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THE LOVÁSZ-CHERKASSKY THEOREM FOR

LOCALLY FINITE GRAPHS WITH ENDS

RAPHAEL W. JACOBS, ATTILA JOÓ, PAUL KNAPPE, JAN KURKOFKA, AND RUBEN MELCHER

Abstract. Lovász and Cherkassky discovered independently that, if G is a finite graph and

T ⊆ V (G) such that the degree dG(v) is even for every vertex v ∈ V (G)r T , then the maximum

number of edge-disjoint paths which are internally disjoint from T and connect distinct vertices

of T is equal to 1

2

∑
t∈T

λG(t, T r {t}) (where λG(t, T r {t}) is the size of a smallest cut that

separates t and T r{t}). From another perspective, this means that for every vertex t ∈ T , in any

optimal path-system there are λG(t, T r {t}) many paths between t and T r {t}. We extend the

theorem of Lovász and Cherkassky based on this reformulation to all locally-finite infinite graphs

and their ends. In our generalisation, T may contain not just vertices but ends as well, and paths

are one-way (two-way) infinite when they establish a vertex-end (end-end) connection.

1. Introduction

A non-trivial path P is a T -path for a set T of vertices if P has its endvertices but no inner vertex

in T . For disjoint vertex sets X and Y in a graph G, we write λG(X,Y ) for the size of a smallest

cut in G that separates X and Y .

Now let T be any set of vertices in a finite graph G. In a set P of edge-disjoint T -paths,

there are at most λG(t, T r {t}) many paths that link a vertex t ∈ T to T r {t}. It follows

that |P| 6 1
2

∑

t∈T λG(t, T r {t}). The question about the sharpness of this upper bound can be

formulated in the following structural way. For every vertex t ∈ T , let Pt be a set of λG(t, T r{t})

many edge-disjoint t–(T r {t}) paths.

Question 1.1. Can we choose the paths in the sets Pt for each vertex t ∈ T in such a way that

the union of all the sets Pt is an edge-disjoint path-system?

Clearly, the answer is no: the three leaves of a star K1,3 form a set T where each set Pt must

consist of a single path, but the union
⋃

t∈T Pt always contains two distinct paths that share an

edge, no matter how we choose the paths in each set Pt. Lovász and Cherkassky independently

showed that, perhaps surprisingly, the answer is yes under the additional assumption that the

graph G is inner-Eulerian for T in that every vertex of G which is not in T has even degree in G.

Theorem 1.2 (Lovász-Cherkassky Theorem [1,2]). Let G be any finite graph, and let T ⊆ V (G)

such that G is inner-Eulerian for T . Then the maximum number of pairwise edge-disjoint T -paths

in G is equal to
1

2

∑

t∈T

λG(t, T r {t}).
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In this note, we extend the theorem of Lovász and Cherkassky to all locally-finite infinite

graphs and their ends. For infinite graphs and their ends, we follow and assume familiarity with

the terminology in [8, §8], in particular in §8.6. We allow a graph to have parallel edges, but

we do not allow any loops; if a graph has no parallel edges, we call it simple. The degree of a

vertex v in a graph G is the number dG(v) ∈ N ∪ {∞} of edges of G incident with v. If all the

vertices of G have finite degree, then we say that G is locally finite. Note that in a locally finite

graph, there can be only finitely many parallel edges between any two vertices. We write V̂ (G)

for the union of the vertex set V (G) of G and the set Ω(G) of all ends of G. An arc A in the end

compactification |G| of a locally-finite connected graph G is a T -arc for a set T ⊆ V̂ (G) if A has

its endpoints but no inner points in T . An arc A is an X–Y arc between two sets X and Y if A

intersects X precisely in one endpoint and Y precisely in the other. We call an arc graphic if it is

defined by a finite graph-theoretic path, a ray, or a double ray with its tails in distinct ends. Two

arcs in |G| are edge-disjoint if they do not meet in inner points of edges.

