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Abstrat

We present new sets of next-to-leading order fragmentation funtions desribing the prodution

of harged pions, kaons and protons from the gluon and from eah of the quarks, obtained by �tting

to all relevant data sets from e

+

e

�

annihilation. The individual light quark avour fragmentation

funtions are obtained phenomenologially for the �rst time by inluding in the data the light

quark tagging probabilities obtained by the OPAL Collaboration.
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I. INTRODUCTION

Theoretial preditions for future experiments are neessary for determining the kine-

mati regions of validity of the Standard Model (SM). Suh preditions depend on onstants

whih must be determined from past experiments sine these quantities are otherwise unal-

ulable, either beause no theory exists whih an determine them from more fundamental

parameters, or beause the solutions of the urrent theory are insuÆient to determine them

from the SM parameters.

Quantum Chromodynamis (QCD), the theory of the strong interation and one of the

theories that make up the SM, is required in the desription of proesses involving hadrons.

The best tool for solving QCD to perform suh desriptions is perturbation theory. How-

ever, perturbative QCD (pQCD) an only desribe the high energy omponents of the ross

setion, while a proess will ontain low energy omponents if a hadron is in the initial

state or is observed in the �nal state. Fortunately, from the Fatorization Theorem, the

low and high energy sale omponents of suh proesses an be separated. The low energy

omponents are universal and so an be used to make preditions. Sine they annot yet be

reliably alulated from QCD, they must be extrated from experimental data.

The pQCD desription of data involving the inlusive prodution of hadrons requires

fragmentation funtions (FFs), whih form the low energy omponents of suh proesses

and desribe the inlusive emission of a hadron from a quark or gluon (parton) for every

momentum fration. One reason FFs are important is that model independent preditions

of LHC ross setions in whih a hadron is deteted in the �nal state depend on them. There

are many theoretial obstales to the extration of FFs from data: The Dokshitzer-Gribov-

Lipatov-Altarelli-Parisi (DGLAP) [1℄ evolution equation for FFs is only known to next-to-

leading order (NLO), and is furthermore unreliable at small and possibly even intermediate

momentum frations of the emitted parton, where the only reliable determination of FFs is

via the Modi�ed Leading Logarithm Approximation (MLLA) [2℄. Despite these problems,

FFs at intermediate to large momentum frations obtained from �ts to data now yield

ompatible results with other data sets [3℄.

Muh preise data from e

+

e

�

olliders now exists for the prodution of the three lightest

harged hadrons, whih are the pion (�

�

), kaon (K

�

) and proton (p=p). In muh of this

data, the observed hadron is identi�ed as one of these partiles, and the emitting parton
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is identi�ed as either a gluon, light (u, d and s) quark,  quark or b quark, whih allowed

for a preise determination of the orresponding individual FFs in Refs. [3, 4℄ [45℄. How-

ever, the individual light quark FFs ould only be extrated by making reasonable physial

assumptions.

Sine this analysis, the OPAL Collaboration has presented light avour separated mea-

surements on light harged hadron prodution [6℄ for the e

+

e

�

entre-of-mass (CM) energy

p

s =M

Z

, allowing for the �rst time the extration of avour dependent FFs of light quarks.

In this OPAL analysis, high energy mesons (�

�

, K

�

and K

0

S

) and baryons (p=p and �) were

identi�ed in the large Z boson deay data sample and used as tagging produts. In addi-

tion, high momentum e

�

, �

�

and D

��

partiles and identi�ed bottom events were used to

measure heavy avour bakgrounds in the above meson and baryon sample. As suggested in

Ref. [7℄ and preisely studied in a reent analysis by the SLD Collaboration [8℄, these high

energy partiles give information about the original quark. For more details see the OPAL

work [6℄, where it is explained how the Collaboration measured the probability �

h

a

(x

p

; s) for

a quark avour a to develop into a jet ontaining the partile h with a momentum fration

x larger than x

p

= 2p

h

=

p

s.

Sine the valene struture of the proton is uud, knowing the di�erene between the

individual light avour FFs, in partiular for u and d quarks into K

�

, is very muh needed

for prediting the inlusive ross setions for the produtions of these hadrons in ollisions

involving protons, suh as ep, pp and pp ollisions. For example, results from the inlusive

prodution of hadrons in pp ollisions provide the baseline to whih one ompares heavy-

ion ollision results in order to determine the properties of the hot quark-gluon plasma

[9℄. Tests presented in Ref. [10℄ of the KKP FFs in the proess p + p ! h

�

+ X, where

h

�

are light harged hadrons, were generally suessful, as was a reent hek of the pion

FFs by omparison to p + p ! �

0

+X data (taking �

0

=

1

2

(�

+

+ �

�

)) from the PHENIX

Collaboration [11℄ at RHIC. However, it is likely that the inauray on the information on

the u, d and s quark FFs aneled out due to the superimposition of the hadrons in h

�

.

In this paper, we update the analysis of Ref. [3℄ by inluding the data of Ref. [6℄ in

the �t to obtain for the �rst time a phenomenologial determination of the individual light

quark FFs for eah light harged hadron speies. Sine we do not impose those physial

assumptions on the light quark FFs that were used in Ref. [3℄ in our alulation of the ross

setions used for the �t, the other FFs extrated in this �t are also more reliable. In Setion
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II, we summarize the basi theoretial tools used in our alulations for the �t. In Setion III

we justify spei� hoies for our �t suh as the data used and the FF parameterization. Our

results are then presented in Setion IV, and �nally in Setion V we present our onlusions.

The details of the longitudinal ross setion alulation are given in Appendix A.

II. FORMALISM

The optimal way to determine FFs is to �t them to measurements of the proesses

e

+

+ e

�

! (; Z)! a+a! h+X, where a is the tagged quark, h is a deteted hadron and

X is the remaining unobserved part of the �nal state. In a typial experiment the hadron is

only deteted if its speies h belongs to a spei�ed set of hadron speies S

H

and the speies

of the tagged quark a belongs to a set of avours S

A

. Writing the CM momentum of the

observed hadron as x

p

s=2, the data for suh a proess are typially presented as

F

S

H

S

A

(x; s) =

P

a2S

A

; h2S

H

d�

h

a

dx

(x; s)

P

a2S

A

�

a

(s)

: (1)

The total ross setion �

a

is given to NLO by

�

a

(s) = �

0

(s)N



Q

a

(s) (1 + 2a

s

(s)) ; (2)

where �

0

= 4��

2

=(3s) is the leading order (LO) ross setion for the proess e

+

+ e

�

!

