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Abstract:

We consider equal-time commutation relations of chiral SU(N)L x SU(N)R charge
densities in the non-linear ¢ -model. These commutators are derived using the
cocycle formalism and from the usual canonical theery. Both methods give the
same result. The charge density commutator of the symmetry currents contains

operator valued Schwinger terms arising from the Wess-Zumino term.



1, Introduction

Many years ago, Wess and Zumino f1]deriveda low energy effective action for
pseudoscalar mesons in the presence of externsl gauge fields. The result was
given in terms of a certain five-dimensional integral containing the Bardeen

anomaly [2] It was observed that the integral is non-vanishing, even when the

gauge fields go to zero. This interaction term {(in the following referred to as WZT) in

- - - -~ Rv+ - @ .
duces abnormal parity lnteractlons such as Kt K-> e and, 1f coupled
to an external photon field, processes as 71.'0—>23’and 3’-—) Kt ete.

Further phenomenological discussion can be found in [3]

Witten [h-} has given a simple intuitive reason for the presence of the Wess-—
Zumine asction, namely, that it removes a certain symmetry from the non-linear
& -model. This symmetry, 'FZ"" - - 7(7}, , where 7[,",; is the octet of pseudo-

scalar fields in the case of SU(B)IJ x 8U(3} chiral symmetry, for example, is

R
not g symmetry of QCD and, therefore, should not be present in the effective
action. The term, which breaks this symmetry with the fewest number of deriva-
tives, in order to act as a low-energy effective action, is the Wess-Zuminoc
action with gauge fields set equal to zero, In the equations of motion the WET
makes a local contribution, which, however,cannct be derived from a local
Lagrangian. Witten £4] showed that it can be written more symmetrically as an
integral over a five-disk., In this way it is seen that the action depends on the
orientation of the five-disk. This leads to an ambiguity which depends on the
winding number of the pseudoscelar meson configuration, and has the consequence

that the overall coefficient is equal tc an integer up to a known normalization

constant.

In the @ -model the WZT induces modifications of the conventicnal SU(3)L x sU(3)g
WA C D
currents. The complete current Vot is a sum of two paris, the old current

Rl ~RL
J«,' {x)} and the anomalous current Ja, (K’) originating from the WZT

LFeer = glion + g0 o

These complete currents have been written down by Witten [1&7 as & function of the
nen-linear field U. Their expansion interms of physical particle states can be
found in [3] One might expect that the WZT anomaly not only modifies the currents
but the equal-time current commutation relations as well. Several suthors consi-
dered these commutators for the non-linear & -model with WZT, Bars CS] has calcu-
lated the equal-time commutators in two dimensions and cobtained the modified
current algebra. In particular he obtained c-number Schwinger terms also in the
local charge commutators, They are proportional to the quantized interaction
strength of the Wess-Zuminc term, Rajeev {6] has given the modification of the

_ - BL
equal-time commutators of the naive currents &. (X") in the presence of a
WZT in four dimensions. Under the assumption that the Hamiltonian for this theory
has the Sugawara [T] form in terms of the J:JL he could show that his commutators
lead to the correct equations of motion. These commutators for the Jy ' —currents
contain anomalous pieces proportional te the WZT strength, His algebra, however,
' - Z5%0x)
is not the algebra of the physical currents S , the currents that couple
to the electroweak interactions end which enter into the usual current algebra
formilation of low energy processes. One of us and Palmer [8] calculated

L R L RL
[‘70 (K"))Zd at equal-time starting from the commutator of -Z 4 (,'X") with the

non-linear field U as given by the properties of U under SU{N)} x SU(N)R trans—

L

formations. These modified commutators have cperator valued Schwinger terms which

are functicnals of the non-linear field U. [F1]



From a completely different viewpoint Fadeev and Shatashvili f97 have shown that

a unified mathematical description of anomalies can be given in terms of cocycles.
Considering as underlying theory massless ;hiral-fermions interacting with &
Yang-Mills field the second cocycle, for example, is in infinitesimal form egual

to the anomalous equal-time commutator of the gauge generators in odd—dimensional
space,if a Hamiltonian aescription in even-dimensional space is given. The odd-
dimensional second cocycle is derived from the Chern—Pontryagin density in three
dimensions higher. This dimensional descend is produced by the coboundary operation.
It would be interesting to see how these different derivations of anomalous

equal-time commutators are related and whether they produce the same result for

[?OR'LO(')) :Z'R)L(,?)] . This is the purpose of this paper.

