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Abstract: We study the two-point function of the stress-tensor multiplet of N = 4

SYM in the presence of a line defect. To be more precise, we focus on the single-trace

operator of conformal dimension two that sits in the 20′ irrep of the so(6)R R-symmetry,

and add a Maldacena-Wilson line to the configuration which makes the two-point function

non-trivial. We use a combination of perturbation theory and defect CFT techniques to

obtain results up to next-to-leading order in the coupling constant. Being a defect CFT

correlator, there exist two (super)conformal block expansions which capture defect and

bulk data respectively. We present a closed-form formula for the defect CFT data, which

allows to write an efficient Taylor series for the correlator in the limit when one of the

operators is close to the line. The bulk channel is technically harder and closed-form

formulae are particularly challenging to obtain, nevertheless we use our analysis to check

against well-known data of N = 4 SYM. In particular, we recover the correct anomalous

dimensions of a famous tower of twist-two operators (which includes the Konishi multiplet),

and successfully compare the one-point function of the stress-tensor multiplet with results

obtained using matrix-model techniques.

ar
X

iv
:2

01
1.

04
67

8v
3 

 [h
ep

-th
]  

29
 M

ar
 2

02
1

mailto:julien.barrat@hu-berlin.de, pedro.liendo@desy.de, jan.plefka@hu-berlin.de
mailto:julien.barrat@hu-berlin.de, pedro.liendo@desy.de, jan.plefka@hu-berlin.de


Contents

1 Introduction 2

2 Preliminaries 4

2.1 Two-Point Function of Single-Trace Operators with Wilson-Line Defect 4

2.2 Superconformal Ward Identities 6

2.3 Superblocks and Crossing Symmetry 7

3 Perturbative Computation 10

3.1 Action and Propagators 11

3.2 Feynman Diagrams 11

3.3 Identity and Leading Orders 12

3.4 Next-to-Leading Order 13

3.5 Summary 21

4 CFT Data 21

4.1 Expansion of Superblocks 21

4.2 Defect Channel 23

4.3 Bulk Channel 26

5 Conclusions 30

A Superconformal Blocks 31

A.1 Bulk Channel 31

A.2 Defect Channel 32

A.3 Series Expansions and CFT Data 33

B Insertion Rules 35

B.1 Bulk Insertions 36

B.2 Defect Insertions 37

C Integrals 39

C.1 Elementary Integrals 39

C.2 Standard Integrals 39

C.3 Numerical Integration 41

– 1 –



1 Introduction

The maximally extended supersymmetric Yang-Mills theory in four dimensional space-time

(N = 4 SYM) [1] is a prime theoretical laboratory in quantum field theory. It stands out

in particular due to its quantum exact conformal symmetry, a hidden integrability in the

large N color limit [2] of the SU(N) model, as well as its relevance within the AdS/CFT

correspondence [3–5]. As a consequence an enormous wealth of results has been obtained

to date – including exact non-perturbative ones. Three classes of (pre)–observables that

are prototypical for gauge theories can be identified: scattering amplitudes, correlation

functions of local gauge invariant operators and expectation values of non-local Wilson

loop operators. They may be severely constrained by the manifest superconformal as well

as hidden symmetries of the N = 4 SYM theory. Setting aside the sector of scattering

amplitudes1, the canonical representatives of the local and non-local classes are:

1. The length-two local operator built from the scalar field φi(x):

O20′(x) := Tr[φi(x)φj(x)]− δij

6
Tr[φk(x)φk(x)] , (1.1)

which transforms in the 20′ of the so(6)R R-symmetry group. It is a chiral primary

(1/2-BPS) operator of the conformal symmetry group, as a consequence of which

its two-point and three-point correlation functions are protected from radiative cor-

rections and given exactly by their free field theory approximation [6]. The O20′(x)

operators sit in the so-called stress tensor multiplet of the underlying superconfor-

mal symmetry group that includes the stress tensor as well as the Lagrangian of

N = 4 SYM itself as superconformal descendants. Non-trivial results emerge for the

four-point correlation function of the O20′(x) [7–10] and beyond [11, 12].

2. Supersymmetric Wilson or Maldacena-Wilson loops [13]:

WC :=
1

N
Tr P exp

∮
C
dτ
(
iẋµA

µ + |ẋ|θiφi
)
, (1.2)

defined by a specific curve C in space-time parametrized via xµ(τ) and θiθ
i = 1. Its

vacuum expectation value is finite for smooth curves, and trivial, i.e. 〈Wl〉 = 1, for

straight line geometries [14]. For the circular contours the non-trivial result is known

exactly [14–16]2 and related to the straight line configuration through an (anomalous)

conformal transformation.

Given the prominence of these simplest operators within the N = 4 SYM theory, the

study of correlation functions involving both operators suggests itself. The correlation

function of a single chiral primary operator sitting outside of a straight line or circular

Maldacena-Wilson loop 〈WCO20′(x)〉 is fixed by conformal symmetry up to a function

1Here the tree-level all multiplicity as well as four and five point to all-orders in the coupling are known

exactly.
2It takes the radius-independent form 〈Wc〉 = 2√

λ
I1(

√
λ) with the coupling λ = g2N in the large N ’t

Hooft limit.
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of the coupling constant [17, 18] which may be computed exactly [19, 20]. Correlators

involving cusped/straight lines with a defect operator were also studied in integrability,

and many results are known non-perturbatively [21–23]. However, a lot less is known for

the situation of placing two local operators outside of a Maldacena-Wilson line at generic

positions 〈Wc/lO20′(x1)O20′(x2)〉. Previous work [24] considered this correlator at weak

coupling at leading order (LO) and at strong coupling using the AdS/CFT duality to the

minimal string surfaces in AdS5×S5, see also the very recent [25]. Moreover, configurations

with operators along the line have received some attention recently: correlators of 1/2-BPS

operators in the resulting 1d CFT have been studied using holography [26], the conformal

bootstrap [27], and by looking at protected subsectors [28–30], while integrability has access

to some non-perturbative CFT data, even away from the protected sectors [31].

In this work we consider the perturbative study of a Maldacena-Wilson line with two

generic bulk chiral primaries at next-to-leading order (NLO) in the coupling constant. Un-

like one-point functions, the coordinate dependence of two-point correlators in the presence

of a defect is not fixed by symmetry. Two-point functions depend on two conformal in-

variants z and z̄ similar to the two cross-ratios that characterize four-point correlators in

standard CFTs. Motivated by the modern conformal bootstrap [32], recent years have seen

significant progress in understanding the structure of defect CFT correlators.

There exist two representations for two-point functions in the presence of a line defect

[33]. On the one hand, one can fuse the two local operators using the usual operator product

expansion (OPE), and then evaluate the resulting one-point functions in the presence of the

defect. The second representation is to consider the defect operator expansion, in which one

of the local operators is written as an infinite sum of local excitations on the defect. Both

these expansions are characterized by corresponding conformal blocks and the associated

CFT data (i.e. the spectrum of operators and the OPE coefficients multiplying the blocks),

and they are usually referred to as the bulk channel and defect channel expansions.

Equality of these two representations is the starting point for the bootstrap program

of defect CFTs [33–40]. In this work we will not use the bootstrap approach but rather

perform an explicit perturbative computation up to next-to-leading order (NLO). However,

as it will be clear in the main text, the use of modern defect CFT results will be crucial

for our success, in particular, correlators of 1/2-BPS operators are severely constrained by

Ward identities which were carefully studied in [41]. These powerful constraints together

with a novel combination of perturbation theory, defect CFT techniques and numerical

integration will allow us to obtain an exact formula for the defect channel data, which

is basically a solution of the problem and can be used to produce an efficient Taylor

series around the defect OPE limit (z, z̄) ∼ 0. We perform a similar analysis for the bulk

channel, however this is technically more complicated and closed-form expressions are hard

to obtain. We nevertheless extract a large amount of CFT data and compare it to known

results, finding a perfect match for an infinite set of anomalous dimensions, as well as for

the one-point function of the O20′(x) operator.

The outline of the paper is as follows. In section 2 we review the kinematics of the

– 3 –



defect

z, z̄ = 0
O(1, 1)

O(z, z̄)

z̄
=

0 z
=

1

z̄
=

1z
=

0

Figure 1: Setup for the two-point function of single-trace operators O20′ in the presence

of a Wilson-line defect Wl in Euclidean 4d space. Using scaling symmetry, the coordinate

system can be chosen such that x1 := (1, 0, 0, 0), while the second operator can be described

with the help of complex coordinates z, z̄ as indicated in the text. The line extends out of

the page (in the τ -direction) and is orthogonal to the complex plane.

two-point function of the O20′ chiral primary and its superconformal block expansion in the

defect and bulk channels. We then present our perturbative computation in section 3; we

find analytic formulae for some of the integrals, and when this is not possible we perform

some numerical consistency checks using the Ward identities. In section 4 we extract the

CFT data in the defect and bulk channels by combining our perturbative calculation with

the block expansion. We present an exact formula for the defect data, and perform various

non-trivial checks of our results. We conclude in section 5, and collect technical details in

the appendices.

2 Preliminaries

We start by reviewing the analysis of [41], where the basic kinematics of two-point functions

in the presence of a 1/2-BPS line defect were studied. We focus on the correlator of two

O20′(x) operators in the presence of a Maldacena-Wilson line, however we should point

out that the kinematics reviewed here are more general, and apply to any line defect that

preserves half of the supersymmetry.

2.1 Two-Point Function of Single-Trace Operators with Wilson-Line Defect

First, it is convenient to rewrite the single-trace chiral primary operator O20′(x) of eq. (1.1)

as

O(x) := uiuj Tr[φi(x)φj(x)] , (2.1)

where the so(6)R vectors ui’s obey u2 = 0 and are necessarily complex. This is a convenient

bookkeeping device in order to ensure the tracelessness condition of the chiral primaries

O20′(x). These operators are 1/2-BPS and as reviewed in the introduction their two- and
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three-point functions are protected when there is no defect present. If one inserts a straight

Maldacena-Wilson line, the kinematics changes drastically. Consider

Wl :=
1

N
Tr P exp

∫ ∞
−∞

dτ
(
iẋµAµ + |ẋ|θiφi

)
, (2.2)

with Aµ := TaA
a
µ, φi := Ta φ

a
i , where Ta is a generator of the gauge group of the SYM

theory and i = 1, . . . , 6 an so(6)R index. We work in Euclidean space after Wick rotation

and parameterize the line by xµ(τ) = (0, 0, 0, τ), which implies ẋµ = (0, 0, 0, 1).

Our main goal is to compute the following two-point function in the presence of the

defect:

〈〈O(x1)O(x2) 〉〉 := 〈WlO(x1)O(x2) 〉 .

Bosonic constraints on this type of correlators were originally studied in [33] (see also

[35, 36, 39]). A defect with such a geometry preserves the symmetry so(1, 2) × so(3),

where the first group corresponds to the 1d conformal group on the line and the second

one to rotations orthogonal to the defect. The quantum number associated to the so(1, 2)

symmetry is commonly referred to as the transverse spin, while the one corresponding to

so(3) is called the parallel spin. Because this is a supersymmetric setup, we must also

consider the sp(4)R R-symmetry. The bosonic subalgebras plus the fermionic generators

form the osp(4|4) defect superalgebra. Representations of osp(4|4) are labeled by their

conformal dimension ∆̂, transverse spin s as well as by the sp(4)R Dynkin labels [a, b].

Following [41] we denote 1/2-BPS multiplets of osp(4|4) by (B,±)k̂, with k̂ labeling the

[0, k̂] irreducible representations of the superconformal primary.

The geometry of the system becomes more transparent if we choose a suitable frame.

We can use scaling symmetry such that the operator O(x1) is located at x1 = (1, 0, 0, 0),

while the second operator may be put in the x-y-plane, and hence its most general coor-

dinates are x2 = (x, y, 0, 0). Since our setup contains two degrees of freedom, it is also

convenient to define complex coordinates of the following form:

z := x+ iy , z̄ := x− iy .

These coordinates are conformal invariants similar to the two cross-ratios that characterize

four-point functions in CFTs without a defect. The configuration is depicted in fig. 1.3

In addition to the spacetime invariants (z, z̄) we can also define the variable ω:

4ω

(1− ω)2
:= −(u1 · θ)(u2 · θ)

(u1 · u2)
, (2.3)

which plays the role of an R-symmetry invariant. This awkward-looking definition is justi-

fied by the appearance of the R-symmetry blocks given in (A.2) and (A.7). We recall that

the u’s and θ couple respectively to the single-trace operators and to the line defect.