 ! �

+

+ �

�

, N



is the number of olours and a

s

(�

2

) = �

s

(�)=(2�). Q

a

(s) is the e�etive

eletroweak harge of quark a [12℄.

From the Fatorization Theorem, the higher twist omponent of the di�erential ross

setion in Eq. (1) is of O(1=

p

s) or less and may and will be negleted in this paper, while the

leading twist omponent is obtained by onvoluting the orresponding high energy partoni

ross setions with the FFs D

h

a

(y;M

2

f

), where y is the fration of the momentum of parton

a taken away by the produed hadron h and M

f

is the fatorization sale. This may be

written onisely by taking y = x=z, in whih ase

d�

h

a

dx

(x; s) =

Z

1

x

dz

z

"

d�

a

a;NS

dz

�

z; s;M

2

f

�

D

h

a

�

x

z

;M

2

f

�

+

X

b

d�

b

a;PS

dz

�

z; s;M

2

f

�

D

h

b

�

x

z

;M

2

f

�

+

d�

g

a

dz

�

z; s;M

2

f

�

D

h

g

�

x

z

;M

2

f

�

#

;

(3)

4



where, for the emission of a hadron h from a quark a, the non-singlet partoni ross setion

d�

a

a;NS

=dz ontains only and all those ontributions from diagrams in whih the quark line

onneted to the eletroweak vertex and the quark line emitting the hadron h are the same,

while the pure singlet partoni ross setion d�

a

b;PS

=dz ontains all other ontributions. Sine

the Z boson only splits into a quark a and its antiquark a, eah partoni ross setion is

proportional to Q

a

, and thus may be written [46℄

d�

a

a;NS

dz

�

z; s;M

2

f

�

=�

0

(s)Q

a

(s)C

NS

�

z; a

s

(s); ln

M

2

f

s

�

;

d�

b

a;PS

dz

�

z; s;M

2

f

�

=�

0

(s)

Q

a

(s)

n

f

C

PS

�

z; a

s

(s); ln

M

2

f

s

�

and

d�

g

a

dz

�

z; s;M

2

f

�

=2�

0

(s)Q

a

(s)C

g

�

z; a

s

(s); ln

M

2

f

s

�

;

(4)

where the C

i

are the perturbatively alulable oeÆient funtions. n

f

is the number of

ative quark avours. For the hoie M

2

f

= s, the C

i

(z; a

s

(s); 0) = C

i

(z; a

s

(s)) for the

unpolarized (i.e. summed over transverse and longitudinal omponents) ross setion are

given to NLO by [13℄

C

NS

(z; a

s

) = Æ(1� z) + a

s

C

F

"

�

2�

2

3

�

9

2

�

Æ(1� z)�

3

2

�

1

1 � z

�

+

+(1 + z

2

)

�

ln(1 � z)

1 � z

�

+

+ 1 + 2

1 + z

2

1� z

ln z +

3

2

(1� z)

#

; (5)

C

PS

(z; a

s

) = O(a

2

s

) and (6)

C

g

(z; a

s

) = a

s

C

F

�

1 + (1� z)

2

z

(ln(1 � z) + 2 ln z)� 2

1 � z

z

�

: (7)

Note that the pure singlet ontribution only enters at NNLO. In ontrast, in the longitudinal

ross setion

F

S

H

L;S

A

(x; s) =

P

a2S

A

; h2S

H

d�

h

L;a

dx

(x; s)

P

a2S

A

�

a

(s)

; (8)

there is a ontribution from the pure singlet setor at NLO, while the gluon FF enters at

LO (see Appendix A).

It is lear that we only apply eletroweak theory to LO. We an therefore easily see

that Eq. (3) for the ross setion when quark a is tagged is a physial observable, sine

it an be obtained by di�erentiating the untagged ross setion (Eq. (3) with a summed

over all avours) with respet to lnQ

a

, where Q

a

is the e�etive eletroweak harge of
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quark a disussed above. Therefore the tagged ross setion is formally independent of

the fatorization and renormalization sales and shemes, as it must be to qualify as an

observable.

For M

2

f

6= s, the oeÆient funtions will ontain terms of the form a

n

s

(s) ln

p

M

2

f

s

, where

p = n; n � 1; :::, whih will spoil the onvergene of the series unless M

2

f

= O(s). Thus, in

order to be able to desribe data over a large range in s, the dependene of the FFs on M

2

f

must be known. Fortunately this an be alulated using the DGLAP equation,

d

d lnM

2

f

D

h

a

(z;M

2

f

) =

X

b=g;q

Z

1

z

dy

y

P

ab

�

z

y

; a

s

(M

2

f

)

�

D

h

b

(y;M

2

f

); (9)

where the a ! b splitting funtions P

ab

are perturbatively alulable, and are known to

NLO. Therefore, in the alulation of ross setions it is suÆient to know the FFs at just

one fatorization sale M

f

=M

0

.

The DGLAP equation is however not valid when z is small, sine due to soft gluon

emission the P

ag

(z; a

s

) ontain terms whih behave in the limit z ! 0 like (a

n

s

=z) ln

2n�1�m

z,

where m = 1; :::; 2n � 1 labels the lass of terms (�nite terms whih behave like a

n

s

when

integrated over the range 0 < z < 1 are lassi�ed as m = 2n), and are therefore unreliable

in this limit. This implies that the ross setion annot be reliably alulated at small x,

and the FFs D

h

a

(z;M

2

0

) annot be �tted at small z. In this ase a desription of the data

requires an alternative approximation suh as the MLLA, whih is beyond the sope of this

paper.

Dependene on the fatorization sale is introdued in the usual way. Spei�ally, the

FFs are evolved to M

2

f

= k

f

s, where k

f

is a onstant whih is taken to be equal to 1 for

the main �t, and 1/4 and 4 in two further �ts to determine the theoretial errors on �tted

parameters. We ounter-balane this k

f

dependene at NLO using the result (where the x

dependene, integrals, disrete labels, sums and harges have been removed for brevity)

C(a

s

(s); ln k

f

) = C(a

s

(s); 0)� ln k

f

C(a

s

(s); 0)P (a

s

(s)): (10)

Dependene on the renormalization sale � is introdued by hoosing �

2

= ks, where k is a

onstant hosen to obey k = k

f

. At NLO, this amounts to replaing a

s

(s) in the oeÆient

funtions with a

s

(ks).