First we study how the Schwinger terms for thé non-linear @ -model with WZ anomaly
emerge in the approach of Fadeev and Shatashvili'r9}. Then we derive the équal-

time commutators of the naive currents CE%ZbL starting from canonical commutation
relations, This way we cbtain Rajeev's commutators without any sdditional assump-

tions. They can be used to derive the commutators of the full currents,

The outline of the paper is as follows, In Sect. 2 we derive the anomalous equal-

time commutators on the basis of the topological appfoach following closely the

work of Fadeev and Shatashvili [9]. The canonical theory is developed in Sect. 3.

Here we rely on the differential geometric approach as introduced by one of us

many years agoe [10]. The connection of the commutators for the naive currents
R, ) . . L .

T £x) with the full current 1s also established in this section. We

close with & summary and some concluding remarks in Sect. k.

2. Topology

An anomaious term in the time-time commutator of the current algebrs is relsted
tc a projective representation of the gauge group on the space of functionals
depending on gauge potentials in thres-dimensionsgl space [9]. With U(g) implemen-—

ting a representstion of the gauge group element g the composition law reads

Ulg) U (ge) = op (2% (H9,3.)) Ulgige) =

A = A% is the gauge field with values in the Lie algebra su(N) of SU(N). We

shall use an anti-Hermitean basis X® of su(N) satisfying
a - [fabcyc e ayb) o =L 5%
[x4 x6] = fobey . T (X%%8) == 2§ (2.2)
(In terms of the Gell-Mann matrices 2,8' we have X% = A-B'/Ei). The expansiocn

g(;) = 4 + BERIXE+ - .. (2.3a)

’ A
Ulg) = 1 =ifude 3R JYR)  +-... (.
leads to the equal-time commutation relations [9 ]

LR, Theq)] = < T 8 3-3)
(2.4}

¢ 504,73
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The anomalous Schwinger term Sab can be calculated by expansion of the phase 0(2

in {2.1].

It has been shown that the phase o(E(A; €y gg) is & 2-cocyecle with regard to the
sohomology of the gauge group £9]. 0(2 can be traced back to a O-cocycle O(D(A)
that does not depend on gauge group elements. The latter is a functional of gauge
fields A in five-dimensional space. It can be expressed by the integral of a

5-form -QS(A) over five-dimensional space,

0(0(14) = ‘27‘7',["(25'('4) {2.5)

-QS is the so-called Chern~Simons density, related locally to the Chern density

_(26 by exterior derivation

€2, =_x;;:1—c-3 T 7:3 = A (2.6a)

y 2 4 3 A 45
_(25, = _4_;@3. /s (4?-' -z FA * 7% ,4) (2.6b)

In (2.6a,b) F is the curvature (field strength) of the connection {gauge field] A,
F = d./‘} +/4/\/4 (2.7}

where A A A is a matrix product in su(N) and a wedge product with respect to

differential forms. The symbol A is omitted in {2,6a,b) to simplify the notation.

To make contact with WZT,which will be studied in the next section,we consider a

flat connection with F = Q. Then ‘05 is closed and is an element of the cohomoleogy
5 «

class H (M), where M is the five-dimensional base space of the SU(N) principal

bundle, For a flat connection we have

F = dA +,4/\/4 =0 (2.8).

[FZ]

so that the Connection A is

A= WA = w(R) wh Ue SUN) (2.9)

i.e. we can identify the connection A with the left-invariant Maurer-Certan form Wi(R)

on the groupmanifeld of SU(N) restricted to a five-dimensional submanifold. Hence

-z 5
48072

..(25(6.)) = 7;"4) (2.10}

The O-cocycle O(OCN) is an integral number

0(0(“)) = -ZTI«'[—QJ—(“’) =-JOW1 f’]’raf: n)e g (2o

5

n{U) is the degree of mapping U : ¥ = SU(N). If we take M= §° we know from

Bott's periodicity theorem that the homotopy group is isomorphic te the group of
‘?2‘ o 5,

integral numbers: 5 (S%CN)) = Z (/V> /ob) . The normalizatiocn

factor of QS in {2.10) corresponds to the sxiomatie normalization of the Chern

classes (see e.g. [11]).

Starting from the 5-form QS(A) in (2.6b) we arrive at the 3-form



{25 (A; §u3) =~ T { 4.

