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Abstract

We classify all self-dual Einstein four-manifolds invariant under a principal action of the
three-dimensional Heisenberg group with non-degenerate orbits. The metrics are ex-
plicit and we find, in particular, that the Einstein constant can take any value. Then we
study when the corresponding (Riemannian or neutral-signature) metrics are (geodesi-
cally) complete. Finally, we exhibit the solutions of non-zero Ricci-curvature as different
branches of one-loop deformed universal hypermultiplets in Riemannian and neutral sig-
nature.
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1 Introduction

Principal group actions on pseudo-Riemannian manifolds play a prominent role in differential
geometry. Indeed, many fundamental concepts, such as principal bundles or homogeneous
spaces, are based on this notion. Among them, it is particularly interesting to consider
cohomogeneity one principal actions, in which the corresponding orbits are of codimension
one. This allows to reduce interesting systems of partial differential equations, such as the
Einstein equation, to systems of ordinary differential equations. This is extremely relevant
in theoretical physics as well, since the above principle allows to solve the field equations of
general relativity in many important cases, for instance, within the context of cosmological

models [EM].

On the other hand, the homogeneous quaternionic Kéhler manifolds of negative scalar cur-
vature (except the quaternionic hyperbolic spaces) have been shown to admit a canonical
deformation to a complete quaternionic Kéhler manifold with a cohomogeneity-one isometric
action [CST|. This deformation is a particular case of what is called one-loop deformation
[AMTYV, RSV|, which appears in the study of string theory and supergravity with one-loop
corrections. In four dimensions it is found [CST] that the isometry group of the deformed
quaternionic Kéhler manifold is O(2) x H, with H the three-dimensional Heisenberg group,
and this motivated to carry out the classification of all Riemannian Einstein metrics of
non-positive scalar curvature which are invariant under the action of SO(2) x H in R* [CS].
Apart of a wealth of incomplete metrics, the authors of [CS| showed that the only com-
plete manifolds in the above class are the complex hyperbolic plane (also know as universal
hypermultiplet in the physics literature) and its complete one-loop deformation.

Recall that a four-dimensional Riemannian metric is called quaternionic-Kéhler if it is Ein-
stein and self-dual (for appropriate choice of orientation). The notion of self-duality is
also meaningful for metrics of neutral signature! and self-dual Einstein metrics of neutral
signature are also called quaternionic paraKéahler.

In this context, the objective of this work is the classification of all self-dual pseudo-
Riemannian Einstein four-manifolds which admit a principal (cohomogeneity-one) isometric
action of the Heisenberg group. The hypotheses are, on the one hand, more general than
those of [CS] in that we allow indefinite metrics and assume only the symmetry group H

'But not for Lorentzian signature, cf. Remark 3.45.
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rather than SO(2) x H but, on the other hand, more specific as we restrict to self-dual
metrics.

Up to an overall sign in the metric, the manifolds considered can be decomposed as (Z x
H,edt? + x¢), being Z C R an open interval parametrized by ¢ (that we call time), ¢ = 41
and {x¢}tez a family of Riemannian or Lorentzian metrics on H, respectively. The key
feature that will allow us to perform such classification is the use of a family of orthonormal
or Witt frames on H, which are interpreted as the time-evolution of an initial (orthonormal
or Witt) frame on H.

More concretely, on the one hand we first consider the proper (i.e. scal # 0) quaternionic
(para)Kéahler four-manifolds with a Heisenberg principal group action and, attending to the
causal character of the center of the Heisenberg group (for neutral-signature manifolds), we
determine completely their isometry type. In the Riemannian case, apart from encountering
the complex hyperbolic metric and the complete and incomplete one-loop deformed univer-
sal hypermultiplet metrics of negative scalar curvature as reported in [CS], we also find a
counterpart of positive scalar curvature.

For neutral-signature metrics, we are able to identify the solutions of negative scalar cur-
vature as quaternionic paraKéhler geometries arising from the so-called temporal and Eu-
clidean supergravity c-maps? while those with positive scalar curvature do not seem to have
been previously considered. Furthermore, we study when such metrics are complete.

On the other hand, we also investigate (para)hyperKahler four-manifolds endowed with a
principal action of the Heisenberg group and provide a classification of all of them in terms of
their isometry type, in similar lines to the quaternionic case. It turns out that the Ricci-flat
examples are incomplete with exception of a class of flat examples of neutral signature.

The outline of the article is as follows. In Section 2, we introduce some concepts and
nomenclature which will be of use along the document. Before imposing any differential
equation, we begin by specifying precisely the manifolds with Heisenberg symmetry and the
general form of the invariant metric to be considered, see Proposition 2.3 for an adapted
frame. Then, using part of the Einstein equation, we show in Proposition 2.4 that the
causal character of the Heisenberg center is time-independent and in Proposition 2.7 that
the adapted frame can be considerably simplified.

Afterwards, in Section 3 we determine all quaternionic (para)Kéahler four-manifolds which
admit an isometric principal action of the Heisenberg group with non-degenerate orbits. In
the neutral signature case, these (connected) manifolds are referred to as timelike, spacelike
or lightlike quaternionic (para)Kéahler Heisenberg four-manifolds, depending on the causal
character of the Heisenberg center.

In the Riemannian case, as well as in the case of timelike or spacelike Heisenberg center,
we reduce the problem to a system ordinary differential equations of first order for two
functions a and b, see Propositions 3.4 and 3.28. The resulting quaternionic Kéahler manifolds

2We remind that the temporal (respectively, Euclidean) supergravity c-map is induced by the reduction of
four-dimensional Minkowskian (respectively, Euclidean) N = 2 supergravity coupled to vector multiplets over
a timelike (respectively, spacelike) dimension, while the one-loop deformed universal hypermultiplet metric
arises from the usual supergravity c-map induced by the reduction of four-dimensional A" = 2 supergravity
coupled to vector multiplets over a spacelike dimension [CMMS1, CMMS2].
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prove to be conformally Kihler® (see Proposition 3.5) whereas the resulting quaternionic
paraKé&hler manifolds are conformally Kéhler or conformally paraKéahler, depending on the
causal character of the Heisenberg center (see Proposition 3.29).

It turns out that the ode system takes a particularly nice form when eA = —6k?, where k
is the structure constant of the adapted frame at initial time, up to a numerical factor. We
refer to this case as the stationary case, as its solutions are stationary in the sense that the
logarithmic derivatives of the unknown functions are constant. We determine all maximal
stationary solutions and show that they define homogeneous spaces, see Propositions 3.11
and 3.34. More precisely, each of these homogeneous spaces can be realized as an open
orbit of a four-dimensional solvable Lie group acting by isometries on a symmetric space.
Altogether, we are able to state the following:

Theorem 1.1. Let (M, g) be a stationary (timelike) quaternionic (para)Kéahler Heisenberg
four-manifold. Then there exists an H-equivariant diffeomorphism M = 7 x H such that the
metric takes the following form:

g = edt® + e 70l '@ e 4+ 270 (2 @2 +of @6},

where (¢} ) denotes a left-invariant coframe of the Heisenberg group H whose dual frame
(¢f°) is such that [¢},¢] = —2ke® with k # 0.

If T = R, then (M,g) is isometric to an open orbit of the solvable Iwasawa subgroup of
SU(1,2) = SU(2,1) on the symmetric space

34+¢ 3—¢
o (2 25)

S(U(l)xU(g—;E,l;E)),

where U(p,q) denotes the (pseudo-)unitary group of the Hermitian sesquilinear form of
index q. Moreover, when (M,g) is Riemannian (resp. neutral signature) it is complete
(resp. incomplete).

Similarly, if (M, g) is a stationary spacelike quaternionic paraKéahler Heisenberg four-manifold,
then the metric takes the form:

g=—dt? +e ) (el @l 4ol @el) +e TS @ el

where now [¢}?, 5] = —2ke}.
If T = R, these solutions are isometric to an open orbit of a four-dimensional solvable
subgroup (which contains a Heisenberg subgroup) of SL(3,R) on the symmetric space:
SL(3,R)
S(GL(1,R) x GL(2,R))

Furthermore, they all are incomplete.

3The Hermitian structures encountered in Proposition 3.5 appear naturally from the perspective of the
one-loop deformed c-map. The investigation of such structures in arbitrary dimensions is part of an ongoing
project of V.C. joint with Arpan Saha and Danu Thung.
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In the non-stationary case, we show that the above ode system can be explicitly and com-
pletely solved, see Propositions 3.17, 3.24, 3.36 and 3.37. We find that the solutions occur
in one-parametric families and that the parameter can be identified with the one-loop pa-
rameter in the perturbative quantum correction of the supergravity c-map and its temporal
and Euclidean versions. Setting the parameter to zero (whenever possible on the considered
branch) results in one of the stationary solutions. Geometrically this corresponds to a defor-
mation of the locally symmetric space in the class of quaternionic (para)Kéhler manifolds.
In the case of lightlike center, we find analogously all solutions to the aforementioned system
of odes and observe that they are conformally flat, see Proposition 3.44. In particular, we
are able to prove the following results.

Theorem 1.2. Let (M, g) be a (timelike) quaternionic (para)Kahler Heisenberg four-manifold.
Then the metric takes the following form:

g:

k2

3 pt2y 4+ & (P
2eMp? p+ p+ 2y

2
> ef, @ el +2(p+7) (¢f, @ef, + ¢ ® ei’o)) ,

where (¢},) denotes a left-invariant coframe of the Heisenberg group H such that e, ] =

—2ke§° with k # 0 and where p € T for certain open interval Z C R specified as follows. We
define the real numbers

o= — e_(4—2l)i7r/3 e(4—2[)i7r/3 (9]{3 + /81k2 + EA)1/3 19 3
] 2]{}(EA)1/3(9]€+‘/81]€2+€A)1/3 2k(EA)2/3 ) 5 4y
pa = A - (—9kA* + \/AB(81K2 + £A))'/3 .

(—9kAY + /AS(81E? + cA))1/3 242
For any element py of the set
{peRIp#0,p+~>0and (—1)*(p+2y) > 0},

we denote by [ go the connected component containing pg, where 2y = —pg (1 + % po) and
where e\ # 0 is the Einstein constant. Then the following holds.

1. Setting T = I;l, 1 =1,2,3, we obtain all (timelike) quaternionic (para)Kéhler Heisen-
berg four-manifolds with eA < 0. In particular, the solution given by py is defined for
all eA < 0 while the other two are defined for all eA < —81k? . The corresponding
pseudo-Riemannian manifolds arising from these last two cases, together with those
stemming from the first one for eA > —6k?, are incomplete while the first for ¢ = 1
and A < 6k? is complete.

2. Setting T = 154, we find all (timelike) quaternionic (para)Kéahler Heisenberg four-

manifolds with e A > 0. They all are incomplete.

Theorem 1.3. There exists a one-to-one correspondence between spacelike and timelike
quaternionic paraKahler Heisenberg four-manifolds. Any spacelike quaternionic paraKéahler
Heisenberg four-manifold is isometric to:

3 pt+2y 2 1 1 2 2 Pty 1\’ 3 3
g 2Ap2 p_'_’y < Y + (p+fY)( et0®eto +et0 ®et0) + k‘(,0+2’7) eto ®et0 ’
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where p is defined in the appropriate intervals I ;l, l=1,2,3 or Ig ,» like in the timelike case,
and where A is the Einstein constant. Here (eio) denotes a left-invariant coframe of H such
that [eﬁo, ego] = —2k‘e§°, k # 0. The (in)completeness properties are the same as those of
their timelike analogues.

Theorem 1.4. All lightlike quaternionic paraKéhler Heisenberg four-manifolds (M, g) are

given by:
\/SK ~ 28 (1—t9) 3

_2VA (4
g=—di?®+e v T o 4oV TS @

where t € R and A > 0 is the Einstein constant. Here (eéo) denotes a left-invariant (Witt)

coframe on H such that [¢!0, ¢}?] = —2ke!o, k # 0. The above manifolds are all conformally
flat and incomplete.

Finally, in Section 4 we classify all (para)hyperKéhler four-manifolds with an isometric
principal action of the Heisenberg group with non-degenerate orbits. We obtain the following
classification result:

Theorem 1.5. All (timelike) (para)hyperKéahler Heisenberg four-manifolds are incomplete
and isometric to:
€

1
(1 + 3kt — )23 10

where (e} ) is a left-invariant coframe of H such that e, ] = —2kel® for k # 0.

g =edt® + ®ef, + (1 +3k(t —10)?3(el @l +e) @} ),

All spacelike parahyperKéahler Heisenberg four-manifolds are incomplete and isometric to:

1 .3
(1 — 3k(t — tg))2/3 0

g=—dt? + (1 —3k(t — t0))*3(—e}, @ ef, + ¢} @) + ®e,

where now [¢f°, ¢f] = —2kel?.