It will be convenient for later to define the following combination of bosonic invariants:

3In Lorentzian signature z and z̄ are real and independent.
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Ω :=

√
zz̄

(1− z)(1− z̄)

(1− ω)2

4ω
. (2.4)

Using Ω we may rewrite the correlator as

〈〈O(x1)O(x2) 〉〉 =
(u1 · θ)2(u2 · θ)2

x2
1x

2
2

F(z, z̄, ω) , (2.5)

with

F(z, z̄, ω) =

2∑
c=0

Ω2−cFc(z, z̄) . (2.6)

The sum reflects the fact that there are three R-symmetry channels, which correspond

to zero, one and two contractions of the u1, u2 of the single-trace operators with the θ

vector of the Wilson-line defect. The interpretation of each channel depends on which

OPE decomposition we are considering. In the bulk channel expansion they correspond to

[0, k, 0] irreps of so(6)R for k = 0, 1, 2, while in the defect channel they label [0, k̂] irreps of

sp(4)R for k̂ = 0, 1, 2. All the ω dependence is now contained in Ω, and the only unknowns

left are the spacetime functions Fc. The latter have the nice property of being constant at

the first two orders in perturbation theory, as we will show explicitly in section 3.3.

2.2 Superconformal Ward Identities

Conformal and R-symmetry invariance imply that the two-point function can be written

in terms of (z, z̄) and ω. These constraints however do not capture the full power of

superconformal symmetry. In particular, invariance under the full superconformal algebra

imposes the following analyticity property [41, 42]:(
∂z +

1

2
∂ω

)
F(z, z̄, ω)

∣∣∣∣
z=ω

= 0 , (2.7a)(
∂z̄ +

1

2
∂ω

)
F(z, z̄, ω)

∣∣∣∣
z̄=ω

= 0 , (2.7b)

which guarantees the absence of spurious poles when z = ω and z̄ = ω.

It is easy to check that any power of the invariant Ω fulfills the Ward identities, i.e.(
∂z +

1

2
∂ω

)
Ωk

∣∣∣∣
z=ω

= 0 =

(
∂z̄ +

1

2
∂ω

)
Ωk

∣∣∣∣
z̄=ω

. (2.8)

Using the representation (2.6), we see that the three R-symmetry channels are not

all independent. They satisfy differential constraints that we refer to as reduced Ward

identities :

2∑
c=0

(
1

4

1− z
1− z̄

√
zz̄

z

)2−c

∂zFc(z, z̄) = 0 . (2.9)

A second analogous identity follows straightforwardly from eq. (2.7b).
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In favorable situations, it is possible to solve the differential constraints in terms of

a fewer number of independent functions, like in 4d N = 2 and N = 4 SCFTs with no

defects [8, 42]. For our system of equations however this is not possible. As pointed out in

[41], equations (2.7a) and (2.7b) are closely related to the Ward identities of 3d SCFTs in

which the differential constraints are harder to solve.4

These identities provide a powerful check of the perturbative results that we will derive

in section 3. In particular, the reduced Ward identities simplify considerably in the collinear

limit z = z̄, in which eq. (2.9) becomes

F0(x, x) + 4F1(x, x) + 16F2(x, x) = c1, for x > 0 , (2.10a)

F0(x, x)− 4F1(x, x) + 16F2(x, x) = c2, for x < 0 . (2.10b)

Here c1 and c2 are unknown numerical constants that in principle do not need be equal.

This result corresponds to a topological subsector, which can also be directly obtained from

(2.6) by setting z = z̄ = ω.

2.3 Superblocks and Crossing Symmetry

In the presence of a defect, operators can acquire a non-vanishing expectation value, which

explains why two-point functions (unlike the case of CFTs without a defect) can have a

highly non-trivial dependence on the coordinates. Consider the OPE between the two

external fields, the resulting expansion contains local operators whose expectation values

in the presence of the defect is non-zero, the contribution of each local operator and its

(super)conformal descendants can be neatly captured by a corresponding superconformal

block:

F(z, z̄, ω) = Ω2
∑
χ

λOOχaχGχ(z, z̄, ω) . (2.11)

Here χ labels local operators which sit in irreps of the full psu(2, 2|4) superconformal

algebra. As stated above, the relevant quantum numbers on this channel are [∆, l, k]. The

coefficients λOOχ and aχ correspond respectively to the three-point coupling and the one-

point function associated to χ. The superconformal block Gχ(z, z̄, ω) can be decomposed

as

Gχ(z, z̄, ω) =
∑
∆,k,l

c∆,k(χ)hk(ω)f∆,l(z, z̄) , (2.12)

which makes explicit the contribution of a full supermultiplet.

The hk(ω) are R-symmetry blocks and f∆,l(z, z̄) are spacetime blocks. These func-

tions are eigenfunctions of the Casimir operators of respectively so(6)R and so(5, 1). The

coefficients c∆,k(χ) are fixed kinematically and can be obtained, for example, by imposing

that the superblock satisfies the Ward identities.

In addition to the standard OPE between two local operators, there is a new operator

expansion specific to defect CFTs in which an individual local operator can be expanded

4See [42] for an extensive discussion on how to solve Ward identities in different dimensions.

– 7 –



=

Figure 2: Pictorial representation of the crossing equation given in eq. 2.15. The correlator

can be expanded in two ways, either by performing a bulk OPE (left-hand side) or a defect

OPE (right-hand side).

by considering excitations constrained to the defect. We call these excitations defect oper-

ators and they allow us to write a second conformal block expansion which captures the

contributions of superconformal families that live on the defect:

F(z, z̄, ω) =
∑
χ̂

b2Oχ̂Ĝχ̂(z, z̄, ω) . (2.13)

Here χ̂ corresponds to representations of osp(4|4), which is the symmetry preserved by the

defect. As mentioned before, the quantum numbers on this channel are [∆̂, s, k̂], while the

coefficients bOχ̂ are bulk-to-defect couplings that characterize correlators between one bulk

and one defect operators. These correlators are fixed by kinematics and therefore the bOχ̂
plays a similar role as three-point couplings in standard CFTs. The superconformal blocks

Ĝχ̂(z, z̄, ω) can be decomposed as

Ĝχ̂(z, z̄, ω) =
∑
∆̂,k̂,s

c∆̂,k̂(χ̂)ĥk̂(ω)f̂∆̂,0,s(z, z̄) . (2.14)

The ĥk̂(ω) are R-symmetry blocks, while the f̂∆̂,0,s(z, z̄) are spacetime blocks, which cap-

ture the bosonic contributions of the defect algebra. Like before, these functions can be

obtained by solving the Casimir equations, and the relative coefficients in (2.14) can be

fixed using the Ward identities.

The two ways of expanding the correlator result in a “crossing equation”:

Ω2
∑
χ

λOOχaχGχ(z, z̄, ω)
!

=
∑
χ̂

b2Oχ̂Ĝχ̂(z, z̄, ω) . (2.15)

A pictorial representation of this relation is shown in fig. 2. This equation is the starting

point of the defect bootstrap program, whose goal is to constrain that landscape of defect

CFTs and hopefully solve individual models. In this work we will not follow the bootstrap

approach, but rely instead on standard perturbation theory techniques. It will be never-

theless crucial to use defect CFT techniques in order to write our final result. Feynman

integrals are often hard to solve in closed form and the superblock expansions will allow us

to extract the CFT data, which in the end is the dynamical information that characterizes

the correlator.
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Before we jump to the perturbative calculation, we still need to specify the precise

multiplets of both the psu(2, 2|4) and osp(4|4) algebras that can appear on each channel.

This analysis was done in [41] where the allowed multiplets were obtained by analytically

continuing the results for a codimension-one defect (i.e. the boundary).

Bulk channel selection rules. The spectrum of allowed representations in the bulk

OPE corresponds to the multiplets that can appear in the OPE of two 20′ and in addition

can have non-vanishing one-point functions. The list is as follows:

• the identity operator 1;

• 1/2-BPS operators B[0,2k,0] with k = 1, 2;

• semishort blocks C[0,2,0],l with l ≥ 0 and even;

• long blocks A∆
[0,0,0],l with ∆ ≥ l + 2, l ≥ 0 and even.

Here we are using the notation of [43]; l := 2j is the spin of the operator and ∆ the scaling

dimension. Notice that only so(6)R irreps of the type [0, p, 0] can contribute to this OPE.

The superblocks are given explicitly in appendix A.1. One could also consider semishorts

C[0,0,0],l multiplets, however these multiplets contain higher-spin conserved currents and are

disallowed in interacting theories [44, 45]. We will see this type of multiplets at the leading

order of our calculations, however we will interpret them as long multiplets A∆
[0,0,0],l at the

unitarity bound ∆ = l + 2, which will recombine when we add higher-order corrections.5

Summarizing, the bulk channel superconformal block expansion reads

Ω−2F(z, z̄, ω) = A+BGB[0,2,0]
+ CGB[0,4,0]

+
∑
l

DlGC[0,2,0],l
+
∑
∆,l

E∆,lGA∆
[0,0,0],l

, (2.16)

where we have suppressed the (z, z̄) and ω dependence on the right-hand side for compact-

ness. The dynamical information in this expansion is contained in the CFT data, which

corresponds to the spectrum of operators and to the coefficients in front of the blocks.

The latter are given by the product of bulk three-point function coefficients and defect

one-point functions. In order to avoid cluttering, we have simplified the notation a bit:

A := λOO1a1 = bOO , B := λOOOB[0,2,0]
aOB[0,2,0]

, ...

where the dots stand for similar definitions for the rest of coefficients.

Defect channel selection rules. In the defect channel, the following representations

have non-vanishing two-point functions in presence of the defect:

• the identity operator 1̂;

5When A∆
[0,0,0],l hits the unitarity bound the decomposition is a bit more involved, there are four different

multiplets appearing, not just C[0,0,0],l. However the other three multiplets do not contribute to our block

expansion, see [43] for the precise shortening/recombination rules.
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• 1/2-BPS operators: (B,+)k̂ := [2k̂, 0, k̂], with k̂ = 1, 2;

• 1/4-BPS operators: (B, 1)[k̂,s] := [2k̂, s, k̂], with s ≥ 0 and k̂ = 0, 1;

• long operators: L∆̂
[0,s] := [∆̂, s, 0], with ∆̂ ≥ s+ 1 and s ≥ 0.

The blocks can be found in appendix A.2. Note that at the unitarity bound ∆̂ = s+ 1, the

long operators shorten and the corresponding CFT data coefficients are indistinguishable

from the (B, 1)[0,s] ones, since

ĜLs+1
[0,s]

= −Ĝ(B,1)[0,s]
. (2.17)

This relation is classical and will be spoiled by anomalous dimensions at loop level, thus

guaranteeing that the expansion in superblocks remains unique.6 Notice that unlike the

bulk channel there is no theorem that guarantees the absence of these multiplets in the

interacting theory, the result of [44, 45] assumes a local CFT, defect theories are generically

non-local, especially in the one-dimensional case we are studying.

In summary, the expansion in the defect channel reads

F(z, z̄, ω) = Â+ B̂Ĝ(B,+)1
+ ĈĜ(B,+)2

+
∞∑
s=0

D̂sĜ(B,1)[0,s]
+
∞∑
s=0

ÊsĜ(B,1)[1,s]
+
∑
∆̂,s

F̂∆̂,sĜL∆̂
[0,s]

.

(2.18)

The dynamical CFT data are the spectrum of defect excitations and the bulk-to-defect

coefficients. Again we use a shorthand notation to avoid cluttering:

Â := b2O1̂ = a2
O , B̂ := b2OÔ(B,+)1

, ...

These are defect two-point function coefficients between the bulk external operator and a

defect operator.

3 Perturbative Computation

The goal of this section is to compute the correlator perturbatively up to next-to-leading

order O(g8). After introducing the Feynman rules, we list all the diagrams relevant for

leading order O(g6) and next-to-leading order. At leading order the integrals involved are

simple and it is not hard to write a closed-form expression for the correlator. At next-to-

leading order the complexity increases dramatically, and of the three R-symmetry channels

we managed to obtain one in closed form. Nevertheless, the symmetry analysis of the

previous section will allow us to extract the CFT data individually. This is a challenging

technical task that we perform in section 4.

6Like in the bulk case, multiplet shortening/recombination is a bit more involved, the precise relation

can be easily calculated using superconformal characters (see for example [46] for a closely related analysis).
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3.1 Action and Propagators

The action of N = 4 SYM is given by (including ghosts and gauge fixing)

S =
1

g2

∫
d4x Tr

{
1

2
Fµν F

µν +DµφiD
µφi − 1

2
[φi, φj ][φ

i, φj ]

+iψ̄γµDµψ + ψ̄Γi[φi, ψ] + ∂µ c̄D
µc+ ξ

(
∂µA

µ
)2}

. (3.1)

Our conventions are gathered in appendix B. The resulting propagators in Feynman gauge

(ξ = 1) take the following form in configuration space:

Scalars:
i, a

1

j, b

2
= g2δijδ

abI12 , (3.2a)

Gluons:
µ, a

1

ν, b

2
= g2δµνδ

abI12 , (3.2b)

Gluinos:
a

1

b

2
= ig2δab/∂∆I12 , (3.2c)

Ghosts:
a

1

b

2
= g2δabI12 , (3.2d)

where we have defined for brevity

I12 :=
1

(2π)2x2
12

, (3.3)

with xij := xi − xj and

/∂∆ := γ · ∂
∂∆

, ∆ := x1 − x2 ,

with γµ the Dirac matrices. The Feynman rules follow straightforwardly, and we have

assembled the relevant ones into a set of insertion rules in appendix B.