The fastest and most aurate way of alulating a ross setion is in Mellin spae, de�ned

6



by the transformation

F

S

H

S

A

(n; s) =

Z

1

0

dxx

n�1

F

S

H

S

A

(x; s); (11)

sine onvolutions suh as that in Eq. (3) beome simple produts. In partiular, Eq. (9)

beomes

d

d lnM

2

f

D

h

a

(n;M

2

f

) =

X

b=g;q

P

ab

(n; a

s

(M

2

f

))D

h

b

(n;M

2

f

); (12)

whih an be solved analytially order by order. The ross setion in x spae an then be

obtained numerially via the inverse Mellin transform,

F

S

H

S

A

(x; s) =

1

2�i

Z

C

dn x

�n

F

S

H

S

A

(n; s); (13)

where C is a ontour in Mellin spae from Im(n) = �1 to Im(n) =1, whih passes to the

right of all poles.

Preditions for data averaged over an x-bin in the range x

l

< x < x

h

are alulated from

the formula

hF

S

H

S

A

i(x

l

; x

h

; s) =

1

x

h

� x

l

Z

x

h

x

l

dxF

S

H

S

A

(x; s): (14)

This integral over x an be done analytially in Eq. (13),

hF

S

H

S

A

i(x

l

; x

h

; s) =

1

x

h

� x

l

1

2�i

Z

C

dn

x

1�n

h

� x

1�n

l

1� n

F

S

H

S

A

(n; s); (15)

giving a further advantage for working in Mellin spae that no extra numerial integration

is required to obtain x-bin averaged ross setions.

The light avour separated data in Ref. [6℄ may be interpreted as the probability for a

tagged quark avour a to inlusively emit a hadron of type h with momentum greater than

x

p

p

s=2, in whih ase the orresponding theoretial result for suh data may be alulated

from the formula

�

h

a

(x

p

; s) =

Z

1

x

p

dxF

fhg

fag

(x; s) = (1 � x

p

)hF

fhg

fag

i(x

p

; 1; s); (16)

and we note that for this expression the �

h

a

(x

p

; s) onstrain the FFs at large momentum

fration even more than the F

S

H

S

A

(x; s). However, the experimental de�nition of the �

h

a

is

a little more subtle. For a given number N

a

of e

+

e

�

annihilation events in whih a quark

a is tagged, the number N

a!h

of times that an event hemisphere, de�ned to be the two

regions separated by the plane perpendiular to the thrust axis for eah event, ontains a

7



partile h with x > x

p

is determined. Therefore, at LO, where a and a are never in the

same hemisphere, �

h

a

(x

p

; s) is given by the integral over D

h

a

(x; s) in the range x

p

< x < 1,

and this result is onsistent with Eq. (16). At NLO the quark a an emit a gluon whih in

turn emits the hadron h aording to the gluon FF D

h

g

(see Eq. (3)). In the measurement of

�

h

a

(x

p

; s), proesses in whih the gluon is in the opposite hemisphere from the quark a that

emitted it are exluded. However, suh proesses ontribute to Eq. (16). Fortunately, suh

events in whih the gluon is emitted with a large angle with respet to the quark a are very

rare and should ontribute very little both to Eq. (16) and the measured �

h

a

.

III. METHOD

In this Setion we desribe our method for obtaining FFs from data. As in Ref. [3℄, where

a detailed disussion of all available data sets is given whih will not be repeated here, we

use identi�ed hadron data with and without avour separation from DELPHI [14℄ and SLD

[8℄, and identi�ed hadron data without avour separation from ALEPH [15℄ and TPC [16℄.

In addition, we use identi�ed hadron data with avour separation from TPC [17℄, whih was

used in Ref. [4℄ but not in Ref. [3℄. Furthermore, for the �rst time we also inlude the light

avour separated measurements of quark tagging probabilities from the OPAL Collaboration

[6℄. However, we exlude unidenti�ed hadron data sine, although suh data is aurate, it

is typially ontaminated with harged partiles other than the �

�

, K

�

and p=p. Suh data

was used in Ref. [3℄, leading to onsistent results. However, sine in this analysis we aim

for more reliable FFs, we use only hadron speies separated measurements. We also exlude

data for whih x

l

< 0:1, sine the predition for the ross setion is unreliable in this region

as a result of the logarithms from soft gluon emission mentioned in Setion II. After �tting,

we then ompare ross setions alulated from our FFs and �

s

(M

Z

) with the unidenti�ed

hadron data with avour separation from TPC [17℄, with and without avour separation

from ALEPH [18, 19℄, DELPHI [14℄ and OPAL [20℄, without avour separation from SLD [8℄,

the unidenti�ed hadron gluon-tagged three-jet data from ALEPH [21℄ and OPAL [22℄ and

the identi�ed hadron tagging probabilities with heavy quark avour separation from OPAL

[6℄. The latter data set is not inluded in the �t sine the heavy quark FFs are muh better

onstrained by the larger quantity and quality of heavy quark-tagged data from DELPHI,

SLD and TPC. In all data, orrelation e�ets between data points are not yet known, and

8



therefore in the alulation of the ovariane matrix for the �

2

to be minimized, we �x the

o�-diagonal elements to zero, i.e. we assume that the data points are unorrelated and that

the error on eah one is given by its statistial and systemati errors added in quadrature.

Note that this ommon de�ieny in published data limits the reliability of results obtained

from analyzing them.

All theoretial quantities are alulated to NLO in the MS sheme. For our main �t, we

evolve the FFs from M

f

= M

0

to M

f

=

p

s, and vary the sales as desribed in Setion II

to determine the theoretial errors on �

s

(M

Z

). We take M

0

=

p

2 GeV for a = u; d; s; g. As

M

f

is inreased fromM

0

to

p

s, the number of avours used in the evolution of the FFs and

the strong oupling is �rst set to n

f

= 3 and only the light quark and gluon FFs are non zero

until M

f

= m(�



) = 2:9788 GeV, where the harm FF is set equal to its initial distribution

and inluded in the set of FFs to be evolved, and the number of avours is taken to be n

f

= 4.

