF (Yl+2)∨⊗...⊗F (Y2)∨ ⊗ β i(2)

X⊗Y1,1(U)⊗ idF (Y2)⊗...⊗F (Yl+2)

)
+ (−1)l

l+2∑
j=2

(−1)j i
(l+1)
Y1,...,Yj−1⊗Yj ,...,Yl+2

(V )
(
idF (Yl+2)∨⊗...⊗F (Y1)∨ ⊗ β i(2)

X,1(U)⊗ idF (Y1)⊗...⊗F (Yl+2)

)
= (−1)l+1 i

(l+1)
Y2,...,Yl+2

(V )
(
idF (Yl+2)∨⊗...⊗F (Y2)∨ ⊗ β i(2)

X,Y1
(U)⊗ idF (Y2)⊗...⊗F (Yl+2)

)
+ (−1)l

l+2∑
j=2

(−1)j i
(l+1)
Y1,...,Yj−1⊗Yj ,...,Yl+2

(V )
(
idF (Yl+2)∨⊗...⊗F (Y1)∨ ⊗ β i(2)

X,1(U)⊗ idF (Y1)⊗...⊗F (Yl+2)

)
.

For the last equality we used βi
(2)
Y1,1

(
idF (Y1)∨ ⊗ εUiX(U) ⊗ idF (Y1)

)
− βi(2)

X⊗Y1,1(U) = −βi(2)
X,Y1

(U), due

to the assumption that β is a cocycle (βdU2 = 0). On the other hand and still using Lemma 4.2 we
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get

dVl+1 β̃l+1 i
(l+3)
X,Y1,...,Yl+2

= (−1)l+1 dVl+1 i
(l+2)
Y1,...,Yl+2

(V )
(
idF (Yl+2)∨⊗...⊗F (Y1)∨ ⊗ β i(2)

X,1(U)⊗ idF (Y1)⊗...⊗F (Yl+2)

)
= (−1)l+1 i

(n)
Y2,...,Yl+2

(V )
(

idF (Yl+2)∨⊗...⊗F (Y2)∨ ⊗ εViY1(V )
(
idF (Y1)∨ ⊗ β i(2)

X,1(U)⊗ idF (Y1)

)
⊗ idF (Y2)⊗...⊗F (Yl+2)

)
+ (−1)l+1

l+1∑
j=1

(−1)j i
(l+1)
Y1,...,Yj⊗Yj+1,...,Yn+1

(V )
(
idF (Yl+2)∨⊗...⊗F (Y1)∨ ⊗ β i(2)

X,1(U)⊗ idF (Y1)⊗...⊗F (Yl+2)

)
= (−1)l+1 i

(l+1)
Y2,...,Yl+2

(V )
(
idF (Yl+2)∨⊗...⊗F (Y2)∨ ⊗ β i(2)

X,Y1
(U)⊗ idF (Y2)⊗...⊗F (Yl+2)

)
+ (−1)l

l+2∑
j=2

(−1)j i
(l+1)
Y1,...,Yj−1⊗Yj ,...,Yn+1

(V )
(
idF (Yl+2)∨⊗...⊗F (Y1)∨ ⊗ β i(2)

X,1(U)⊗ idF (Y1)⊗...⊗F (Yl+2)

)
which agrees with the result of the previous computation; since this holds for any X, Y1, . . . , Yl+2 ∈ C,
the desired equality follows . Note that for the last equality we used that

εV iY1(V )
(
idF (Y1)∨ ⊗ β i(2)

X,1(U)⊗ idF (Y1)

)
= εV β̃0 i

(2)
X,Y1

(U) = β i
(2)
X,Y1

(U)

due to the commutation of the triangle in (42).

Γ−1
(
Γ(f) ◦ Γ(g)

)
U F (Y1) F (Yn)

. . .

=

WF (Y1) F (Yn)

. . .

F (Yn)F (Y1)

. . .

. . .

Zn+2
F (U)

i
(n+2)
X,Y1,...,Yn,1

(U)

F (X)

F (X)
Γ(f) ◦ Γ(g)

U F (Y1) F (Yn)

. . .
F (X)

F (X) W

Γ(g)

i
(2)
X,1(U)

U F (X)

Z2
F (U)

V

i
(n+1)
Y1,...,Yn,1

(U)

F (Yn)F (Y1)

. . .

. . .

Γ(f)

Zn+1
F (U)

WF (X)

F (Y1) F (Yn)

. . .
gX

V

ρV1

V

U F (X)

fY

F (Y1) F (Yn)

. . .

W

ρW1
. . .

F (Yn)F (Y1)

. . .

F (X)

= (−1)n
= (−1)n

W

gX

U F (X)

fY

F (Y1) F (Yn)

. . .

V

F (X) WF (Y1) F (Yn)

. . .

= (−1)n

Figure 2: Proof of Lemma 4.13
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Lemma 4.13. Let f ∈ Cn
DY(F,V,W) and g ∈ C1

DY(F,U,V) be cocycles. Then it holds

(f ◦ g)X,Y1,...,Yn = (−1)n
(
idF (X) ⊗ fY1,...,Yn

)(
gX ⊗ idF (Y1)⊗...⊗F (Yn)

)
.

Proof. The proof is the diagrammatic computation displayed in Figure 2. We use the previous
lemma, the formulas for Γ in (35) and its inverse in (36), and the fact that ρV1 = idV .

Proof of Theorem 4.11. We will conclude by induction on m thanks to the previous lemma. Due
to Lemma 4.10, we can write g as g′ ◦ h with g′ ∈ Cm−1

DY (F,U′,V) and h ∈ C1
DY(F,U,U′). Then by

associativity of ◦ we get

(f ◦ (g′ ◦ h))X1,...,Xm,Y1,...,Yn =
(
(f ◦ g′) ◦ h

)
X1,X2,...,Xm,Y1,...,Yn

= (−1)n+m−1
(
idF (X1) ⊗ (f ◦ g′)X2,...,Xm,Y1,...,Yn

)(
hX1 ⊗ idF (X2)⊗...⊗F (Xm)⊗F (Y1)⊗...⊗F (Yn)

)
= (−1)nm+m−1

(
idF (X1)⊗...⊗F (Xm) ⊗ fY1,...,Yn

)(
idF (X1) ⊗ g′X2,...,Xm

⊗ idF (Y1)⊗...⊗F (Yn)

)(
hX1 ⊗ idF (X2)⊗...⊗F (Xm)⊗F (Y1)⊗...⊗F (Yn)

)
= (−1)nm

(
idF (X1)⊗...⊗F (Xm) ⊗ fY1,...,Yn

)(
(g′ ◦ h)X1,...,Xm ⊗ idF (Y1)⊗...⊗F (Yn)

)
.

For U = (U, ρU),V = (V, ρV ) ∈ Z(F ), we write as usual

C•DY(F ;U,V) =
∞⊕
n=0

Cn
DY(F ;U,V), H•DY(F ;U,V) =

∞⊕
n=0

Hn
DY(F ;U,V).

Then C•DY(F ) = C•DY(F ; 1,1) and H•DY(F ) = H•DY(F ; 1,1) are associative graded k-algebras with
respect to the product ◦. In [DE19, eq. (3)] and [BD20, §3.1], a product ∪ is defined by

(f ∪ g)X1,...,Xn,Y1,...,Ym = (−1)(n−1)(m−1)fX1,...,Xn ⊗ gY1,...,Ym

for f ∈ Cn
DY(F ), g ∈ Cm

DY(F ) and is shown to be commutative (up to sign) on H•DY(F ): f ∪ g =
(−1)mng∪f . Thanks to Theorem 4.11, we see that f∪g = (−1)m+n+1g◦f , and thus ◦ is commutative
(up to sign) on H•DY(F ) as well.

Recall the isomorphism ξ in (39); for any U,V ∈ Z(F ) we define the map

. : Cn
DY(F )⊗ Cm

DY(F ;U,V)
id⊗ξ−−→ Cn

DY(F ; 1,1)⊗ Cm
DY(F ;U⊗ ∨V,1)

◦−→ Cn+m
DY (F ;U⊗ ∨V,1)

ξ−1

−→ Cn+m
DY (F ;U,V) (43)

Proposition 4.14. For f ∈ Cn
DY(F ) and g ∈ Cm

DY(F ;U,V), the components of f .g ∈ Cn+m
DY (F ;U,V)

are
(f . g)X1,...,Xm,Y1,...,Yn = (−1)mn

(
idF (X1)⊗...⊗F (Xm) ⊗ ρVY1⊗...⊗Yn

)(
gX1,...,Xm ⊗ fY1,...,Yn

)
This endows C•DY(F ;U,V) with a structure of graded C•DY(F )-module which descends to a structure
of graded H•DY(F )-module on H•DY(F ;U,V).

Proof. For simplicity of notation, take for instance f to be a 1-cochain (for the general case simply
replace Y by a tensor product Y1 ⊗ . . .⊗ Yn in the pictures below). We have:

(ρ
∨V
X1⊗...⊗Xm⊗Y )−1

F (X1) F (Y )

ρ
∨V
X1⊗...⊗Xm

∨V

fY

F (Xm)

. . .