3.2 Feynman Diagrams

We wish now to list the diagrams that are relevant for the computation up to order O(g8).

We start by noting that a large number of diagrams are irrelevant because of the color

contractions:

, , , ∝ fada = 0 . (3.4)

Here the first three diagrams refer to insertions on the Wilson line, while the rightmost

circle in the fourth one represents the trace of the operators defined in (2.1).

The lowest order at which the two-point function receives a contribution is the order

O(g4), which we will call identity order. It corresponds to the two-point function of single-

trace operators disconnected from the line:
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Table 1: Feynman diagrams in the planar limit N → ∞ for the computation of the

two-point function with line defect at next-to-leading order (NLO). The configurations

are classified in function of their R-symmetry channel. It should be understood that all

(planar) path orderings on the Wilson line have to be considered for each diagram.

0-Channel

1-Channel

2-Channel

As mentioned before, the disconnected two-point function is protected and does not receive

radiative corrections at higher orders of the coupling. The R-symmetry factor of this

diagram is (u1 · u2)2, and hence only the 0-channel is non-zero at this order (see section

2.1).

At leading order O(g6), we find the first contribution to the two-point function that

involves the defect:

This diagram has a R-symmetry factor (u1·u2)(u1·θ)(u2·θ) and therefore only the 1-channel

is non-vanishing at leading order.

The number of diagrams increases significantly at next-to-leading order O(g8), and in

particular we find that all the three R-symmetry channels are represented. The planar

contributions are gathered in table 1.

3.3 Identity and Leading Orders

We proceed now with the computation of the identity and leading orders. We have seen

that only one diagram contributes at O(g4), and it is trivial to compute since there is no
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integral involved:

=
(u1 · θ)2(u2 · θ)2

x2
1x

2
2

g4N2

25π4
Ω2 . (3.5)

The corresponding Fc-functions defined in section 2.1 are easy to read:

F0(z, z̄) =
g4N2

25π4
, (3.6a)

F1(z, z̄) = F2(z, z̄) = 0 . (3.6b)

The leading order is also simple to compute, since it contains only two elementary (and

independent) one-dimensional integrals:

= (u1 · u2)(u1 · θ)(u2 · θ)g6NI12

∫
dτ3

∫
dτ4 I13I24

=
(u1 · θ)2(u2 · θ)2

x2
1x

2
2

g6N

26π4
Ω . (3.7)

This translates into the following Fc-functions:

F1(z, z̄) =
g6N

26π4
, (3.8a)

while the other channels vanish, i.e.

F0(z, z̄) = F2(z, z̄) = 0 . (3.8b)

Notice that they are constant, i.e. both the identity and leading orders manifestly satisfy

the reduced Ward identities given in eq. (2.9).

The full correlator up to order O(g6) reads

〈〈O(x1)O(x2) 〉〉O(g6) =
(u1 · θ)2(u2 · θ)2

x2
1x

2
2

g4N2

25π4

{
Ω2 +

g2

2N
Ω

}
. (3.9)

3.4 Next-to-Leading Order

We now turn our attention to the more challenging computation of the correlator at next-

to-leading order. In order to have compact expressions, it is convenient to define the

following R-symmetry factor:

λc := g8N2(u1 · u2)2−c(u1 · θ)c(u2 · θ)c , (3.10)

where c = 0, 1, 2 refers to the R-symmetry channel just as it was the case in section 2.1.

The integrals used throughout this section are listed in appendix C.
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3.4.1 2-Channel

We start by considering the 2-channel, which is the simplest one since it consists of only

one diagram without any vertex. After discarding the non-planar diagrams and doing the

Wick contractions, it reads

=
λ2

8

∫
dτ3

∫
dτ4

∫
dτ5

∫
dτ6 Θ(τ3456) (I13I25 + I15I23)(I14I26 + I16I24) .

The structure of the integrand comes from the fact that all permutations of the points on

the Wilson line had to be considered. Θ(τ3456) is a path-ordering variable, defined explicitly

in (B.16). The F -function of the 2-channel can be expressed as

F2(z, z̄) =
1

8
g8N2 I(1, x2

2) ,

with I(x2
1, x

2
2) the integral given above. The diagram depends manifestly only on x2

2, i.e.

the only variable is the distance between the operator and the line, while the distance

between the two bulk operators is irrelevant for this channel.

The computation of the integral can be performed analytically, except for the last one-

dimensional integral. We were able to find an exact expansion of the remaining integral

using numerical data, which can be resummed into the following expression:

F2(z, z̄) =
g8N2

212π6

{
3π2 − 4iπ log 2 + 4 tanh−1

√
zz̄
(

log zz̄ + 4 log 2− 2 tanh−1
√
zz̄
)

+ 4 log2
(

1−
√
zz̄
)

+ 2 log
(√

zz̄ − 1
) [
−2 log

(
1−
√
zz̄
)

+ log
(√

zz̄ − 1
)

+ 2 log 2
]
− 2 log

(
1 +
√
zz̄
)

log 4
(

1 +
√
zz̄
)

+ 4Li2

(
−
√
zz̄
)
− 4Li2

√
zz̄ − 4Li2

1

2

(
1−
√
zz̄
)

+4Li2
1

2

(
1 +
√
zz̄
)}

. (3.11)

The procedure for finding this closed form is detailed in appendix C.3.1, and is plotted in

fig. 3 for the limit z = z̄7.

3.4.2 1-Channel

The 1-channel contains many more diagrams, which now include vertices and that we

therefore expect to be significantly more difficult. We will not be able to solve the integrals

analytically, however they can be computed numerically in the collinear limit z = z̄. For

this channel, we will first focus on the point z = z̄ = 0, and in section 4.3.1 we will show

that the channel can be resummed in the collinear limit.

7Since the diagram only depends on one variable x2
2, i.e. zz̄, the plot shown in the figure actually

represents the channel everywhere.
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Figure 3: Plots of the F -functions for the 2-channel (left) as well as for the 1-channel

(right). In both cases, the dots correspond to the data gathered by numerical integration,

while the solid lines show the collinear limit of eq. (3.11) for the 2-channel (left) and the

resummation of the 1-channel as given in eq. (4.13) (right). For both channels we observe

a perfect agreement between numerical data and analytical expressions.

The first category of diagrams that we study corresponds to the ones for which a

divergence arises when we pinch the vertices towards one operator. We will refer to such

diagrams as corner diagrams (in which we also include the self-energy diagrams).

The X-diagram pinched at x1 results in the following expression (after performing the

contractions and taking the symmetry factors into account):

= −λ1

∫
dτ3

∫
dτ4 I24 X1123 , (3.12)

where we note that the pinching limit X1123 is known analytically and is given by eq.

(C.9). Because cancellations will occur, let us first collect the expressions associated to

each diagram before considering the τ -integrals. For now we simply note that this diagram

is logarithmically divergent.

The H-diagram pinched at x1 turns out to be

= −λ1 I12

∫
dτ3

∫
dτ4 I13I24

{
−X1123

I12I13
+
Y112

I12
+
Y113

I13

+

(
1

I12
+

1

I13
− 2

I23

)
Y123

}
, (3.13)

where we have made use of the pinched integral identity given in eq. (C.10). The three

first terms are also logarithmically divergent.

The self-energy diagrams are straightforward to read using (B.3) and give

= 2 λ1

∫
dτ3

∫
dτ4 I13I24 Y112 , (3.14)

as well as

= 2 λ1 I12

∫
dτ3

∫
dτ4 I24 Y113 . (3.15)
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It is well-known that these diagrams are also logarithmically divergent.

Comparing expressions in eq. (3.12-3.15) reveals that many terms occur several times

with different signs. Hence it makes sense to group the diagrams in an upper-right corner

diagram as follows:

:= + +
1

2

 +


= −λ1 I12

∫
dτ3

∫
dτ4 I13I24

(
1

I12
+

1

I13
− 2

I23

)
Y123 . (3.16)

Due to cancellations, the expression has simplified considerably and the integral is now

finite. Note that this expression is consistent with the treatment of corner interactions

performed in [11].

In a fully analogous way, we can treat the diagrams of the opposite corner, using the

remaining half of the symmetric self-energy diagram:

:= + +
1

2

 +


= −λ1 I12

∫
dτ3

∫
dτ4 I13I24

(
1

I12
+

1

I24
− 2

I14

)
Y124 . (3.17)

The corner IYI-diagram at x1 is defined as follows:

= λ1 I12

∫
dτ3

∫
dτ4

∫
dτ5 ε(τ3 τ4 τ5) I13 (∂τ2 − ∂τ5)Y245 ,

where we recall that all permutations of the legs connected to the line are considered. The

path-ordering symbol ε(τ3 τ4 τ5) is defined explicitly by eq. (B.14b). This expression can

be further simplified in the following way. Using integration by parts, one can rewrite

(∂τ2 − ∂τ5)Y245=̂− (∂τ4 + 2∂τ5)Y245. Since the derivatives now only act on the Wilson-line

points, we can integrate by parts again with respect to τ4 and τ5, and use the fact that

∂τ4ε(τ3 τ4 τ5) = 2 (δ(τ45)− δ(τ43)) ,

with τij := τi − τj as usual. The δ-functions kill one τ -integral, and we are left with

= λ1 I12

∫
dτ3

∫
dτ4 I13 (Y234 − Y244) . (3.18)

We can combine this diagram with the remaining half of the corresponding self-energy

contribution to obtain the following upper-left corner diagram:

:= +
1

2

= λ1 I12

∫
dτ3

∫
dτ4 I13 Y234 . (3.19)
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Once again, we see that the pinched integrals cancel, thus making this expression finite.

Similarly, we define the following lower-left corner diagram:

:= +
1

2

= λ1 I12

∫
dτ3

∫
dτ4 I24 Y134 . (3.20)

Another class of diagrams consists of the symmetric diagrams, in the sense that the

integrals are invariant under a permutation x1 ↔ x2. Using the 4-point insertion rules

from appendix B.1, it is straightforward to write down the expressions corresponding to

each diagram and to perform the Wick contractions. There is one X-diagram, which reads∣∣∣∣∣∣
1

= −λ1 I12

∫
dτ3

∫
dτ4 X1234 , (3.21)

where the subscript 1 means that we only consider the 1-channel of the diagram8.

There is also one H-diagram, which gives:

= −λ1 I12

∫
dτ3

∫
dτ4 I13I24 F13,24 , (3.22)

where the F- and X-integrals are defined in appendix C.2. Note that we have made use of

the insertion rules (B.7) and of the fact that∫
dτ3

∫
dτ4 {I13I24 F13,24 + I14I23 F14,23} = 2

∫
dτ3

∫
dτ4 I13I24 F13,24 . (3.23)

In the same way, the symmetric IYI-diagram yields

= −λ1

2

∫
dτ3

∫
dτ4

∫
dτ5 ε(τ3 τ4 τ5) I13I25 (∂τ1 − ∂τ2)Y124 .

For this diagram, the τ3- and τ5-integrals can be performed as follows: insert the definition

(B.14b) of the path-ordering symbol ε(τ3 τ4 τ5), split e.g. the τ5-integral into pieces such

that the signum functions involving τ5 can be eliminated, and integrate termwise. This

results in the following expression:∫
dτ5 ε(τ3 τ4 τ5) I25 =

1

(2π)2 |x2|

{
2

(
tan−1 τ4

|x2|
− tan−1 τ3

|x2|

)
+ π sgn τ34

}
.

The τ3-integral is elementary, and the IYI-diagram turns out to be

= −1

2

λ1

(2π)3 |x1| |x2|

∫
dτ4

(
tan−1 τ4

|x2|
− tan−1 τ4

|x1|

)
(∂τ1 − ∂τ2)Y124 . (3.24)

8Indeed the diagram contributes in principle also to the 0-channel, as we will see in the next subsection.
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There remains only a one-dimensional integral to do for this diagram. All the symmetric

diagrams are finite, and hence the 1-channel is also finite on its own as expected.

Since the expressions for the Y-, X- and F-integrals are known analytically, we are left

with one-dimensional and two-dimensional integrals. We can group them accordingly, and

we define the 1d integrals

ΩF 1d
1 (z, z̄) := FY123(z, z̄, ω) + FY124(z, z̄, ω) + FIYI(z, z̄, ω) , (3.25)

with

FY123(z, z̄, ω) := λ1 I12

∫
dτ3

∫
dτ4 I13I24

(
1

I23
− 1

I13

)
Y123

=
λ1

4π|x2|
I12

∫
dτ3

(
I13

I23
− 1

)
Y123 ,

where we have used the elementary integral given in eq. (C.1a), and

FY124(z, z̄, ω) :=
λ1

4π|x1|
I12

∫
dτ4

(
I24

I14
− 1

)
Y124 .

FIYI is simply defined by the symmetric IYI-diagram of eq. (3.24).