The bottom FF is treated in the same way, being introdued when M

f

= m(�) = 9:46037

GeV. Both avour thresholds are respetively twie the pole masses of these two heavy

quarks, and therefore perturbative mathing onditions are required at NLO. Rather than

implementing this mathing expliitly, we de�ne our heavy quark FFs to be the omplete

ones, not just the intrinsi FFs, whih means the mathing term, dependent on the gluon

FF, is absorbed into them. Our FFs are summed over hadrons whih are of the same speies

but opposite harges, and averaged over quark and antiquark. We do not onsider ross

setions whih depend on the di�erene between quark and antiquark FFs summed over any

given set of emitted hadrons, although it must be noted that this di�erene is zero when this

set ontains a sum over harges, by harge onjugation invariane. Sine we use aurate

data at 29 GeV and 91:2 GeV, we are in a position to extrat the parameter �

s

(M

Z

), the

quantity whih determines the running of a

s

(�

2

). We therefore free this parameter in our

�t. The mathing on a

s

(�

2

) is implemented by determining �

(5)

MS

from �

s

(M

Z

), and then

using it to determine �

(4)

MS

and �

(3)

MS

from the NLO relations given in Ref. [23℄ (these were

heked using the results of Ref. [24℄). We hoose the usual parameterization

D

h

a

(x;M

2

0

) = Nx

�

(1 � x)

�

(17)

for eah of our FFs. In Mellin spae, the FFs are then proportional to �(n + �)=�(n +

� + � + 1) ' 1=(n + �) for n ' ��, and this behaviour persists even after evolution and

onvolution with oeÆient funtions. For suh behaviour, the numerial evaluation of Eq.

9



(15) is best performed with the integration variable 0 � t � 1 and ontour de�ned through

n = +

3

3 + ln

1

x

l

+

1

1� x

l

+

2(1� i) ln t

ln

1

x

l

; (18)

where the real onstant  is hosen suh that the ontour lies to the right of all poles, sine

as t ! 1 the integrand in the integral over t beomes a �nite onstant, while as t ! 0

the integrand vanishes like exp((�2(1� i) ln t= ln(1=x

l

)) lnx). As a result of the seond and

third term in Eq. (18), the intersetion of the ontour with the Im(n = 0) line goes from

n = 1 to n =1 as x goes from 0 to 1. This approximately follows the saddle point [25℄ of

the integrand, thus ensuring the ontour is lose to the ontour of steepest desent, whih

gives the fastest onvergene of the integral.

In Ref. [3℄, no data was used whih ould allow for the di�erene between the d and s

FFs to be determined. (The FFs for the u an be determined sine its eletroweak harge is

di�erent to that of d and s.) The authors onstrained this di�erene by imposing the valene

quark struture at all momentum frations and SU(3) invariane, giving the relations

D

�

�

u

(x;M

2

0

) = D

�

�

d

(x;M

2

0

);

D

K

�

u

(x;M

2

0

) = D

K

�

s

(x;M

2

0

) and

D

p=p

u

(x;M

2

0

) = 2D

p=p

d

(x;M

2

0

):

(19)

Suh onstraints an be implemented by �xing the parameters N , � and � of the FFs on

the right hand sides to be equal to those of the FFs on the left hand side, with the exeption

that the parameter N of D

p=p

u

must be �xed to twie the value of that of D

p=p

d

[47℄. With

suh onditions on the parameterization, a good �t to the data used was obtained.

The �rst line in Eq. (19) also follows from SU(2) isospin invariane, and is therefore

expeted to be aurate [26℄. Indeed, the approximate result �

�

�

d

= �

�

�

u

implied by this

relation is found to hold within 2% for x

p

� 0:2. However, the seond line in Eq. (19) is

expeted to be strongly violated sine the s quark has a signi�antly larger mass than the

u quark. Already in 1977, Field and Feynman [7℄ assumed that due to the larger mass of

s quarks, the s ! K

+

transition should happen more frequently than the u ! K

+

one

beause less energy is needed for the reation of a uu pair from the vauum than for a

ss pair. This is measured by the suppression fator 

s

of strange quarks, whih is known

from various strange/non-strange hadron prodution rates to be around 

s

' 0:3. (For a

ompilation, see Ref. [27℄.) The third line in Eq. (19), assumed earlier also in Ref. [28℄,

10



an also be justi�ed for x! 1 by the valene ratios and dimensional ounting powers [29℄.

Indeed, in the OPAL analysis of Ref. [6℄, the ratio �

p=p

d

=�

p=p

u

is onsistent with 0.5 for all

x

p

� 0:2, but only inside the rather large errors. However, deays from heavier baryons suh

as � or � resonanes might hange this ratio. Furthermore, within the LUND string model

[30℄ the atual value of the ratio �

p=p

d

=�

p=p

u

at large x

p

would be a diret measure of the size

of the suppression of diquarks with spin 1 relative to those with spin 0, sine Fermi-Dira

statistis requires a uu diquark to have angular momentumL = 1. In summary, all relations

in Eq. (19), partiularly the last two, may be violated to a possibly relevant degree, but

in any ase sine we will use the data of Ref. [6℄ in our analysis, we shall not impose any

relations between the light quark avour FFs.

IV. RESULTS

In this Setion we report the results obtained from the �t desribed in Setion III. We

obtain

�

s

(M

Z

) = 0:1176

+0:0053

�0:0067

[exp℄

+0:0007

�0:0009

[theo℄ = 0:1176

+0:0053

�0:0068

: (20)

This is equivalent to the result �

(5)

MS

= 221� 74[exp℄

+9

�10

[theo℄ MeV. The experimental errors

are obtained by varying �

s

(M

Z

), keeping all other parameters �xed, until �

2

DF

inreases by

unity. The theoretial errors, determined using the method desribed in Setion II, turn out

to be negligible relative to the experimental ones, most likely beause the x range of the

data used is very limited. The seond result in Eq. (20), whose upper and lower errors are

obtained by adding the upper and lower errors respetively of both soures in quadrature, is

onsistent with the KKP result [31℄ of �

s

(M

Z

) = 0:1170

+0:0058

�0:0073

(whih inludes the theoretial

error). In Table 1, we show the values of the remaining, FF parameters obtained from the

�t. Sine N and � are highly orrelated and the large x data generally has the largest errors,

for some FFs these two parameters are large. However, over the range 0:1 � x � 1, all FFs

are of similar order in magnitude. Also shown in Table 1 is the symmetrized propagated

experimental error on eah parameter. This quantity is the average of the two resulting errors

obtained by varying the parameter, keeping the other parameters �xed, until �

2

inreases

by 1 from its minimum value. The orrelated errors between the parameters are expeted

to be of a similar order of magnitude to the purely statistial errors shown. Note that these

results show no obvious onsisteny with Eq. (19). With the inlusion of orrelation e�ets

11



in the data, a deeper investigation into parameter errors would be worthy.