+ terms independent of A (2.12)

- g g o g |

by a twofold application of the group coboundary operator followed each time by
an inversion“of the spatial exterior derivative[9]. Integrating -??TQg over

three-dimensional space we cbtain the 2-cocycle ofE,

Xy, (qu - giz”) = 2 ufﬁ_fjas (;4i é?fzéﬁb) (2.13)

Inserting the expension (2.3a,b) yields the anomalous Schwinger tern
54,3, 5) =<5t {001
.efv.'l"* 2 ,4j°(>?) De 5\(2"-5) 5 upk =123 o,
or for the flat comnection (2.9)
$¥%, ,§)=— Tn{[»ﬁxiwaagj} T4 §2-7)
(2.15)

with a)b = ZC" 9{% . The terms independent of A in (2.12) do not contribute,
To obtain {2.15) from {2.14) we used 9,,' ‘V:f(;) = _“).,‘d‘)J. + %-’9,,9‘]%
{see also {3.3a) below). It is remarkable that the explicit form of the Schwinger
term in the time—time component current commutator can be obtained from topological

structures without going back to the explicit form of the Lagrangian. In the next

section we shall see how this commutator can be derived from the Lagrangian on the

basis of the canonical commutator relations for the pseudoscalar fields.

3. Canonical Theory

In the canonical theory we have to introduce coordinates on the group manifold
SU{N) that parametrize the matrices U, e.g. we may use the perturbative expansion
near the unit matrix
- A payar) '
For the case of SU[{3) symmetry {TE’“} {a =1, 2, ..., 8) is the octet of pseundo-
senlar mesons and Fa. = 186 MeV. With respect to the coordinates 75'1 the Maurer-
Cartan form [2.9) can be decomposed as
- - a a a ;
U'du = X a* Xt A (3.2)
The coefficients &) ® aré 1-forms on the group manifold and obey the structure

relations

(3.3a)
abc b c
& do* = -4 7w .
a a _ pabe b ¢
S Wy T Wy = f oy &f] (3.3¢)



From eq. {3.1) we obtain the power series

| a 8 b
4):'(717) = —"i" 5& +*- —z )Ct 47"6 + - (3.b)
= =

) (3.5)

They satisfy Lie-algebra commutation relations dusl to (3.3a-c)

[ve, Vo] = f%bc Ve (3.6a)

Q-J‘g be by . at abc ~co .
P N e e

Let us now turn to the Lagrangian. We write

i = Ao + Lq, (3.7)

where Lo is the nermal and L. the anomalous pary. The normal part is based on the

canonical metric of SU{N)}. A convenient normalization of the metric g5 is

(3.8)

2
i (%) = =T Th(aep) = O+ oo

- 10 ~

Hence we take

Ly= =2 fume MU BU LY

1]

A A 7’,-2’@,;%-} Q“n-f"af‘m'

o (3.9)
4 T OAS
= — A .
2 JA Guy(m) QT PR
The action LO leads to the field equations
A T - . =0 '
o (50,, Tun = adiie (3.10}

.

with ‘d/., = ‘%‘ g»"tt' . We obtain, of course, the same Lagrangian, if we

use the right-invariant form

w(l) = dU w’ ) des(t) = (L) ADE) (3.11)

instead of {3.2). The right-invariant fields v3(L) satisfy

[ Ve, VL)) = = £¥° V) (3.12)

The Lagrangian L, is clearly invariant under the chiral group SU(l‘w')L x SU(N}RE G

acting on the matrices U as follows



Fl

- 11 =

G 3 (9,%) U -~ G ZCC?[" BNERE)

The corresponding conserved right— and left-handed currents are

d’l:‘(’k) Fui %J’c': -;f-“*"(??.) (3.1ha)

2o0) = Gig e VL) )

where taJ are the components of the tangent vectors to the tranaformations (3.13)

-é-“'j = o’ 5 3 = //+7/04'X4+---' (3.15)

8%

One easily shows

+4a) = §VC) , tYR) = - §VR)

(3.16)

We than have from egqs. (3.5) and (3.8)

;E;JL Czj‘lzrzi ‘LCQL) - _jgif:_
e CR) ) 76

J:C‘R): /()/f'(/_) {3.17)

The defintitons eq. (3.14a,b) correspond to those in ref. [3], the axial current

L is
i

}4&

)JO

;T
EE 9/‘,7?:4"’----- ' (3.18)

fdzx 3:"(?)4) » (see

The generators of the symmetry are

also {Z2.3u)),

- 12 -

In the quantum theory the equal-time commutators for the currents can be reduced

to the canonical commutation relations

[ p:?), m4CZ)] =.;:”._ 5‘;"5‘(? 7) (3.19)

by means of the structure relations {3.6) resp. (3.12). The conjugste field

folleowing from L is
. o

PitR) = G4 e = am; : (3.20)

We obtain for right- and left-handed currents [10] -
- - ‘b, . by @z ain. zbe
[0y, JH] = < (B9 0,75~ 5§95, 7%)

QM (R S(R-F) = < R SR-F)

!