Finally, all lightlike parahyperKéahler Heisenberg four-manifolds are isometric to flat space
(R, 7).
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2 The Heisenberg group and Heisenberg four-manifolds

In this section we revise basic features concerning left-invariant pseudo-Riemannian metrics
on the Heisenberg group, introduce the concept of a Heisenberg four-manifold and prove
some preliminary results about Einstein Heisenberg manifolds.

2.1 Heisenberg group

Recall that the three-dimensional Heisenberg group H is the unique, up to isomorphism,
connected and simply connected non-abelian nilpotent three-dimensional Lie group. Its Lie
algebra b is called the Heisenberg algebra. As for any Lie group, there is a natural bijec-
tion between left-invariant pseudo-Riemannian metrics on H and pseudo-Euclidean scalar
products on h. We will thus often refer to such a scalar product x as a pseudo-Riemannian
metric on h and to the pair (h, x) as a pseudo-Riemannian Heisenberg algebra.

Let x be a pseudo-Riemannian metric on . Then there always exists an orthonormal or a
Witt basis? v1,v2,v3 € b such that the Lie brackets are given by:

[1)1,’[)2] = 0, [?)1,’[)3] = O, [?)2,?]3] = —kal s ke R>0 . (1)

Note that k # 0 cannot be absorbed into a redefinition of the basis {vi,v2,v3}. (However,
it can be assumed positive, since the sign can be always switched by multiplying the vectors
of the basis by minus one.) We observe that the center of the Heisenberg algebra, to which
we will refer as the Heisenberg center, is spanned by v1, which can be timelike, spacelike or
lightlike. Given a pseudo-Riemannian Heisenberg algebra (b, x), the isometry type of the
corresponding pseudo-Riemannian metric on H is uniquely fixed after the specification of an
orthonormal or Witt basis {v1, v, vs3} satisfying (1).

The three-dimensional Heisenberg group can be realized as R? together with the following
product:

(2,9,2) - (a,b,c) = (a+a,b+y,ctztya—zb), (2,9.2),(a,bc)eR. (2

From (2) one can readily get a basis® {wy,ws, w3} of b, given by the left-invariant vector

fields
wy =0,, wy=0;+kyd,, ws= ay — kx0, , (3)

where (x,7,2) are standard coordinates on R3. In particular, note that the only non-
vanishing Lie bracket of these vectors is that of [we,ws] = —2kw;. The dual basis of
one-forms {w!, w?, w3} is given by:

w! = dz + kady — kydz, w?=dz, w®=dy. (4)

41f (V, x) is a three-dimensional Lorentzian vector space, we define a Witt basis {e., ey, e3} as one which
satisfies x(ew,€v) = x(e3,e3) = 1 and x(ew, en) = Xx(ev, €v) = Xx(eu,e3) = x(ev,e3) = 0.
5Not necessarily orthonormal.
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2.2 Heisenberg four-manifolds

Definition 2.1. A four-dimensional pseudo-Riemannian manifold (M,g) is said to be a
Heisenberg four-manifold if it is foliated by the orbits of a principal and isometric action of
the three-dimensional Heisenberg group.

Note that a Heisenberg four-manifold (M, ¢g) admits an H-equivariant diffeomorphism iden-
tifying M with Z x H, where Z C R is either an open interval or a circle. Replacing M by
its universal covering, if necessary, we can assume the former.

Within the class of Heisenberg four-manifolds (M, g), we shall restrict ourselves to those for
which the restriction of g to the leaves is non-degenerate. In such a case, the metric g can
be written in the form:

g = edt® + x4, (5)

where e = +1 and {x¢ }te7 is a family of left-invariant metrics on H parametrized by the time
coordinate t. The different H-orbits are identified by means of the normal geodesic flow®
generated by 0, such that {(H, x:)}tez defines a family of pseudo-Riemannian Heisenberg
groups. Up to orthogonal transformations, we can associate it to a family {(e!)}cz of left-
invariant sections (e!) of the frame bundle F(H) such that (¢!) € F(H) is an orthonormal
(i = 1,2,3) or Witt (i = u,v,3) frame for x;. Then {9}, (¢!)} conforms an orthonormal or
Witt frame for (M, g). For ease of notation we may denote the triplet (e!) simply by ¢!, thus
writing {ef}ez and {0, ¢!} instead of {(e!)}1ez and {0, (e!)}. Analogously, we denote the
corresponding family of dual orthonormal or Witt coframes on {(H, x;)}tez by {¢!}1ez and
the corresponding dual orthonormal or Witt coframe on (M, g) by {dt,e!}.

Having said this, we consider ¢ to have the form:
g=cedt?® + el @e, e=41, (6)

where:

3

Il
SO O M
O = O
= o O

010
for orthonormal bases , n= |1 0 0 for Witt bases. (7)
0 01

Given the equivalent description of metrics (5) in terms of families of orthonormal or Witt
frames {e!};c7 in H, we may think of metrics on M as time-evolutions of frames on H. (The
evolution will be determined later from the self-dual Einstein equations.) In fact, let tg € Z
be an initial time and ¢! an initial orthonormal or Witt frame for the initial metric xy,.
Then the time-evolution {e!};c7 of such initial frame determines the metric {x;}+cz and, in
turn, the four-dimensional pseudo-Riemannian manifold (M, g). We can write

ol =ULeo, i =¢ (U, U'€GL@B,R), Ul=Id, (8)

ijvy oo ji
where U = Id is the initial condition for the time-evolution now encoded in t — U?.

We denote by Z C h = T.H the Heisenberg center and by Z; C T ({t} x H) = b the

(constant) line which corresponds to Z under the canonical identification {t} x H = H.

5We have also properly reparametrized t in order to correspond to the arc length parameter along a normal
geodesic.
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Definition 2.2. Let (M, g) a Heisenberg four-manifold of neutral signature. We say it is
timelike, spacelike or lightlike if Z; is timelike, spacelike or lightlike respectively for every
tel.

It will be shown later that the causal character of Z; is constant for Einstein Heisenberg
four-manifolds.

2.3 Choice of adapted frames for Einstein Heisenberg four-manifolds

On studying Riemannian Heisenberg four-manifolds and neutral-signature timelike, spacelike
or lightlike Heisenberg four-manifolds (M, g), it is convenient to use the following special
frames {e!};c7 to describe the four-dimensional metric g.

Proposition 2.3. Let (M, g) be a Heisenberg four-manifold.

o If ¢ = 1, then (M,g) is Riemannian and there exists an orthonormal frame {e!}ic1
such that ¢! generates Z; and ¢} is a linear combination of ego and ego for allt € T.
This implies:

a(t) 0 0
U= 0 b@t) )], X e]=—2ke, Ek>0, (9)
J@t)  h(t) c(t)

where a, b, c, f,j,h € C*(ZT).
e [fe = —1, then (M, g) is of neutral signature and:

— If (M, g) is a timelike Heisenberg four-manifold, then there exists an orthonormal
frame {e!}iez such that ¢} spans Z; and e} is a linear combination of ¢y and e
for all t € T. The conclusion is again (9).

— For spacelike Heisenberg four-manifolds (M, g), we may choose’ the center Z; to
be spanned by ¢ for every t € T and thus we may use the ansatz:

U= f(t) b(t) p(t)] [, ex] = ~2key, k>0, (10)

where a, b, c, f,j,h,p € C>*(Z).

— If (M, g) is a lightlike Heisenberg four-manifold, we define ¢, = %(eg —¢l) and
t 1

¢, = ﬁ(e’i + ¢b), where (¢!, ¢}, ¢}) is an orthonormal frame such that ¢ € Z.

"The reason to choose ¢} rather than el is (7), where we fixed the first vector of the orthonormal basis to
be timelike.
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For a certain interval ] C T containing to, we may choose ¢}, to be parallel to eé‘)
for every t € Z]. Then {e!,, ¢!, ¢}} is a (local) Witt basis such that®:

ur v

Up = [ f(t) b(t) p(t) ] ,[e,ef] = —2keld, k>0, (11)

where we write Ué[, to indicate that this matrix is related to the Witt basis and

a, b7 ¢, f7j7 hap € COO(Il/)

Proof. In the case ¢ = 1 and in the case ¢ = —1 with timelike center the plane £ =
span{eéo, ego} is spacelike and the line Z; is definite with respect to x;. Therefore, it suffices
to choose a unit vector ¢/ € Z;, a unit vector ¢} € E perpendicular to ¢} with respect to
x¢ and to complement this pair to an orthonormal frame. When ¢ = —1 with spacelike
center, we can still choose a unit vector ¢} € Z;, which suffices for the claim. Note that we
cannot specialize further our choice of ansatz, since we do not know a priori the space-time
character of the intersection of span{e’io, et2°} with Ztlt, the orthogonal complement to the
center with respect to x;. Finally, in the lightlike case there exists a subinterval Z; C Z
containing ¢y in which the line generated by ego is spacelike, since this is an open condition.
Choosing ¢} to be parallel to ego for every ¢ € Z] we conclude. O

Proposition 2.4. Let (M, g) = (Z x H,edt?+ x;) be an Einstein Heisenberg four-manifold of
neutral signature. Assume that Z;, for some ty € Z is timelike (resp. spacelike or lightlike).
Then Z; remains timelike (resp. spacelike or lightlike) for all t € T.

Proof. First we will show that if the causal or space-time character of Z;, is lightlike, then
it remains invariant in an open subinterval of 7 containing ¢y. For that, assuming that Z,
is lightlike, in an open subinterval Z] we pick up the ansatz (11) for U t and the Lie brackets
at to. If RicY denotes the Riemann tensor of (M, g), we have:

_ s 1 e s
Rich(@,¢t) = k_2eblbe=Fh)(bj — hp)a + ['(bj — hp)

a?(bc — fh)?
L Lo = )b — b)) + (=5 + )
a?(bc — fh)?
k—2fh2pb/ + b3ci’ — 2(h(25f" + f5') + c(—jV + ph' + hp')
(be — fh)?
L PR @hp "+ FGY + ph' 4 h))
(be — fh)? ’

8Differently from the timelike and spacelike cases, where we impose a vector of the time-dependent or-
thonormal basis to be parallel to the Heisenberg center, here we opt to fix the spacelike direction in the
time-evolving Witt basis {eﬁ}tezl/, so that e} remains parallel to eé‘) and ¢!, freely changes. As shown in
Proposition 2.4, if we impose the lightlike Heisenberg four-manifold to be Einstein, it occurs additionally
that ef, stays parallel to the direction of the center given by ef0.
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b°5(ic’ — cj') + b*(chpj’ + 2a*(=he' + cl') + 7 (hf' — fI))

19 Yy — _

Ric?(0, e3) k (b — Fh)?

B ksz(cph’ +h(=2pc + fi' —cp') + W2 (2a% ¥ + p?(—cb' + hf'))
a?(bc — fh)?
G PIIEGY — hp) + DI (p*c — 207 f7 — 2jp]”)
a?(bc — fh)?
_  Dhep(GY — ph' + hp') + VR f (=°V — hpj' + j(ph' + W)
a?(be — fh)? ’

The Einstein condition implies that Ric?(d,¢!) = Ric9(d;,e}) = 0. We can solve for j/(t)
and A/(t) and we get:

y q1(a,bye, fyh, g,p,d b, f D)

T = e — Fh) a2 — (0] —hp)D)

W) = q2(a,b,c, foh,j,p,d b, f D)

a2b(2a2b%c — f(bj — hp)2) ’

where ¢1,¢2 : R'?> — R are polynomials that vanish on the subspace V' C R!? defined by
j = h = 0. (Note that the denominators are non-zero in a neighborhood of V', by non-
degeneracy of U};,.) By a continuity argument, we can guarantee that h(t) = j(t) = 0 in Z]
and therefore Z; is lightlike for all t € 7.

Similarly, if Z;, is timelike (resp. spacelike), then Z; remains timelike (resp. spacelike) in
a local subset of Z around g, since these are open conditions. Therefore, the three subsets
Ttimes ZLspace, Liight of T consisting of ¢ at which Z; is respectively timelike, spacelike or
lightlike are open. By connectedness of Z this proves that Z coincides with one of these
three subsets. O

Remark 2.5. When studying neutral-signature Einstein Heisenberg four-manifolds, we see
that the types of timelike, spacelike and lightlike Einstein Heisenberg four-manifolds exhaust
all possibilities, since Proposition 2.4 does not allow changes of the causal type of Z;.

Remark 2.6. Observe that the Einstein condition in the previous proposition is too strong,
and one may actually require much weaker conditions for the proposition to equally hold,
such as requiring that Ric?(0¢)|ix gy = 0.