. . . F (Y )

F (Y )

gX1⊗...⊗Xm

. . .

U

F (X1) F (Xm)
. . .

∨V

V

gX1⊗...⊗Xm

F (X1) F (Xm)
. . .

fY

(ρ
∨V
Y )−1

F (Y )

∨V
F (Y )

F (Y )F (X1) F (Xm)

. . .
U

ξ−1
(
f ◦ ξ(g)

)
X1,...,Xm,Y

= (−1)m

V

= (−1)m
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where the first equality is the output of a straightforward diagrammatic computation using (40) and
the formula in Theorem 4.11, while for the second we used (24) and the naturality of the half-braiding.
To obtain the desired expression, observe that

(ρ
∨V
Y )−1

V

F (Y )

F (Y )

V

ρVY

F (Y ) V

V F (Y )

=

Indeed:

(ρ
∨V
Y )−1

F (Y ) V

=

(ρVY )−1

VF (Y )

(ρVY ∨)−1

F (Y )

(ρVY )−1

VF (Y )

V

(ρVY ∨⊗Y )−1

VF (Y )

VF (Y )

F (Y )

(ρV1 )−1

V

F (Y )

V

F (Y )

V

V

F (Y )

= = =

where the first equality is by definition of ρ
∨V (25), for the second equality we used the half-braiding

property (24) and the third equality is by naturality of the half-braiding. With the explicit expression
of . just obtained, it is easy to check that (f ◦ f ′) . g = f . (f ′ . g). Moreover, ξ and ◦ descend to
cohomology, so that the representation . descends to cohomology as well.

4.5 The long exact sequence for DY cohomology

We can transport the long exact sequence of relative Ext groups from Theorem 2.9 through the
isomorphism Γ from (35) in order to obtain a long exact sequence for the Davydov–Yetter cohomology
groups, which we now describe.

Let f : U→ V be a morphism in Z(F ). It induces linear maps

∀n, f ∗ : BarnZ(F ),D(V,W)→ BarnZ(F ),D(U,W)

as defined at the beginning of §2.2.3. Here we choose the bar resolution . . . → G2(X) → G(X) →
X → 0, which yields the bar complex BarnZ(F ),D(X,W) = HomZ(F )

(
Gn+1(X),W

)
, where X is U or

V and G is the comonad on Z(F ) associated to the adjunction (29). Thanks to the isomorphism
Γ : Cn

DY(F ;X,W)→ BarnZ(F ),D(X,W), we have the corresponding linear maps Γ−1f ∗Γ on DY cochains,
which we also denote by f ∗ for brevity:

∀n, f ∗ : Cn
DY(F ;V,W)→ Cn

DY(F ;U,W).

Lemma 4.15. For g ∈ Cn
DY(F ;V,W), the components of f ∗(g) ∈ Cn

DY(F ;U,W) are

f ∗(g)X1,...,Xn = gX1,...,Xn

(
f ⊗ idF (X1)⊗...⊗F (Xn)

)
.

Proof. First note a general fact. Take a resolvent pair of abelian categories as in (5) and let G be
the associated comonad on A. Then for any objects U, V ∈ A, the diagram

Gn+1(U)
dUn //

Gn+1(f)
��

Gn(U)
dUn−1 //

Gn(f)

��

. . .
dU1 // G(U)

dU0 //

G(f)

��

U //

f

��

0

Gn+1(V )
dVn

// Gn(V )
dVn−1

// . . .
dV1

// G(V )
dV0

// V // 0

commutes. The first (resp. second) row is the bar resolution of U (resp. V ), which differential is
defined in (21). This is based on an easy computation using the naturality of the counit ε : G→ Id.
Then by definition (see §2.2.3), f ∗ : HomA

(
Gn+1(V ),W

)
→ HomA

(
Gn+1(U),W

)
is simply given by
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f ∗(α) = αGn+1(f).
In our case, Gn+1(f) = Zn+1

F (f) and the result is the outcome of an easy diagrammatic computation
using the definition of Γ and Γ−1 from (35)–(36) and the definition of ZF (f) from (27).

Corollary 4.16. Let S =
(
0 −→ U

j−→ V
π−→ W −→ 0

)
be an allowable short exact sequence in

Z(F ) and let N be any object in Z(F ). Then we have a long exact sequence of k-vector spaces

0 // H0
DY(F ;W,N) π∗ // H0

DY(F ;V,N)
j∗ // H0

DY(F ;U,N)

c0

rr
H1

DY(F ;W,N) π∗ // H1
DY(F ;V,N)

j∗ // H1
DY(F ;U,N)

c1

rr
H2

DY(F ;W,N) π∗ // H2
DY(F ;V,N)

j∗ // H2
DY(F ;U,N) . . .

A nice feature of this long exact sequence is that its arrows are easy to describe. Indeed, the pullback
morphisms π∗, j∗ have a very simple expression (Lemma 4.15). The connecting morphisms cn are
obtained by transporting the connecting morphisms from Theorem 2.9 through the isomorphism Γ
from (35). Let

SDY = Γ−1
(
η(S)

)
∈ H1

DY(F ;W,U)

be the DY cocycle associated to S ∈ YExt1
Z(F ),D(W,U) (recall (12)). Then cn(g) = (−1)ng ◦ SDY,

where the product ◦ is given by the simple formula in Theorem 4.11. The only non-trivial point
might be to determine the DY cocycle SDY associated to S.

To conclude, we reformulate Corollary 2.10 for DY cohomology. Let S =
(
0→ K→ P→ W→ 0

)
be an allowable short exact sequence in Z(F ), with P a relatively projective object. Then for n ≥ 1
the connecting morphism is an isomorphism:

cn : Hn
DY(F ;K,N)

∼→ Hn+1
DY (F ;W,N)

g 7→ (−1)ng ◦ SDY
. (44)

5 Finite-dimensional Hopf algebras

Let H be a finite-dimensional Hopf algebra over an algebraically closed field k, with coproduct
∆ : H → H ⊗ H, counit ε : H → k and antipode S : H → H. We will specialize the general
results obtained above to the case C = H-mod (which is a finite k-linear tensor category) and study
examples.

In the sequel we denote the iterated coproduct by ∆(n):

∆(−1) = ε, ∆(0) = id, ∆(1) = ∆, ∆(2) = (∆⊗ id)∆, . . . (45)

and we use Sweedler’s notation with implicit summation:

∆(h) = h′ ⊗ h′′, ∆(2)(h) = h′ ⊗ h′′ ⊗ h′′′, . . . , ∆(n)(h) = h(1) ⊗ . . .⊗ h(n+1).

5.1 Specializing to H-mod

We are mainly interested in DY cohomology for the identity functor on H-mod. However, another
interesting functor is the forgetful functor U : H-mod→ Vectk which we study first.
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5.1.1 DY cohomology of the forgetful functor

Let (H∗)op be H∗ with the product ϕψ = (ψ⊗ϕ)∆ and the coproduct defined by ∆(ϕ)(x⊗y) = ϕ(xy).
It has been shown in [Dav97, Prop. 7] that C•DY(U) is isomorphic to the Hochschild cochains of
(H∗)op with the trivial coefficient. As noted in [GHS19, Remark 5.11] this implies that H•DY(U) ∼=
Ext(H∗)op(C,C). This isomorphism can be generalized with coefficients and is easily proved thanks
to Corollary 4.6:

Lemma 5.1. 1. We have an equivalence of tensor categories Z(U) ∼= (H∗)op-mod.
2. For all V,W ∈ (H∗)op-mod, Hn

DY(U ;V,W ) ∼= Extn(H∗)op(V,W ).

Proof. 1. An object in Z(U) is a pair (V, ρV ), where V is simply a vector space. For such a pair, the
formula

ϕ · v = (ϕ⊗ idV )
(
ρVH(v ⊗ 1)

)
with ϕ ∈ H∗, v ∈ V endows V with a structure of (H∗)op-module. Conversely if (V, ·) is a (H∗)op-
module, the formula

ρVH(v ⊗ x) = hix⊗ hi · v

(where (hi) is a basis of H and (hi) is its dual basis) can be extended by naturality to a half-
braiding relative to U . It is straightforward to check that this correspondence defines a strict tensor
equivalence.
2. We have

Hn
DY(U ;V,W ) ∼= ExtnZ(U),Vectk

(V,W ) ∼= Extn(H∗)op-mod,Vectk
(V,W ) = Extn(H∗)op(V,W ).

The first isomorphism is due to Corollary 4.6, the second isomorphism is due to the previous item (ac-
tually we only use the equivalence of abelian categories) and the equality is due to the semisimplicity
of Vectk (see Example 2.3).

To compute Extn(H∗)op(V,W ) one just needs to find a usual projective resolution of the (H∗)op-module V .

5.1.2 The resolvent pair Z(IdH-mod) � H-mod

Let (H∗)op be H∗ with the product ϕ ∗ ψ = (ψ ⊗ ϕ)∆). The Drinfeld double of H, denoted D(H),
is (H∗)op ⊗H as a coalgebra and has the product

(ϕ⊗ h)(ψ ⊗ g) = ϕψ
(
S(h′)?h′′′

)
⊗ h′′g.