A subset X ⊆ V̂ (G) lives in a subgraph C ⊆ G or a vertex set C ⊆ V (G) if all the vertices

of X lie in C and all the rays of ends in X have tails in C or G[C], respectively. A finite cut F

of a graph G is an X–Y cut for two sets X,Y ⊆ V̂ (G) if X and Y live in distinct sides of F . If

Y ⊆ V̂ (G) is a set of vertices and ends of a locally finite graph G, and x ∈ V̂ (G) is not contained

in the closure of Y in |G|, then G admits a (finite) x–Y cut, and we denote the least size of such

a cut by λG(x, Y ).

If S is a set of vertices of a graph G and ω is an end of G, then by an S–ω ray we mean a

ray which has precisely its first vertex in S and belongs to ω. An end ω of a locally finite graph

is even, or has even degree, if there is a finite vertex set S ⊆ V (G) such that for every finite set

S′ ⊇ S of vertices, the maximum number of edge-disjoint S′–ω rays is even. Otherwise, ω is odd

or has odd degree. We refer to [4, Section 3] for a discussion of the parity of ends. A locally finite

graph G is inner-Eulerian for a set T ⊆ V̂ (G) if every vertex and end in V̂ (G)rT has even degree

in G.

Our main result reads as follows:

Theorem 1. Let G be any locally-finite connected graph, and let T ⊆ V̂ (G) be discrete in |G|

such that G is inner-Eulerian for T . Then |G| contains a set A of pairwise edge-disjoint graphic

T -arcs such that for every t ∈ T , the number of t–(T r {t}) arcs in A is equal to λG(t, T r {t}).

The assumption that T is a discrete subset of |G| naturally arises here as it is equivalent to

asking that there exists a t–(T r {t}) cut in G for each end t ∈ T , which precisely ensures that

λG(t, T r {t}) is defined for all t ∈ T . We remark that the assumption that T is discrete is

also motivated by the work of Bruhn, Diestel, and Stein [3], which is a generalisation of the

Erdős-Menger theorem by Aharoni and Berger [5] from infinite graphs to infinite graphs and their

ends, under a similar assumption on the ends which implies discreteness in our setting. (Diestel

discusses this assumption in detail in [6, §3].)

We conclude the introduction with two examples that discuss why certain weakenings in the

assumptions of Theorem 1 cannot be made.
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Figure 1. T consists of the black vertices and ends

Example 1.3. We claim that it is not possible to drop in Theorem 1 the requirement that T

is discrete in |G| and, instead, replace λG(t, T r {t}) in the wording of the theorem with the

maximum number µG(t, T r {t}) of pairwise edge-disjoint graphic t–(T r {t}) arcs in |G|. Indeed,

let G be obtained from the double ladder by duplicating each rung, and let T consist of both ends

of G together with the vertices of one of the two main double rays; see Figure 1. Then

µG(t, T r {t}) =







4 if t ∈ T ∩ V (G)

1 if t ∈ T ∩ Ω(G).

But any t–(T r {t}) arc for some t ∈ T ∩ Ω(G) does already preclude the existence of four

t′–(T r {t′}) arcs for some of the t′ ∈ T ∩ V (G), and hence there is no desired arc-system for T .

Figure 2. T consists of the black vertices

Example 1.4. Theorem 1 requires that all vertices and all ends in V̂ (G)rT have even degree in G.

We claim that requiring even end degrees in addition to even vertex degrees is really necessary.

Indeed, let us consider the tree G in Figure 2 and let T consist of its leaves. All the non-leaves

of G have even degree, but the unique end of G has degree 1. Any set A of T -arcs has size at

most one, so A contains no t–(T r {t}) arc for at least one t ∈ T , even though λG(t, T r {t}) = 1.

This note is organised as follows. In Section 2, we introduce the tools and terminology that we

need. In Section 3, we prove Theorem 1.

2. Tools and Terminology

In this section, we recall a number of results that we need in order to prove Theorem 1. Originally,

all these results have been proved only for simple graphs. However, all of them extend to graphs

with parallel edges: Given a graph with parallel edges, just subdivide each edge once, apply the

original result, and then suppress all subdividing vertices.

A cut F is said to lie on a set P of edge-disjoint paths in G if F consists of a choice of exactly

one edge from each path in P. For a vertex set X ⊆ V (G), we denote by dG(X) the number of

edges of G between X and its complement V (G) rX. Note that this notation is consistent with
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the above definition of the degree dG(v) of a vertex v of G in that dG(v) = dG({v}) for every

vertex v ∈ G.