Proposition 2.7. Let (M, g) be a Riemannian or neutral-signature Einstein Heisenberg four-
manifold. Then:

e If(M,g) is either Riemannian or of neutral-signature and timelike, then we can choose:

a(t) 0 0
U= 0 bt 0|, [eel]=—2ke, k>0. (12)
0 h(t) ct)

e If (M,g) is neutral-signature and spacelike, we can choose the following ansatz in an
open subinterval I C T containing t:

ct) h(t) O
U=|-n@) bt) 0 |, [Pef]=—2kel, k>0. (13)
0 0 at)
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e If (M, g) is neutral-signature and lightlike, we can pick up in an open interval Z; C Z:

1 0 0
Uy = | £(t) b(t) p@) | ,[efo, ] = —2kel>, E>0. (14)
0 0 a(t)

Proof. Regarding the neutral-signature case:

e If (M,g) is timelike, we can choose for every t € Z the ansatz (9) for the matrix U*
and for the Lie brackets at ¢y. If Ric? denotes the Ricci tensor of (M, g), we find:

k(b — i) + f G = hy")) ki (b — fV)
a? ’ a? ’
(15)
If (M, g) is in addition Einstein, then the previous components must identically vanish.
Assume j(t) # 0. Then we would find that f(¢) = fob(¢) in an interval Zy C Z in which
b(t) # 0 (which always exists given that b(tg) = 1). Since f(t9) = 0, then f(t) = 0
in Zy. Assume now there exists a lower (or upper) bound t; € Z for Zj such that
b(t1) = 0. By continuity we would have that f(¢;) = 0 and the matrix U? would be
degenerate at 1, what contradicts the fact that {e!};c7 is an orthonormal basis. Then
we learn that such ¢; does not exist and f(¢) = 0 in the entire interval in Z, which
in turn implies that j(¢) = joc(t) in some open subinterval of Z. Owing the fact that
j(tg) = 0, by the same reasoning as above we conclude that j(¢) = 0 in the whole Z.

Ric (8, ¢h) = —

Ric?(9y,¢5) =

o If (M, g) is spacelike we can choose for every t € Z the ansatz (10) for U' and the Lie
brackets at to. If Ric? denotes the Ricci tensor of (M, g), we have:

f'(bj — hp) + c(pb’ —bp') + f(hp' — jb'))
a2

b(jd —cj') + h(fj —pd) + W (cp — f)))
a? ’

Rng(at, eﬁ) = k

)

Ricd(9y,¢) = &

In order to have Ric?(dy,¢}) = Ric? (9, ¢}) = 0 we must demand:

_epb! — [V + f'(bj — hp)

/
p (t) - bC— fh 9
g bjc —hpd + 1 (cp — f))

However, taking into account the initial conditions a(tg) = b(to) = c(to) = 1, f(to) =
h(to) = j(to) = p(to) = 0 and be — fh # 0 (from the non-degeneracy of U?), through
the use of the uniqueness and existence theorem of ODEs we infer that p(¢) = j(¢t) =0
for all t € Z. Performing now appropriate SO(1, 1) rotations, we can finally impose Uy
to have the same form as in (13) in an open subinterval Z/ C Z.

o If (M, g) is lightlike, then (14) just follows from the results obtained in the proof of
Proposition 2.4 and by absorbing? the factor ¢(t) in the functions f(t),b(t) and p(t),
which yields the same metric.

9 Another way to see this is by noticing that ¢} = %t)e?m so that ¢ = —dt? + ﬁeﬁ, O¢ +¢ ®e;. By

redefining Tlt)ef — ¢}, we observe that we can set ¢(t) = 1.
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Regarding the Riemannian case, using (9) we compute:

k(b(ci’ —ijid)+ f(Gh —hj"))
P

. 1 e
Ric9(9y,¢h) = , Ric?(0y,¢}) = w.

(16)

We observe that, up to a global sign, this is exactly the same as the result obtained in
(15) for timelike Einstein Heisenberg four-manifolds. Then we equivalently conclude that
j(t) = 0, and by an appropriate SO(2) rotation, we arrive to (12). O

3 Quaternionic (para)Kahler Heisenberg four-manifolds

In this section we classify all Heisenberg four-manifolds which satisfy the condition of be-
ing quaternionic (para)Kéahler. For that, we revise first the definition of a quaternionic
(para)Kéhler four-manifold. Recall first that an orientable pseudo-Riemannian four-manifold
of Riemannian or neutral signature is called half-conformally flat if its Weyl tensor is self-
dual for one of the two orientations.

Definition 3.1. Let (M, g) be a Riemannian or neutral-signature orientable four-manifold.
It is said to be a quaternionic Kdhler (resp. quaternionic paraKdhler) if and only if it is
Einstein with non-zero Einstein constant and half-conformally flat. We shall refer to them
jointly as quaternionic (para)Kdhler four-manifolds.

Remark 3.2. We observe that the definition of a quaternionic (para)Ké&hler four-manifold
cannot be applied for larger dimensions, since the notion of self-duality is restricted to four-
dimensions. Actually, for dimensions n = 4m with m > 1 the definition of quaternionic
(para)Kéhler manifolds is that of pseudo-Riemannian manifolds admitting a parallel skew-
symmetric (para)quaternionic structure ). We recall that such a structure @ is locally
spanned by three anti-commuting endomorphism fields I,.J, K = I.J such that I? = J? =
+1. However, in four dimensions this definition is too weak, since every orientable four-
manifold satisfies it, and it turns out that the natural definition of quaternionic (para)Kéahler
four-manifold is that of Definition 3.1 [B].

Let W9 denote the Weyl tensor of (M, g). We define the Weyl self-duality tensor W9 as the
(0, 4)-tensor given by:

WIX,Y,U V) =g(xW)(X,Y)U,V)—gWI(X, YU V), X, Y,UVeX(M), (17)

where x denotes the Hodge star map with respect to a given orientation on (M, g). Up to a
factor, it is the antiself-dual part of the Weyl tensor and, hence, the obstruction to (M, g, x)
being self-dual. Then we have that a four-manifold will be quaternionic (para)Kahler if and
only if

WI =0, Ric/=Ag, AecR\{0}, (18)

for one of the two orientations, where Ric? denotes the Ricci tensor of (M, g). (We will
always consider the orientation such that W9 = 0.)

Now we proceed to the classification of quaternionic (para)Kahler Heisenberg four-manifolds
attending to the signature of the metric and the space-time character of Z,.
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3.1 Quaternionic Kihler and timelike quaternionic paraKihler Heisenberg
four-manifolds

We start by classifying all (Riemannian) quaternionic Ké&hler Heisenberg four-manifolds and
all timelike quaternionic paraKéhler Heisenberg four-manifolds. Since we will carry out
such classification simultaneously, it is convenient to coin the term (timelike) quaternionic
(para)Kéahler Heisenberg four-manifolds to refer to both of them at once. To particularize
our results to one of these cases, we just have to set ¢ = +1 correspondingly.

The reason for treating them at the same time is that we can use the same identical ansatz to
describe the three-dimensional metric x; for both quaternionic Kéhler and timelike quater-
nionic paraKahler Heisenberg four-manifolds. Indeed, such ansatz is given by (12):

a(t) 0
U= 0 bt 0 |, [ el]=—2ke, k>0. (19)
0 h(t) ct)

Proposition 3.3. The non-zero components of the Ricci tensor RicY of the metric obtained
from (19) are:

R (452 + h2) (¢)? + 2 (4(b')2 +(W)? - 2bb”>

Rng(at, 8t) =

a? a 20%¢2
(hC,h, + b2cu)
t———
b2c
) 23c3k2 — 2bc (a)* — ad’ (b + b') + abea”
Ricd(e},¢l) = TN ;
4b*ctk? + a? (462 (t)? = (hd — ch’)2) + 2abe (ca’t' + ab'd — acb”)
Ricd(eb,eb) = — ;
2a2b2c%e
c(hd —ch') (3ab’ + ba') + ab (h () — el + c(—hd" + ch”))
Ric9(eh, e}) = )
2ab?c%e
AbA A k2 + 2a2beb' ¢ + a® (he — ch!)? + 2ab> (ca’c’ +2a(d)? — acc”)
Ric?(eh, ) = — .
2a2b%c%e
Proof. Just by direct computation. O

Proposition 3.4. Let (M,g) be a (timelike) quaternionic (para)Kéhler Heisenberg four-
manifold. Then:

_k2b6 + a?(eAb? + (V)?)
2abb/

3(kb? — ab')?
A= —b, h=0. (20
T @Rk L a) T (20)

a(t) =

Proof. A (timelike) quaternionic (para)Kéhler Heisenberg four-manifold is Einstein (with
non-zero Einstein constant) and is half-conformally flat.
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Firstly, we observe that the Einstein condition imposes that Ric (e}, eg) = 0. By Proposition
3.3, one can solve for A” and get:

—h()? + e W + chc” N ca'(—hd + ch') N 3cb' (—hd + ch')

h// —
c? ac? bc?

(21)

Now we move into the Weyl self-duality tensor WY defined back at (17). The component
W9 (el eh, ¢!, ¢}) reads:

(kbe + a’)(—hd + ch')

W9 (et el el eh) = —
(17 29 %1 3) 2abc

(22)
For the latter to be zero, either kbc +a’ = 0 or —hc’ + ch’ = 0. If kbc + a’ = 0, we would
find that the Einstein constant has to vanish, so if we assume that A # 0, we must have
—hd + ch/ = 0, which implies in turn that h(t) = hoc(t). However, since h(tg) = 0, then
h(t) = 0.

Setting h = 0 in Proposition 3.3, on imposing the Einstein condition Ric? = Ag we can solve
for a”(t),0"(t), " (t) and da/(t) and obtain:

B k2633 + a?(eAbe + b))

"4 = 2
a(t) a(ch! + bc’) ’ (23)
() = 2407 + k2a?b3c3 (=32 (V)2 — 2beb/d + b2 (4eAc? — 3()?)
N a3be(ch + 'b)?
+CL4(2A2b363 — )3 — b2 (—deA® + ()?)) (24)
a3be(ch + 'b)? ’
" k2301 (20 + ') + a? (b2()2 + 2¢2(V')3 + bed (eAb? + 2()?))
bi(t) = , (25)
a?be(ct! 4 b!)

iy = k203t (2ch 4 b)) + a? (2 (V)2 + 2b%()3 + beb (eAc? + 2(c)?)) (26)
¢ N a?be(ch’ + bc’) ’

More precisely, these equations should be written with the (cb’ 4 bc’)-factors on the left-hand
side, to avoid possible zeros of the denominator, which we will not do to keep the formulas
simple. The same comments apply to the formulas below. On substituting these results into
the Weyl self-duality tensor, we encounter:

—3k305ct + 3k2ab3c? (2ch + b)) — 3ka®be(eAbc + c(b')? + 2bb/ )
3a3b(bc + cb')
2eAbch’ — eAb>c + 3(V')%c
+ 36(bc + cb) '

Wg(e?lv eg’ ei’ 23) =

From here one can solve for A and obtain:

(kb%c — ab')?(—kbc? + ac’)

A= .
35a2b(3k:b262 — 2ach’ + abc’)

(27)

Taking this result into the rest of the components of WY, we find in particular:

e — bl )(—kb?c + ab')(—kc*b + ac’)

g t by = e
2% (8t7 €1, ata 81) abC(3]{7b202 — 2ach! + abc/)
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It follows that the first term, the second or the third term in brackets vanishes. If the second
or third one is identically zero, then we find that A = 0, upon substitution in (27). Since
we are assuming non-zero Einstein constant, we discard this possibility and then b = 'c,
which in turn implies that b = ¢ since b(tg) = ¢(tg) = 1. Imposing this condition, we find
that all components of YWY vanish identically. Finally, we observe that (27) can be simplified
to take the form:

B 3(kb® — ab')3

" ea?b?(—3kb3 +al)
Upon use of this expression, its first time derivative as well as equation (23) we check that
(24), (25) and (26) are satisfied as well and we conclude. O

(28)

Proposition 3.5. Let (M,g) be a (timelike) quaternionic (para)Kédhler Heisenberg four-
manifold. Then:

e The cigenvalues of the Weyl tensor, understood as a symmetric endomorphism of the
bundle of two-forms, are given by (—2v,v,v), where:
16307
V= .
ea?(—3kb® + ab’)

e (M, g) is conformally Kéahler for two complex structures with opposite orientations.

Proof. Define the following triplet of self-dual two-forms:
wi = dt Ael +x(dt Ael), (29)

where * denotes the Hodge dual operation. Interpreting the Weyl tensor as a symmetric
endomorphism of the bundle of two-forms in the canonical way'?, we observe that:

W (wy) = —2vwi, W (we) =vwa, W (w3)=rws.