Similarly, grouping the 2d integrals together results in

ΩF 2d
1 (z, z̄) := FX(z, z̄, ω) + FY134(z, z̄, ω) + FY234(z, z̄, ω) , (3.26)

where we have defined

FX(z, z̄, ω) := λ1 I12

∫
dτ3

∫
dτ4 I13I24

(
1

I14I23
− 1

I13I24
− 1

I12I34

)
X1234 ,

as well as

FY134(z, z̄, ω) := λ1 I12

∫
dτ3

∫
dτ4 I13I24

(
1

I13
− 1

I14
+

1

I34

)
Y134 ,

and

FY234(z, z̄, ω) := λ1 I12

∫
dτ3

∫
dτ4 I13I24

(
1

I24
− 1

I23
+

1

I34

)
Y234 .

We will not be able to solve these integrals analytically. However it is possible to

numerically integrate both (3.25) and (3.26) on the line z = z̄ =: x. We found that the

correlator corresponding to the 1-channel takes the following form:

F1(x, x) =
g8N2

3 · 29π4
+O(x log x) . (3.27)

The numerical integration could not be performed precisely enough in order to obtain the

closed form of the coefficients at higher order, but the data will still be useful for checking

the Ward identities. A plot of this channel can be found in fig. 3. Eq. (3.27) gives the

1-channel at the point z ∼ z̄ ∼ 0, which as we will see suffices for extracting the CFT data.
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For completion we note some additional properties of the 0-channel on the line z = z̄:

FX(x, x) = 0 ∀x ≥ 0 , (3.28a)

as well as:

F1(x, x)− FX(x, x) = const. =
g8N2

3 · 29π4
∀x ≤ 0 . (3.28b)

The first relation simply means that the X-integrals do not contribute to the correlator for

x ≥ 0, while the second one implies that only the X-integrals are relevant for x ≤ 0. We

will not need to exploit these interesting properties in this work.

3.4.3 0-Channel

Similarly to the previous section, we now write down the integrals of the 0-channel and

show that the latter is finite on its own. In particular, we conclude that only one diagram

contributes at this order and that its corresponding F -function is constant on the line z = z̄

for x ≤ 0. In section 4.3.1 it will be shown that the 0-channel can also be resummed in the

full collinear limit, i.e. also for x ≥ 0.

Let us start by reviewing the vanishing diagrams. There are two X-diagrams con-

tributing to the 0-channel, with either two scalar or two gluon fields contracted to the line.

It is elementary to show that they cancel each other, i.e.∣∣∣∣∣∣
0

+ = 0 . (3.29)

The reason why they have opposite sign is the presence of the i in front of the gluon field

in the definition of the Maldacena-Wilson line.

The next diagram will be referred to as the YY-diagram. The two Y-integrals are

independent and hence we can factorize them and write

= −λ0

(∫
dτ3 (∂τ1 − ∂τ2)Y123

)2

. (3.30)

It is easy to see that the integral vanishes for any x2, since the integrand is antisymmetric

with respect to τ3 ↔ −τ3. This diagram therefore does not contribute to the 0-channel

and can also be discarded.

The last diagram that we must consider is an H-diagram, which is more intricate

because of the complicated look of the 4-point insertion given in eq. (B.8). However,

noticing that ∫
dτi ∂τiIij = 0

allows the diagram to be simplified to the following compact expression:

= −4λ0 I12 ∂τ1∂τ2

∫
dτ3

∫
dτ4 H13,24 . (3.31)
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Figure 4: The left plot shows the 0-channel after numerical integration (dots) and after

resummation (solid line) as given by eq. (4.14) in the collinear limit z = z̄. We observe

a perfect match, and note that F0 is constant for negative x. The right plot shows the

reduced Ward identities in the collinear limit for the Fc-functions computed numerically

(dots). The constant behavior is exactly what is expected from eq. (2.10). The dashed

lines are here to guide the eye.

This integral is the most difficult that we have encountered so far, since (i) the H-integral

is not known analytically, and (ii) the fact that the derivatives are not contracted as in

the 1-channel (see e.g. eq. (3.22)); this prevents us from reducing it to one-loop integrals

using an identity such as the one given in eq. (C.7). Note that the integral is finite, and

hence the 0-channel is finite on its own just like its siblings.

We will not be able to solve the ten-dimensional integral given in (3.31) analytically.

On the line z = z̄ := x, it can be reduced to a 4d integral by using spherical coordinates,

as explained in appendix C.3.2. It is not easy to obtain an expansion of (3.31) for x ≥ 0,

however we found numerically (see fig. 4) that

F0(x, x) = const. = − g8N2

3 · 28π4
∀x ≤ 0 . (3.32)

This is a very important result, as it allows us to expand the correlator at x ∼ 0 from below

and to obtain infinitely many terms which can be compared to the superblock expansion

given in eq. (4.2) and (4.3). We will use this in the next section in order to find closed-form

expressions for the CFT data on the defect channel.

3.4.4 Ward Identities in the Collinear Limit

We wish now to check whether the Ward identities that we presented in eq. (2.10) for the

limiting case z = z̄ are fulfilled by the expressions that we obtained in this section. The

numerical data reveals that

c1 =
g8N2

3 · 26π4
, (3.33a)

c2 = 0 , (3.33b)

as it can be seen in fig. 4. Although it is only performed in the collinear limit, the check of

the Ward identities is a highly non-trivial confirmation of the validity of the expressions that
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Figure 5: Domains where the different R-symmetry channels are known analytically from

the perturbative computation at next-to-leading order. Here z := x+ iy. The 2-channel is

known everywhere, the 0-channel is known only on the line z = z̄ =: x for x ≤ 0, while the

1-channel is known only at one point.

were presented in the previous subsections. Note moreover that c2 is in perfect agreement

with the study of the correlator performed in [25] at the point z = z̄ = ω = −1.

3.5 Summary

Let us summarize the results that were derived throughout this section. The identity and

leading orders were easy to compute, and the corresponding Fc-functions turned out to be

constant up to O(g6):

F0(z, z̄) =
g4N2

25π4
, (3.34a)

F1(z, z̄) =
g6N

26π4
, (3.34b)

F2(z, z̄) = 0 . (3.34c)

At NLO we were able to obtain a full analytical expression for the 2-channel, which is

given by eq. (3.11). For the 0-channel, we obtained an analytical result for the domain

z = z̄ := x with x ≤ 0, while the 1-channel could be solved only at the point z = z̄ = 0:

F0(x, x) = − g8N2

3 · 28π4
∀x ≤ 0 , (3.34d)

F1(0, 0) =
g8N2

3 · 29π4
. (3.34e)

Each channel is finite as expected, and we also showed that the correlator satisfies the

superconformal Ward identities order by order in the collinear limit.

4 CFT Data

We are now ready to extract the CFT data by combining the perturbative computation of

the previous section with the defect CFT analysis of section 2.3.

4.1 Expansion of Superblocks

We need to expand the superblocks in the relevant OPE limits in order to compare the

correlator obtained in (2.16), (2.18) to the one computed perturbatively. We parameterize
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the anomalous corrections to the scaling dimensions of bulk and defect operators as follows:

∆∆,l = ∆
(0)
∆,l +

∞∑
k=1

g2kγ
(k)
∆,l , (4.1a)

∆̂∆̂,s = ∆̂
(0)

∆̂,s
+
∞∑
k=1

g2kγ̂
(k)

∆̂,s
, (4.1b)

where the subscripts refer to the classical scaling dimensions and to the corresponding spin

(either parallel or transverse).

For the bulk channel, the OPE limit is z ∼ z̄ ∼ 1 (i.e. the operator O(x2) is close to

O(x1)), in which the R-symmetry channels read

Fc(z, z̄) =

(
(1− z)(1− z̄)√

zz̄

)2−c ∑
k,l,m

c
(c)
k,l,m logk [(1− z)(1− z̄)] (1− z)l/2(1− z̄)m/2 . (4.2)

The log terms are a consequence of the anomalous dimensions, and arise naturally in loop

computations in perturbation theory (see e.g. (3.11)). The coefficients c
(c)
k,l,m only depend

on g and N , and are basically linear combinations of the CFT data. We spell out the

first few relations in (A.11-A.13). Eq. (4.2) is exact, but the expansion can be truncated

accordingly for comparison with the perturbative computation. In principle, at any order

in g, the relations given in (A.11-A.13) can be solved recursively and the solution is unique.

The coefficients c
(c)
k,l,m with k ≥ 1 can only contain terms with anomalous dimensions γ

(n)
∆,l.

Note that, as briefly mentioned before, it is not necessary to know the full correlator in

order to obtain the full CFT data; from the three R-symmetry channels, it suffices indeed

to know one channel everywhere, one channel on the line (e.g. the limit z = z̄) and

one channel at one point, as it is the case at next-to-leading order from our perturbative

computation (see fig. 5).

The OPE limit for the defect channel is at z ∼ z̄ ∼ 0 (i.e. the operator O(x2) is close

to the defect), and in that case the correlator can be expanded as:

Fc(z, z̄, ω) =

(
(1− z)(1− z̄)√

zz̄

)2−c ∑
k,l,m

ĉ
(c)
k,l,m logk(zz̄) zl/2z̄m/2 . (4.3)

The previous considerations for the bulk channel apply analogously to the defect channel.

The first few coefficients ĉk,l,m are given by eq. (A.14-A.16) in appendix A.3.2.

The defect channel is technically simpler than its bulk counterpart, which is evident by

comparing the spacetime blocks in (A.1) and (A.6): the defect blocks have a simple form

in terms of products of two 2F1 hypergeometric functions, while the bulk blocks consist

of a less efficient infinite sum of generalized hypergeometric functions. As a consequence,

the bulk channel is severely limited by computing power, while the defect channel can be

expanded to very high orders.
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4.2 Defect Channel

In this section we present closed-form formulae for the defect CFT data up to next-to-

leading order.

4.2.1 Identity Order

We have seen in section 3.3 that the F -functions are constant at identity order. It is easy

to express the 0-channel from (3.6) such that it can be compared to (4.3):

F0(z, z̄) =

(
(1− z)(1− z̄)√

zz̄

)2 g4N2

25π4

∑
l,m≥0

lm zlz̄m . (4.4)

Using the relations given in (A.14-A.16) we immediately obtain

Ĉ =
g4N2

29π4
. (4.5a)

The coefficients Ês are also easy to derive:

Ês =
g4N2

28π4

(1 + s)(2 + s)

1 + 2s
. (4.5b)

It is convenient to characterize the longs by their twist τ̂ := ∆̂−s. The twist-two operators

read

F̂s+2,s =
g4N2

27π4

(2 + s)(3 + s)

(5 + 2s)
.

This relation can be generalized recursively for the longs with arbitrary even twist:

F̂∆̂,s

∣∣∣
τ̂ even

=
g4N2

29π4

Γ(∆̂ + 2)Γ(s+ 3/2)

Γ(∆̂ + 3/2)Γ(s+ 1)

(∆̂− s)(∆̂ + s+ 1)

(∆̂ + s)(∆̂− s− 1)
, (4.5c)

while the F̂∆̂,s with odd twist are zero. This is the supersymmetric equivalent of eq. (2.8)

in [37].

Since both the 1- and 2-channels vanish, we also have:

Â = B̂ = D̂s − F̂s+1,s = 0 . (4.5d)

Note that it is not possible to distinguish the coefficients D̂s and F̂s+1,s just by looking at

the identity order because of multiplet shortening, as explained in section 2.3. However,

looking at the log terms of LO and NLO allows them to be disentangled, and we find that

they vanish individually:

D̂s = F̂s+1,s = 0 . (4.5e)
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4.2.2 Leading Order

At leading order we saw in section 3.3 that only the 1-channel contributes. We can proceed

in the exact same way as for the identity order, since the F -functions are also constant.

The 1-channel can be expressed as

F1(z, z̄) =
(1− z)(1− z̄)√

zz̄

g6N

26π4

∑
l,m≥1

zl/2z̄m/2 . (4.6)

It is easy to solve for the CFT data by following the prescriptions presented in section 4.1,

and we obtain the following coefficients:

Â = Ĉ = 0 , B̂ =
g6N

28π4
, (4.7a)

D̂s − F̂s+1,s =
g6N

27π4

1 + s

1 + 2s
, Ês = 0 , F̂∆̂,s

∣∣∣
τ̂ 6=1

= 0 , (4.7b)

γ̂
(1)

∆̂,s

∣∣∣
τ̂ even

= 0 . (4.7c)

At this order, the coefficients Ds and Fs+1,s could not be disentangled9. We also note that

the long operators with even twist τ̂ do not receive an anomalous contribution γ̂.

4.2.3 Next-to-Leading Order

At NLO the computation of the CFT data is more subtle, since we do not have the full

correlator analytically. Still, we can solve order by order in the same fashion and guess the

exact formula once a sufficient number of coefficients has been obtained.

It makes sense to start by the 2-channel, since it is the only one that is known analyt-

ically everywhere. The expansion of (3.11) in the defect OPE limit reads

F2(z, z̄) =
g8N2

212π4
− g8N2

210π6

∑
l≥1

{
2 log 2 +Hl−1/2

l
(zz̄)l +

1 + (1− 2l)Hl−1

(1− 2l)2
(zz̄)

2l−1
2

}

+
g8N2

210π6
log zz̄

∑
l≥1

1

1− 2l
(zz̄)

2l−1
2 , (4.8)

where we introduced the harmonic numbers Hn:

Hn :=

n∑
k=1

1

k
.