We obtained �

2

DF

= 1:15, indiating an overall good desription of the data. The resulting

�

2

DF

values for the OPAL light quark tagging probabilities from Ref. [6℄ are shown in Table

2. The desription of the data in whih K

�

or p=p is deteted is exellent, exept for the

proess d ! p=p. For this and the �

�

data, whih has the highest auray, a �t without

the data points at x

p

= 0:2 results in all values of �

2

DF

being around unity, although the

resulting FFs from that �t are not onsiderably di�erent to those from the main �t. This

data, together with the orresponding theoretial urves alulated from our FF set (labeled

AKK), and with the urves from the sets of Ref. [3℄ (labeled KKP) and Ref. [4℄ (labeled

Kretzer), are shown in Fig. 1. We see that for the s; d! K

�

transitions, the orresponding

AKK urves are in good agreement with the data while the KPP and Kretzer urves strongly

disagree. The Kretzer set fails to lead to a deent desription for the �

�

d

data, but otherwise

all �

�

data is well desribed by all three sets. Our set and the KKP set lead to a good

desription of the p=p data (whih were not used in the determination of the Kretzer set).

Fig. 2 shows the heavy quark tagging probabilities, whih were not used in the �t, together

with the orresponding theoretial urves from the same FF sets as were used in Fig. 1. In

Table 3 we list the orresponding �

2

DF

values. Clearly these values are unaeptably high.

In order to hek that this was not a result of the inadequay of our parameterization to

allow for a desription of both small x and large x data (sine, as disussed around Eq.

(16), the OPAL quark tagging probabilities provide more onstraints on the FFs at large

x), we performed three new �ts whih inluded the heavy quark tagging probabilities, the

�rst being otherwise similar to the main �t, the other two having the following di�erenes:

For the seond �t, the quark FFs were modi�ed by multiplying the right hand side of Eq.

(17) with (1 + x), with  di�erent for eah quark FF and �xed to zero for the gluon FF,

and eah  was inluded in the set of free parameters to be �tted. In the third �t, all

x

l

< 0:2 data were exluded. No signi�ant improvement to the desription of the heavy

quark tagging probabilities was obtained in all three �ts. We therefore assume that this

disrepany is aused by the inlusion of large angle gluon emission e�ets in Eq. (16), as

desribed at the end of Setion II. However, sine we have suÆient data to onstrain the

heavy quark FFs, we will not pursue this problem further in this paper. All remaining values

of �

2

DF

from data used in the �t are listed in Table 4. Eah of these lie around or below

unity. Sine an exellent �t is obtained to DELPHI, SLD and TPC heavy quark-tagged data,

12



we onlude that our �tted heavy quark FFs are reliable even though using them in Eq.

(16) leads to a poor desription of the OPAL heavy quark tagging probabilities. Sine the

DELPHI, SLD and TPC light quark-tagged data is well �tted with the light quark tagging

probabilities, Eq. (16) is suÆient for desribing the latter data. The values of �

2

DF

for the

data to be used for omparison, whih were disussed at the beginning of Setion III, are

also shown. The serious disagreement with the ALEPH [18, 19℄ and OPAL [20℄ data found

here was also found in Ref. [3℄, where it was argued that this data has a sizeable ontribution

from harged partiles other than the three lightest harged hadrons. For the ALEPH data

without avour separation, this argument is supported by the fat that the data for harged

hadron prodution signi�antly overshoots the sum of the hadron identi�ed data.

In Figs. 3 { 6, we show all these normalized di�erential ross setion data used for �tting

and for omparison, together with the orresponding theoretial urves from the �t. The

TPC avour separated data [17℄, partiularly the uds quark-tagged data, lie far from their

theoretial preditions. However, it must be understood that these data are rather old

ompared to the rest of the data used in the �t. At any rate, using them has not a�eted

the overall quality of the �t sine their errors are large, whih explains why their �

2

DF

values

in Table 4 are not too far from unity. Qualitatively, at least, the rise in the alulated ross

setion at low x for dereasing

p

s is on�rmed by the TPC data, as was �rst noted in Ref.

[4℄. These �gures show that the only TPC data whih an signi�antly onstrain �

s

(M

Z

)

are the �

�

and K

�

identi�ed data shown in Fig. 3. In Fig. 7, we show the gluon-tagged

three-jet data together with the theoretial urves for D

g

(x; 4E

2

jet

). The resulting �

2

DF

values

shown in the last two lines of Table 4 are very high, but it must be kept in mind that the

theoretial alulation is only orret at LO, and the gluon is only determined at LO. In

Ref. [3℄, where this data was used in the �t, this identi�ation was made only beause the

gluon FF is muh less onstrained by the remaining data than the quark FFs.

In Fig. 8, we ompare the longitudinal ross setion with the data without avour sepa-

ration from ALEPH [18℄, DELPHI [32℄ and OPAL [33℄ and for light and b quark separation

from DELPHI [32℄. The x spae oeÆient funtions of the longitudinal ross setion are

given in Ref. [34℄. However, sine our ross setions are alulated in Mellin spae, we al-

ulate the Mellin transform of these quantities as detailed in Appendix A. (An alternative

proedure would be to evolve the FFs in Mellin spae as before, and perform the onvolution

of the oeÆient funtions with the evolved FFs in x spae. However, this proedure is nu-
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merially very slow.) In the unpolarized ross setions used in our �t, the gluon FF for eah

hadron enters only at NLO and so is only determined to LO in our analysis, while it enters

at LO in the longitudinal ross setion, for whih a gluon FF determined to NLO is therefore

required. Thus the urves in Fig. 8 are not ompletely NLO, but serve to determine the

quality of our gluon FF. The agreement is exellent for the ALEPH and OPAL data, and

good for the DELPHI data. Our urves are also very similar to those obtained in Ref. [3℄,

where the LO urves from these authors' LO analysis are also shown. These latter urves

do not agree with the ALEPH and OPAL data as well as the NLO ones. Thus treating the

LO gluon FF obtained from their and our �ts as NLO results in no loss of onsisteny in

this ase.