As usual, we identify ϕ ∈ (H∗)op with ϕ⊗ 1 ∈ D(H) and h ∈ H with 1⊗ h ∈ D(H), so that (H∗)op

and H become subalgebras of D(H). Then ϕ⊗ h can be written as ϕh and hψ = ψ
(
S(h′)?h′′′

)
h′′.

Recall that Z(IdH-mod) = Z(H-mod) ∼= H
HYD. Indeed, if (U, ρU) ∈ Z(H-mod) then

λU = ρUH(?⊗ 1) : U → H ⊗ U

is a left comodule structure and (U, λU) is a left-left Yetter–Drinfeld module. Moreover, it is well-
known that H

HYD ∼= D(H)-mod, since one can define a (H∗)op-action on (V, λV ) ∈ H
HYD by

ϕ · v = (ϕ⊗ idV )(λV (v))

and a left coaction on W ∈ D(H)-mod by

λW (w) = hi ⊗ hi · w (46)

where (hi) is a basis of H with dual basis (hi). In the sequel we identify all these categories with
D(H)-mod.
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Let us rephrase the resolvent pair Z(IdH-mod) � H-mod (recall (29)) under the identification
Z(IdH-mod) = D(H)-mod, following [GHS19, §4]. The forgetful functor U : D(H)-mod→ H-mod is
induced by the obvious injective morphism H → D(H) and forgets the (H∗)op-action. The associated
induction functor F : H-mod→ D(H)-mod is given by

F(X) = D(H)⊗H X ∼= (H∗ ⊗k X)coad, F(f) = id(H∗)op ⊗ f (47)

where the D(H)-module structure on (H∗ ⊗X)coad is

h · (ψ ⊗ x) = ψ
(
S(h′)?h′′′

)
⊗ h′′x, ϕ · (ψ ⊗ x) = (ϕ ∗ ψ)⊗ x (48)

with h ∈ H,ϕ ∈ H∗ and ∗ = (∆op)∗ is the product in (H∗)op. Then we get the resolvent pair
D(H)-mod � H-mod and Corollary (4.6) gives

Hn
DY(H-mod;V,W ) ∼= ExtnD(H),H(V,W ) (49)

where V,W are D(H)-modules.

5.1.3 DY cohomology of the identity functor for H-mod

Here we explain that the DY complex of H-mod with coefficients V,W ∈ D(H)-mod can be encoded
with more tractable data than in the general definition with natural transformations. The point is
that a natural transformation is entirely determined by its value on the regular representation.

Let (H⊗n ⊗W )ad be the H-module structure defined by

h · (x1 ⊗ . . .⊗ xn ⊗ w) = h(1)x1S(h(2n+1))⊗ . . .⊗ h(n)xnS(h(n+2))⊗ h(n+1) · w.

We have a linear map

∀n, Ψ : Cn
DY(H-mod;V,W ) → HomH

(
V, (H⊗n ⊗W )ad

)
f 7→

(
v 7→ fH,...,H(v ⊗ 1⊗ . . .⊗ 1)

) (50)

where on the right-hand side the natural transformation f is evaluated on the regular representation
H on each slot. Let us show that Ψ(f) is indeed H-linear. For a ∈ H, let ra ∈ EndH(H) be the
right multiplication by a: ra(x) = xa. Write Ψ(f) = Ψ(f)1

H ⊗ . . . ⊗ Ψ(f)nH ⊗ Ψ(f)W (with implicit
summation); then by H-linearity and naturality of f we get

Ψ(f)(h · v) = fH,...,H(h · v ⊗ 1⊗ . . .⊗ 1) = fH,...,H
(
h(1) · v ⊗ h(2)S(h(2n+1)⊗ . . .⊗ h(n+1)S(h(n+2))

)
=
(
h(1) ⊗ . . .⊗ h(n+1)

)
· fH,...,H

(
idV ⊗ rS(h(2n+1)) ⊗ . . .⊗ rS(h(n+2))

)
(v ⊗ 1⊗ . . .⊗ 1)

=
(
h(1) ⊗ . . .⊗ h(n+1)

)
·
(
rS(h(2n+1)) ⊗ . . .⊗ rS(h(n+2)) ⊗ idW

)
fH,...,H(v ⊗ 1⊗ . . .⊗ 1)

= h(1)Ψ(f)1
H(v)S(h(2n+1))⊗ . . .⊗ h(n)Ψ(f)nH(v)S(h(n+2))⊗ h(n+1) ·Ψ(f)W (v)

which shows that Ψ(f) ∈ HomH

(
V, (H⊗n ⊗W )ad

)
.

For each n, Ψ is an isomorphism of vector spaces, which inverse is given by

∀n, Ψ−1(ϕ)X1,...,Xn(v ⊗ x1 ⊗ . . .⊗ xn) = ϕ1
H(v) · x1 ⊗ . . .⊗ ϕnH(v) · xn ⊗ ϕW (v)

where again we write ϕ = ϕ1
H ⊗ . . .⊗ϕnH ⊗ϕW with implicit summation. We can thus transport the

Davydov–Yetter differential through the isomorphism Ψ and an easy computation gives:

Lemma 5.2. The Davydov–Yetter complex of H-mod with coefficients V,W ∈ D(H) is isomorphic
to the cochain complex of vector spaces

0 −→ HomH

(
V,W

) δ0−→ HomH

(
V, (H ⊗W )ad

) δ1−→ HomH

(
V, (H⊗2 ⊗W )ad

) δ2−→ . . .

with differential

δn(ϕ) =
(
idH ⊗ ϕ

)
λV +

n∑
i=1

(−1)i
(
id⊗(i−1) ⊗∆⊗ id⊗(n−i) ⊗ idW

)
ϕ+ (−1)n+1

(
id⊗nH ⊗ λW

)
ϕ

where λV , λW are the left H-coactions defined in (46).
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For trivial coefficients (V = W = k), this can be made even more explicit. Since in this case the
H-action on (H⊗n)ad is h · (x1 ⊗ . . .⊗ xn) = ∆(n−1)

(
h′
)
(x1 ⊗ . . .⊗ xn)∆(n−1)

(
S(h′′)

)
, we see that

Cn
DY(H-mod)

∼→
Ψ

HomH

(
k, (H⊗n)ad

)
= Z

(
∆(n−1)(H)

)
(51)

where Z
(
∆(n−1)(H)

)
⊂ H⊗n is the centralizer of the image of the iterated coproduct (45). The

isomorphism of Lemma 5.2 is then

C•DY(H-mod) ∼=
(

0 −→ k
δ0−→ Z(H)

δ1−→ Z(∆(H))
δ2−→ . . .

)
(52)

where the complex on the right has the differential

δn(x) = 1⊗ x +
n∑
i=1

(−1)i(id⊗(i−1) ⊗∆⊗ id⊗(n−i))(x) + (−1)n+1x⊗ 1. (53)

Hence C•DY(H-mod) is a subcomplex of the Cartier complex for the coalgebra H. This was already
noted in [Dav97, Prop. 8] and taken as a definition in [ENO05, §6]. Note that δ0 = 0.

Remark 5.3. As noted in [Dav97, Prop. 7], for the forgetful functor U : H-mod → Vectk the
centralizer condition in (52) disappears and C•DY(U) is isomorphic to the complex

0 −→ k
δ0−→ H

δ1−→ H⊗2 δ2−→ . . . (54)

with the differential (53). This gives an injective morphism of complexes ιn : Cn
DY(H-mod) ↪→

Cn
DY(U); the induced morphisms ιn : Hn

DY(H-mod) ↪→ Hn
DY(U) are not injective in general (see e.g.

Remark 5.10 below), except for n = 1 because δ0 = 0.

We use the isomorphism (50) to transport the product of Theorem 4.11: if ϕ ∈ HomH

(
V, (H⊗n⊗

W )ad

)
and ψ ∈ HomH

(
U, (H⊗m ⊗ V )ad

)
are cocycles then ϕ ◦ ψ = Ψ

(
Ψ−1(ϕ) ◦Ψ−1(ψ)

)
is given by

ϕ ◦ ψ = (−1)nm(idH⊗m ⊗ ϕ)ψ ∈ HomH

(
U, (H⊗(n+m) ⊗W )ad

)
. (55)

In view of the following section, let us restate the isomorphism Γ : Cn
DY(H-mod;V,W )

∼→
BarnD(H),H(V,W ) defined in (35). We use the desciption of the bar resolution Bar•D(H),H(V ) for

the adjunction D(H)-mod � H-mod given in [GHS19, Corollary 4.6]. Let
(
(H∗)⊗n ⊗ V

)
coad

be the
D(H)-module defined by

h · (ϕ1 ⊗ . . .⊗ ϕn ⊗ v) = ϕ1

(
S(h(1))?h(2n+1)

)
⊗ . . .⊗ ϕn

(
S(h(n))?h(n+2)

)
⊗ h(n+1)v

ψ · (ϕ1 ⊗ . . .⊗ ϕn ⊗ v) = (ψ ∗ ϕ1)⊗ . . .⊗ ϕn ⊗ v

where ∗ is the product in (H∗)op. Then

BarnD(H),H(V ) =
(
(H∗)⊗(n+1) ⊗ V

)
coad

(56)

with the differential

dn(ϕ1⊗ . . .⊗ϕn+1⊗ v) = ϕ1⊗ . . .⊗ϕn⊗ϕn+1v+
n∑
i=1

(−1)n−i+1ϕ1⊗ . . .⊗ (ϕi ∗ϕi+1)⊗ . . .⊗ϕn+1⊗ v.