We also know the 0-channel in the collinear limit z = z̄ for x ≤ 0, which turned out to

be a constant function again (see eq. (3.32)), i.e.

F0(x, x)|x≤0 = −
(

(1− z)(1− z̄)√
zz̄

)2 g8N2

3 · 28π4

∑
l,m

lm zlz̄m . (4.9)

9This would require to know at least the log terms at next-to-next-to-leading order (NNLO).
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We can take the same limit in eq. (4.3) in order to relate this expression to the CFT data.

Moreover, the 1-channel is known at one point, as given in eq. (3.27).

Comparing the log terms of (4.8) to (4.3) and (A.16), we find

g2F̂s+1,s

∣∣∣
O(g6)

γ̂
(1)
s+1,s =

g8N2

28π6

1 + s

1 + 2s
H1+s , (4.10a)

γ̂
(2)

∆̂,s

∣∣∣
τ̂ even

= 0 . (4.10b)

Curiously, the anomalous dimensions γ̂ of long operators with even twist are seen to also

vanish at this order. The power series terms result in the following formulae:

Â =
g8N2

212π4
, B̂ = − g8N2

3 · 211π4
, Ĉ = − g8N2

3 · 212π4
, (4.10c)

D̂s − F̂s+1,s = g8N2

3·210π6
1+s
1+2s

{
π2 +

(
1
3

1
(1+s)(1+2s) − 12 log 2

)
H1+s + 1

3H
(2)
1+s

}
, (4.10d)

Ês = − g8N2

3 · 29π6

(1 + s)(2 + s)

1 + 2s

{
π2 +

6

2 + s
H2+s − 6H

(2)
2+s

}
. (4.10e)

As for the lower orders, it makes sense to distinguish the longs according to the parity of

their twist. The CFT data for twist-even operators with s = 0 (i.e. τ̂ = ∆̂) is given by:

F̂∆̂,0

∣∣∣
τ̂ even

= − g8N2

3 · 212π4

Γ(3/2)Γ(∆̂ + 2)

Γ(∆̂ + 3/2)

∆̂ + 1

∆̂− 1
,

while long operators with s = 0 but odd twist exhibit a different structure:

F̂∆̂,0

∣∣∣
τ̂ odd

= g8N2

3·212π6
Γ(3/2)Γ(∆̂+2)

Γ(∆̂+3/2)
∆̂+1
∆̂−1

{
π2 + 12

(
1

(∆̂+3)2
− 1

(∆̂+2)2

)
+ 3

(
H

(2)

∆̂/2+1
−H(2)

∆̂/2+3/2

)}
.

The coefficients quickly grow in complexity as s increases. Nevertheless, we managed to

obtain an exact formula for even twist:

F̂∆̂,s

∣∣∣
τ̂ even

=
1

3 · 212π6

Γ(∆̂ + 2)Γ(∆̂− τ̂ + 3/2)

Γ(∆̂ + 3/2)Γ(∆̂− τ̂ + 1)

{
−π2 (∆̂− 2)(∆̂ + s+ 1)

(∆̂ + s)(∆̂− s− 1)
+ 12

Hτ̂ −Hτ̂−1 −H τ̂−1
2

∆̂− τ̂ /2 + 1

+ 6(H∆̂+1 −H∆̂−τ̂ )(H∆̂−τ̂ /2 −Hτ̂ /2−1) + 6H
(2)

∆̂−τ̂ /2
+

τ̂ /2∑
j=1

12

(∆̂− j + 2)(τ̂ − 2(j + 1))

+12

τ̂ /2−1∑
j=0

hτ̂ ,j+1

∆̂− j + 1
+ 12

τ̂∑
j=τ̂ /2+1

hτ̂ ,τ̂−j+1

∆̂− j + 1

 , (4.10f)

where we have defined the following help function:

hk,n := H(k−1)/2 −H(k−2n+1)/2 −
n∑
j=0

(1 + j)
(

(k−2)j−1Γ(k/2−n+1)
2jΓ(k/2−1)

+ kjΓ(k−n+2)
Γ(k+1)

)
S

(j+1)
n−1 .

We have introduced the Stirling numbers of the first kind S
(m)
n , defined to be the coefficients

of the expansion of the Pochhammer symbols (x)n as a power series:

(x)n :=
Γ(x+ n)

Γ(n)
=:

n∑
m=0

S(m)
n xm .
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Similarly, it is possible to express the coefficients for odd twist in a closed form:

F∆̂,s

∣∣∣
τ̂ odd

=
g8N2

211π6

τ̂(τ̂ − 2∆̂− 1)

(τ̂ − 1)(τ̂ − 2∆̂)

Γ(∆̂ + 2)Γ(∆̂− τ̂ + 3/2)

Γ(∆̂ + 3/2)Γ(∆̂− τ̂ + 1)

{
(H∆̂+1 −H∆̂−τ̂ )(2Hτ̂ −H(τ̂−1)/2)

+
2

∆̂ + 2

(
Hτ̂−1 +H(τ̂+1)/2 −H∆̂−τ̂

)
+

2

∆̂− τ̂

(
Hτ̂−1 +H(τ̂+1)/2 −H∆̂+1

)
+H∆̂+(1−τ̂)/2

(
2(H∆̂+2 −H∆̂−τ̂−1) +H∆̂−τ̂ −H∆̂+1

)
−2

(τ̂−1)/2∑
k=0

(
1

1− k + τ̂
+

1

1 + k − τ̂ − ∆̂

)
H1+τ̂−k

 . (4.10g)

Even though these formulae look a bit messy, they do constitute a complete solution of

our problem. We have obtained all of the relevant defect-channel coefficients up to NLO,

and the correlator can now be expanded around the defect OPE limit z ∼ z̄ ∼ 0 to any

desired order.

4.2.4 Direct Computation of Â

As a consistency check, let us compute the coefficient Â independently for comparison with

the result given in eq. (4.10c). This is easy to do since its definition is just Â := a2
O, i.e.

it is the square of the coefficient for the one-point function of a single-trace operator O(x)

in the presence of the line defect. Hence we have to consider the following correlator:

〈〈O(x) 〉〉 =
(u · θ)2

x2
F (x, ω) , (4.11)

where F is defined in a similar way to eq. (2.5).

At leading order there is only one diagram:

=
1

N
(u · θ) g4 Tr T aT b Tr TaTb

∫
dτ3

∫
dτ4 I13I14

=
(u · θ)2

x2

g4N

26π2
, (4.12)

which perfectly matches the coefficient Â that we found at NLO.

4.3 Bulk Channel

We move now our attention to the CFT data of the bulk channel. In this case, we face two

issues that were not present in the defect channel: (i) the spacetime blocks are complicated

functions (see (A.1)), hence it is difficult to expand them to a sufficiently high order; (ii) at

NLO the perturbative computations of the 0- and 1-channels do not cover the bulk OPE

limit z ∼ z̄ ∼ 1. The second problem will be solved by resumming the correlator in the

collinear limit, while the first issue constitutes a limitation inherent to the bulk channel.

We will be able to obtain closed forms for the CFT data up to leading order, while at NLO

we give the first few coefficients for each representation and show that they reproduce

known results.
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4.3.1 Resummation in the Collinear Limit

We have derived in section 3 analytical expressions for the 0- and 1-channel near z ∼ z̄ ∼ 0.

Unfortunately this is not the case for the bulk OPE limit z ∼ z̄. We now resum these

channels in the collinear limit z = z̄ =: x in order to fill that gap. Note that, because

of the Ward identities (see in particular eq. (2.10)) and of the fact that the 2-channel is

already known analytically, we need only determine one R-symmetry channel in order to

know the last one.

In principle, the expansion in superblocks given in (2.18) could be resummed with the

use of the defect CFT data derived in the previous subsection. However this leads to a

very challenging resummation, and instead of taking this road it is easier to consider the

following procedure. The idea is to take the limit z = z̄ =: x for the 2-channel and to

write an ansatz for the other channels based on this expression. It is then easy to use

the expansion in superblocks in order to solve for the coefficients, provided the ansatz is

complete, i.e. that there occurs no cancellation between the 0- and 1-channels. It happens

to be the case here, and we find the following expression for the 1-channel:

F1(x, x) =
g8N2

3 · 29π6

{
−2π2 + 12 tanh−2 x+ 6iπ log 2 + 6 log(1− |x|) log(|x| − 1)

− 6 log2(1− |x|)− 6 tanh−1 |x| log x2 − 6 log 16 tanh−1 |x|
+ 3 log(1 + |x|) log[4(1 + |x|)]− 3 log(|x| − 1) log[4(|x| − 1)]

+ Θ(x) tanh−1 x [12 log(1 + x)− 6 log 4] + Θ(−x)

[
6(Li2(−x)− Li2(x))

−2π2 − 6Li2
1− x

2
+ 6Li2

1 + x

2

]}
. (4.13)

It is worth checking that this expression indeed reproduces the numerical data obtained

in section 3. Fig. 3 shows a plot of eq. (4.13) with the numerical data, and we observe a

perfect agreement.

As mentioned above, we immediately obtain the expression for the 0-channel by using

the reduced Ward identities in the collinear limit:

F0(x, x) = − g8N2

3 · 28π4
+
g8N2

26π6
Θ(x)

{
2 log 2 tanh−1 x − log2(1 + x) + log(1− x) log(1 + x)

+Li2(x)− Li2(−x) + Li2
1− x

2
− Li2

1 + x

2

}
. (4.14)

This result is shown against the numerical data in fig. 4, and a perfect match is also

observed. We now have enough information about the correlator in order to extract the

CFT data of the bulk channel.

4.3.2 Identity Order

It is clear from the expansion in superblocks that this order is trivial, since the Ω2 of eq.

(3.5) corresponds to the identity contribution in eq. (2.16) (we recall that A := bOO). The

only non-vanishing coefficient is therefore given by:
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A =
g4N2

25π4
. (4.15)

4.3.3 Leading Order

At leading order, we expand in the bulk OPE limit the result presented in eq. (3.7) in

order to match the coefficients to the expansion given in (4.2):

F1(z, z̄) =
(1− z)(1− z̄)√

zz̄

g6N

26π4

∑
l,m≥0

(−1/2)l(−1/2)m
(1)l(1)m

(1− z)l(1− z̄)m . (4.16)

In this case there are only two non-vanishing families of coefficients, corresponding to the

1/2-BPS operators B[0,2,0]:

B =
g6N

24π4
, (4.17a)

and to the longs at the unitarity bound Al+2
[0,0,0],l:

El+2,l =
g6N

π4

(
1

2

)2(l+4)

(l + 1)
Γ(1/2)Γ(l + 2)

Γ(l + 5/2)
. (4.17b)

4.3.4 Next-to-Leading Order

At NLO the computation of the coefficients becomes a lot more involved, and computing

power sets an upper limit to the amount of CFT data that can be extracted.

In this case it is best to expand (3.11), (4.13) and (4.14) at the OPE limit z ∼ z̄ ∼ 1

for lines of the type 1− z := x+ ikx, k ∈ N. Reading the log terms immediately gives the

one-loop anomalous dimensions for the long operators at the unitarity bound:

γ
(1)
l+2,l =

N

2π2
Hl+2 . (4.18a)

This expression is well-known [47], and in particular the operator with (∆, l)=(2, 0) corre-

sponds to the Konishi operator K1, for which γ
(1)
2,0 has already been computed in numerous

ways [47–49]. This provides another powerful check of our results.

The coefficients for the short operators read:

A = 0 , B = −C = − g8N2

3 · 27π4
, (4.18b)

while the long operators with odd ∆ simply vanish:

E∆,l|∆ odd = 0 . (4.18c)

We are left with the coefficients Dl for the semishorts and with the E∆,l for the longs

with ∆ even. No closed form could be obtained, due to the large computing time inherent

to the expansion of the superblocks. The first few values are gathered in table 2, while
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Table 2: Bulk CFT data coefficients Dl and E∆,l for low spin l := 2j at NLO. Only the

longs with even ∆ are non-vanishing. The second line shows the CFT data for the longs

at the unitarity bound ∆ = l + 2. Note that all the values should be multiplied by g8N2.

Values up to l = 16 can be found in the ancillary Mathematica file of the arxiv.org

submission.

D0 D2 D4 D6

− 15+8π2

15360π6 −1365+512π2

4644864π6 −3185+1024π2

79073280π6 −5344955+1572864π2

1254629376000π6

E2,0 E4,2 E6,4 E8,6

−9+π2+18 log 2
4608π6 −85+14π2+350 log 2

501760π6 −2485+440π2+12936 log 2
187342848π6 −549207+100100π2+3264690 log 2

565373952000π6

E4,0 E6,0 E6,2 E8,0 E8,2 E8,4

−3+2π2

73728π6
1

147456π6
−15+64π2

7962624π6
−15+8π2

165150720π6
263

144179200π6
875+1536π2

1518206976π6

values up to l = 16 can be found in the ancillary Mathematica file of the arxiv.org

submission.