Finally, we ompare ross setions alulated using our FFs for partile prodution in

proton-(anti)proton initiated proesses with experimental data. Suh proesses are highly

dependent on the individual light quark avour FFs, due to the partoni struture of the

proton. We use the oeÆient funtions for the proesses a+ b! +X, where a, b and 

denote partons, to NLO as alulated in Ref. [35℄. We onvolute these with our evolved FFs

for parton , and the evolved CTEQ6M parton distribution funtions [36℄ for a and b. Sine

our �tted result of �

(5)

MS

= 221 MeV is very similar to the result of �

(5)

MS

= 226 MeV obtained

in Ref. [36℄, we use the former result in the alulation of a

s

(�

2

). We take M

2

f

= kp

2

T

. The

ross setion at x

T

= 2p

T

=

p

s depends on the FFs for the whole region x

T

< z < 1. Sine

we do not (reliably) determine the FFs below z = 0:1 and/or M

f

= M

0

, we take them in

this region to be equal to their values at this point. Graphially, we found no disernible

di�erene between the resulting preditions and those obtained when the FFs in this region

were �xed to zero. Firstly, we alulate the invariant di�erential ross setion for inlusive

�

0

prodution for the proess p + p ! �

0

+X as measured by PHENIX at

p

s = 200 GeV

in Ref. [11℄. For this we assume the relation

D

�

0

a

(x;M

2

f

) =

1

2

D

�

�

a

(x;M

2

f

) (21)

to be true, whih follows from SU(2) avour symmetry for pions (see Ref. [37℄). Here, D

�

0

a

is

the average of the FFs for the proesses a; a! �

0

. (ReallD

�

�

a

(x;M

2

f

) is also averaged over

a and a, but summed over �

+

and �

�

.) The results are shown in Fig. 9 for k =1/4, 1 and 4,

together with the PHENIX data. In addition, we also ompare the ross setion alulated

from the FFs obtained in Ref. [3℄. For p

T

> 7 GeV, the urve for k = 1 lies loser to the
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entre of the data than the KKP urve does. Seondly, we alulate the invariant di�erential

ross setion for inlusive K

0

S

prodution for the proess p + p ! K

0

S

+X as preliminarily

measured by STAR at

p

s = 200 GeV [38℄[48℄, and for the proess p + p ! K

0

S

+ X as

measured by UA1 at

p

s = 630 GeV in Ref. [40℄. For this we assume the relation

D

K

0

S

a

(x;M

2

f

) =

1

2

D

K

�

b

(x;M

2

f

) (22)

to be true, where b = u; d if a = d; u, otherwise b = a. Eq. (22) follows from SU(2)

avour symmetry for kaons (see Ref. [37℄), and is on�rmed by the fat that the OPAL

measurements in Ref. [6℄ for the prodution of K

0

S

and K

�

mesons agree within their errors.

The preditions are shown in Fig. 10, in a format similar to Fig. 9. For p

T

> 1:5 GeV, the

k = 1 urve agrees better with the STAR data than the KKP urve. This disagreement in

the latter ase was observed in Ref. [38℄. However, for the older UA1 data our preditions

di�er onsiderably over the whole range, although they are onsistent with the data within

the theoretial errors for p

T

> 4:5 GeV, while the KKP urve gives good agreement. Sine

the most important di�erene between our analysis and that of Ref. [3℄ is the inlusion of

the OPAL tagging data in our �t, we onlude that this agreement of the KKP urve is

aidental.

V. CONCLUSIONS

This work is an update of the KKP analysis [3℄, the main di�erene being that the OPAL

results on light quark tagging probabilities have been used to phenomenologially onstrain

the individual light quark FFs for the �rst time. We �nd that the inlusion of this data

in the �t makes an important di�erene to the desription of the d; s ! K

�

transitions.

Light avour separated FFs are essential for making preditions for inlusive ross setions

in whih there is at least one proton in the initial state and one light hadron in the �nal

state (or more than one, in whih ase other non perturbative quantities are also required

for subproesses in whih multiple hadrons are emitted from a single parton). Suh ross

setions will be measured, for example, at the LHC. In addition, we have inluded the

avour separated TPC data [17℄ at

p

s = 29 GeV, but suh data makes little di�erene to

the �t. We have exluded all harged data to be on�dent that none of the data sets used

were ontaminated with harged partiles other than the three lightest harged hadrons.
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However, good agreement with muh of the available harged hadron data, in partiular

that from DELPHI and SLD, was ahieved. We point out that although our gluon FF for

eah hadron has been formally determined to LO only, treating it as NLO leads to good

agreement with the measured longitudinal ross setions in the literature. Finally, relative

to the KKP preditions, we obtain with our FFs a shift towards the PHENIX data for the

invariant di�erential ross setion for inlusive �

0

prodution and towards the STAR data

for the invariant di�erential ross setion for inlusive K

0

S

prodution.

A determination of �

s

(M

Z

) has been performed. We have also alulated the theoretial

error and �nd it to be negligible relative to the experimental error. We obtain �

s

(M

Z

) =

0:1176

+0:0053

�0:0068

, whih agrees with the Partile Data Group's world average of �

s

(M

Z

) =

0:1187 � 0:002 [12℄.

In order to make preditions, our �tted FFs over the range 0:1 < z < 1

and M

0

< M

f

< 200 GeV an be obtained from the FORTRAN routines at

http://www.desy.de/~simon/AKK2005FF.html, whih are alulated using ubi spline in-

terpolation on a linear grid in (z; lnM

2

f

).