This proves the first part of the proposition. Regarding the second one, we first note that
the rescaled two-form
O = |W9|§/3w1

is closed and satisfies that \@1]5 = 4 with respect to the rescaled metric § = ]ngg/ %9, in
agreement with [D, AG]| in the Riemannian case. We claim that g is pseudo-Kéhler with the
Kihler form @;. To prove the integrability of the almost complex structure J; = §~ '@ =
g~ 'wi we use that the following rescaled two-forms

(IJQ:abCUg, (Izgzab(,ug

are closed. This is a consequence of Lemma 3.6, a simple generalization of the Hitchin lemma
[H]. By introducing a relative sign in (29) we can likewise obtain a conformally K&hler
structure (M, g, J;) for the opposite orientation. (So contrary to .J; the complex structure
J1 is not subordinate to the (para)quaternionic structure @ = span{.Jy, J2, J3}.) O

Tn components, (W9 (w;))uw = (W9) uupow?”.
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Lemma 3.6. Let (M, g) be a pseudo-Riemannian manifold endowed with two anti-commuting
skew-symmetric endomorphism fields Jo, J3 such that J22 = J§ = €1, wheree = £1. Assume
that the two-forms w; = g o J; are closed for i = 2,3. Then Ji := JyJ3 is an integrable
skew-symmetric complex structure.

Proof. 1t is trivial to check that Jj is a skew-symmetric almost complex structure. To prove
the integrability we use that Q = wy — iews is of type (2,0) with respect to J; and non-
degenerate (as a complex bilinear form). Due to these properties, it suffices to show that
Q([X,Y],Z) = 0, for all vector fields X, Y, Z of type (1,0), since this implies the involutivity
of the (—i)-eigendistribution of J;. This is an immediate consequence of dQ2 = 0, since
d)(X,Y,2) = -Q([X,Y], Z). O

Remark 3.7. We have shown in the proof of Proposition 3.5 that (M, g) is not only confor-
mally K&hler but admits two almost (para)Ké&hler structures @s and @3 compatible with a
second conformally rescaled metric ¢’ := abg, such that \@2]3, = \@3]3, = 4e.

Remark 3.8. Note that Lemma 3.6 can be easily adapted to include the case J3 = —J?? =el,
€ = £1. The conclusion is then that J; is an integrable skew-symmetric paracomplex
structure. In fact, in that case one can consider 2 = wy + ecws, which takes values in
the ring Rle] = R @ R generated by e with the relation e? = 1 (the ring of paracomplex
numbers). Note that © has type (2,0) in the sense that Q(J;-,-) = Q(-, J1-) = eQ and is
non-degenerate in the sense that a real vector X satisfies Q(X + eJ1 X,Y +eJ1Y) = 0 for
all real vectors Y if and only if X = 0.

The second equation in (20) is a cubic equation for ¥/(t), and depending on the values of k
and A, we may have one or more real solutions. Define!!:

672, —2im(1—1)/3
B = = |3ka®®— cha’bre
3a (9keAaBbd + \/A2aT605 (cAa? + 81k2b%))1/3

+62i7r(l—1)/3(9k,6Aa8b5 + \/A2a16b6(z—:Aa2 +81k2b4))1/3) , 1=1,2,3. (30)

Proposition 3.9. Let (M,g) be a (timelike) quaternionic (para)Kéhler Heisenberg four-

216 2 2 \2
manifold. Then o' = —F2+¢ 2(22\;7 %) and:

o IfcA > —81Kk%, b = By.

e If A < —81k?, there are three solutions for b/ obtained by setting | = 1,2,3 in (30),
b, = B.

Proof. The result for a’ was derived in Proposition 3.4. If we define now 3 = kb3 — ab/, the
second equation in (20) is equivalent:

2 2A 9
ca’d B+£a2b5A:0. (31)

3
5+3 3

" Given a complex number z € C, it has always three cubic roots. When we write 2'/3 we will mean by

convention the cubic root z1/3 = |z|/3ei/3ar8(2),
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At tg, this equation reads:

A 2k
B4+ 254 N = 0. (32)
3 3
The discriminant A of this equation takes the form:
4
A= —2—7A2 (eA + 81K%) . (33)

By standard theory of cubic equations, if A < 0 then there is just one real solution to (32)
and if A > 0 there exist three (maybe multiple) real roots. Thus if eA > —81k?, there is
only a unique real solution to (32) (given by'? (30) with [ = 1) and therefore there is a
unique solution for ¥'(¢y), which in turn produces one real solution for (a(t),b(t)) defined
on an appropriate interval Z. If eA < —81k?, there are three real roots (with at least two
identical roots when the equality holds) to (32) and therefore there are three real solutions
for b/(to) (given by (30), I = 1,2,3). These yield three real solutions for (a(t),b(t)), each
defined on intervals Z;. O

Proposition 3.9 provides a system of ordinary differential equations for (a(t),b(t)) with the
initial condition a(tg) = b(tg) = 1. By virtue of the theorem of existence and uniqueness of
ordinary differential equations, it is enough to find one solution for each possible value of k
and €A, since it will be unique'®. In fact, we find it is convenient to split our study into three
different possibilities according to the value of €A, and we will distinguish between stationary,
negative and positive (timelike) quaternionic (para)Kéhler Heisenberg four-manifolds (to be

defined below).

3.1.1 Stationary (timelike) quaternionic (para)Kahler Heisenberg four-manifolds

Definition 3.10. A (timelike) quaternionic (para)Kéhler Heisenberg four-manifold is said to
be stationary if eA = —6k2.

The name stationary comes from the fact that if we set b = ¢ and A = 0 in the expression
for the Ricci tensor given at Proposition (3.3), then the Einstein condition reads:

eN = p 2N —p? - 227, (34)
k2b?
eA = 20— - (—p + 2pX\ + 42, (35)
214
A = —2612—2 — (=N + A +2)?), (36)

where p = log(a)’ and A = log(b)’. If we set u/ = X = 0 we find that eA = —6k?, hence the
name stationary.

12Tt can be checked that the expression (30) with [ = 1 takes real values for all eA # 0.

13Tt can be seen that the conditions for the existence and uniqueness theorem to hold are satisfied, at least
locally around the initial condition. Note that the derivatives are already solved at one side of the equations,
which facilitates this check.
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Proposition 3.11. All stationary (timelike) quaternionic (para)Kéhler Heisenberg four-man-
ifolds (M, g) are given by:

— e—2k‘(t—to)

a . b= klit) (37)

They are isometric to an open orbit of the solvable Iwasawa subgroup of SU(1,2) = SU(2,1)

on the symmetric space
3+¢e 3—¢
SU ,
(%)

S(U(l)xU<3;€,1;€>>7

where U(p, q) denotes the (pseudo-)unitary group of the Hermitian sesquilinear form of
index q. Moreover, when (M, g) is Riemannian (resp. neutral signature) it is complete
(resp. incomplete).

(38)

Proof. Since 1/ = N = 0 implies eA = —6k?, let us start by assuming ' = N = 0.
Consistency then requires:
ot

This implies that 4 = 2A. On substituting in (34) we encounter:

—6X% = €A, (40)

and hence A\ = £/ _TaA = +k (remember that & > 0). By the above, u = £2k. We observe
in turn that the other equations (35), (36) are satisfied and therefore the solution is:

a = F2k(t=to)  p _ pEk(t—to) (41)

where we have already imposed that a(tg) = b(tg) = 1. Finally, we find that that Weyl
tensor is self-dual only if we pick up the minus'* sign above, so we check that these solutions
are indeed stationary (timelike) quaternionic (para)Kéahler four-manifolds.

In fact, solution (37) exhausts the list of stationary (timelike) quaternionic (para)Kéahler
four-manifolds, and the argument to prove this statement goes as follows. First, we note
that Proposition 3.9 guarantees that if eA > —81k2, then the cubic equation for b’ in (20)
has a unique real solution given by ¥ = By. Consequently, this implies that we obtain a
system of ODEs of the form o« = fi(a,b,eA) and ¥ = fy(a,b,eA), where f; and fo are
smooth functions (at least, for eA = —6k?) as long as a,b # 0. Since the solution (37)
verifies that a,b # 0 for all ¢t € R, we observe that (37) represents the unique solution to the
ODEs o' = fi(a,b,eA) and b’ = fo(a,b,eA), completing thus the classification of stationary
(timelike) quaternionic (para)Kéahler four-manifolds.

On the other hand, after some computations we find that these configurations satisfy that
VRY = 0, where RY is the Riemann curvature tensor of g. In other words, the resulting
spaces are quaternionic Kéhler in the Riemannian case and quaternionic paraK&hler in the
neutral-signature case. Comparing to the classification of pseudo-Riemannian symmetric
spaces of quaternionic Kéhler type, see [W]| and [AC, K|, we conclude (comparing curvature

Choosing the plus sign, the Weyl tensor is antiself-dual.
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tensors) that the resulting spaces are locally isometric to the symmetric spaces (38). More
precisely, the solutions are locally isometric to a left-invariant metric on the simply transitive
solvable Iwasawa subgroup of SU(1,2) and SU(2,1) when ¢ = 1 and € = —1, respectively.
To see this it suffices to observe that the Heisenberg group is included in a four-dimensional
group of isometries, which is precisely the above-mentioned Iwasawa group. In fact, the
one-parameter group t — t +tg, x = e0x, y > ey, z etz acts by isometries, enlarging
the Heisenberg group by a one-parametric group of automorphisms to the aforementioned
solvable group. Finally, in the Riemannian case the metric is complete, since the interval 7
of definition of ¢ can be extended to the whole real line R, while in the neutral-signature
SU(1,2)
S(U(1) xU(1,1))

equivalent to S? and hence it cannot be diffeomorphic to R?. O

case the metric is (geodesically) incomplete, because is homotopically

Remark 3.12. We have not used the second equation in (20) together with equation (30)
because it was easier to directly obtain the stationary solutions from the Ricci tensor given at
Proposition (3.3). However, it is worth noting that the solution a = e 2k(t=to) p = g—k(t=to)
does indeed solve the second equation in (20) and (30).

Remark 3.13. In the Riemannian case, it is possible to see that the solution (37) is com-
pletely equivalent to that obtained in [CS, Proposition 4.1]. Using the subindex CS to
make reference to quantities of that article, by performing the identifications 668 = k‘eio,
acs(t) = k72a7%(t), bes(t) = k72b72(t), pes = 2k and Ccg = k~2e” 20 we conclude
that our stationary quaternionic Kéhler Heisenberg four-manifolds are equivalent to the
stationary solutions of [CS].

3.1.2 Negative (timelike) quaternionic (para)Kahler Heisenberg four-manifolds

Definition 3.14. A (timelike) quaternionic (para)Kéhler Heisenberg four-manifold is said to
be negative if eA < 0 with eA # —6k2.

Remark 3.15. Observe that negative quaternionic Kéhler Heisenberg four-manifolds have
A < 0 while the negative timelike quaternionic paraKéahler ones have A > 0.

Let v € R and let I be a connected component of the set:
{peR|p#0,p+~v>0and p+ 27y > 0}. (42)

Let p:J = I, t+ p(t) be a maximal solution of the ordinary differential equation:

) == 5ot ST (43)

with the initial condition p(0) = pp. Define:

As(pow)zsk\/—QZAp(t) pp(g)i?, Bs(po,7y) = s —%ﬂ, (44)

with s € Zs a sign.
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Proposition 3.16. Let (As(po,7), Bs(po,7y)) as in (44). On the one hand, if s = 1 and
e\ < 0, then there exists a unique pair (p1,71) such that:

As(p1,m) = Bs(p1,m) = 1. (45)

On the other hand, if s = —1 and eA < —81k? there exist two pairs of solutions (p2,72)
(ps3,73) such that:

As(p2,72) = Bs(p2,72) =1, As(ps,v3) = Bs(ps,v3) = 1. (46)

Such initial conditions (p;,~;) with Il = 1,2,3 are given by:

e~ (4=20)in/3 _onyinss Ok + V81EZ + eA)/?
pl e 6(4 21)27‘(/3 , (47)
2k(eA)1/3(9k + V/81k2 + eA)1/3 2k(eA)?/3
e\
2y =—p <1 + ?po> : (48)

Proof. Demanding As(po,7y) = Bs(po,y) = 1, we can solve for « in the last equation obtain-
ing:

el
2v = —po <1 + ?po> : (49)

Squaring the equation Ag(po,7y) = 1 and substituting this result for v, we arrive at the
following cubic polynomial for py:

W
PO eak2™0 T JkZA?