To conclude, we note that the coefficient B can easily be checked against the literature,

since it corresponds to the product of the one-point function coefficient aO with the three-

point function coefficient λOOO. Since the latter is protected, only the one-point function

is relevant. In the large N limit, it is known exactly:

〈〈WlO(x) 〉〉 =
〈WcO(x) 〉
〈Wc 〉

=

√
λ

2
√

2N

I2(
√
λ)

I1(
√
λ)
, (4.19)

written here in the convention of [50]. Expanding this expression for λ := g2N ∼ 0, we

find:

〈〈WlO(x) 〉〉 =
N

16
√

2

{
2g2

N
− g4

12
+O(g6)

}
, (4.20)

where the prefactor is convention-dependent and corresponds to the (protected) three-point

function. The terms between the brackets perfectly match the coefficient B up to NLO,

when normalized with the two-point function:

B

A
=

2g2

N
− g4

12
+O(g6) . (4.21)
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5 Conclusions

Supersymmetric Wilson loops or lines have received a lot attention due to their role in

AdS/CFT. The same can be said about correlators of 1/2-BPS operators, which have been

a great source of non-trivial checks of the correspondence. Less work has been done on the

interplay between local and non-local observables, and to bridge this gap was one of our

main motivations. In this work we performed a detailed perturbative calculation of the two-

point function of local chiral primaries in the presence of a supersymmetric line. We listed

all the relevant diagrams up to next-to-leading order O(g8), and by combining perturbative

and defect CFT techniques we managed to obtain a full solution for the correlator as an

expansion in (defect) conformal blocks. Roughly speaking, there are four infinite families

of data that can be extracted from our results: bulk and defect OPE coefficients, bulk

and defect anomalous dimensions. Of these four families, the bulk anomalous dimensions

are the only ones that were known before, while the other three are brand new CFT data

extracted from our calculations. For the bulk channel, we did not present an exact formula

however the anomalous dimensions serve as highly non-trivial consistent checks for our

results.

An interesting follow up to this work is to study the same two-point function but

in the strong coupling limit g2N → ∞. Obviously perturbation theory cannot be used

to study this regime, and even though holography can in principle provide us with the

answer, explicit supergravity/string calculations are in general quite involved. A promising

approach that has proven useful recently is to use analytic bootstrap techniques to constrain

holographic correlators. The most systematic way of achieving this is by studying certain

discontinuities of the correlator, which can be used to reconstruct the CFT data [51]. For

planar N = 4 SYM at strong coupling this approach is particularly efficient [52, 53]. In

the supergravity approximation the spectrum of the theory is sparse and most operators

appearing in the OPE are killed by the discontinuity of [51]. This means the full correlator

can be reconstructed from a finite number of contributions. In defect CFT there exist

similar formulas that reconstruct bulk and defect channels from a discontinuity [37, 39],

because the bulk channel OPE is not modified by the presence of a defect, it is likely that

the two-point setup that we studied in this paper can also be reconstructed starting from

a finite number of blocks. We plan to explore this in the near future.

A closely similar system that might benefit from the hybrid perturbative/CFT ap-

proach used in this work is the four-point function of 1/2-BPS operators along the line. As

discussed in the introduction, correlators of this type have been studied recently, but as far

as we know, no one has studied the full four-point function perturbatively in the coupling

yet.10

Finally, there have been similar developments on line defects in ABJM [54–56] and

4d N = 2 theories [57], and it would be interesting to study two-point functions of local

operators in these systems as well, perhaps using some of the techniques presented in this

work.

10Recent interesting work obtained some CFT data to high orders using integrability-based techniques

[31].
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A Superconformal Blocks

In this appendix we list the superblocks that are used for writing down the correlator in

section 2.3.

A.1 Bulk Channel

We start with the bulk channel. The spacetime blocks are eigenfunctions of the Casimir

operator corresponding to the full conformal group so(1, 5). The solutions of the Casimir

equation were originally studied in [33], in this paper however we will follow the conventions

of [58]:

f∆,l(z, z̄) =
∞∑
m=0

∞∑
n=0

4m−n

m!n!

(
− l

2

)
m

(
l
2

)
m

(
2−l−∆

2

)
m

(−l)m
(

3−l−∆
2

)
m

(
∆−1

2

)2
n

(
∆+l

2

)
n

(∆− 1)n
(

∆+l+1
2

)
n

(
∆+l

2

)
n−m(

∆+l−1
2

)
n−m

× 4F3

(
−n,−m, 1

2
,

∆− l − 2

2
,

2−∆ + l − 2n

2
,

∆ + l − 2m

2
,

∆− l − 1

2
; 1

)
× 2F1

(
∆ + l

2
−m+ n,

∆ + l

2
−m+ n,∆ + l − 2(m− n); 1− zz̄

)
× [(1− z)(1− z̄)]

∆−l
2

+m+n (1− zz̄)l−2m , (A.1)

We note that there is no known closed form for the expansion of these blocks in the bulk

OPE limit z ∼ z̄ ∼ 1. The R-symmetry blocks take a simple form:

h−k(ω) =

(
ω

(1− ω)2

)−k/2
2F1

(
−k

2
,−k

2
,−k − 1;−(1− ω)2

4ω

)
. (A.2)

In order to find the superblocks corresponding to each relevant representation of the

full conformal group, an ansatz can be written based on the content of the supermultiplet.

Applying the superconformal Ward identities given in eq. (2.7) on this ansatz then fixes

the coefficients in front of each term, up to an overall normalization constant. It is standard

to set the coefficient of the term with the highest weight to 1, and it is the convention that

we use throughout this appendix and section 4. The blocks have been derived in [41] for

the case of a codimension-one defect, from which we can extract the ones for the line defect

by analytic continuation. Note that the superblock corresponding to the identity operator

1 is just 1.
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A.1.1 B[0,2k,0] Superblocks

The superblocks corresponding to the 1/2-BPS operators B[0,2k,0] read

GB[0,2k,0]
= f2k,0h−2k + α1f2k+2,2h−2k+2 + α2f2k+4,0h−2k+4 , (A.3)

where we suppressed the dependence on z, z̄ and ω on the RHS for compactness. As

explained above, the coefficients αi can be obtained by applying the Ward identities on

the superblock. They are given explicitly in the ancillary Mathematica file attached as

supporting material.

A.1.2 C[0,2,0],l Superblocks

The semishort operators C[0,2,0],l lead to the following blocks:

GC[0,2,0],l
= fl+4,lh−2 + β1fl+6,l−2h0 + fl+6,l+2(β2,1h−4 + β2,2h−2 + β2,3h0)

+ fl+8,l(β3,1h−2 + β3,2h0) + β4fl+8,l+4h−2 + β5fl+10,l+2h0 . (A.4)

As before, the coefficients βi are given explicitly in the ancillary Mathematica file.

A.1.3 A∆
[0,0,0],l Superblocks

For the long operators A∆
[0,0,0],l, we obtain the following superblocks:

GA∆
[0,0,0],l

= f∆,lh0 + f∆+2,l−2(η1,1h−2 + η1,2h0) + f∆+2,l+2(η2,1h−2 + η2,2h0)

+ η3f∆+4,l−4h0 + f∆+4,l(η4,1h−4 + η4,2h−2 + η4,3h0) + η5f∆+4,l+4h0

+ f∆+6,l−2(η6,1h−2 + η6,2h0) + f∆+6,l+2(η7,1h−2 + η7,2h0)

+ η8f∆+8,lh0 . (A.5)

The coefficients ηi can be found in the ancillary Mathematica file. These operators are

not protected against corrections to their scaling dimension ∆, and they are responsible

for the log terms that appear in perturbation theory.

A.2 Defect Channel

We list now the superblocks present in eq. (2.18) for the expansion of the correlator in the

defect channel. The spacetime blocks are in this case eigenfunctions of the Casimir operator

of the symmetry group preserved by the defect, i.e. so(1, 2) × so(3). As a consequence,

they factorize and take an elegant form [33]:

f̂∆̂,0,s(z, z̄) = z
∆̂−s

2 z̄
∆̂+s

2 2F1

(
−s, 1

2
,

1

2
− s; z

z̄

)
2F1

(
∆̂,

1

2
,

1

2
+ ∆̂; zz̄

)
. (A.6)

The defect R-symmetry blocks are given by:

ĥk̂(ω) =

(
(1− ω)2

ω

)k̂
2F1

(
−k̂ − 1,−k̂,−2(k̂ + 1);− 4ω

(1− ω)2

)
. (A.7)
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In the same way as for the bulk channel, we write an ansatz for each representation

of the (defect) osp(4|4) algebra and solve for the coefficients of each term by applying the

Ward identities. The blocks are also normalized such that the term with the highest weight

has coefficient 1. They can be found in [41] for the case of a codimension-one defect. As

mentioned for the bulk channel, it is then possible to derive the blocks for the line defect

simply by analytic continuation. Note that the superblock corresponding to the identity

operator 1 is just 1.

A.2.1 (B,+)k̂ Superblocks

For the 1/2-BPS operators (B,+)k̂, we have the following blocks:

Ĝ(B,+)k̂
(z, z̄, ω) = f̂k̂,0ĥk̂ + α̂1f̂k̂+1,1ĥk̂−1 + α̂2f̂k̂+2,0ĥk̂−2 , (A.8)

where as usual we suppressed the dependence on z, z̄ and ω. Again, the coefficients α̂i are

obtained by applying the Ward identities on the superblock. They can be found in the

additional Mathematica notebook.

A.2.2 (B, 1)[k̂,s] Superblocks

The blocks corresponding to the 1/4-BPS representations (B, 1)[k̂,s] read

Ĝ(B,1)[k̂,s]
(z, z̄, ω) = f̂1+k̂+s,sĥk̂ + β̂1f̂2+k̂+s,s−1ĥk̂−1 + f̂2+k̂+s,s+1(β̂2,1ĥk̂−1 + β̂2,2ĥk̂+1)

+ f̂3+k̂+s,s(β̂3,1ĥk̂−2 + β̂3,2ĥk̂) + β̂4f̂3+k̂+s,s+2ĥk̂

+ β̂5f̂4+k̂+s,s+1ĥk̂−1 . (A.9)

The coefficients β̂i can be found in the Mathematica notebook.

A.2.3 L∆̂
[k̂,s]

Superblocks

For the long operators L∆̂
[k̂,s]

, the blocks take the following form:

Ĝ
L∆̂

[k̂,s]

(z, z̄, ω) = f̂∆̂,sĥk̂ + f̂∆̂+1,s−1(η̂1,1ĥk̂+1 + η̂1,2ĥk̂−1) + f̂∆̂+1,s+1(η̂2,1ĥk̂+1 + η̂2,2ĥk̂−1)

+ η̂3f̂∆̂+2,s−2ĥk̂ + f̂∆̂+2,s(η̂4,1ĥk̂+2 + η̂4,2ĥk̂ + η̂4,3ĥk̂−2)

+ η̂5f̂∆̂+2,s+2ĥk̂ + f̂∆̂+3,s−1(η̂6,1ĥk̂+1 + η̂6,2ĥk̂−1)

+ f̂∆̂+3,s+1(η̂7,1ĥk̂+1 + η̂7,2ĥk̂−1) + η̂8f̂∆̂+4,sĥk̂ . (A.10)

The coefficients η̂i can be found in the Mathematica notebook. Like their bulk counter-

part, scaling dimensions ∆̂ of (A.10) can receive anomalous corrections which give rise to

log terms.

A.3 Series Expansions and CFT Data

In this section, we list a few relations between the CFT data coefficients (as defined in

(2.16), (2.18)) and the expansions of the correlator in the OPE limits given in (4.2), (4.3).
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A.3.1 Bulk Channel

We start by the bulk channel. We will give the first few relations for each R-symmetry

channel as an illustration of their recursiveness. For the 0-channel, they read

c
(0)
0,−4,m

∣∣∣
m6={−4,−2}

= 0 , c
(0)
0,−4,−4 = A , c

(0)
0,−4,−2 = −A , (A.11a)

c
(0)
0,−3,m = 0 ∀m, (A.11b)

c
(0)
0,−2,m

∣∣∣
m odd

= 0 , c
(0)
0,−2,−2 = A+

B

12
+ E2,0 ,

c
(0)
0,−2,0 = −B

24
− 1

2
E2,0 +

1

4
g2E2,0γ

(1)
2,0 +

1

4
g4E2,0γ

(2)
2,0 , (A.11c)

c
(0)
0,−1,m

∣∣∣
m even

= 0 , ..., (A.11d)

c
(0)
1,−2,m

∣∣∣
m odd

= 0 , c
(0)
1,−2,−2 =

1

2
g2E2,0γ

(1)
2,0 +

1

2
g4E2,0γ

(2)
2,0 , ... (A.11e)

Note that the log terms can only contain the CFT data related to the long representations.

Moreover, the coefficient A (corresponding to the identity operator) can only appear in

this channel.