We will need the following generalisation of the Lovász-Cherkassky theorem to countably infinite

graphs without ends:

Theorem 2.1 ([9, Theorem 1.3]). Let G be any graph, and let T ⊆ V (G) be a countable vertex

set such that there is no X ⊆ V (G) r T for which dG(X) is an odd natural number. Then G

contains a set P of edge-disjoint T -paths such that for each vertex t ∈ T , the graph G contains a

t–(T r {t}) cut on the set of t–(T r {t}) paths in P.

In order to use Theorem 2.1, we will need the following lemma:

Lemma 2.2. If G is a locally finite connected graph and T ⊆ V̂ (G) is given such that every vertex

and end in V̂ (G)r T has even degree, then there is no vertex set X ⊆ V (G) whose closure in |G|

is disjoint from T and for which dG(X) is an odd natural number.

This lemma follows directly from the Infinite Handshaking Lemma, as follows.

Lemma 2.3 (Infinite Handshaking Lemma [4, Proposition 15]). The number of odd vertices and

ends in a locally finite graph is even or infinite.

Proof of Lemma 2.2. Assume for a contradiction that there is a vertex set X ⊆ V (G) r T with

X ∩ T = ∅, but such that dG(X) is an odd natural number. Then X and V (G) r X are non-

empty. Consider the graph H that arises from G by contracting G − X to a single vertex v,

keeping parallel edges. Then v has odd degree in H, but no other vertex or end of H has odd

degree, which contradicts Lemma 2.3. �

Finally, we need the following lemma about the connectivity between an end of a graph and a

finite set of vertices:

Lemma 2.4 ([4, Lemma 10]). Let G be a locally finite connected graph, let ω be an end of G,

and let S be a finite set of vertices in G. Then the maximum number of edge-disjoint S–ω rays is

equal to the minimum size of a cut that separates S and ω.

3. Proof of the main result

Proof of Theorem 1. Let us first show that T is countable. Since G is locally finite, |G| is second-

countable, meaning that the topology on |G| has some countable base U . Recall that by assump-

tion, T is discrete in |G|. Therefore, we find for each t ∈ T a basic neighbourhood Ut ∈ U so that

Ut and T r {t} are disjoint; in particular, Ut 6= Ut′ for distinct t, t′ ∈ T . Then T is countable

because U ⊇ {Ut : t ∈ T} is countable.

Since T ∩ Ω(G) is countable, we may fix an enumeration (wn : n < κ) of T ∩ Ω(G) where

κ := |T ∩ Ω(G)| 6 ℵ0. Next, we recursively find for each n < κ an ωn–(T r {ωn}) cut Fn of G

such that the component Cn of G − Fn in which ωn lives is disjoint from the component Cm of
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ωn

Fn

Cn Rn

Sn
Cn+1

ωn+1

T
∩
V
(G
)

P

G−
⋃

i<κ

Ci

Figure 3. Situation in the proof of the main result

G− Fm in which ωm lives for all m < κ other than n (see also Figure 3 for a visualisation of the

whole proof).

Given any n < κ, assume that we have already found suitable finite cuts Fi for all i < n. Let Gn

be the graph obtained from G by contracting each component Ci for i < n to a single vertex vi,

keeping all the parallel edges that may arise. Since all cuts Fi for i < n are finite, the contraction

minor Gn is again locally finite. Let

Tn := (T r {ωi : i < n}) ∪ {vi : i < n} ⊆ V̂ (Gn).

Note that |Gn| = |G| /
{

Ci : i < n
}

, since all the Fi are finite.

Since T is discrete in |G| and the components Ci for i < n are disjoint, Tn is discrete in |Gn|.

Therefore, the end ωn is not contained in Tn r {ωn} where the closure is taken in |Gn|. Thus,

there is a smallest ωn–(Tn r {ωn}) cut F
∗
n in |Gn|. This finite cut F ∗

n in |Gn| defines a finite cut

Fn of |G| of the same size.