=0. (50)

The (maybe complex) solutions to this cubic equations are:

B e~ (4=2)ir/3 L pla—2nyiny3 Ok + 81k2 + cA)Y/3
2k(eA)Y/3(9k + V/81k2Z + eA)1/3 2k(eA)2/3 ’

1=1,2,3.
(51)

At least one of the previous solution is real. However, not all real solutions of these equations
need to satisfy a posteriori As(po,7y) = Bs(po,7y) = 1, since in the process of arriving (50)
one has squared some expressions. Let us split this analysis between the cases s = £1:

pr =

e If s =1 we find that there is a unique real solution of (51) which in turn satisfies (45)
for all values of eA < 0. This solution is the one in (51) for [ = 1, that we denote as
p1. Substituting this expression of p; in (49) we obtain the unique solution (p1,71).
Also, a posteriori we check that p; + 2y > 0, p1 +~1 > 0 and p; # 0 for all eA < 0.
On varying the value of eA, we observe by direct inspection that pg € (0,+00), while
v € (=00, (8k?)~1). Interestingly, v is negative when 0 > eA > —6k? and positive if
el < —6k2.

e If s = —1, we find interestingly enough that no real solutions exist (after checking
if they satisfy (46)) for eA > —81k?, while for eA < —81k? we have two possible
solutions!®. These solutions are the ones in (51) with [ = 2 and | = 3, that we denote
respectively as po and ps. Substituting them in (49) we obtain two solutions (p2,72)
and (ps,73). We check a posteriori that both satisfy p; + 2y, > 0, p; + 9 > 0 and

5They actually coincide for eA = —81k?.
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pr # 0 with [ = 2,3 for all eA < 81k2. On the other hand, for the different values of
e .g —81k2, bySdirect inspectiorg we see2th?t p2 € (—(18k?)~1,0) and p3 € (—80%,0),
while 72 € (0, =3z) and 3 € (==, (8k%) 7).

O

According to Proposition 3.9, there exists a unique solution for the pair (a(t),b(t)) if eA >
—81k2, while there are three (some of them identical for eA = —81k?) if eA < —81k2. By
use of Proposition 3.16, it is possible to find such solutions, which we write next.

Proposition 3.17. Let (p;,7y;) for | = 1,2,3 denote the pairs of Proposition 3.16 and let
(As(pi, 1), Bs(pi,m)) be as in (44). Set:

(a1(t),b1(t)) = (A1(p1,m), Bi(p1,7)), (52)
(a2(t),02(t)) = (A-1(p2,72), B-1(p2,72)) (53)
(az(t),b3(t)) = (A-1(p3,73), B-1(p3,73)) - (54)

These are all the solutions to (20) (or (30)) and, consequently, all negative (timelike) quater-
nionic (para)Kéhler Heisenberg four-manifolds. In particular, (ai(t),b1(t)) is defined for all
eA < 0 while (ax(t),ba(t)) and (as(t), b3(t)) are defined for all eA < —81k?. The correspond-
ing pseudo-Riemannian manifolds arising from (53) and (54), together with those stemming
from (52) for eA > —6k?, are incomplete, while in the case (52) for e = 1 and A < 6k? the
solution is complete.

Proof. The fact that (52), (53) and (54) solve equations (20) (or (30)) with the initial condi-
tion a(ty) = b(tg) = 1 follows from direct computation and by Proposition 3.16. Regarding
completeness, we go on a case by case fashion:

e Let us begin by analyzing solutions (53) and (54). In these cases, we have py < 0,
v > 0 but pg +v > 0. We consider the canonical geodesic defined by the coordinate
p (related to the time coordinate as in (43)), with p defined between (—v,po). We
compute its length:

3 po 1 2 pot+y 1
N e Y
2eA[ ) Il \ | P+ o VT
where C' > 0 is given by C' = ‘%!(po + )¢, being ¢ the maximum of the function

oty o the compact interval [—, pg]. Since the length of this curve, which arrives
to the boundary of the domain definition of the parameter p, is finite, we conclude
that solutions (53) and (54) are incomplete.

e For solutions (52) with —6k? < eA < 0, by virtue of Proposition 3.16 and its proof we
realize that v < 0 (but again, pg > —<). Therefore, through a completely equivalent
proof to that provided in the previous bullet-point, we observe that these solutions are
incomplete too.
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e As explained in Remark 3.19 below, solutions (52), (53) and (54) with ¢ = 1 are
identified with the one-loop deformed universal hypermultiplet metrics (see Remark
3.19) described in [AMTYV, RSV]. They are known to be complete if and only if v and
the initial condition py are positive [ACDM]. For ¢ = 1 and A < —6k?, we observe
that Proposition 3.16 and its proof ensure that v and pg are positive for (52), and
consequently we infer that they are complete.

O

Remark 3.18. We strongly believe the case (52) with e = —1 and A > 6k? to be in-
complete as well. Indeed, let us use the coordinates (3) to describe the Heisenberg group
H. Let us consider a geodesic I' : J — (Z x H) for J C R whose coordinates are given
by (p(7),z(7),y(7),2(7)) with 7 € J an affine parameter and with the initial conditions
p(0) = po > 0, 2(0) = y(0) = 2(0) =0, ¥/'(0) = 2/(0) = 0 and 2/(0) = vp. On the one hand,
we find that y(7) = z(7) = 0. On the other hand, the solution for x(7) can be seen to be:

_ [ p*(o) ”
=(r) = /to p(0)+2vd ’

where £ € R is some constant ensuring that 2/(0) = vg. Using this result, the equation for
p = p(7) turns out to be:

v P e+ )+ 4) ()P + Typ + 20°)
(p+27)3 2p(p +7)(p +27)

By numerical analysis, it can be seen that the solutions for the previous second-order dif-
ferential equation equation are, typically, only defined in a finite interval J. Hence this
provides a robust argument in favour of the incompleteness of the solutions.

Remark 3.19. Let us show that the solution (52) for € = 1 is equivalent up to homothety to
the one-loop deformed universal hypermultiplet described in [CS]. For that, let us denote the
quantities of that work by a superscript or a subindex CS. Following their notation, we define

dtcs = —%dt, rescale their metric with the factor —% (remember A < 0) and define

e = ﬁe%o, eqs = k\/—eto and e2g = k\/—eto with w > 0 such that ccs = wvy. Note that the

corresponding dual vectors satisfyl®[e$®, e§5] = —2e{5. We also set acs = —2Ak?w?a=2/3
and bcg = —2Ak?wb=2/3 and rescale p = wpcg. After all these identifications, we still
have the freedom to perform time shifts on tcg. In order to match ccg > 0 and the initial
condition for pcg, p%S:

e If ccs > 0 and plg > 0, then we recover our solution (52) with A < —6k?. To see
this, we note that in this case 0 < v < (8k?)~! (as Proposition 3.16 and its proof
reveal). Consequently after an appropriate time shift and choosing w = tan (47T/<;2’y),
we observe that we may obtain all possible ccg > 0 and pOCS > 0.

e If ccs < 0 and p g > 0, then they correspond to the solution (52) with 0 > A > —6k?.
The identification with (ccs,pocs) is obtained by setting w = 1 and performing a
suitable time shift on tcg.

18 Therefore we may use the coordinates (3) and their dual basis of one-forms (4) for ebg by setting k = 1.
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e If ccg > 0 and p%s < 0, we distinguish two different cases. Set w = tan (47T/<;2fy) as
before. Then we identify (Riemannian) solutions (53) with ccs € (0, % tan (?—g)) and
(54) with ccg € (% tan (?—g) ,—i—oo) after performing time translations, if necessary.
If ccs = 72% tan (22), then the corresponding + is the one for which (53) and (54)

coincide and we can take any of them.

Remark 3.20. Regarding the ¢ = —1 case, it can be seen that they correspond to a
neutral-signature version of the one-loop deformed universal hypermultiplet. More con-
cretely, these negative timelike quaternionic paraKéhler Heisenberg four-manifolds can be
obtained through the local temporal supergravity c-map [CMMS2]. In order to see this,
we just have to start from the trivial zero-dimensional manifold M given by a point and
set in Equation (59) of Reference [DV] (following their notation) ¢; = —eg = —1, I = 0,
2% =1 and Fy = “(X°)?, what implies in turn that e* = 1/2 and (H%) = diag(1,1).
Finally, by a completely analogous procedure to that described in Remark 3.19, we observe
that we get, up to a global sign, our negative timelike quaternionic paraKéahler Heisenberg
four-manifolds.

3.1.3 Positive (timelike) quaternionic (para)Kahler Heisenberg four-manifolds

Definition 3.21. A (timelike) quaternionic (para)Kéhler Heisenberg four-manifold is said to
be positive if eA > 0.

Remark 3.22. Note that positive quaternionic Kahler Heisenberg four-manifolds have A > 0
while the positive timelike quaternionic paraKé&hler ones have A < 0.

Let v € R and let I be a connected component of the set:
{peR|p#0,p+v>0and p+2y<0}. (55)

Clearly, p > 0 and v < 0. Let p: J = I, t = p(t) be a maximal solution of the ordinary

differential equation:
2eA p(t) +~
'(t) = )/ —p(t)| ——t——, 56
() = 0l [~ (56)

with initial condition p(0) = pg. Define:

Ao ) =y 5ot 252 Bl = [ e (51)

Proposition 3.23. Let (A(po,7), B(po,7)) as in (57). If eA > 0, there exists a unique pair
(po,7y) such that:

A(po, ) = B(po,7) = 1. (58)

Proof. If we impose A(po,7y) = B(po,7y) = 1, we can solve for « in the equation B(pg,~y) = 1
and get:

el
2v = —po <1 + ?P()) : (59)
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Now substituting this result in A(pg,y) = 1 we find the following cubic equation:

3 3 9
¥ AR T kA
This is formally equivalent to that found for negative (timelike) quaternionic (para)Kéahler
Heisenberg four-manifolds, although now A > 0. The previous cubic equation has a unique
real root when €A > 0 and it turns out to be:

=14 (eN) V39K + VB1KZ + eA)?/3
2k(eA)V/3(9k + V81k2 + eA)1/3
Taking this expression into that of 4 given at (59), we find the unique solution (pg,~).

Finally, after a careful study, in addition to pg # 0 we may learn that py + v > 0 and
po + 27 <0 for all eA > 0 and we conclude. O

=0. (60)

> 0. (61)

According to Proposition 3.9, there exists a unique solution (a(t),b(t)) for eA > 0, which
we proceed to present now.

Proposition 3.24. Let (pg,~y) denote the pair of Proposition 3.23 and (A(po,~), B(po,7)) as
in (57). Set:
(a(®),b(t)) = (A(po,7); B(po, 7)), (62)

These are all the solutions to (20) with eA > 0 and, consequently, all positive (timelike)
quaternionic (para)Kéahler Heisenberg four-manifolds. They all are incomplete.

Proof. The fact that they all are solutions to (20) with eA > 0 follows by direct computations
and by use of Proposition 3.23. Regarding the incompleteness, since py > 0 and «v < 0, let
us consider the geodesic defined by the coordinate p (related to the temporal coordinate as
in (43)), with p defined between (—v, —27v). We calculate its length:

27 q 2 -1
,/i/ 1 ‘f’* V‘dpgc/ Lo <,
220 ) el | o+ 0o VT

where C' > 0 is given by C' = —/ 25%7( , being ¢ the maximum of the function

lp+2y

on

the compact interval [—7, —27]. Since the length of this curve, which reaches the boundary
of the domain of definition of the parameter p, is finite, we conclude that the solution (62)
is incomplete.

O

Remark 3.25. The non-stationary solutions with éA > 0 are obtained from those with
e\ < 0 basically by replacing eA — —eA and changing suitably the domain of p to ensure
the reality of the coordinate.

Remark 3.26. We may interpret positive (timelike) quaternionic (para)Kéahler Heisenberg
four-manifolds as positively (negatively) curved versions of the one-loop deformed universal
hypermultiplet solution.