We have the isomorphism of complexes

∀n, Γ̃ : HomH

(
V, (H⊗n ⊗W )ad

) ∼−→
Ψ−1

Cn
DY(H-mod;V,W )

∼−→
Γ

BarnD(H),H(V,W ) (57)

between the complex of Lemma 5.2 and Bar•D(H),H(V,W ) = HomD(H)

((
(H∗)⊗(•+1) ⊗ V

)
coad

,W
)

. In

the sequel we will need its inverse, which is simply given by

∀n, Γ̃−1(α) : v 7→ hi1 ⊗ . . .⊗ hin ⊗ α
(
ε⊗ hin ⊗ . . .⊗ hi1 ⊗ v

)
(58)

where (hi) is a basis of H with dual basis (hi) and ε is the counit of H. Finally, note that by definition

Γ̃ is compatible with the products ◦: Γ̃(f ◦ g) = Γ̃(f) ◦ Γ̃(g).
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5.1.4 Finding DY cocycles thanks to allowable exact sequences

The isomorphism between the groups Ext•D(H),H and the DY cohomology groups (49) allows us to
determine the dimension of the latter thanks to a relatively projective resolution. If some dimension
is not 0, one would like to find explicit DY cocycles. A possible way to achieve this without too
much computations is to find allowable n-fold exact sequences of D(H)-modules. Indeed, there is a
DY cocycle associated to such a sequence, thanks to the maps{

allowable n-fold exact sequences from W to V
}

η−→
{

cocycles in BarnD(H),H(V,W )
} Γ̃−1

−→
{

cocycles in HomH

(
V, (H⊗n ⊗W )ad

)}
defined in (13) and (58) respectively. So assume that we have found an allowable n-fold exact
sequence S =

(
0 → W → Xn → . . . → X1 → V → 0

)
. Since we are using the bar resolution

descibed explicitly in (56), computing η(S) amounts to fill the following diagram:(
(H∗)⊗(n+1) ⊗ V

)
coad

η(S)

��

dn+1 //
(
(H∗)⊗n ⊗ V

)
coad

��

dn // . . .
d1 //

(
H∗ ⊗ V

)
coad

��

d0 // V // 0

W // Xn
// . . . // X1

// V // 0

The longer S is, the harder it becomes to fill the diagram. So we decompose S as the Yoneda product
of n short exact sequences S = S1 ◦ . . . ◦ Sn and we compute η(Si) for each i. Then we note that

Γ̃−1η(S) = Γ̃−1η(S1 ◦ . . . ◦ Sn) = Γ̃−1
(
η(S1) ◦ . . . ◦ η(Sn)

)
= Γ̃−1η(S1) ◦ . . . ◦ Γ̃−1η(S1)

where on the right hand side ◦ is the product (55). Since this product has a very simple expression,
the computation becomes feasible and we get an explicit DY n-cocycle. Note moreover that due
to the formula (58) for Γ̃−1, it is sufficient to determine the values of the form η(Si)(ε⊗?⊗?). This
method will be demonstrated on the examples below.

After this, one would like to show that the so obtained cocycle is not cohomologous to 0. It is
equivalent to show that the exact sequence S is not congruent to 0. For 2-fold exact sequences one
can use Lemma 2.7 or Corollary 2.8.

5.2 Example: bosonization of exterior algebras

Let Bk = ΛCk oC[Z2] be the C-algebra with the presentation

Bk = C〈x1, . . . , xk, g | ∀ i, j, xixj = −xjxi, gxi = −xig, g2 = 1〉. (59)

It has dimension 2k+1, with basis elements xα1
1 . . . xαk

k g
αk+1 (αi ∈ {0, 1}). Its Hopf structure is

∆(xi) = 1⊗ xi + xi ⊗ g, ε(xi) = 0, S(xi) = gxi,
∆(g) = g ⊗ g, ε(g) = 1, S(g) = g−1.

5.2.1 Dimension of DY cohomology groups

In [GHS19, §5], the DY cohomologies with trivial coefficients of the identity and forgetful functors
have been computed for the category Bk-mod thanks to Theorem 4.5 by finding an explicit G-
projective resolution of C. Here we present a faster way to get these results, based on Corollary
4.6 and Corollary 3.10, which moreover explains why the cohomologies for the identity and forgetful
functors are isomorphic in the case of trivial coefficients (Proposition 5.4).

Recall that sVect is the category of super-vector spaces, which objects are Z2-graded C-vector
spaces V = V0 ⊕ V1 and which morphisms are C-linear maps respecting the gradings. The tensor
product in sVect is defined by

(V ⊗W )0 = (V0 ⊗W0)⊕ (V1 ⊗W1), (V ⊗W )1 = (V1 ⊗W0)⊕ (V0 ⊗W1).
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The symmetry cV,W : V ⊗W → W ⊗ V is defined by

cV,W (v ⊗ w) = (−1)|v||w|w ⊗ v

where v and w are homogeneous elements and |v| = j if v ∈ Vj (j ∈ {0, 1}).
sVect is equivalent as a tensor category to C[Z2]-mod. Let H be a Hopf algebra in sVect and

write C[Z2] = C〈g|g2 = 1〉. Then g acts on H by g . h = (−1)|h|h and by assumption H is a C[Z2]-
module-algebra. Hence the smash product H#C[Z2] is an algebra in Vect. With ∆(g) = g ⊗ g then
it actually is a Hopf algebra (in Vect) which we denote by H oC[Z2], and called the bosonization of
H. We have an equivalence of tensor categories

H-sVect ∼= (H oC[Z2])-mod (60)

defined by V0 = ker(g − id), V1 = ker(g + id), and where we denote H-sVect instead of H-modsVect

(which is the category of H-modules internal to sVect).

Now take
H = ΛCk = 〈x1, . . . , xk | ∀ i, j, xixj = −xjxi〉

with coproduct ∆(xi) = 1⊗ xi + xi ⊗ 1. It is a Hopf algebra in sVect. Its bosonization ΛCk oC[Z2]
is the Hopf algebra Bk defined in (59).

We want to compute Hn
DY(Bk-mod). According to (49), this is isomorphic to ExtnD(Bk),Bk

(C,C).
Defining relations for D(Bk) were obtained in [FGR17, App. C], however here we use its presentation
from [GHS19, §5]:

D(Bk) =

〈
x1, . . . , xk, y1, . . . , yk, g, h

∣∣∣∣∣∣∣∣∀ i, j,
xixj = −xjxi, gxi = −xig, g2 = 1,
yiyj = −yjyi, hyi = −yih, h2 = 1,
hxi = −xih, gyi = −yig, gh = hg,
xiyj + yjxi = δi,j(1− gh)

〉

where δi,j is the Kronecker symbol. We see that

π± =
1± gh

2

are central orthogonal idempotents and that we have an isomorphism of algebras D(Bk)π+
∼→ B2k

given by
xiπ+ 7→ xi, yiπ+ 7→ xk+i, gπ+ = hπ+ 7→ g.

Hence the algebra map
ι+ : Bk → D(Bk)π+, x 7→ ι(x)π+

(where ι : Bk → D(Bk) is the canonical injection) can be viewed as a homomorphism ι+ : Bk → B2k;
it is simply given by ι+(xi) = xi, ι+(g) = g. In particular it is injective and yields the resolvent pair
(B2k, Bk). Moreover

ExtnD(Bk),Bk
(C,C) ∼= ExtnB2k,Bk

(C,C). (61)

Indeed, if 0 ← C ← P0 ← P1 ← . . . is a
(
D(Bk), Bk

)
-relatively projective resolution, then 0 ←

π+C = C ← π+P0 ← π+P1 ← . . . is both a
(
D(Bk), Bk

)
-relatively projective resolution and a

(B2k, Bk)-relatively projective resolution.

Let U : Bk-mod→ Vect be the forgetful functor.

Proposition 5.4. Hn
DY(Bk-mod) ∼= Hn

DY(U).
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Proof. Note that ΛCk+l = ΛCk⊗ΛCl in sVect and that sVect is semisimple. Hence, using (61), (60),
Corollary 4.6, Corollary 3.10, the fact that Bk

∼= (B∗k)
op and Lemma 5.1, we get

Hn
DY(Bk-mod) ∼= ExtnD(Bk),Bk

(C,C) ∼= ExtnB2k,Bk
(C,C) ∼= ExtnΛC2k-sVect,ΛCk-sVect(C

1|0,C1|0)

∼= Extn(ΛCk⊗ΛCk)-sVect,ΛCk-sVect(C
1|0 � C1|0,C1|0 � C1|0) ∼= ExtnΛCk-sVect(C

1|0,C1|0)

∼= ExtnBk
(C,C) ∼= Extn(B∗k)op(C,C) ∼= Hn

DY(U)

where C1|0 = C⊕ 0 (no non-zero elements in odd degree).