APPENDIX A: APPENDIX

In this appendix, we give all information needed to alulate the longitudinal oeÆient

funtions to NLO in Mellin spae.
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The oeÆient funtions for the longitudinal ross setion are given to NLO by [34℄

C
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�
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and
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�

40

3

+

56

3

z

�1

�

20

3

z +

4

3

z

2

�

#

;

(A3)

where the polylogarithms Li

n

for n = 2; 3, the harmoni sum S

1;2

and the funtion

e

� are

de�ned as

Li

2

(x) =�

Z

x

0

dy

y

ln(1� y);

Li

3

(x) =

Z

x

0

dy

y

ln

y

x

ln(1� y);

S

1;2

(x) =

1

2

Z

x

0

dy

y

ln

2

(1 � y);

e

�(x) =

Z

1=(1+x)

x=(1+x)

dz

z

ln

1� z

z

:

(A4)

To alulate the Mellin transform of the oeÆient funtions we require only the results in

Table A, whih are obtained from Ref. [41℄. Formally, � = (�1)

n

, although to analytially

ontinue the results in the right hand olumns to omplex n requires taking

� = exp [��Im(n)℄ [os (�Re(n)) + i sin (�Re(n))℄ : (A5)

The harmoni sums S

j

(n) are de�ned for integer n by

S

j

(n) =

n

X

k=1

1

k

j

: (A6)

18



For omplex n, the harmoni sums with j = 1; 2; 3 an be alulated using the results [42℄

S

1

(n) = (n+ 1) + 

E

;

S

2

(n) =�  

0

(n+ 1) + �(2) and

S

3

(n) =

1

2

 

00

(n+ 1) + �(3);

(A7)

where  (n) and its derivatives an be evaluated for large n using

 (n) = lnn �

1

2n

�

1

12n

2

+

1

120n

4

�

1

252n

6

+

1

240n

8

�

1

132n

10

+O

�

1

n

12

�

: (A8)

As noted in Ref. [43℄, the harmoni sums when n is small an be alulated by using Eq.

(A6) to write S

j

(n) in the form

S

j

(n) = S

j

(n+ r) �

r

X

k=1

1

(k + n)

j

; (A9)

where r is hosen suh that Re(n+ r) is large enough to alulate S

j

(n+ r) using Eq. (A8).

The funtion

e

S(n) (also known as S

�2;1

(n)) is de�ned for integer n by

e

S(n) =

n

X

k=1

(�1)

k

k

2

k

X

r=1

1

r

: (A10)

A method for alulating

e

S(n) is given in Ref. [43℄, and generalized for other funtions

appearing in perturbative QCD up to two loop order in Ref. [44℄. Here we present an

alternative method whih is similar to the alulation of the S

j

(n) using Eqs. (A8) and

(A9). Firstly, we analytially ontinue Eq. (A10) to omplex values of n by writing it in the

form

e

S(n) =

1

X

k=1

(�1)

k

k

2

k

X

r=1

1

r

� (�1)

n

1

X

k=1

(�1)

k

(k + n)

2

S

1

(k + n): (A11)

The �rst term gives �

5

8

�(3). For all values of n exept for n = �1;�2; :::, the seond term

onverges, but very slowly. Instead, we use Eq. (A10) to write

e

S(n) in the form

e

S(n) =

e

S(n+ r)� (�1)

n

r

X

k=1

(�1)

k

(k + n)

2

S

1

(n+ k); (A12)

where r is hosen suh that Re(n+r) is large, and alulate

e

S(n+r) as a series in 1=(n+r).

For this purpose, we write S

1

(n + k) in the form

S

1

(n+ k) = lnn+ 

E

+

1

X

l=1

1

n

l

l

X

m=0

A

l

m

k

m

; (A13)
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where the A

l

m

may be easily alulated using the �rst relation in Eq. (A7) and Eq. (A8),

then we expand the seond term in Eq. (A11) in

1

n

, making use of the relation

1

X

k=1

(�1)

k

k

r

=

�

x

d

dx

�

r

�

1

1 + x

� 1

�

�

�

�

�

�

x=1

; (A14)

to obtain the result

1

X

k=1

(�1)

k

(k + n)

2

k+n

X

r=1

1

r

= (lnn+ 

E

)

1

X

p=0

1

n

p+2

(�1)

p

(p+ 1)

�

x

d

dx

�

p

�

1

1 + x

� 1

�

�

�

�

�

�

x=1

+

1

X

p=1

1

n

p+2

p�1

X

r=0

(�1)

r

(r + 1)

p�r

X

m=0

A

p�r

m

�

x

d

dx

�

r+m

�

1

1 + x

� 1

�

�

�

�

�

�

x=1

:

(A15)

The oeÆient of the terms 1=n

p

may now be evaluated, and we �nd

e

S(n) = �

5

8

�(3)

� �(n)

"

(lnn+ 

E

)

�

�

1

2n

2

+

1

2n

3

�

1

2n

5

+

3

2n

7

�

17

2n

9

+O

�

1

n

11

��

�

1

2n

3

+

5

12n

4

+

11

24n

5

�

151

240n

6

�

469

240n

7

+

331

126n

8

+

67379

5040n

9

+O

�

1

n

10

�

#

:

(A16)

Sine all ourrenes of �

2

must be replaed by unity in the analyti ontinuation, in the

seond row of Table A, we have made the neessary adjustments to that result presented in

Ref. [41℄.

FORTRAN routines for the longitudinal oeÆient funtions to NLO in Mellin spae are

provided at http://www.desy.de/~simon/f_long.html.
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TABLE 1: Values and errors of N , � and � in Eq. (17) resulting from the �t.

Hadron Flavour N � �

�

�

d 0.833 � 0.012 �1.17 � 0.01 1.39 � 0.02

u 0.447 � 0.007 �1.58 � 0.01 1.01 � 0.02

s 0.519 � 0.035 �0.365 � 0.066 1.96 � 0.10

 1.56 � 0.03 �1.03 � 0.01 3.58 � 0.07

b 0.139 � 0.001 �2.24 � 0.01 2.77 � 0.05

g 429 � 3 2.00 � 0.01 5.82 � 0.01

K

�

d 2245 � 465 4.14 � 0.18 12.0 � 0.5

u 10.9 � 0.7 1.72 � 0.08 3.44 � 0.08

s 0.529 � 0.012 �0.787 � 0.027 0.915 � 0.027

 2.28 � 0.09 �0.488 � 0.028 3.79 � 0.09

b 1.13 � 0.03 �0.960 � 0.016 6.22 � 0.09

g 15.9 � 0.5 2.72 � 0.05 2.45 � 0.03

p=p d 146 � 22 2.30 � 0.12 10.4 � 0.4

u 0.0182 � 0.0014 �2.37 � 0.05 0.507 � 0.125

s 1859 � 648 6.67 � 0.49 9.17 � 0.53

 12.0 � 1.4 0.860 � 0.089 7.50 � 0.28

b 1571 � 103 2.19 � 0.04 19.0 � 0.3

g 0.867 � 0.023 1.13 � 0.06 0.854 � 0.020
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TABLE 2: �

2

DF

values obtained from the measured light quark tagging probabilities �

h

a

at

p

s = 91:2

GeV in Ref. [6℄.