Proof of Theorem 1.2. Collecting the results given in Propositions 3.16, 3.17, 3.23 and
3.24 and expressing the metric in terms of the coordinate p, as defined by (42) and (43) in
the negative case and by (55) and (56) in the positive case, we conclude.
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3.2 Spacelike quaternionic paraKihler Heisenberg four-manifolds

Now we continue with the classification of all spacelike quaternionic paraK&hler Heisen-
berg four-manifolds. For that, we shall use the ansatz described in (13), valid in an open
subinterval Z] C Z, which we rewrite here for the benefit of the reader:

c(t) h(t) 0
Ut = (h(t) b(t) 0 ) el el] = —2kely . k>0. (63)
0 0 at)

Proposition 3.27. The non-zero components of the Ricci curvature tensor Ric? of the metric
obtained from (63) are:

(—2a%ch(TV + )N + a?(—4(V)? + (W)?) + h*(—4(a")? + 2aa"))

Ricg(at, Ot) =

2a2(bc + h?)?
+a2h2((b’)2 +6vd + (CI)Z _ 8(h’)2 + QCb”) + b2a2(—4(cl)2 + (h/)Z)
2a?(bc + h?)?
+b%(c?(—4(a’)? + 2aa") + 2acc”)) + 4a’h3h" + 2bac?b” — 2ba’hb' b
2a?(bc + h?)?
+2b(a2h(—7c’h’ + h”) + c(3a?(W)? 4+ h2(—4(a’)? + 2aa”) + 2a?hh"))
2a2(be + h?)? '
2)2 1 2 201/ N2 _ 2(pN2
Ricf(cl,¢l) = —2k? (be —Zzh )* 2bcb'd +4b (¢)? —12—(126(:1_ )]12)2 2bc(h')* — c*(K)
a' (b +hh')  2b%cc” + h2(—()? + 2V ¢ + (¢)? — 6(h)? 4 2bc"))
abe 12 T 2(be + 12)?2
+Qh?’h” + 2h((t' (b — 2¢) — ¢ (6b + ¢))h' + beh”)
2(bc + h?)? ’
Ricd(ct o) — 3b2c'n’ N a'(—=h(' + )+ (b+ c)) N 2RV + ") — 4t + )W)
2(bc + h?)? 2a(bc + h?) 2(bc + h?)?
C(3VR — bh") — bh(3V'¢ + ()2 — 4(H)? + hh") — chb/ (b + 3¢')
2(bc + h?)?
L Ch(H? £ b + ) — c(hH" £ b + N — bh")
2(bc + h?)? ’
h2)?2 h((c2 = b? 2 _ 9K + 12 ) ) I 190
Rico(e, o) — ok (be 46;2 ) n ((¢# = b+ 6h bc) 2(;—6 +chh21;2 e h + 2bh(V + 2c)))
a'(ct! +hh') V(42 — B2 — 202 + 2bed) + h3()?
aber i) T 2(be + 12)?
V' (ch® + bc*) + " h(h* + be)
a (be + h2)? ’
2)2 2 1 / / "
Ricf(ch,l) = —2k2 (be —Zzh ) n 2(32) a (cba(—il;cbi szhh) B %'

Proof. By direct computation. O
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Proposition 3.28. Let (M, g) be a spacelike quaternionic paraKédhler Heisenberg four-manifold.
Then:

KR+ (AP + (1)) A 3(kb® + ab')3

/
t = =
@(t) 2abl’ ’ a2b2(3k65 + ab')

c=b, h=0. (64)
Furthermore, T, = T.

Proof. We remind that a spacelike quaternionic para Kéhler Heisenberg four-manifold is
Einstein and its Weyl tensor is self-dual. On the one hand, by setting that Ricf(ef,eb) =0
one infers:

3ac?b'h’' + b*(ca’ + 3ac )W + h?(ca’ — 4a(t/ + ))h' — ach((b')? + 3b'd — 4(K')?)
a(b+ ¢)(be + h?)
R3(a(d” + ") —a' (V' + ) + b(c2a’h — had (3V + ) + h2a’h + 4ah(R')?)
+
a(b+ ¢)(be + h?)
+bc(a(b’ + W+ h(a + ") —d W +)))
a(b+ c)(bc + h?) ’

h// —

(65)

Computing the Weyl self-duality tensor W9 for the ansatz (63) and substituting the previous
result, we have that:

(kbe + kh? — a')(—=h(t/ + ) + (b + c)R)

t ) oty
W(elv t; €3, ¢ ) 2a(bc+h2)

=0. (66)

If a’ = k(bc + h?), this would in turn imply that A = 0, but we are imposing the condition
that A # 0 to study proper quaternionic paraKahler four-manifolds, so we conclude that
necessarily —h(t' + ) + (b + ¢)h’ = 0. Since h(tg) = 0 and b(tg) + c¢(tg) = 2, there exists
an open subinterval of Z! in which b(t) + ¢(t) # 0 and h(t) = 0. In fact, b(¢) + ¢(t) # 0 for
all t € 7., because otherwise there would be t; € 7! satisfying b(t1) = —c(t1) and h(t1) = 0.
This would imply in turn that det Ut = —a(t1)b(t1)%. If a(t1) < 0, we see that there was a
time ty € Z. in which a(ty) = det U2 = 0 (remember that a(ty) = 1) and if a(t;) > 0, then
det U < 0 and there was a time t3 in which det U'* = 0 (note that det U™ = 1). Since U*
is non-degenerate by hypothesis for all ¢ € Z., we conclude that h(t) = 0 and b(t) + ¢(t) # 0
in the entire Z_.

Now we can solve for a”, 0", " and @' from the Einstein condition RicY = Ag and we get:

k2b3 3 2 —Ab b
dt) = — ¢’ 4 a”( c + c)7 (67)
a(ch’ 4 bc')

—k%a?b3c3 (2bcb'd + 3¢ (V)2 + b2 (3()? + 4Ac?))

a// t —
Q a3be (cb + be')?
N at (=02 (()? +4Ac?) — A(V)3 + 20203¢3) + 2k*b7c7 (63)
a3be (cb' + be!)? ’

" a?b?V' ()2 + 2a2be(V)2d + 2a232 (V)3 — Aa?b3ed + K26ty + 2k205¢3 ¢

() = ,(69)
a?be (e + be’)

") a? (beb' (2(¢)? — Ac?) + A (V)2 + 20*()?) + kb3 c* (2 + b)) (70)

¢ = :

a?be (cb + bc)
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Taking these results into the remaining components of the Weyl self-duality tensor, we find
in particular that:

bict b2c?(2cb’ + bc) 206’ + c(V)? — Ab*c
gt t t .t _ —/<;3 _ k:2 _
W ez, €3 €2, ¢) a?(ct! +bc) a?(ct/ +bc) ¢ a(ch’ + bc’)
AV £ 3(V)?) — 2Abel (71)
3b(ct' +bc) '

Equating the last expression to zero, one solves for A and finds:

_ 3(kb*c +ab')? (kb + ac)
~ a2b(—3kb2c% — 2ach’ + abc’)

Plugging this last result into the other components of WY, we encounter in particular:

kb?c+ ab)(kbc® 4 ac’)(ct/ — bc)
(abe(—3kb%c? — 2ach’ + abc’))

Wg(eivegvatveg) = ( (72)
For the latter to be zero, either one of the three terms in brackets must be zero. However,
if any of the two first terms in brackets is zero, then A = 0, so we discard this possibility
and hence c¢b' — b’ = 0, which in turn implies that ¢(t) = b(t) since c(ty) = b(ty) = 1.
Imposing then that c(t) = b(t) we find that all the components of W9 vanish identically
and, collecting all the results derived up to this point, we arrive to (64). We check as well
that equations (64) are consistent with (68),(69) and (70). Finally, we observe that h(t) = 0
and ¢(t) = b(t) is equivalent to the metric adopting the form g = —dt* — b=2(¢)(ef, ® e}, —
e%o ® efo) + a_2(t)e§’0 ® eg’o, so it is clear that the metric has a singularity whenever any of
the functions a(t) or b(t) converges to zero or diverges. Hence Z., the interval of definition
of the ansatz (63), must coincide with Z and we conclude. O

Proposition 3.29. Let (M, g) be a spacelike quaternionic paraKéahler Heisenberg four-manifold.
Then:

e The cigenvalues of the Weyl tensor, understood as a symmetric endomorphism of the
bundle of two-forms, are given by (—2v' v/, 1), where:

J 16k3b7
~ ead(3kb3 +ab')

e (M, g) is conformally paraKéahler for two paracomplex structures with opposite orien-
tations.

Proof. The proof is analogous to the timelike case. We define:
wi =dt Al +x(dt Ael). (73)

Interpreting the Weyl tensor as a symmetric endomorphism of the bundle of two-forms in
the canonical way, we have:

W9 (wy) =vwy, W (ws) =1ws, WI(w3)=—-20"ws.
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This proves the first bullet-point of the Proposition. With regard to the second one, observe
that the rescaled two-form
Q3 = ngyg/swg

is closed and satisfies that ]@3\3 = —4 with respect to the rescaled metric § = ]ngg/ %g.
Then, using that the following two-forms

(I}QZGbWQ, @3:abW3

are closed, direct application of the para-version of Lemma 3.6, see Remark 3.8, proves
that g is paraKéhler with paraKahler form w3 and we conclude. A conformally paralKahler
structure for the opposite orientation can be obtained by introducing a relative sign in

(73). O

Remark 3.30. In complete analogy to the situation in the timelike case, in the proof of
Proposition 3.29 we have shown that (M, g) not only is conformally paraKahler but admits
as well two almost (para)Kéhler structures @w; and @y compatible with a second conformally
rescaled metric ¢’ := abg, such that \@1]3, = —]@2\3, =4.

We can construct all solutions to equations (64) from solutions to the equations (20) for
timelike quaternionic paraKéhler Heisenberg four-manifolds, as the following Proposition
shows.

Proposition 3.31. Let (a(t),b(t)) solve equations (20) for e = —1 and a given value of A.
Then (a(2tg —t),b(2tg — t)) solve (64) for the same value of A.

Proof. Defining ag(t) = a(2to—t) and bs(t) = b(2tg—t), we observe that ag(t) = —a’(2tg—1t)
and bg(t) = —b/'(2tg —t). If a(t) and b(t) solve (20) for a given A, then ag(t) and bs(t) solve
(64). Furthermore, ag(to) = a(to) = bs(to) = b(to) = 1 and we conclude. O

Remark 3.32. If Ztmelike denotes the interval in which a timelike solution (a(t),b(t)) is
defined, then the spacelike counterpart (a(2ty — t),b(2tg — t)) is defined in the interval
Ispacelike —_ {t cR | 2t0 —tc Itimelike}.

Given this correspondence between timelike and spacelike quaternionic paraKéhler Heisen-
berg four-manifolds, it is natural to split the study into stationary, negative and positive
spacelike quaternionic paraKéhler Heisenberg four-manifolds, which are obtained from the
associated stationary, negative and positive timelike counterparts.

3.2.1 Stationary spacelike quaternionic paraKihler Heisenberg four-manifolds

Definition 3.33. A spacelike quaternionic (para)Kéahler Heisenberg four-manifold is said to
be stationary if A = 6&2.
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As in the timelike case, the name stationary comes from the fact that if we set b = ¢ and
h = 0 in the expression for the Ricci tensor in Proposition 3.27:

Ric9(9;,0,) = —2X2 —p2+2X + 4/, (74)
Gt St 2k72b4 2 !
Ric9(e],e]) = — o 20° — A+ N (75)
2k2b*
Ric9(eh, b)) = o T P CIED V7D U (76)
_ 2k2b?
Ric?(eh,e5) = —=5— +2\u+p’ =, (77)

where p = (loga(t)) and A = (logb(t))’, then if we set u' = X = 0 we have that A = 6k>
and hence the name stationary.

Proposition 3.34. All stationary spacelike quaternionic paraKahler Heisenberg four-manifolds
are given by :
a(t) = 10 1 p(t) = ekt (78)

These solutions are isometric to an open orbit of a four-dimensional solvable subgroup (which
contains a Heisenberg subgroup) of SL(3,R) on the symmetric space:
SL(3,R)
S(GL(1,R) x GL(2,R))

(79)
Furthermore, they all are incomplete.

Proof. These stationary solutions are just obtained by using Proposition 3.31 and carrying
out the change t — 2ty — ¢ in the stationary solutions found in (37). Also, the fact that
these solutions are the unique stationary spacelike quaternionic paraKéahler Heisenberg four-
manifolds follows by the use of Propositions 3.31 and 3.11.

In complete analogy with the timelike case, we encounter that VIRY = 0, where RY is Rie-
mann curvature tensor of g. Upon use of the classification of pseudo-Riemannian symmetric
spaces of quaternionic paraKéhler type [AC, K], we conclude (by comparison of curvature
tensors) that the resulting space is locally isometric to the symmetric space (79). In partic-
ular, the solutions turn out to be isometric to a left-invariant metric on a simply transitive
solvable subgroup of SL(3,R). This can be seen by following analogous arguments to that
of the proof of Proposition 3.11. Finally, we infer that the underlying pseudo-Riemannian
manifold is incomplete since the timelike quaternionic paraKéhler solution, from which the
spacelike one is obtained, is incomplete (and this property does not change under a change
of coordinate t — 2ty — t). O

Proof of Theorem 1.1. It follows directly upon consideration of Propositions 3.11 and
3.34.
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3.2.2 Negative and positive spacelike quaternionic paraKadhler Heisenberg
four-manifolds

Definition 3.35. A spacelike quaternionic paraKéahler Heisenberg four-manifold is said to be
negative if A < 0. Similarly, it is said to be positive if A > 0 but A # 6&2.