Using the isomorphism Hn
DY(Bk-mod) ∼= Extn(B∗k)op(C,C), it is not difficult to compute that (see

[GHS19, Rem. 5.11])

dim
(
Hn

DY(Bk-mod)
) ∼= {(k+n−1

n

)
if n is even.

0 if n is odd.

5.2.2 Explicit cocycles from allowable exact sequences

Here we apply the method described in §5.1.4. For ε ∈ {±}, let Cε be the D(Bk)-module defined by
xi · 1 = yi · 1 = 0, g · 1 = h · 1 = ε. For 1 ≤ i ≤ n, let Y ε

i be the 2-dimensional D(Bk)-module with

basis (u
(i)
ε , v

(i)
−ε) and defined by

xju
(i)
ε = 0, yju

(i)
ε = δi,jv

(i)
−ε, gu

(i)
ε = εu

(i)
ε , hu

(i)
ε = εu

(i)
ε ,

xjv
(i)
−ε = 0, yjv

(i)
−ε = 0, gv

(i)
−ε = −εv(i)

−ε, hv
(i)
−ε = −εv(i)

−ε.

Its subquotient structure can be depicted by

Cε

yi
��

Y ε
i =

C−ε

so that it is a non-trivial extension of Cε by C−ε, thus yielding the non-trivial exact sequence

yεi =
(
0 −→ C−ε −→ Y ε

i −→ Cε −→ 0
)
.

Moreover this short exact sequence splits when we look it in Bk-mod, so it is allowable.

Proposition 5.5. For any 1 ≤ i, j ≤ n, it holds

y−i ◦ y+
j 6≡ 0 and y−i ◦ y+

j ≡ y−j ◦ y+
i .

The explicit DY cocycle associated to y−i ◦ y+
j is

Γ̃−1η
(
y−i ◦ y+

j

)
= xj ⊗ xig

which is an element in Z
(
∆(Bk)

) ∼= C2
DY(Bk-mod).

Proof. For the first congruence, we use the second item of Lemma 2.7. Take a diagram with exact
rows

y−i =
(
0 // C+

ι1 // Y −i
//

f

��

C− //

��

0
)

P =
(
0 // C+

ι2 //M // Y +
j

// 0
)

where the vertical arrow at the right is the obvious injection and where we denote by ι1 and ι2 the
monomorphisms of y−i and P respectively. As a vector space, M is Y +

j ⊕C+, and hence has the basis
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(u
(j)
+ , v

(j)
− , 1+). Since the trivial representation C+ is a submodule of M , the representation matrix of

M in this basis has the block form

ρM =

(
ρY +

j
0

σ ε

)
where σ = (σ+, σ−) with σ± : D(Bk) → C. Since ρM is a morphism of algebras, it holds σ(st) =
σ(s)ρY +

j
(t) + ε(s)σ(t) for all s, t ∈ D(Bk). In particular σ(yiyj) = (σ−(yi), 0) while σ(yjyi) = (0, 0)

which implies σ−(yi) = 0 since yiyj = −yjyi. Now, due to the weights, the only possibility for f is

f(u
(i)
− ) = λv

(j)
− for some λ ∈ C and thus f(v

(i)
+ ) = yif(u

(i)
− ) = λ

(
ρY +

j
(yi)(v

(j)
− ) + σ−(yi)1+

)
= 0. It

follows that fι1(1+) = f(v
(i)
+ ) = 0 while ι2(1+) = 1+. Hence it is impossible to fill the diagram.

Now we prove the second congruence. Consider the following modules:

C−

yi
��

C−

yj
��

Vi,j
+ =

C+

C+

yi

��

yj

��
Λ+
i,j =

C− C−

These diagrams mean that Vi,j
+ has the basis (a

(i)
− , a

(j)
− , a+) where the subscripts indicate the weight

for the action of h and g (they are equal) and yia
(i)
− = a+, yja

(j)
− = a+ while all the other actions

are equal to 0. Similarly, Λ+
i,j has the basis (b+, b

(i)
− , b

(j)
− ) with the obvious actions. Now consider the

following diagram, with allowable exact rows:

y−i ◦ y+
j = 0 C+ Y −i Y +

j C+ 0

0 C+ Vi,j
+ Λ+

i,j C+ 0

y−j ◦ y+
i = 0 C+ Y −j Y +

i C+ 0

f1 f2

τ

g1 g2

where f1(u
(i)
− ) = a

(i)
− , f2(u

(j)
+ ) = b+, τ(a

(i)
− ) = b

(j)
− , τ(a

(j)
− ) = b

(i)
− , g1(u

(j)
− ) = a

(j)
− , g2(u

(i)
+ ) = b+. It is

straightforward to check that the diagram is commutative, so that the vertical arrows are morphisms
of exact sequences. The existence of such a chain of morphisms of allowable exact sequences between
y−i ◦ y+

j and y−j ◦ y+
i is equivalent to the desired congruence, see Prop 5.2 of Chap. III and p. 370

in [ML75].
Let us now compute η(y−i ) and η(y+

j ). For y−i , we have to fill the commutative diagram of D(Bk)-
modules (

(B∗k)
⊗2 ⊗ C−

)
coad

d1 //

η1=η(y−i )

��

(
B∗k ⊗ C−

)
coad

act //

η0

��

C− // 0

C+
// Y −i

// C− // 0

Let ϕ± = ε±h
2

, then the elements yi1 . . . yilϕ± (with i1 < . . . < il) are a basis of (B∗k)
op. A solution is

easily found:

η0(ϕ− ⊗ 1−) = v−, η0(yiϕ− ⊗ 1−) = v+, and 0 on the other basis elements,

η
(
y−i
)
(ε⊗ yiϕ− ⊗ 1−) = −1+, and 0 on the other basis elements of the form ε⊗ (. . .)⊗ 1−.

η
(
y−i
)

can be extended to all the elements by (B∗k)
op-linearity but we do not need this. One similarly

finds

η
(
y+
j

)
(ε⊗ yjϕ+ ⊗ 1+) = −1−, and 0 on the other basis elements of the form ε⊗ (. . .)⊗ 1+.
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Let (xi1 . . . xil)
∗, (xi1 . . . xilg)∗ be the elements of the dual basis of the monomial basis of Bk. Recall

from [GHS19, §5] that by definition yi = x∗i − (xig)∗, h = 1∗ − g∗. It follows that x∗i = yiϕ+ and
(xig)∗ = −yiϕ−, and thus

Γ̃−1η
(
y−i
)

: C− → Bk ⊗ C+, 1− 7→ xig ⊗ 1+,

Γ̃−1η
(
y+
j

)
: C+ → Bk ⊗ C−, 1+ 7→ −xj ⊗ 1−.

Finally, thanks to the product (55), we get Γ̃−1η
(
y−i ◦ y+

j

)
(1+) = Γ̃−1η

(
y−i
)
◦ Γ̃−1η

(
y+
j

)
(1+) =

xj ⊗ xig ⊗ 1+.

Note that for n even, the Yoneda products y−i1 ◦ y+
i2
◦ . . . ◦ y−in−1

◦ y+
in

with 1 ≤ i1, . . . , in ≤ k
provide several examples of n-fold allowable exact sequences from C to C. Thanks to the second
congruence in the previous proposition any such product is congruent to an ordered product, in which
1 ≤ i1 ≤ . . . ≤ in ≤ k. There are

(
k+n−1
n

)
such ordered products, which is exactly the dimension of

YExtnD(Bk),Bk
(C,C) as we have seen previously. Hence this family of allowable exact sequences is an

obvious candidate for a basis of YExtnD(Bk),Bk
(C,C). The corresponding explicit DY n-cocycles are

simply the tensor products of the DY 2-cocycles found previously:

Γ̃−1η
(
y−i1 ◦ y+

i2
◦ . . . ◦ y−in−1

◦ y+
in

)
= Γ̃−1η

(
y−in−1

◦ y+
in

)
⊗ . . .⊗ Γ̃−1η

(
y−i1 ◦ y+

i2

)
.

We conjecture that these elements form a basis of Hn
DY(Bk-mod).

5.3 Example: Taft algebras

Let q ∈ C be a primitive n-th root of unity (n ≥ 2). The Taft algebra Tq is

Tq =
〈
x, g | gx = qxg, xn = 0, gn = 1

〉
.

It is a n2-dimensional Hopf C-algebra with basis (xigj)0≤i,j≤n−1 and with Hopf structure given by

∆(x) = 1⊗ x+ x⊗ g, S(x) = −xg−1, ε(x) = 0,
∆(g) = g ⊗ g, S(g) = g−1, ε(g) = 1.