For the 1-channel, we have

c
(1)
0,−2,m

∣∣∣
m odd

= 0 , c
(1)
0,−2,−2 =

B

4
, c

(1)
0,−2,0 = −B

8
, (A.12a)

c
(1)
0,−2,2 = −B

24
− E2,0

8
− 1

32
g2E2,0γ

(1)
2,0 +

1

128
g4E2,0

{
(γ

(1)
2,0)2 − 4γ

(2)
2,0

}
, (A.12b)

c
(1)
0,−1,3 = − 3

20
E3,0 −

1

50
g2E3,0γ

(1)
3,0 +

1

250
g4E3,0

{
(γ

(1)
3,0)2 − 5γ

(2)
3,0

}
, (A.12c)

c
(1)
0,0,m

∣∣∣
m odd

= 0 , c
(1)
0,0,0 =

B

16
+
C

20
+
D0

4
, ... (A.12d)

c
(1)
1,−2,2 = − 1

16
g2E2,0γ

(1)
2,0 −

1

64
g4E2,0

{
(γ

(1)
2,0)2 + 4γ

(2)
2,0

}
, ... (A.12e)

The first few relations involving the 2-channel are

c
(2)
0,0,m

∣∣∣
m odd

= c
(2)
0,0,2 = 0 , c

(2)
0,0,0 =

C

16
, c

(2)
0,0,4 = − C

160
− D0

32
, (A.13a)

c
(2)
0,1,m = 0 ∀m, (A.13b)

c
(2)
0,2,m

∣∣∣
m odd

= 0 , c
(2)
0,2,2 =

1

64
g2E2,0γ

(1)
2,0 +

1

256
g4E2,0

{
4γ

(2)
2,0 − (γ

(1)
2,0)2

}
, (A.13c)

c
(2)
0,3,m

∣∣∣
m even

= 0 , c
(2)
0,3,3 =

E3,0

80 + 1
100g

2E3,0γ
(1)
3,0 + 1

500g
4E3,0

{
5γ

(2)
3,0 − (γ

(1)
3,0)2

}
, ...

(A.13d)

c
(2)
1,2,2 =

1

128
g4E2,0(γ

(1)
2,0)2 , c

(2)
1,2,4 =

1

256
g4E2,0(γ

(1)
2,0)2 , ... (A.13e)

Not all superblocks contribute to the 2-channel; indeed, only the 1/2-BPS operators B[0,4,0]

and the longs A∆
[0,0,0],l are relevant for this channel.

Note that all these expressions have been truncated at O(g4) for the purpose of this

work.
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A.3.2 Defect Channel

We move now our attention to the defect channel. For the 0-channel, the relations between

CFT data and coefficients ĉ
(0)
k,l,m read

ĉ
(0)
0,0,m = ĉ

(0)
0,1,m = 0 , (A.14a)

ĉ
(0)
0,2,m

∣∣∣
m odd

= 0 , ĉ
(0)
0,2,2 = 16Ĉ , ĉ

(0)
0,2,4 = 8Ê0, ĉ

(0)
0,2,6 = 12Ê1 , (A.14b)

ĉ
(0)
0,3,m

∣∣∣
m even

= 0 , ĉ
(0)
0,3,3 = 8g2F̂1,0γ̂

(1)
1,0 − 4g4F̂1,0

{
(γ̂

(1)
1,0)2 − 2γ̂

(2)
1,0

}
, ... (A.14c)

ĉ
(0)
1,3,3 = 4g4F̂1,0(γ̂

(1)
1,0)2 , ĉ

(0)
1,3,5 = 6g4F̂2,1(γ̂

(1)
2,1)2 , ... (A.14d)

Note that not all the defect superblocks contribute to the 0-channel: only the coefficients

Ĉ, Ês and F∆̂,s are present.

For the 1-channel, we have

ĉ
(1)
0,0,m = 0 , (A.15a)

ĉ
(1)
0,1,m

∣∣∣
m even

= 0 , ĉ
(1)
0,1,1 = 4B̂ , (A.15b)

ĉ
(1)
0,2,m

∣∣∣
m odd

= 0 , ĉ
(1)
0,2,2 = 14Ĉ − 4Ê0 , ... (A.15c)

ĉ
(1)
1,1,m

∣∣∣
m even

= 0 , ĉ
(1)
1,1,3 = −g2F̂1,0γ̂

(1)
1,0 −

1

2
g4F̂1,0

{
(F̂1,0)2 + 2γ̂

(2)
1,0

}
, ... (A.15d)

The relations for the 2-channel are:

ĉ
(2)
0,0,0 = Â , ĉ

(2)
0,0,m = 0 , (A.16a)

ĉ
(2)
0,1,m

∣∣∣
m even

= 0 , ĉ
(2)
0,1,1 = 2B̂ − (D̂0 − F̂1,0) , (A.16b)

ĉ
(2)
0,1,3 = −2

3B̂ + (D̂0 − F̂1,0)− (D̂1 − F̂2,1)− 1
2g

2F̂1,0γ̂
(1)
1,0 + 1

4g
4F̂1,0

{
(γ̂

(1)
1,0)2 − 2γ̂

(2)
1,0

}
, (A.16c)

ĉ
(2)
0,2,m

∣∣∣
m odd

= 0 , ĉ
(2)
0,2,2 =

16

5
Ĉ − 2Ê0 + F̂2,0 , ... (A.16d)

ĉ
(2)
1,1,1 =

1

2
g2F̂1,0γ̂

(1)
1,0 +

1

2
g4F̂1,0γ̂

(2)
1,0 , ... (A.16e)

Note that the coefficient Â is only present in this channel.

B Insertion Rules

We list in this section the insertion rules that are used for computing the Feynman diagrams

in section 3. Those are derived from the Euclidean action of N = 4 SYM in 4d Euclidean

space, which is given in eq. (3.1). The propagators are given in (3.2). Note that the gauge

group is U(N) and that we work in the large N limit. The generators obey the following

commutation relation:

[T a, T b] = ifabcT
c, (B.1)
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in which fabc are the structure constants of the u(N) Lie algebra. The generators are

normalized as:

Tr T aT b =
δab

2
. (B.2)

Note that fab0 = 0 and Tr T a =
√

N
2 δ

a0. The (contracted) product of structure constants

gives fabcfabc = N(N2 − 1) ∼ N3, where the second equality holds in the large N limit.

B.1 Bulk Insertions

We start by listing the bulk insertions rules needed for the computation of the Feynman

diagrams, i.e. the insertions that follow from the N = 4 SYM action.

The only 2-point insertion that is needed is the self-energy of the scalar propagator at

one-loop, which is given by the following expression [11, 14, 59]:

= + + +

= −2g4NδabδijY112. (B.3)

The integral Y112 is given in eq. (C.8) and presents a logarithmic divergence.

We also require only one 3-point insertion, which is the vertex connecting two scalar

fields and one gauge field. It is easy to obtain from the action (3.1) and it reads:

i, a
1

j, b
2

µ, c

3
= −g4fabcδij (∂1 − ∂2)µ Y123. (B.4)

The Y-integral is defined in eq. (C.2a) and its analytical expression can be found in (C.5).

Another relevant vertex is the 4-scalars coupling. Similarly to the 3-vertex, it is

straightforward to read the corresponding Feynman rule from the action and perform the

Wick contractions to get:

i, a
1

j, b
2

k, c
3

l, d
4

= −g6
{
fabef cde (δikδjl − δilδjk) + facef bde (δijδkl − δilδjk)

+fadef bce (δijδkl − δikδjl)
}
X1234. (B.5)

The X-integral can be found in eq. (C.3). We also use the 4-coupling between 2 scalars

and 2 gluons. This vertex reads:

i, a
1

j, b
2

µ, c
3

ν, d
4

= −g6δijδµν(facef bde + fadef bce) X1234. (B.6)
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There are two more sophisticated 4-point insertions that we require. The first one

reads:

i, a
1

j, b
2

k, c
3

l, d
4

= g6
{
δikδjlf

acef bdeI13I24F13,24 + δilδjkf
adef bceI14I23F14,23

}
, (B.7)

with F13,24 as defined in (C.2d), while an analytical expression is given in (C.7).

The last insertion rule needed is the following:

i, a
1

j, b
2

µ, c
3

ν, d
4

= g6δijf
acef bde [4∂1µ∂2ν + 2 (∂1µ∂4ν + ∂3µ∂2ν) + ∂3µ∂4ν ]H13,24

+ (1, µ, a↔ 2, ν, b). (B.8)

Note that, contrary to the integrals present in the other vertices, the H-integral, defined in

eq. (C.2c), has no known closed form to the best of our knowledge.

B.2 Defect Insertions

We derive here the defect insertion rules needed for the computation of the diagrams. We

start by considering scalar and gluon insertions on the defect. The expression for the

Maldacena-Wilson line given in eq. (2.2) can be expanded in the following way:

Wl =
1

N
Tr

{
P exp

∫
dτ
(
iẋµAµ(x) + |ẋ| θiφi

)}
= 1 +

1

N
Tr

∫
dτ
(
iAµ(x)ẋµ + φi(x) |ẋ| θi

)
+

1

2!N
Tr P

∫
dτ1 dτ2

(
iAµ(x1)ẋµ1 + φi(x1) |ẋ1| θi

) (
iAν(x2)ẋν2 + φj(x2) |ẋ2| θj

)
+ ...

in which each term refers to a certain number of points on the line.

It is obvious that the tree level insertion, which corresponds to Feynman diagrams

where the operators are disconnected from the line, reads:

= 1. (B.9)

At first order, the Wilson-line insertions are proportional to the trace of a single gen-

erator:

, ∝ Tr T a. (B.10)
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This is zero when there is at least one vertex in the diagram, and we encounter only such

cases in this work.

The first non-trivial contribution appears at second order. Using the cyclicity of the

trace, it is possible to remove the path ordering in order to obtain:

=
1

4N
θiθjδ

ab

∫
dτ1

∫
dτ2

〈
φi1,aφ

j
2,b...

〉
. (B.11)

Note that all permutations (i.e. all possible path orderings) are considered in this expres-

sion, and the diagrammatic representation should be understood as such.

The second-order expression for two gluon emissions in also relevant, and it reads:

= − 1

4N
δab
∫
dτ1

∫
dτ2 ẋ

µ
1 ẋ

ν
2

〈
A1,µ,aA2,ν,b...

〉
. (B.12)

At third order, the only contribution that we have to consider is the one with two

scalar and one gluon lines, which can be expressed as:

= − 1

8N
θiθjf

abc

∫
dτ1

∫
dτ2

∫
dτ3 ε (τ1τ2τ3) ẋµ2

〈
φi1,aA2,µ,bφ

j
3,c...

〉
+

i

8N
θiθjd

abc

∫
dτ1

∫
dτ2

∫
dτ3 ẋ

µ
2

〈
φi1,aA2,µ,bφ

j
3,c...

〉
, (B.13)

where we defined the path-ordering symbols Θ (τijk) and ε (τiτjτk) as follows:

Θ (τijk) := Θ (τij) Θ (τjk) , with τij := τi − τj (B.14a)

ε (τiτjτk) := sgn (τij) sgn (τik) sgn (τjk) . (B.14b)

The second definition is needed in order to account for the antisymmetry of fabc. Note

that the second term in (B.13) always vanishes in this work.

Finally, at order four we only need the expression with scalar lines:

=
1

4!N
θiθjθkθl

∫
dτ1

∫
dτ2

∫
dτ3

∫
dτ4

(
Θ (τ1234) Tr T aT bT cT d

+Θ (τ1243) Tr T aT bT dT c + ...
) 〈
φi1,aφ

j
2,bφ

k
3,cφ

l
4,d...

〉
, (B.15)

with:

Θ (τijkl) ≡ Θ (τij) Θ (τjk) Θ (τkl) . (B.16)

We only encounter this expression in diagrams that do not contain vertices, and in that

case it simply reduces to:

1

N
θiθjθkθlTr T aT bT cT d

∫
dτ1

∫
dτ2

∫
dτ3

∫
dτ4 Θ (τ1234) 〈φi1,aφ

j
2,bφ

k
3,cφ

l
4,d... 〉.
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C Integrals

In this appendix, we give some detail about the integrals used in this paper.

C.1 Elementary Integrals

We list here the elementary integrals encountered in this work. We often run into:∫ ∞
−∞

dτ

x2 + τ2
=

π

|x|
. (C.1a)

Because of the path-ordering the limits of integration are often not infinite. We sometimes

come across the following expression:∫ ∞
τi

dτj
x2 + τ2

j

=
1

|x|

(
π

2
− tan−1 τi

|x|

)
. (C.1b)

It also happens that both limits of integration are finite, and in this case the following

expression holds: ∫ τj

τi

dτk
x2 + τ2

k

=
1

|x|

(
tan−1 τj

|x|
− tan−1 τi

|x|

)
. (C.1c)

C.2 Standard Integrals

In the computation of the Feynman diagrams at next-to-leading order, we encounter three-,

four- and five-point massless Feynman integrals, which we define as follows:

Y123 :=

∫
d4x4 I14I24I34 , (C.2a)

X1234 :=

∫
d4x5 I15I25I35I45 , (C.2b)

H13,24 :=

∫
d4x56 I15I35I26I46I56 , (C.2c)

with I12 defined in eq. (3.3). In the last expression we have defined d4x56 := d4x5 d
4x6 for

brevity. The letter assigned to each integral makes sense when drawing the propagators.