By the use of the Proposition 3.31 together with the classification of timelike quaternionic
paraKéhler Heisenberg four-manifolds, we may actually obtain all negative and positive
spacelike counterparts.

Proposition 3.36. Let (a(t),b(t)) as in (62). Then (a(2ty — t),b(2ty — t)) are all solutions
to (64) with A < 0 and, consequently, all the negative spacelike quaternionic paraKéhler
Heisenberg four-manifolds. They all are incomplete.

Proposition 3.37. Let (a1(t),b1(t)), (ax(t),ba(t)) and (as(t),bs(t)) be as in (52), (53) and
(54), respectively. Then (aq(2to—t), b1 (2to—t)) (defined for all A > 0), (az(2to—t), ba(2to—t))
and (a3 (2tg —t),b3(2tg — t)) (the last two defined for all A > 81k?) are all solutions to (64)
with A > 0 and A # 6k? and, consequently, all the positive spacelike quaternionic paraKahler
Heisenberg four-manifolds. Solutions (as(2tg — t),ba(2tg — t)) and (ag(2tg — t), bs(2ty — t)),
as well as those arising from (ay(2tg —t),b1(2tg — t)) for A < 6k?, are incomplete!”.

Proof. The previous two Propositions are shown by direct use of Proposition 3.31 and by the
fact that all timelike quaternionic paraKahler Heisenberg four-manifolds are incomplete, a
geometric property that does not change after the trivial change of coordinate t — 2tp—t. [

Remark 3.38. Note that negative timelike quaternionic paraKéhler Heisenberg four-manifolds
are in correspondence with their positive spacelike counterparts and vice versa. However, we
must bear in mind that in the negative timelike case A > 0 while A < 0 for positive timelike
quaternionic paraKéahler Heisenberg four-manifolds, and thus the results are consistent.

Remark 3.39. Positive spacelike quaternionic paraK&hler Heisenberg four-manifolds corre-
spond as well to neutral-signature analogues of the one-loop deformed universal hypermulti-
plet, since they can be obtained from the so-called Euclidean supergravity c-map [CMMS2].
In fact, if in Equation (59) of Reference [DV] we choose M to be a point, €1 = 1, €5 = %1,
I=0,2"=1and Fy = Ze71(X0)2, eX = —1/2 and (H)® = diag(1, —1), we observe that after
an equivalent procedure to that of 3.19 we have, up to a global sign, the positive spacelike
quaternionic paraKéhler Heisenberg four-manifolds derived before. Regarding their negative
counterparts, we may interpret them as negatively-curved versions of the neutral-signature
one-loop deformed universal hypermultiplet.

Proof of Theorem 1.3. Just by taking into account Propositions 3.31, 3.36 and 3.37.

1"We expect, in the light of Remark 3.18, solutions (a1(2to — t), b1(2to —t)) with A > 6k to be incomplete
too.
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3.3 Lightlike quaternionic paraKahler Heisenberg four-manifolds

Finally we classify all lightlike quaternionic paraK&hler Heisenberg four-manifolds. We will
make use of the ansatz (14), which gives us a simple way to describe, through a suitable Witt
basis {e!, ¢!, eg}, the corresponding metrics of lightlike quaternionic paraKéahler Heisenberg
four-manifolds. We rewrite here this ansatz, valid in principle in a subinterval Z; C Z:

1
Uy = | f(t) b(t) pt) |, [ef,e)=—2ke?, k>0, (80)
0 0 a(t)

We write first the Ricci curvature tensor Ric? arising from (80).

Proposition 3.40. Let (M, g) be a lightlike quaternionic paraKéhler Heisenberg four-manifold.
The non-zero components of the Ricci curvature tensor Ric? read:

aa” —2(a’)?  3(¥)% — 200"

Ricg(at, at) == a2 - 2b2 5 (81)
) b/ 2 a/b/ _ ab//

Rie/(e) ) = U T (52)

! ! ! / \2 2 /gl " "

capt oty a@f = fo) (b —bp')*  Bf(V)° —b@EBV S+ fV)  f

Ric/(el,el) = = YT R 2 - (83)
) —2ap(¥')? + b(2ab'p’ + p(—3a’b’ + ab™)) + b*(3a’p’ — ap”

Rng(QZ, eg) — ( ) ( ( 52 )) ( ) ’ (84)
) 2 CL/ 2 CLCLH a/b/

Rng(eg, eg) = ()T + E . (85)

Proof. By direct computation. O

Proposition 3.41. Let (M, g) be a lightlike Heisenberg four-manifold. It is Einstein with
Einstein constant A # 0 if and only if:

"2 /
a’ = —Aa+M+a'b—,
a b
7(()’)2
"o
v = —Ab+ T
P W () S e VA AT
N ab 2a20? b2 ’
g —2p(b)?  3dp 2abp + p(—3d't + ab”)
P 2. T ab ’

P gAY
© T N\v T w)
Proof. Assume Ric? = Ag. Using Proposition 3.40, from (85) we may solve for a”:

2 AV b/
a”:—Aa+%+a'€. (86)
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Now from (83) and (84) we may solve for f” and p”:

po= GCIY L) G —bp') | (SBFY)? + 3B+ bfY))
B ab 2a2b? b2 ’
p// _ _ZZZgb/)2 + 3(1/]9/ I 2ab’p’ —|—p(_3a’b’ + ab”)

a ab

Substituting these results we have obtained on the rest of the components of the Ricci tensor,
the Einstein condition is fulfilled if:

Ab Y 7(v')?
! _ _ /! — _
a =a <_b/ _4b> , b Ab+ 0

After imposing this last condition, we observe that Ric? = Ag. Checking that the derivative
of previous equation is consistent with (86), we collect now all the results we have obtained
and we conclude. O

In order to classify all lightlike quaternionic paraK&ahler Heisenberg four-manifolds, we
need to know the conditions for an Einstein lightlike Heisenberg four-manifold to be half-
conformally flat, which is equivalent to W9 = 0.

Proposition 3.42. Let (M, g) be a lightlike Einstein Heisenberg four-manifold with Einstein
constant A # 0. The Weyl self-duality tensor WY vanishes identically if and only if:

b(t) =eva T ait) = e\/g(t_to) . f®) =pt)=0, A>0.

In particular, if (M, g) is half-conformally flat, it is actually conformally flat.

Proof. Using the results of Proposition 3.41, we find:

A 1Y
W(ez,at,at, ef)) = E — g <3> .

Hence: )
3/
A=—-|— 0. 87
2(5) > (s7)

Note that this equation is consistent, since by differentiating with respect to ¢ and using the
expression for b’ found in Proposition 3.41, we indeed get that the right-hand side of the
previous equation is indeed zero. Similarly, we have that:

v (—pbt +bp)

W(aheg’egneg) = 4dab?

=0.

If & = 0, this would imply in turn that A = 0. Since we are assuming that A # 0, we find
that —pb’ + bp’ = 0, which is equivalent to p(t) = 0 on taking into account that p(tg) = 0
and that b(t) # 0 since otherwise Ufj, would be degenerate. Finally, on substituting these
results, we also have that:

V(=fb' +bf)

W(efjaatuefnat) = 2b2

=0.
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From here we find that f(t) = 0 and then we encounter that not only the self-duality
tensor vanishes, but also the Weyl tensor itself, so the subsequent metric is conformally flat.
Simplifying the result for o’ obtained in Proposition 3.41 by using (87), we have that the
remaining differential equations to solve are:

4 3 (b’
r_ v _°2(Z
@ =ag, A= (b) '
The solution to the previous system of ordinary ODEs with the initial conditions a(tp) =
b(tg) =1 is:

b(t) = e%(t—t()) ,a(t) = e\/g(t—to) 7

and we conclude. O

Remark 3.43. The metric g, in terms of the coframe {dt, ¢f ,e? , ¢} } reads:

1
g=—dt* + ——¢, @ep +

3 3
b (t) 5, ® e

o
(a(t))

_2VA t—t —Mt—t
— AP e VT oo e Ve )

3 3
e, &g -
We observe from the previous expression that the metric is indeed conformally flat: by

— VA (4(5)—
defining a new coordinate dt = e V3 (t(t)—to)
i =278 (D) —to)
with conformal factor e V3 _

dt, it is clear that the metric is conformally flat

Proposition 3.44. All lightlike quaternionic paraKéhler Heisenberg four-manifolds are con-
formally flat and isometric to the solution given by:

o
b() = A 00 gy = V3 gy ) =0, A >0, (88)

where t € I) = T = R. The subsequent pseudo-Riemannian manifolds are incomplete.

Proof. The fact that t € Z) =7 = R follows by seeing that (88) is defined in the entire real
line. Consequently, we only have to show that the corresponding metrics are incomplete. For
that, let us set tg = 0 for the sake of simplicity (we can always achieve it by shifting the time
coordinate) and let us use the coordinates (3) for H. We consider the geodesic I : J — (ZxH)
with J C R whose coordinates (which we assume to be affinely-parametrized by 7) are given

by:
V3 4A sinh*(7/2 + B) i 5
<_ s () o snl(o/2 1 B) O) W

where we choose a certain B € R>?. This geodesic is not defined ¥7 € R and we conclude
that the underlying pseudo-Riemannian manifold cannot be complete. U

Remark 3.45. Differently from what happens in the previous cases, when the Heisenberg
center is lightlike it is possible to find Lorentzian conformally flat'® Einstein metrics. Setting
the metric to be:

g =dP e O Fel @, (90)
¥Note that for a Lorentzian metric the two components of the Weyl tensor (Li-eigenvectors of the Hodge

operator) are related by complex conjugation. So half-conformal flatness in the Lorentzian setting implies
conformal flatness.
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we can find, in a completely analogous manner to that presented in the study of light-
like quaternionic paraKéahler Heisenberg four-manifolds, that the following choice for the
functions in Uy,

b(i) = T ) = VT fy = p) =0, A <0 (91)

yields Lorentzian conformally flat Einstein metrics. As for the neutral-signature metrics,
these metrics are incomplete.

Proof of Theorem 1.4. It follows on noticing that Theorem 1.4 is equivalent to Proposition
3.44.

4 (Para)HyperKahler Heisenberg four-manifolds

In this section we are going to classify all Heisenberg four-manifolds which are further-
more (para)hyperKéhler. For that, we begin by providing the most adequate definition of
(para)hyperKéhler four-manifold for our purposes.

Definition 4.1. Let (M, g) be a neutral-signature or Riemannian orientable four-manifold. It
is said to be (para)hyperKéhler if there exist three closed self-dual two-forms (called Kéhler
forms) w; on M, with ¢ = 1,2,3 or i = u,v,3 which satisfy the condition:

wi Awj = 2endvolar, 4,5 =1,2,3, or i,j=u,v,3, (92)

where ¢ = 1 if (M, g) is Riemannian and ¢ = —1 if (M, g) is of neutral signature, n is given
by (7) and where dvoly; denotes the canonical volume form given by the metric and the
fixed orientation on (M, g).

Remark 4.2. The usual definition of (para)hyperKéhler four-manifold (M, g) is that of a
Riemannian (resp. neutral-signature) four-manifold whose holonomy group is contained
in the symplectic group Sp(1) (resp. in the pseudo-symplectic group SL(2,R)). This is
equivalent to the existence of three parallel (with respect to the Levi-Civita connection of
(M, g)) (para)complex structures J; € End(TM) which are antisymmetric and satisfy'?
JioJj+ JjoJ; = —en;;ldry. The relation between this definition and ours is given by
the Hitchin lemma [H|, which can be rephrased by saying that the existence of three closed
and self-dual two-forms w; € Q*(M) on (M, g) satisfying w; Aw; = 2en;jdvoly is equivalent
to the existence of three (integrable) parallel (para)complex structures J; satisfying the
aforementioned relations.

Remark 4.3. We would like to remind the reader that (para)hyperKéhler manifolds are
Ricci-flat.

19We allow the possibility of having two (integrable) nilpotent endomorphisms and a paracomplex structure.
Note however that these can be obtained from linear combinations of two paracomplex structures and a
complex one satisfying the relations J; o J; + J; o J; = —enijldras.
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From the previous Remark and Proposition 2.4, we have that timelike, spacelike and lightlike
parahyperKahler Heisenberg four-manifolds comprise all possible types of parahyperKéahler
Heisenberg four-manifolds. We introduce the following notation.