�

�

�

�

�

a

h

�

�

K

�

p=p

d 5.05 0.47 2.16

u 4.87 0.43 1.20

s 2.69 0.92 1.23

TABLE 3: As in Table 2, but for the heavy quarks.

�

�

�

�

�

a

h

�

�

K

�

p=p

b 17.9 10.9 7.64

 24.1 11.8 2.96
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TABLE 4: CM energies, types of data, and �

2

DF

values for various data samples. Samples not used

in the �ts are marked by asterisks. (fhg refers to a sum over light harged hadrons and fqg refers

to a sum over all 5 avours of quarks.)

p

s [GeV℄ Data type �

2

DF

29.0 F

fhg

uds

3.44 [17℄

�

F

fhg



2.56 [17℄

�

F

fhg

b

1.74 [17℄

�

F

�

fqg

0.80 [16℄

F

�

uds

1.01 [17℄

F

�



2.51 [17℄

F

�

b

2.14 [17℄

F

K

fqg

0.37 [16℄

F

p

fqg

0.80 [16℄

91.2 F

fhg

fqg

2.61 [14℄

�

105 [19℄

�

22.0 [20℄

�

4.99 [8℄

�

F

fhg

fudsg

1.10 [14℄

�

64.8 [18℄

�

2.08 [20℄

�

F

fhg



34.4 [18℄

�

0.57 [20℄

�

F

fhg

b

0.21 [14℄

�

183.6 [18℄

�

5.90 [20℄

�

F

�

fqg

0.98 [15℄ 1.13 [14℄ 1.82 [8℄

F

�

fudsg

1.82 [14℄ 1.12 [8℄

F

�



1.08 [8℄

F

�

b

0.40 [14℄ 0.67 [8℄

F

K

fqg

0.52 [15℄ 0.31 [14℄ 0.52 [8℄

F

K

fudsg

0.31 [14℄ 0.83 [8℄

F

K



1.79 [8℄

F

K

b

0.10 [14℄ 1.17 [8℄

F

p

fqg

0.65 [15℄ 0.11 [14℄ 0.69 [8℄

F

p

fudsg

0.22 [14℄ 1.43 [8℄

F

p



0.74 [8℄

F

p

b

0.52 [14℄ 1.14 [8℄

E

jet

[GeV℄

26.2 D

fhg

g

23.6 [21℄

�

40.1 D

fhg

g

4.36 [22℄

�
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FIG. 1: Light quark probabilities �

h

a

(x

p

; s) at

p

s = 91:2 GeV. The dashed urves are alulated

using the FFs obtained in Ref. [3℄, the dotted urves are alulated from the (x;M

2

f

) grid of FFs

obtained from the analysis of Ref. [4℄ (in whih no p=p FFs are obtained), and the solid urves

are alulated using the FFs obtained in the analysis of this paper. The orresponding measured

OPAL probabilites of Ref. [6℄ are also shown.
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FIG. 2: As in Fig. 1, but for the heavy quark probabilities.
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FIG. 3: Normalized di�erential ross setion of inlusive hadron prodution. The urves are

alulated from the FFs obtained in our analysis, at 29 (dashed line) and 91.2 (solid line) GeV.

The upmost, seond, third and lowest urves refer to harged hadrons, �

�

, K

�

and p=p respetively.

The di�erential ross setion for the harged hadron urve was alulated by taking the sum of the

di�erential ross setions for the three lightest harged hadrons. The ALEPH [15℄, DELPHI [14℄,

OPAL [20℄, SLD [8℄ and TPC [16℄ data sets are shown. The harged hadron data are shown just

for omparison, but were not used in the �t. Eah urve or pair of urves and the orresponding

data is resaled relative to the nearest upper one by a fator of 1/5.
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FIG. 4: As in Fig. 3, but for the light quark tagged ross setions. The ALEPH [15℄, DELPHI

[14℄, OPAL [20℄, SLD [8℄ and TPC [17℄ data sets are shown. The harged hadron data are shown

just for omparison, but were not used in the �t.
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FIG. 5: As in Fig. 3, but for the  quark tagged ross setions. The ALEPH [15℄, OPAL [20℄ ,

SLD [8℄ and TPC [17℄ data sets are shown. The two SLD data points at x = 0:654 are for the pion

(upper) and proton (lower). The harged hadron data are shown just for omparison, but were not

used in the �t.
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FIG. 6: As in Fig. 3, but for the b quark tagged ross setions. The ALEPH [15℄, DELPHI [14℄,

OPAL [20℄, SLD [8℄ and TPC [17℄ data sets are shown. The harged hadron data are shown just

for omparison, but were not used in the �t.
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FIG. 7: Gluon FF for harged-hadron prodution at M

f

= 52:4 and 80:2 GeV. The urves are

alulated from the FFs obtained in our analysis. The three-jet data from ALEPH [21℄, with

E

jet

= 26:2 GeV, and from OPAL [22℄, with E

jet

= 40:1 GeV, are shown. The OPAL data and its

orresponding urve are resaled by a fator of 1/100.
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p
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sets shown are from ALEPH [18℄, OPAL [33℄ and DELPHI [32℄ without avour separation and

DELPHI [32℄ for light and b quark tagged ross setions. Eah urve is resaled relative to the
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FIG. 9: The invariant di�erential ross setion for inlusive �

0

prodution in p + p ollisions at

p

s = 200 GeV. Data from the PHENIX Collaboration [11℄ are shown, without the absolute 9.6%

normalization error. Compared with this data are the ross setions alulated from the FFs

obtained in this paper (labelled AKK) and that from the FFs of Ref. [3℄ (labelled KKP). The

upper, entral and lower AKK urves are alulated with k = 1=4, 1 and 4 respetively.
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FIG. 10: As in Fig. 9, but for the invariant di�erential ross setion for inlusive K

0

S

prodution in

pp ollisions at

p

s = 200 GeV ompared with data from the STAR Collaboration [38℄, and in p+p

ollisions at

p

s = 630 GeV ompared with data from the UA1 Collaboration [40℄. For larity, the

former results have been divided by a fator of 30.
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TABLE A: Mellin transforms required for the Mellin spae onversion of the NLO oeÆient

funtions of the longitudinal ross setion.
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