We also encounter the following expression:

F13,24 :=
(∂1 − ∂3) · (∂2 − ∂4)

I13I24
H13,24 . (C.2d)

The notation presented above has already been used in e.g. [11, 60]. The 3- and 4-point

massless integrals in Euclidean space are conformal and have been solved analytically (see

e.g. [61, 62] and [11] for the modern notation). The so-called X-integral is given by:

X1234 =
1

16π2
I13I24 Φ(r, s) , (C.3)
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where we have defined:

Φ(r, s) :=
1

A
Im

{
Li2 e

iϕ

√
r

s
+ log

√
r

s
log

(
1− eiϕ

√
r

s

)}
, (C.4a)

eiϕ := i

√
−1− r − s− 4iA

1− r − s+ 4iA
, A :=

1

4

√
4rs− (1− r − s)2 , (C.4b)

r :=
I13I24

I12I34
, s :=

I13I24

I14I23
. (C.4c)

The Y-integral can easily be obtained from this expression by taking the following limit:

Y123 = lim
x4→∞

(2π)2x2
4 X1234 =

1

16π2
I12 Φ(r, s) , (C.5)

where in the last equality the conformal ratios are defined as:

r :=
I12

I13
, s :=

I12

I23
. (C.6)

We note that both integrals are finite when the points are distinct. Furthermore, eq.

(C.4a) implies that the function Φ vanishes in the limit r → ∞ and s → ∞, and that

Φ(r, s) = Φ(1/r, s/r)/r [60]. The latter simply means that the conformal ratios can be

defined arbitrarily, as long as consistency is respected.

The H-integral seems to have no known closed form so far, but (C.2d) can fortunately

be reduced to a sum of Y- and X-integrals in the following way [60]:

F13,24 =
X1234

I12I34
− X1234

I14I23
+

(
1

I14
− 1

I12

)
Y124 +

(
1

I23
− 1

I34

)
Y234

+

(
1

I23
− 1

I12

)
Y123 +

(
1

I14
− 1

I34

)
Y134 . (C.7)

The integrals given above also appear in their respective pinching limits, i.e. when two

external points are brought close to each other. The integrals simplify greatly in this limit,

and they exhibit a logarithmic divergence which is tamed with the use of point-splitting

regularization. For the Y-integral, we define:

Y122 := lim
x3→x2

Y123 , lim
x3→x2

I23 :=
1

(2π)2ε2
.

In this limit, the conformal ratios are now given by:

r = 1 , s = (2π)2ε2I12 .

Inserting this in (C.5) and expanding up to order O(log ε2), we obtain:

:= Y112 = Y122 = − 1

16π2
I12

(
log

ε2

x2
12

− 2

)
. (C.8)

This result coincides with the expression given in [11].
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Similarly, the pinching limit of the X-integral reads:

:= X1123 = − 1

16π2
I12I13

(
log

ε2x2
23

x2
12x

2
13

− 2

)
, (C.9)

which is again the same as in [11].

Finally, the pinching limit x2 → x1 of the F-integral gives:

(∂1 − ∂3) · (∂1 − ∂4)

I13I24
≡ F13,14 = F14,13 = −F13,41

= −X1134

I13I14
+
Y113

I13
+
Y114

I14
+

(
1

I13
+

1

I14
− 2

I34

)
Y134 . (C.10)

C.3 Numerical Integration

This section is devoted to the numerical integrations of the 2- and 0-channels at NLO that

are presented in section 3.

C.3.1 2-Channel

As discussed in section 3.4.1, the only integral that needs to be computed for the 2-channel

is the following:

I(x2
1, x

2
2) := x2

1x
2
2

∫
dτ3

∫
dτ4

∫
dτ5

∫
dτ6 Θ(τ3456) (I13I25 + I15I23)

× (I14I26 + I16I24) , (C.11)

with Θ(τ3456) defined in (B.16). We first note that the integral does not depend on x12,

but only on the distances between the operators and the line defect. As a consequence, the

integral is symmetric with respect to x2 ↔ −x2.

In order to do the integral, we first perform the τ6- and τ4-integrals and we get:

I(x2
1, x

2
2) =

|x1||x2|
128π4

∫
dτ3

∫
dτ5 Θ(τ35) (I13I25 + I15I23)

{
π

(
tan−1 τ3

|x1|
− tan−1 τ5

|x1|

)
+ tan−1 τ3

|x2|

(
2 tan−1 τ5

|x1|
+ π

)
+ tan−1 τ5

|x2|

(
2 tan−1 τ3

|x1|
− π

)
−4 tan−1 τ5

|x1|
tan−1 τ5

|x2|

}
.

We can perform one more integration analytically by treating it term by term. The first

integral gives:

I1(x2
1, x

2
2) =

|x1||x2|
128π3

∫
dτ3

∫
dτ5 Θ(τ35) (I13I25 + I15I23)

(
tan−1 τ3

|x1|
− tan−1 τ3

|x1|

)
=

1

256π5

∫
dτ3 tan−1 τ3

|x1|

{
|x1| I13 tan−1 τ3

|x2|
+ |x2| I23 tan−1 τ3

|x1|

}
,
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where we have performed the τ3-integral in the second term and relabeled τ5 to τ3 in the

second line. The second integral reads:

I2(x2
1, x

2
2) =

|x1||x2|
128π4

∫
dτ3

∫
dτ5 Θ(τ35) (I13I25 + I15I23)

{
tan−1 τ3

|x2|

(
2 tan−1 τ5

|x1|
+ π

)
+ tan−1 τ5

|x2|

(
2 tan−1 τ3

|x1|
− π

)}
=
|x1||x2|
64π4

∫
dτ5

∫
dτ3 (I13I25 + I15I23) tan−1 τ3

|x2|
tan−1 τ5

|x1|

+
|x1||x2|
128π4

(∫
dτ5

∫
dτ3 Θ(τ35)−

∫
dτ5

∫
dτ3 Θ(τ53)

)
× (I13I25 + I15I23) tan−1 τ3

|x2|
.

The first term vanishes and we are left with:

I2(x2
1, x

2
2) =

1

256π5

∫
dτ3 tan−1 τ3

|x2|

{
|x1| I13 tan−1 τ3

|x2|
+ |x2| I23 tan−1 τ3

|x1|

}
.

The remaining term can also be reduced to a one-dimensional integral:

I3(x2
1, x

2
2) = −|x1||x2|

32π4

∫
dτ3

∫
dτ5 (I13I25 + I15I23) tan−1 τ5

|x1|
tan−1 τ5

|x2|

= − 1

256π5

∫
dτ3 tan−1 τ3

|x1|
tan−1 τ3

|x2|

{
|x1| I13

(
π − 2 tan−1 τ3

|x2|

)
+|x2| I23

(
π − 2 tan−1 τ3

|x1|

)}
.

Putting everything together, the integral becomes:

I(x2
1, x

2
2) =

1

256π6

∫
dτ3

{
|x1| I13 tan−2 τ3

|x2|

(
2 tan−1 τ3

|x1|
+ π

)
+|x2| I23 tan−2 τ3

|x1|

(
2 tan−1 τ3

|x2|
+ π

)}
.

The terms cubic in tan−1 vanish because of antisymmetry. The integral reduces therefore

to the following compact expression:

I(x2
1, x

2
2) =

1

256π5

∫
dτ3

{
|x1| I13 tan−2 τ3

|x2|
+ |x2| I23 tan−2 τ3

|x1|

}
. (C.12)

We were not able to solve this integral analytically, but with the help of numericals

it is still possible to obtain the closed form. We start with the following ansatz, which is

based on the expansion of the superblocks in the defect channel given in (4.3):

I(1, x2) =

∞∑
k=0

akx
k + log x

∞∑
k=1

bkx
k , (C.13)
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Table 3: Coefficients for the expansion of I(1, x2
2) following the ansatz given in eq. (C.13)

and obtained numerically by computing (C.14a), (C.14b). A factor g8N2/29π6 has been

removed for all coefficients. Guessing the closed form leads to the expression given in

(3.11).

a0 a1 a2 a3 a4 a5 a6 a7 a8 a9

1
8 2 log 2− 1 −1 2 log 2

3 + 2
9 −2

3
2 log 2

5 + 13
50 −23

45
2 log 2

7 + 71
294 − 44

105
2 log 2

9 + 71
324

a10 a11 a12 a13 a14 a15 a16 a17 a18 a19

− 563
1575

2 log 2
11 + 1447

7260 − 3254
10395

2 log 2
13 + 617

3380 − 88069
315315

2 log 2
15 + 1061

6300 −11384
45045

2 log 2
17 + 12657

80920 −1593269
6891885

2 log 2
19 + 132931

909720

b1 b2 b3 b4 b5 b6 b7 b8 b9 b10

1 0 1
3 0 1

5 0 1
7 0 1

9 0

where we have defined |x1| = 1 and |x2| := x in order to lighten the notation. The

coefficients obey the following relations:

ak =
1

k!
lim
x→0

∂kx

{
I(1, x2)− log x

k−1∑
l=1

bl
x2l−1

2l − 1

}
, (C.14a)

bk =
1

k!
lim
x→0

{
x ∂k+1

x I(1, x2) +

k−1∑
l=1

(−1)k−l+1(k − l)!l! xl−k
}
. (C.14b)

Hence the coefficients can be computed numerically for decreasing x until convergence.

The convergence also confirms the validity of the ansatz given in (C.13). The coefficients

are given in table 3. We managed to obtain accurate enough data to be able to guess the

closed form for all the coefficients. Moreover, the resulting series are all identifiable and

can be resummed in order to obtain the closed form of the full integral as given in eq.

(3.11).

It is worth checking that we got the closed form right. Fig. 3 shows a plot of the

numerical data and of eq. (3.11), which match perfectly. We have therefore managed to

obtain an exact analytical expression for the 2-channel.

C.3.2 0-Channel

We now discuss the case of the H-integral in the 0-channel, which is by far the hardest that

we have to consider in this work. It is a 10-dimensional integral with two τ -derivatives,

acting on x1 and x2:

= −4λ0 I12 ∂τ1∂τ2

∫
dτ3

∫
dτ4 H13,24 , (C.15)
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with H13,24 defined in (C.2c). Integration by parts can be used for removing the τ2-

derivative:

∂τ2H13,24 =

∫
d4x56 I15I35∂τ2I26I46I56

= −
∫
d4x56 I15I35I26 (∂τ4 + ∂τ5) I46I56 .

Since
∫
dτ4 ∂τ4I46 = 0, we can drop the first term in the last line. Using integration by

parts with respect to the x5-integral, we obtain:

∂τ2H13,24=̂− ∂τ1H13,24 ,

where the =̂ means that this equality is to be understood as valid in the context of eq.

(C.15) only. Here we have used again the fact that
∫
dτ3 ∂τ3I35 = 0.

We now have the following expression:

= +4λ0I12

∫
dτ3

∫
dτ4

∫
d4x5 ∂

2
τ1I15I35 Y245 .

The Y-integral is known analytically, hence we find ourselves facing a 6-dimensional inte-

gral. The derivatives give:

∂2
τ1I15 = 2 (2π)2I2

15

(
4 (2π)2τ2

5 I15 − 1
)
,

and it is easy to do the τ3-integral using (C.1a):

=
8

(2π)2
λ0I12

∫
d4x5

1(
~x2

5

)1/2
x4

15

(
4τ2

5

x2
15

− 1

)∫
dτ4 Y245 ,

where ~x means that the τ -component is zero, i.e. ~x ≡ (x, y, z, 0).

This is as far as we can go analytically for a general x2. Going to the limiting case

x2 = (x2, 0, 0, 0) (i.e. the line z = z̄) encourages us to introduce 3d spherical coordinates for

y5, z5, τ5, because y5 and z5 now always appear in the combination y2
5 +z2

5 . The integration

is independent of the azimuthal angle and we can kill one integral in exchange of a 2π

factor. We obtain:

=
4

(2π)6
I12

∫ ∞
0

dr

∫ π

0
dθ

∫ ∞
−∞

dx

∫ ∞
−∞

dτ4
r2 sin θ

R (d2)2

(
4r2 cos2 θ

d2
− 1

)
Y245 ,

(C.16)

where we have dropped the index 5 in order to keep our expression compact. The functions

R and d are defined as follows:

R(x, r, θ) :=
√
x2 + r2 sin2 θ ,

d2(x, r) := (1− x)2 + r2 .
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We are thus left with a hard 4-dimensional integral, and at that point we cannot go further

analytically. It is however possible to compute this integral numerically for arbitrary value

of x2, and the result is shown in fig. 4, where we notice that it is constant for x2 ≤ 0. This

remarkable feature is exploited in section 4.2 for extracting the CFT data without having

to know the full correlator analytically. We showed in section 4.3 that once the defect CFT

data is known, it is possible to resum the resulting expression in the collinear limit. The

corresponding expression is given by (4.3) and also plotted in fig. 4 for comparison with

the numerical data.
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