Let X
(s)
d = vect(v

(s)
0 , . . . , v

(s)
d−1) (1 ≤ d ≤ n, 0 ≤ s ≤ n− 1) be the Tq-module defined by

gv
(s)
i = qs+iv

(s)
i , xv

(s)
i = v

(s)
i+1, xv

(s)
d−1 = 0.

Any indecomposable Tq-module is isomorphic to some X
(s)
d .

5.3.1 Dimension of DY cohomology groups

We will compute the DY cohomology of Tq-mod thanks to (49). The first task is to describe the
Drinfeld double D(Tq) = (T ∗q )op⊗ Tq. In order to determine (T ∗q )op, we use the matrix coefficients of

X
(0)
2 in its basis (v

(0)
0 , v

(0)
1 ). The representation matrix has the form

ρ
X

(0)
2

=

(
ε 0
y h

)
where ε is the counit. It is not difficult to show that

〈ykhl, xigj〉 = qlj (k)q! δi,k (62)

(where (k)q = 1−qk
1−q and (k)q! = (1)q(2)q . . . (k)q) and it easily follows that the monomials ykhl form

a basis of (T ∗q )op. Moreover, we have the presentation

(T ∗q )op =
〈
y, h |hy = qyh, yn = 0, hn = 1

〉
.
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The Hopf structure is given by

∆(y) = y ⊗ 1 + h⊗ y, S(y) = −h−1y, ε(y) = 0,
∆(h) = h⊗ h, S(h) = h−1, ε(h) = 1.

The exchange relations in D(Tq) are easily computed and we find

D(Tq) =

〈
x, y, g, h

∣∣∣∣∣∣
gx = qxg, xn = 0, gn = 1,
hy = qyh, yn = 0, hn = 1,
hx = q−1xh, gy = q−1yg, gh = hg, [x, y] = h− g

〉
.

Let V(s,t) (with 0 ≤ s, t ≤ n− 1) be the D(Tq)-module generated by a vector v(s,t) such that

xv(s,t) = 0, gv(s,t) = qsv(s,t), hv(s,t) = qtv(s,t)

(formally it is an induced representation). It has the basis v
(s,t)
i = yiv(s,t) (0 ≤ i ≤ n−1) with actions

xv
(s,t)
i = (i)q(q

t − qs+1−i)v
(s,t)
i−1 , yv

(s,t)
i = v

(s,t)
i+1 , gv

(s,t)
i = qs−iv

(s,t)
i , hv

(s,t)
i = qt+iv

(s,t)
i

where we used that xyi = yix+ (i)qy
i−1
(
h− q1−ig

)
. This gives the familiar ladder structure:

v
(s,t)
0

y // . . .
x
oo

y // v
(s,t)
s−tx

oo
y // v

(s,t)
s−t+1

y // . . .
x
oo

y // v
(s,t)
n−1x

oo if t ≤ s+ 1, (63)

v
(s,t)
0

y // . . .
x
oo

y // v
(s,t)
n+s−tx

oo
y // v

(s,t)
n+s−t+1

y // . . .
x

oo
y // v

(s,t)
n−1x

oo if t > s+ 1.

Lemma 5.6. We have F
(
X

(s)
1

)
=
⊕n−1

t=0 V(s,t), where F is the induction functor described in (47);

hence the modules V(s,t) are relatively projective.

Proof. We have F
(
X

(s)
1

)
= (T ∗q )op ⊗ X(s)

1 with the D(Tq)-action from (48). For 0 ≤ t ≤ n − 1, let

ϕt = 1
n

∑n−1
j=0 q

−jthj. Then hϕt = qtϕt and (yiϕt)0≤i,t≤n−1 is a basis of (T ∗q )op. Let v(s) be the basis

vector of X
(s)
1 . Since

x(ϕt ⊗ v(s)) = ϕt−1 ⊗ xv(s) = 0,

g(ϕt ⊗ v(s)) = ϕt ⊗ gv(s) = qs(ϕt ⊗ v(s)),

h(ϕt ⊗ v(s)) = hϕt ⊗ v(s) = qt(ϕt ⊗ v(s)),

the subspace vect
(
yiϕt⊗v(s)

)
0≤i≤n−1

is isomorphic to V(s,t). The last claim is due to Lemma 2.1.

Note in particular that V(0,0) is the relatively projective cover of C (Definition 2.12).

Consider the sequence of D(Tq)-modules

0←− C d0←− V(0,0) d1←− V(n−1,1) d2←− V(0,0) d1←− V(n−1,1) d2←− . . . (64)

where

d0(v
(0,0)
i ) =

{
1 if i = 0

0 else
, d1(v

(n−1,1)
i ) =

{
v

(0,0)
i+1 if i < n− 1

0 else
, d2(v

(0,0)
i ) =

{
v

(n−1,1)
n−1 if i = 0

0 else

This is clearly an exact sequence. Moreover, if we apply the forgetful functor U : D(Tq)-mod →
Tq-mod to it, we obtain the split sequence

0← C = X
(0)
1 ← X

(0)
1 ⊕X

(n−1)
n−1 ← X

(n−1)
n−1 ⊕X

(0)
1 ← X

(0)
1 ⊕X

(n−1)
n−1 ← . . .
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This implies that (64) is allowable and hence is a relatively projective resolution. For trivial coeffi-
cients, the resulting sequence is then

HomD(Tq)(V(0,0),C) −→ HomD(Tq)(V(n−1,1),C) −→ HomD(Tq)(V(0,0),C) −→ . . .

= C −→ 0 −→ C −→ . . .

and we get

Hk
DY(Tq-mod) ∼= ExtkD(Tq),Tq(C,C) =

{
C if k is even

0 if k is odd

Remark 5.7. The complex (64) is in particular a projective resolution of C in (T ∗q )op-mod. Since

HomD(Tq)(V(0,0),C) = Hom(T ∗q )op(V(0,0),C), HomD(Tq)(V(n−1,1),C) = Hom(T ∗q )op(V(n−1,1),C),

it holds by Lemma 5.1 that Hk
DY(Tq-mod) ∼= Extk(T ∗q )op(C,C) ∼= Hk

DY(U), where U : Tq-mod→ VectC
is the forgetful functor.

5.3.2 Explicit cocycles from allowable exact sequences

Here again we apply the method described in §5.1.4. Let K be the simple module which is the
quotient of V(n−1,1) by Cv(n−1,1)

n−1 (see the picture in (63)); we denote by (si)0≤i≤n−2 the basis of K. It
is also a submodule of V(0,0). Hence we obtain two allowable short exact sequences:

S1 =
(
0 −→ C −→ V(n−1,1) −→ K −→ 0

)
, S2 =

(
0 −→ K −→ V (0,0) −→ C −→ 0

)
.

We denote by S their Yoneda product:

S = S1 ◦ S2 =
(
0 −→ C −→ V(n−1,1) −→ V(0,0) −→ C −→ 0

)
. (65)

For the next proposition, recall from §4.4 that H•DY(F ) =
⊕

k≥0H
k
DY(F ) is an algebra for the product

f ◦ g = (−1)|f ||g|g ⊗ f (where f, g are homogeneous elements of degree |f |, |g| respectively).

Proposition 5.8. 1. The 2-fold exact sequence S in (65) is not congruent to 0 and thus is a basis
of YExt2

D(Tq),Tq(C,C).
2. The explicit DY cocycle associated to S is

Γ̃−1η(S) = −
n−1∑
i=1

1

(i)q!(n− i)q!
xi ⊗ xn−igi

which is an element in Z
(
∆(Tq)

) ∼= C2
DY(Tq-mod). It is a basis of H2

DY(Tq-mod).

3. The DY cocycle Γ̃−1η(S)◦k = Γ̃−1η(S)⊗k is a basis of H2k
DY(Tq-mod) for all k and it follows that

H•DY(Tq-mod) ∼= C[X2] as a graded C-algebra.

Proof. 1. We show that Ext1
D(Tq),Tq

(
C,V(n−1,1)

)
= 0; then according to Corollary 2.8 it follows that

S = S1 ◦ S2 6≡ 0. Recall the relatively projective resolution of C in (64) and consider

HomD(Tq)

(
V(0,0),V(n−1,1)

) d∗1−→ HomD(Tq)

(
V(n−1,1),V(n−1,1)

) d∗2−→ HomD(Tq)

(
V(0,0),V(n−1,1)

)
It is easy to see that HomD(Tq)

(
V(n−1,1),V(n−1,1)

)
= C id and thus ker(d∗2) = 0, whence the claim.