Finally, we observe that the component Cn ⊆ |Gn| of Gn − F ∗
n in which ωn lives does not

contain any vi with i < n, since F ∗
n separates ωn and Tn r {ωn} ⊇ {vi : i < n}. Thus, Cn is also a

component of G− Fn and disjoint from each previous Ci. Altogether, this shows that the cut Fn

is as desired.
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Next, we simultaneously contract each component Cn for n < κ to a single vertex vn, again

keeping all the parallel edges that may arise, and obtain a contraction minor Gκ of G. As before,

this contraction minor Gκ is locally finite since all the cuts Fn are finite. Let

Tκ := (T r Ω(G)) ∪ {vn : n < κ} ,

and note that Tκ ⊆ V (Gκ). Moreover, Tκ is countable because it has the same size as T .

By assumption, no vertex or end in V̂ (G) r T has odd degree in G. Hence, by Lemma 2.2,

there is no vertex set X ⊆ V (G) whose closure in |G| is disjoint from T and for which dG(X) is

an odd natural number. It follows that there is no vertex set X ⊆ V (Gκ) whose closure in |Gκ| is

disjoint from Tκ and for which dGκ
(X) is an odd natural number. And since Tκ contains no ends,

it further follows that there is no vertex set X ⊆ V (Gκ)r Tκ for which dGκ
(X) is an odd natural

number. Therefore, we can apply Theorem 2.1 in Gκ to Tκ to obtain a set P of edge-disjoint

Tκ-paths in Gκ with the following property: For every vertex t′ ∈ Tκ, there is a cut F ′
t′ of G on

the set of t′–(Tκ r {t′}) paths in P. Note that all cuts F ′
t′ are finite, because Gκ is locally finite

and the paths in P are edge-disjoint. It remains to translate the set P of edge-disjoint Tκ-paths

in Gκ into the desired set A of pairwise edge-disjoint graphic T -arcs in |G|.

For every n < κ, the finite ωn–(T r {ωn}) cut Fn has smallest size. Let Sn be the set of those

endvertices of Fn in G − Cn. By definition, Fn is a minimal Sn–ωn cut in G. So we can apply

Lemma 2.4 to Sn and ωn to find a set Rn of |Fn| many edge-disjoint Sn–ωn rays. Note that the

rays in Rn use only vertices of V (Cn) ∪ Sn since Fn is a cut. In particular, there is for each edge

in Fn precisely one ray in Rn which starts in this edge.

Now every Tκ-path P ∈ P in Gκ uniquely defines a graphic T -arc in |G| as follows: If the first

or last edge e of P runs between a contraction vertex vn and another vertex u, then we replace it

with the unique u–ωn ray in Rn which traverses the inner points of e and add the end ωn to it.

Here we allow one exception: if P consists of just one edge e between two vertices vn and vm

in Tκ, then we replace e with the double ray which arises from the two rays in Rn and Rm that

start in e, and add the ends ωn and ωm to it. In either case, let us write A(P ) for the graphic

arc defined by P in this way. We claim that A := {A(P ) | P ∈ P} is the desired set of graphic

T -arcs.

The arcs in A are edge-disjoint because the paths in P are edge-disjoint, the components Cn

are disjoint, and the rays in each set Rn are edge-disjoint. It remains to show that for each t ∈ T ,

the number of arcs in A that link t to T r {t} is equal to λG(t, T r {t}). Given any t ∈ T , let

t′ ∈ Tκ be equal to t if t is a vertex, and let t′ := vn if t is an end ωn. The finite t′–(Tκ r {t′}) cut

F ′
t′ of Gκ witnesses that the set of t′–(Tκ r {t′}) paths in P form a maximal sized edge-disjoint

t′–(Tκ r {t′}) path system in Gκ. Since the t–(T r {t}) arc system defined by A arises from this

path system by replacing each path P with the arc A(P ), the number of arcs in this system is

equal to the size of the finite cut F ′
t′ . As the t

′–(Tκ r {t′}) cut F ′
t′ of Gκ induces a t–(T r {t}) cut

of G of the same size, we have λG(t, T r {t}) 6 |F ′
t′ |, which completes the proof. �
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