{3.21a)
[gaR), 2] = £ g8 *)é‘(x-~3 )
+ 58“"72& 55 8R-F) , petas
{3.210)

The anomalous part in Witten's effective Lagrangian is related to the Chern-Simons

density _fjl5 {{2.10}). According to Witten th] we may write

Zd = 2N f—Qs(“)) = —240” f%a)
&5

{3.22)



- 13 -

where N is an integral number equal to the number of colours and Q5 is a five-

dimensional disk in the group manifold whose boundary is four-dimensional space-—
. 5 h .

time; 'a Q° = M . We know already t.‘nat-fl5 is closed but not exact. Nevertheless

F

we can assume that the submanifold Q7 & SU(N) is completely covered by an allow—

able chart of the group manifold. We thenm introduce a L-form Dh that satisfies on

QE

. | _
"L‘Dlr = Trw® (3.23)

(Dh is, of course, not unique). We obtain from (3.22) by Stoke's theorem

—e A
= = . = (3.24)
Lo =2 [ap, =2a[n , A=725
5 -~ N
a
In terms of local coordinastes 75'i (not necessarily those defined by {(3.1)) Dh can

be expressed as

= 2D Dijec davndnindn*rdet
c<f< k<€

(3.25)

277 Duyse Ar® A dfI Adntadrt
4L pe

where the coefficients of the second representation are totally antisymmetric. We
. , X : , .
parameirize the submanifold Mt by {K}w} (s =0, 1, 2, 3) and write the Lagrangian

{3.2L4) in terms of the fielas 70 (x),

Lo=2 f‘a} =£,"’ f.‘i"'x Duyue (70) G 43, RIg g né e/wfcr'
) M# .

{3.26)

- 1L -

It is not 4&ifficult to show that the Lagrangien L = Lo + L& leads to the field

equations

(9™ 977

négnedn e T=0
{3.27)

+5 A 7;‘[4)0'0‘]'&)& “p ‘Jm_; 0,)/4-77‘79

Because of (3.8) they are equivalent to the following coordinate-free form

S G, O g €T =¢- (3.28)

“( _ ) + 5 A
° W

a,
Eq. {3.28) means conservation of the total right-handed current \Z; ('R.) ([3.7))

Jo(R) = -?f e (X oucr))
» 52 Trf X2RAR) OIR) WYR)f Eovee

Ju(R)
. 3 o ‘t
+ ALY ] BRF R F R
The corresponding expression for the left-handed current is£3]

;‘a. (X"'a/)“(/_)) +52.7r {X‘}\)”[L)wga) AJ"'O-)} Eunver

= g0+ 5;1( ) ’/’{A‘X"»\‘/\“} Gza(z-)g‘"'a)g,(z) 0

(3.30)




_]5_

The first terms in {3.29) and {3.30), respectively, are the normal currents and

the second terms are the anomalous parts.‘

[ -
Let us now turn to the equal-time commutator [z &’)J J;b(y)] . We see from

{3.29) and (3.30) that the latter can be reduced to the commutators

[gocR), 4G wa [J8CR), 3p (3]

which in turn can be calculated via the canonical commutation relations, To do so

(P= Ty 2, 3):,

we need the homenta p; for the full Lagrangian L = L, + La. We obtain from (3.9)

and (3.26)

2 .
sz = 9,7 'f';- 1y4hE %”a%mé%n—e g °esT (3.31)

The important point to note is that the momente are no longer egqual to the velocities.

The additicnal term in {3.31) does not depend on the velocities and corresponds to

the vector potential for a charged particle moving in an electromagnetic field.

Right- and left-handed components j2 are defined in terms of the velocities as

before (3.14a,b). Consequently we get instesd of (3.21a)

[g2R), poP] = f gt 68 3)

F 5V med) [ 700, S @) B )

{3.32)

while the commutators (3.21b) remain unchanéed. Because of (3.31) the commutator
of the velocities does not vanish as in the case with no anomelous term. Using

(3.31), (3.23) and the canonical commutaticn relaticns we obtain

-6 -

[6,m@), Ama] = 200 Trf Gy <y acly ]

L Q% G ré AT T S(R-7) (3,93

(The symbol [f....J means total antisymmetrization of all indices bhetween the

1 N
brackets, i.e. application of /5" % 5‘77 where P is the permutation of 5

elements and* 87;7 is the signature of P).
Inserting (3.33) inte (3.32) end observing eq. (3.5) we finally get
b/ rpade e .3 > o

Q -— -

[goe®), JeP] = f JLeR) 8¢k &)
. b a b
+ 5JA '/—,r{XaX ‘\-’y“)ywa""x“)ﬂx Ap Yo
a. . b a b ovpr O,
‘f‘X"”Jy_éJ‘?X A -X QPU\?Q"'X } € 5()‘ ?)
{3.34)-

These sre exactly the commutation relations proposed by Rajeev [6]. He assumed
that the Hamilfonian,?* correéponding to L = LO + La has the Sugawara form [7]

in terms of the normel currents<5l:} . With this assumption he showed that (3,34)

and (3.21b) produce the correct equations of motion, i.e. eq. (3.28).