2. Let us determine η(S1), η(S2) . For S1 we must fill(
(T ∗q )⊗2 ⊗K

)
coad

d1 //

η1=η(S1)

��

(
T ∗q ⊗K

)
coad

act //

η0
��

K // 0

C // V(n−1,1) // K // 0
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It is straightforward to find a solution:

η0(yiϕj ⊗ sk) = δj,k+1δi+k≤n−1v
(n−1,1)
i+k , η(S1)(ε⊗ yiϕj ⊗ sk) = −δj,k+1δn−i,k+1.

where ϕj = 1
n

∑n−1
l=0 q

−ljhl. For S2 one finds similarly:

η0(yiϕj ⊗ 1) = δj,0v
(0,0)
i , η(S2)(ε⊗ yiϕj ⊗ 1) = −δi>0δj,0xi−1

The morphisms η(S1), η(S2) can be easily extended from these values by the (T ∗q )op-linearity, but we

do not need this. From (62), the dual basis
(
(xigj)∗

)
0≤i,j≤n−1

of the monomial basis
(
xigj

)
0≤k,l≤n−1

is given by (xigj)∗ = 1
(i)q !

yiϕj. With this we can compute the DY cocycles associated to η(S1), η(S2)

through the isomorphism (58):

Γ̃−1(η(S1)) : sk 7→
n−1∑
i,j=0

xigj ⊗ 1

(i)q!
η(S1)(ε⊗ yiϕk ⊗ sk) =

−1

(n− k − 1)q!
xn−k−1gk+1 ⊗ 1,

Γ̃−1(η(S2)) : 1 7→
n−1∑
i,j=0

xigj ⊗ 1

(i)q!
η(S2)(ε⊗ yiϕk ⊗ 1) = −

n−1∑
i=1

xi ⊗ 1

(i)q!
si−1.

Then Γ̃−1(η(S)) = Γ̃−1(η(S1)) ◦ Γ̃−1(η(S2)) and the formula (55) for the product ◦ gives the result.
3. Since V(0,0) and V(n−1,1) are relatively projective objects (Lemma 5.6), the sequences S1, S2 yield
for k ≥ 1 the connecting isomorphisms described in (44):

Hk
DY(Tq-mod,C,C) → Hk+1

DY (Tq-mod,K,C) → Hk+2
DY (Tq-mod,C,C)

g 7→ (−1)lg ◦ Γ−1(η(S1)) 7→ −g ◦ Γ−1(η(S1)) ◦ Γ−1(η(S2))

Hence H2k
DY(Tq-mod,C,C) is generated by

(
Γ−1(η(S1)) ◦Γ−1(η(S2))

)◦k
= Γ−1(η(S))⊗k. Applying the

isomorphism Ψ to this element, we get the claim; indeed, recall from (57) that Γ̃−1 = ΨΓ−1, where
Ψ simply encodes an element in Ck

DY(H-mod) by a more concrete element in Z
(
∆(k−1)(H)

)
).

5.4 Example: restricted quantum group Ūi(sl2)

Let i =
√
−1 and Ūi = Ūi(sl2) be the C-algebra generated by E,F,K modulo

KE = −EK, KF = −FK, EF − FE = − i

2
(K −K3), E2 = F 2 = 0, K4 = 1. (66)

The Hopf structure is given by

∆(E) = 1⊗ E + E ⊗K, ∆(F ) = F ⊗ 1 +K−1 ⊗ F, ∆(K) = K ⊗K,
ε(E) = 0, ε(F ) = 0, ε(K) = 1,
S(E) = −EK−1, S(F ) = −KF, S(K) = K−1.

Let ρ : Ūi → End(C2) be the fundamental representation defined by ρ(E) = ( 0 1
0 0 ), ρ(F ) = ( 0 0

1 0 ),
ρ(K) =

(
i 0
0 −i
)
. Write ρ = ( a bc d ), so that a, b, c, d ∈ Ū∗i . Then (Ū∗i )op is generated by b, c, d with

relations
bc = cb, db = −ibd, dc = −icd, b2 = c2 = 0, d4 = 1. (67)

The element a is not required as a generator due to the q-determinant relation da + icb = 1, which
gives a = d3 + ibcd3. The exchange relations of the Drinfeld double are easily computed: D(Ūi) is
the C-algebra generated by E,F,K, b, c, d modulo the relations (66)–(67) above and

Ea = iaE + cK, Eb = −ibE + a− dK, Ec = icE, Ed = −idE + c,
Fa = iaF + ibK−1, F b = ibF, Fc = −icF + ia− idK−1, Fd = −idF + ib,
Ka = aK, Kb = −bK, Kc = −cK, Kd = dK.
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It is useful to introduce the orthogonal idempotents

ϕl =
1

4

3∑
j=0

i−jldj (68)

where l ∈ Z is taken modulo 4. They satisfy ε(ϕl) = δl,0 and

dϕl = ilϕl, Eϕl = ϕl+1E +
i−l

2
c(ϕl + ϕl+2), Fϕl = ϕl+1F +

i1−l

2
b(ϕl + ϕl+2).

Moreover
(
bicjϕl

)
0≤i,j≤1, 0≤l≤3

is a basis of (Ū∗i )op.

5.4.1 Dimension of DY cohomology groups

It is too difficult to find a relatively projective resolution in this example. Instead, we will use the
dimension formulas from Corollary 4.9. So let us determine the relatively projective cover RC of the
trivial D(Ūi)-module C; recall from Remark 2.14 that RC is the minimal direct summand of G(C)
on which the counit ε : G(C) = (Ū∗i )coad → C does not vanish. We find that

(Ū∗i )coad =
〈
bicjϕ1

〉
0≤i,j≤1

⊕
〈
bicjϕ3

〉
0≤i,j≤1

⊕
〈
bicjϕ0, b

icjϕ2

〉
0≤i,j≤1

as aD(Ūi)-module, where 〈. . .〉means linear span. The direct summands
〈
bicjϕ1

〉
0≤i,j≤1

and
〈
bicjϕ3

〉
0≤i,j≤1

both are simple; the counit vanishes on them because ε(ϕl) = δl,0. So the relevant direct summand
is RC =

〈
bicjϕ0, b

icjϕ2

〉
0≤i,j≤1

. It is indecomposable and its generating elements are a basis of eigen-

vectors for d on which the (Ū∗i )op-action is obvious (given by multiplication) and where the Ūi-action
is entirely determined by

E · ϕ0 = 1
2
(cϕ0 + cϕ2), E · ϕ2 = −1

2
(cϕ0 + cϕ2),

F · ϕ0 = i
2
(bϕ0 + bϕ2), F · ϕ2 = − i

2
(bϕ0 + bϕ2),

∀x, K · x = d2 · x.

The action can be schematized by

ϕ0, ϕ2

F,b

ww

E,c

''
bϕ0, bϕ2

E,c ''

cϕ0, cϕ2

F,bww
bcϕ0, bcϕ2

Let KC = ker(ε|RC), which is generated by ϕ2. By definition we have the allowable short exact
sequence 0 −→ KC −→ RC −→ C −→ 0. It is not difficult to show that

R∨C
∼= RC and K∨C

∼= RC/〈bcϕ2〉.

Note thatH0
DY(Ūi-mod) ∼= C (as always for identity functor with trivial coefficients) andH1

DY(Ūi-mod) = 0
by Proposition 4.7. For H2

DY(Ūi-mod), Corollary 3.6 and easy computations gives

dimH2
DY(Ūi-mod) = dim HomD(Ūi)(KC, K

∨
C)− dim HomD(Ūi)(RC, K

∨
C) = 2− 2 = 0.

For higher cohomology groups, the computation of the Hom spaces appearing in Corollary 3.5
becomes much more difficult because it requires to determine the indecomposable decomposition of
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(K∨C)⊗(n−1). However, using that HomC(V,W ) ∼= HomC(1,W ⊗V ∨) in any tensor category C and the
fact that RC is self-dual we get

dimHn
DY(Ūi-mod) = dim Inv

(
(K∨C)⊗n

)
− dim Inv

(
(K∨C)⊗(n−1) ⊗RC

)
+ dim Inv

(
(K∨C)⊗(n−1)

)
(69)

where Inv(M) = HomD(Ūi)(C,M) is the subspace of invariant elements in a D(Ūi)-module M . Com-
puting the dimension of these invariant subspaces simply amounts to find the number of solutions of
a homogeneous linear system, which we did with a program written in GAP45. For n = 3 and n = 4
we find:

dimH3
DY(Ūi-mod) = 10− 9 + 2 = 3, dimH4

DY(Ūi-mod) = 44− 54 + 10 = 0. (70)

5.4.2 Explicit cocycles

Here we address the problem of finding explicit cocycles in H3
DY(Ūi-mod). Thanks to two allowable

3-fold exact sequences we constructed two explicit DY 3-cocycles with the method of §5.1.4, as we
now explain. For λ, µ ∈ {±1,±i}, let W(λ, µ) be the D(Ūi)-module with basis (w, bw, Fw, Fbw)
where w satisfies

Ew = 0, cw = 0, Kw = λw, dw = µw

(formally it is the induced representation C〈F, b〉 ⊗C〈E,c,K,d〉 Cλ,µ). Define

wλ,µ = w, w−λ,iµ = Fw − i

2µ
bw, w−λ,−iµ = bw, w′λ,µ = Fbw. (71)

These elements form a basis of weight vectors for the actions of K and d and the subscripts indicate
the weights for K and d respectively. The actions of the other generators are:

Ewλ,µ = 0, Fwλ,µ = w−λ,iµ +
i

2µ
w−λ,−iµ, bwλ,µ = w−λ,−iµ, cwλ,µ = 0,

Ew−λ,iµ =
i

2
(λ−1 − µ2)wλ,µ, Fw−λ,iµ =

−i

2µ
w′λ,µ, bw−λ,iµ = −iw′λ,µ, cw−λ,iµ = µ(µ2 − λ−1)wλ,µ,

Ew−λ,−iµ = µ(µ2 − λ)wλ,µ, Fw−λ,−iµ = w′λ,µ, bw−λ,−iµ = 0, cw−λ,−iµ = 0,

Ew′λ,µ = i
µ2 − λ−1

2
w−λ,−iµ − µ(λ− µ2)w−λ,iµ, Fw′λ,µ = 0, bw′λ,µ = 0, cw′λ,µ = iµ(µ2 − λ−1)w−λ,−iµ

From these formulas it is not difficult to show thatW(λ, µ) is simple if, and only if, λ 6= µ2.6 For λ =
µ2 we write W(µ) instead of W(µ2, µ) and we denote the basis of weight vectors by wµ, wiµ, wiµ, w

′
µ

since K acts as d2. We also notice that E and c act by 0 on W(µ), so that the action is depicted by:

Cµ = 〈wµ〉
F,b��

Ciµ ⊕ C−iµ = 〈wiµ, w−iµ〉
F,b��

Cµ = 〈w′µ〉

where 〈. . .〉 means linear span. Consider the following modules:

M =W(i)/〈w′i〉 = 〈wi, w−1, w1〉, N = 〈w1, w−1, w
′
−i〉 ⊂ W(−i),

Vi = 〈wi, w
′
−1〉 ⊂ W(−1), V−1 =W(−1)/Vi = 〈w−1, w−i〉.

5https://www.gap-system.org
6The complete list of simple D(Ūi)-modules consists actually of the W(λ, µ) with λ 6= µ2 together with the Cµ,

which is the 1-dimensional module defined by K · 1 = µ2, c · 1 = µ and the other generators act by 0.
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They give three allowable short exact sequences:

S1 =
(
0→ C→M → Vi → 0

)
, S2 =

(
0→ Vi →W(−1)→ V−1 → 0

)
,

S3 =
(
0→ V−1 → N → C→ 0

)
,

such that S1 ◦ S2 ◦ S3 is a 3-fold sequence from C to C. Let us compute Γ̃−1η(Si). For instance for
S3 we must first fill the following diagram:(

(Ū∗i )⊗2 ⊗ C
)

coad

d1 //

η1=η(S1)

��

(
Ū∗i ⊗ C

)
coad

act //

η0

��

C // 0

V−1
// N // C // 0

(act is equal to ε in this case: act(ψ ⊗ 1) = ε(ψ)). Let us give a few details on how to find a
solution. Recall the elements ϕl defined in (68). Since act(ϕ1 ⊗ 1) = act(ϕ3 ⊗ 1) = 0, we set
η0(ϕ1⊗ 1) = η0(ϕ3⊗ 1) = 0. On the other hand, due to the weights and to the commutativity of the
right square we necessarily have η0(ϕ0⊗ 1) = w1 and η0(ϕ2⊗ 1) = λw−1 for some scalar λ. Then we
note that

η0(F · (ϕ2 ⊗ 1)) = η0(ϕ3 ⊗ F · 1)− i

2
η0(b(ϕ0 + ϕ2)⊗ 1) = −1

2
w′−i, F · η0(ϕ2 ⊗ 1) = λw′−i

which reveals that λ = −1
2
. Hence

η0

(
bjckϕl ⊗ 1

)
= bjckη0

(
ϕl ⊗ 1

)
= δj,0δk,0δl,0w1 − iδj,1δk,0δl,0w

′
−i −

1

2
δj,0δk,0δl,2w−1.

It follows that

η0d1

(
ε⊗ bjckϕl ⊗ 1

)
= η0

(
δj,0δk,0δl,0ε⊗ 1− bjckϕl ⊗ 1

)
=

1

2
δj,0δk,0(δl,2 − δl,0)w−1 + iδj,1δk,0δl,0w−i

and a solution is simply given by

η(S1)
(
ε⊗ bjckϕl ⊗ 1

)
=

1

2
δj,0δk,0(δl,2 − δl,0)w−1 + iδj,1δk,0δl,0w−i.

Recall from (58) that to compute Γ̃−1 we need a pair of dual bases. It is not difficult to find the dual
basis of the monomial basis of Ūi:

(K l)∗ = ϕ−l, (EK l)∗ = ilbϕ−l, (FK l)∗ = i−lcϕ1−l, (EFK l)∗ = bcϕ1−l.

(recall that the products on the right-hand sides are in (Ū∗i )op). It follows that

Γ̃−1η(S3) : C→ Ūi ⊗ V−1, 1 7→ −e⊗ w−1 + iE ⊗ w−i

where e = 1−K2

2
. One similarly finds

Γ̃−1η(S1) : Vi → Ūi ⊗ C, wi 7→ iEK3 ⊗ 1, w′−1 7→ −e⊗ 1,

Γ̃−1η(S2) : V−1 → Ūi ⊗ Vi, w−1 7→ EK2 ⊗ wi, w−i 7→ −
i

2
Ke⊗ wi − EK ⊗ w−1.

Thanks to the formula (55) for the product ◦ we find

Γ̃−1η(S1 ◦ S2 ◦ S3) = Γ̃−1η(S1) ◦ Γ̃−1η(S2) ◦ Γ̃−1η(S3) = ic1

where c1 is given in Proposition 5.9 below.
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In a completely analogous fashion, we can consider the D(Ūi)-module W(λ, µ) with basis (w, cw,
Ew,Ecw) where w satisfies

Fw = 0, bw = 0, Kw = λw, dw = µw

and if we reproduce the above reasoning withW(λ, µ) instead ofW(λ, µ), we will discover the cocycle
c2 in Proposition 5.9 below (up to a scalar).

Unfortunately, we have not been able to show that the cocycles c1, c2 so obtained are are a free fam-
ily in H3

DY(Ūi-mod), or to find another explicit 3-cocycle. Recall from (70) that dim
(
H3

DY(Ūi-mod)
)

=
3; with the help of a program written in GAP4, we get the following:

Proposition 5.9. A basis of explicit cocycles for H3
DY(Ūi-mod) is

c1 = e⊗ EK2 ⊗ EK3 − E ⊗Ke⊗ EK3 − E ⊗ EK ⊗ e,

c2 = e⊗ FK3 ⊗ E − FK ⊗Ke⊗ F − FK ⊗ FK2 ⊗ e,

c3 = e⊗ EK2 ⊗ FK2 − e⊗ FK3 ⊗ EK3 + EK2 ⊗Ke⊗ FK2

+ FK ⊗Ke⊗ EK3 − EK2 ⊗ FK2 ⊗ e + FK ⊗ EK ⊗ e

where e = 1−K2

2
.

Proof. We use the description of the DY complex given in (52)–(53). It is a purely linear problem.
In GAP4, we represent Ūi as a 16-dimensional vector space over Qi := GaussianRationals, together
with a unit tensor un : Qi → Ūi and matrices mE,mF ,mK for the left multiplication by E,F,K
respectively. From these matrices, we easily construct

• the multiplication tensor m : Ū⊗2
i → Ūi (a matrix of size 16× 256),

• the comultiplication tensor com : Ūi → Ū⊗2
i (a matrix of size 256× 16),

• the matrices rE, rF , rK for the right multiplication by E,F,K respectively.

From this data it is easy to determine the centralizers of the iterated coproduct and to define the
matrices of the differentials δ2, δ3, recall (53). Finally, one looks for 3 basis elements of ker(δ3) which
generate a supplementary to im(δ2) ⊂ ker(δ3).

Remark 5.10. 1. We have seen two methods to compute the DY cohomology using a computer
program: at the end of §5.4.1 and in the previous proof. If one is just interested in the dimensions
of the DY cohomology groups, the method explained at the end of §5.4.1 is much faster, although it
requires to do a bit a of representation theory in order to determine the relatively projective cover
of C.
2. By (49) and (70), we get Ext3

D(Ūi),Ūi
(C,C) ∼= C3. On the other hand by finding a usual projective

resolution of C one can compute that Ext3
D(Ūi)

(C,C) = 0. Hence the two allowable 3-fold exact

sequences constructed above form a free family in YExt3
D(Ūi),Ūi

(C,C) ∼= C3 but are equal to 0 in

YExt3
D(Ūi)

(C,C) = 0.
3. It is straightforward to compute a usual projective resolution of C over (U∗i )op by using the defining
relations (67). Thanks to Lemma 5.1 we get H3

DY(U) = 0, where U : Ūi-mod→ VectC is the forgetful
functor. This means that the map ι3 : H3

DY(Ūi-mod)→ H3
DY(U) defined in Remark 5.3 is equal to 0.

In other words, there exist elements bi ∈ Ū⊗2
i such that ci = δ2(bi) for i = 1, 2, 3.
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