Definition 4.4. Let (M, g) be a Riemannian or neutral-signature Heisenberg four-manifold
and let {e!};ez be a family of orthonormal or Witt frames on H. For ¢y € Z, we say {¢! }1er
is a tg-canonical frame if the only non-vanishing Lie bracket at tg is:

e For (M, g) a Riemannian or a timelike Heisenberg four-manifold:

[eh, 0] = —2kel, Ek>0. (93)

e For spacelike Heisenberg four-manifolds:

[, ] = —2kel?, k>0. (94)

e For lightlike Heisenberg four-manifolds:

[efo,ef0] = —2kelo . k> 0. (95)

v

Lemma 4.5. Let (M, g) be a Riemannian or neutral-signature Heisenberg four-manifold. It
is (para)hyperKéhler if and only if, for ty € Z, there exists a to-canonical frame {e¢!};c7 such
that the following self-dual two-forms:

Ww; :aijdt/\e{—l—aij*(dt/\e{). (96)

are closed, where {¢!};c7 denotes the associated family of coframes dual to the to-canonical
frame and o;,; € C°°(I), 04y, 04,5 € C°°(M) such that (o;;(p)) € SO(R3,n) for all p € M
with:

e i =1,iy =2 and iz = 3 if (M,g) is a Riemannian or a timelike Heisenberg four-
manifold,

e i1 =3,iy=1and iz =2 if (M,g) is a spacelike Heisenberg four-manifold,

e i1 =u, is =v and i3 = 3 if (M, g) is a lightlike Heisenberg four-manifold.

Proof. Assume first that the self-dual two-forms w; in Equation (96) are closed. By direct
computation, we check that w;Aw; = 2en;jdvol s and, therefore, (M, g) is (para)hyperKéhler.

Conversely, assume that (M,g) is a (para)hyperKéhler Heisenberg four-manifold. Let w;
be the corresponding Kéhler forms. Note first that the (para)quaternionic structure @, at
any point p € M is defined by one of the two simple ideals of so(T,M) = Q, & Q;, where
Qp = Q;, = s5u(2) or Q) = Q;, 2 5[(2,R). Therefore it is invariant under any orientation-
preserving isometry. Consider the vector space V = R3 consisting of all parallel sections of
Q endowed with the Euclidean or Lorentzian scalar product (A, B) = —%tr AB. Since the
Heisenberg group acts through orientation-preserving isometries, we obtain a representation
p : H— SO(V), whose image is a nilpotent subgroup of SO(V'). In the Riemannian case,
this leads us to the conclusion that the image of p is contained in an SO(2)-subgroup and,
therefore, preserves a non-zero vector in V. In the neutral-signature case, the image is
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contained in a one-dimensional subgroup conjugate to SO(2), SOg(1,1) or to a unipotent
group that preserves a lightlike vector. Again, we can conclude that the representation p,
independently of the signature, always leaves invariant a non-zero vector of V. This implies
there is an orthonormal or Witt basis (Ji, Ja, J3) of V' which contains an invariant element.
(We recall that according to our conventions (J;, J;) = n;; with n as in (7).) If the element
has stabilizer SO(2) in SO(3), we can assume it is J;. If it has stabilizer SO(1,1) we can
take it to be Js. If it is lightlike, the basis (Ji, Ja, J3) is a Witt basis (Jy, Jy, J3) and we
can assume that the invariant element is J,,. Then the corresponding left-invariant Kéhler
forms w;, can be chosen so that o;,; € C*°(Z) with i1 € {1,3,u} as in the the statement of
the lemma and we conclude.

O

After these preliminary results, now we continue with the classification of Riemannian and
neutral-signature (para)hyperKéahler Heisenberg four-manifolds.

4.1 HyperKahler and timelike parahyperKihler Heisenberg four-manifolds

We carry out the classification of hyperKéahler and timelike parahyperKéhler Heisenberg
four-manifolds at once, since we will see that the procedure is strictly analogous. We fix

a to-canonical frame {e!};c7 which satisfies (93) and we set the ansatz (12) for the matrix
Ut:

a(t) 0 0
U= 0 bt 0], abchecCI). (97)
0 h(t) ct)

Proposition 4.6. Let (M,g) be a (timelike) (para)hyperKéahler Heisenberg four-manifold.
Then it is isometric to:

a=1+3k(t—1t)"?, b=c=1+3k(t—1t))" %, h=0. (98)

The maximal domain of definition of these incomplete metrics is (to — (3k)™!, +00) x H.

Proof. According to Lemma 4.5, there exists (at least) a Kahler form w; belonging to the
(para)hyperKahler structure which is additionally invariant under the Heisenberg group
action. If wy = oy;dt A ei + o1 % (dtA ei), then it can be seen that the equation Vw; =0 is
equivalent to:

o’ o] hd —he d Voo be

oy =0, 22=_"18_"" " g —kbe, h'=-h, —=—=—k—.

o13 o12 2bc c a
The unique solution to the previous system of ordinary differential equations with the initial
]([:)onditions a(to) = b(to) = c(to) = 1, h(tp) = 0 and oyjl¢, = a?j, for O’?j € R, turns out to

e:

a=(1+3k(t—t)/?, b=c=(1+3k(t—t)) ", h=0, o =0. (99)



4 (Para)HyperKéhler Heisenberg four-manifolds 38

This solution is defined in the interval Z = (to — (3k)~!,4+00) and we observe that the
isometry type of (M, g) is completely fixed. Now, using (99), we note that the following
two-forms:

wi=dtAel +x(dtAel), i=1,2,3

are self-dual, closed and satisfy w; A w; = 2en;;dvolyr. Hence we conclude. O

Remark 4.7. In terms of the coframe {dt, ¢} }, the metric of a (timelike) (para)hyperKihler
Heisenberg four-manifold (M, g) reads:

S
(14 3k(t —tg))%/3 Z

g = edt® + L@ e+ (L4 3k(t —10)/? (¢}, @k + ¢ @) . (100)

We find that (M, g) is Ricci-flat and that the Weyl tensor is antiself-dual.

Remark 4.8. Redefine the time coordinate as e3#* = 1+ 3k(t —ty). Then the metric g reads:
g =R + e _Zkte%o ® ey, + erf(efO ®ef +e) ®e}). (101)
Now if we consider the rescaled metric § = e_ﬁkfg, we observe that:

:df2+et1®e%+etg®e§+e§’®e§, (102)

Na)Y

—4kt 1 2 —2kt ,2

Hh el — 3 _ ,—2ki,3
with e = e™ e, ef = e ey and ef = ¢

¢;,- We compute:
dej = dke} AdE+2ke? Ael,  de? =2ke} AdE,  ded = 2kel AdE. (103)
So we observe that {dt, ef, ef, ¢ t} defines a left-invariant coframe on R™ x H. Therefore the

singularity in the metric (100) is just present up to a conformal factor, compare with [DH].

4.2 Spacelike parahyperKahler Heisenberg four-manifolds

Now we continue with the classification of spacelike parahyperKéahler Heisenberg four-
manifolds. We set a to-canonical frame {e!};c7 which satisfies (94) and we use the ansatz
(13) for the matrix U? (valid for a subinterval Z! C Z containing (), which we rewrite here
for the sake of clarity:

c(t) h(t) 0
U= -h(t) bt) 0 |, abcheC®T). (104)
0 0 a(t)

Proposition 4.9. Let (M, g) be a spacelike parahyperKéhler Heisenberg four-manifold. Then
it is isometric to:

a=(1-3k(t—to)'/3, b=c=1-3k{t—1t))""*, h=0. (105)

The maximal domain of definition of these incomplete metrics is (—oo,to + (3k)™1) x H.
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Proof. In an analogous fashion to the proof of Proposition 4.6, we consider a K&hler form
w3 invariant under the Heisenberg group, which we know to exist by virtue of Lemma 4.5.
Writing w3 = o3;dt A ei + o35 % (dt A ei), the parallel condition Vws = 0 implies that:

o3 oby  h(d =b)+N(b—c)
032 031 2(bc+h2) ’
W hkb202 + 2kbch? + kh* + acd _ hkb202 + kh* + 2kbch? + abb/
a(be + ¢ + h?) a(be + b% + h?)
Yo kb3c? + kch* 4+ kbh%(2¢? + h?) + kb%c(c? + 2h?) — ah?d

a(be + 2 + h?)
, kb3c? + kch* 4+ kbh%(2¢? + h?) + kb%c(c? + 2h?) — ah?V

c - a(be + b2 + h?) ’

d = —k(bc+h?).

This is a system of first-order ordinary differential equations with the initial condition a(tg) =
b(to) = c(to) = 1, h(to) = 0 and o3jls, = agj, for agj € R. It can be see to admit a unique
solution, which turns out to be:

a=(1-3k(t—t))"/*, b=c=(1-3k(t—t))*, h=0, o3=0%. (106

This solution is defined in the interval Z, = (—o0, to+(3k)™!)). Ansatz (104) was in principle
valid only for a subinterval Z C 7 containing ¢y, but we note that actually Z. = Z, since at
t = tg + (3k)~! the metric has a singularity and cannot be extended for larger values of .
Using now (106), we observe that the following two-forms:

wi=dt el +x(dtAel), i=1,2,3

are self-dual, closed and satisfy w; A w; = —2n;;dvoly;. Hence we conclude. O

Remark 4.10. We observe that the subsequent pseudo-Riemannian manifold is Ricci-flat
and the Weyl tensor is antiself-dual. The metric turns out to be:

1 .3
(1= 3h(t — to))23 1

g=—dt? + (1= 3k(t —10))*? (—ep, @ ¢}, + ¢} @i ) + ® e .

4.3 Lightlike parahyperKahler Heisenberg four-manifolds

Finally we carry out the classification of all lightlike parahyperKé&hler Heisenberg four-
manifolds. In analogy with the previous cases, we pick a to-canonical frame {e!};c7 which
satisfies (95) at top € Z and we choose the ansatz (14) for U};, (valid for a subinterval Z, C 7
containing tg), which we present here again:

Uy = | f(t) b(t) p(t) ], abcf.peCT) (107)
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Proposition 4.11. All lightlike parahyperKéhler Heisenberg four-manifolds are isometric to
(R x H,g), where g is the metric (5) constructed from a ty-canonical frame {e!}icg such
that:

a=b=1, f=-2kt—t)), p=0 (108)

Furthermore, such metric is flat and isometric to (R*,n) (and therefore, complete).
Proof. Following Lemma 4.5 and its notation, let w, denote the corresponding Kéahler form

that is additionally invariant under the Heisenberg group, which it is guaranteed to exist.
If w, = oy;dt A ei + 0y * (dt A e{), then w, being parallel implies:

1 ound Ouy(pb’ — bp/
o _ % (ab/o’uu + (bp/ _ pb/)o.ug) , U’/U,U = — ;7;) 5 Ou3 = W
o= _2kab+mb/, f:wy:p_”, a=b=0.
2b0 4 bouy b

The unique solution to the previous system of ODEs with the initial conditions a(tg) =
b(to) = 1 and p(ty) = f(to) = 0 turns out to be?’:

a=b=1, f=-2k(t—t)), p=0, oy =0y, (109)

where agj € R are constants. This solution is trivially defined for ¢ € R, so we can actually
extend Z] to be the entire Z and Z] = Z = R. Using now (109), we observe that the
two-forms:

wi=dtAel 4 x(dtAe), i=wu,v,3

are self-dual, closed and satisfy w;Aw; = 2en;jdvolsr. This way we obtain all lightlike parahy-
perKéhler Heisenberg four-manifolds, which we easily see to be flat. Finally, after using the
coordinates (3), it is possible to see that all geodesics with coordinates (¢(7), z(7),y(7), 2(7))
and affine parameter 7 take the form:

t(1) = Ay 4+ Ao — kA2, x(7) = Ay + AT, y(1) = A5 + AgT — kA3T?,

! (110)
Z(T) = A7 + AgT -+ k’A3T (k‘Ag!E(T) - 2A2 + AG) 5

with A; € Rforl =1,2,...,8. Since these geodesics are defined V7 € R we conclude that the
subsequent pseudo-Riemannian manifolds are complete and therefore all lightlike parahy-
perK#hler Heisenberg four-manifolds are isometric to four-dimensional flat space (R*,7).

O

Remark 4.12. The metric of any lightlike parahyperKahler Heisenberg four-manifold in
terms is isometric to:

g=—dt* + ¢ ©ep +4k(t —to)e} @b +e D¢

We check by direct inspection that it is indeed flat.

Proof of Theorem 1.5. Gathering the results given in Propositions 4.6, 4.9 and 4.11, we
conclude.

20After using b’ = 0 in the rest of equations, the possible divergences arising from the possibility that
ouw = 0 disappear.
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