. Rajeev's assumption sbout the current times current form cen easily be derived in

the formalism presented here. Indeed, using {3.31) it can be seen that the anomalous

term in L cancels out and the Hamiltonian has the form



_]T_

# = ',-7:{2.- fda"' {J:(’?) jaQO?) +J;’(?)j:(f‘))} (3.35)
T :

Thus, although the structure of L = Lo + La is quite complicated, i.e. L contains
the anomalous Wess—Zumino term, the Hamiltonlan expressed in terms of the normal
currents looks extremely simple. The snomaly appears only in the commutation

relations {3.34) which again can be expressed solely by the normal currents,

Now we turn to the calculation of the equal-time commutator of the complete current

Jg('x’)

[72e), Top] = [geR), dc]

. This is obtained from

AN B ped AR [ byb’ &\ !
+ A L) € [, B FGFR] T H R x)
i e (o) [0 g g, 7]

{3,36)

The first term on the right~hand side of {3.36) is given by (3.34%). The remairing
term can be calculated with the help of (3.21b) since the anomalous part of Jg

. a
contains only space components Of(;L‘ . After some lengthy computations using

{3.21b) and (3.3a) we arrive at

[ 726, 20)) = [ 37020, #°P)

+.5@‘&f“?£.3 6,57 T (XK XXY) AR L0 S57-37)
8

- 18 -

to T a f
'5"‘(":'?:)3 e, % Tr{. G N o S R
G
X ab) g R JE JER) 8k

2

WAL ‘ b o < oo .
+ fau(%r;) 6,5 B {[XX XX ZR)FR) Y dge- @) 3
Now we insert (3.34) into (3.37). Then most of the terms cancel and we cbiain

[0, 7k] = & LT §EF)

+ fovd €57 Tr{[Xj/fb_L_ 4),4)3; 2 c?()‘c‘-a'v’) (3.38)

The second term in {3.38) is the operator valued-Schuinger term arising from the
anomaly. It agrees exactly with the result (2.15) obtained on the basis of tcpolo-
gical considerations and also with the result in [8] derived from the transformation
properties of U. The derivations in this section alsc show that {3.38) is consistent

-
with Rajeev's anomalous term in the commutator [Jaa(»?)] Job(y )]-

In this and the previous sectionwe considered only the commutators of the right-
handed current. The derivations for the left-handed or mixed commutators are
analogous. With them the complete current algebra for vector and axial currents can

be derived.
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L. Summary [F1]

We have calculated the equal-time commutation relations of the chiral

SU(N)_ X SU(N), charge densities in the non-linear = —model with Wess-Zumino

L R

term. We employed two completely different formalisms,First, using the cohomo-

logy of the gauge group the ancmzlous term in the commutstor is obtained from

the 2—cocycle0(2. Secondly, the canonical theory for the non-linear @& -model [F2]
with Wess-Zumino term is formulated, From this the commutator of the normal part

of the charge densities is deduced. It has a very simple structure. The modifi-

cation due to the anomaly is trilinear in the normal currents. In these currents

the Hamiltonian has the current times current form as in the case with no anomaly.

This remarkable simple structure for the equal-time commutators and the Hamiltonian

suggests that further algebraic reduction of the model could be possible.

Finally the commutator of the complete charge densities, normal plus anomalous
part, is calculated with the known commutators of the normal currents as input.
The resulting operstor valued Schwinger term agrees with that obtained from

topology .

After completion of this work we learned that the calculation of the ancmalous
commutator has been attempted in perturbation theory by Jo [12] and by Kobayashi
and Sugamoto [13] with differing results. Sonoda obtained the correct result of

Fadeev and Shatashvili by computing Berry's phase in chiral gauge theories.
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Footnote

The ancmelous contributions tothe time-time component commutator of the
current, under discussion here, are usually also called "Sehwinger terms",
This may be confusing, but is common practice now. Originally Schwinger
studied non-canonical centributions to the commutator between time and

space components of the current.

The notation &2 (R} indicates that & (R) is changed under right chiral

transformations.
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