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Abstract

We point out that there is a high-frequency tail of the stochastic inflationary grav-
itational wave background that scales as f−1/2 with frequency f . This contribution
comes from the graviton vacuum fluctuation amplified by the inflaton coherent oscil-
lation during the reheating stage. It contains information on inflaton properties such
as the inflaton mass as well as the thermal history of the early Universe.
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1 Introduction

Gravitational wave (GW) provides us with a new way to probe our universe. It interacts only
very weakly with matters, and hence preserves the information on source objects imprinted
in its spectrum during its propagation. In particular, GW is a unique way to probe the early
universe, as all the other messengers (such as photons and neutrinos) interact strongly with
matters and hence lost their information in the (sufficiently) early universe. For instance,
inflation generically predicts GWs that are excited during the quasi de Sitter phase [1–3].
They are one of the main targets of the modern cosmological observatories since they pro-
vide us with the information on the inflationary energy scale. GWs are also expected to be
produced during the course of thermal history after inflation, such as preheating [4], cosmo-
logical defects [5], and phase transitions [6, 7], although the existence of these contributions
is more model-dependent (see Ref. [8] for a recent review).

In this paper, we point out the existence of yet another source of GW. In general, an
inflaton starts to oscillate around the bottom of its potential after inflation, before eventually
decaying into other particles and hence completing the reheating. This coherent oscillation
of the inflaton during the inflaton oscillation epoch produces GWs through gravitational
interaction, which can be interpreted as inflaton annihilation into gravitons mediated by
gravity itself [9]. This contribution extends toward the high frequency region beyond the
inflationary GWs. Since it is produced from the inflaton oscillation, the GW spectrum
contains a variety of information on the inflaton sector, such as the inflaton mass scale and
more generally the shape of the inflaton potential around its bottom. It also depends on the
inflaton decay rate and hence the reheating temperature.

It is quite challenging to detect this contribution with the current and near-future GW
detectors [10–16] (see also Refs. [17–21] for ideas for high-frequency graviton detection),
not only because of its overall normalization but also because of its high characteristic
frequency. Furthermore, there are other GW sources in the high frequency region that we
expect to be present in general, such as the contribution from the standard model (SM)
thermal plasma [22,23], the bremsstrahlung from the inflaton decay [24, 25] as well as those
from preheating [4]. These other contributions can hide our GWs, depending on the model
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parameters and the frequency. Nevertheless, we think it meaningful to point out the existence
of the GWs produced during the inflaton oscillation epoch, as this contribution imprints quite
interesting information on the inflaton sector that is usually hard to reach. We hope that a
development of GW detection technology eventually enables us to probe the high frequency
region such that we can gain information on the inflaton sector in the future.

This paper is organized as follows. In Sec. 2, we review the equation of motion of the
graviton and the graviton production during inflation. Sec. 3 is the main part of this pa-
per, where we compute the GW production from the inflaton oscillation after inflation both
analytically and numerically. In Sec. 4, we show the resultant GW spectrum, especially
its dependence on the model parameters such as the inflaton mass and the reheating tem-
perature. Sec. 5 is devoted to the discussion, where we compare our contribution with the
contributions from the SM thermal plasma and the bremsstrahlung from the inflaton decay.

2 Graviton in inflationary universe

We consider the Einstein-Hilbert action plus the inflaton action as

S =

∫
dtd3x

√
−g
(
M2

P

2
R + Lφ

)
. (1)

The metric is expanded as

ds2 = −dt2 + a2(t)(δij + hij)dx
idxj = a2(t)

[
−dτ 2 + (δij + hij)dx

idxj
]
, (2)

where we have taken the transverse-traceless gauge: hii = ∂ihij = 0. The graviton action is
given by

S =

∫
dtd3x a3M

2
P

8

[
(ḣij)

2 − 1

a2
(∂lhij)

2

]
=
∑
λ=+,×

∫
dτd3k

(2π)3

1

2

[
|h′λ(k)|2 − ω2

k |hλ(k)|2
]
, ω2

k ≡ k2 − a2R

6
, (3)

where the prime denotes the derivative with respect to the conformal time τ , and λ = +,×
denotes the two polarization states of the graviton. We have defined the canonical graviton
in the momentum space as

aMP

2
hij(t, ~x) =

∑
λ=+,×

∫
d3k

(2π)3
hλ(~k, τ)ei

~k·~xελij, (4)

where ελij denotes the polarization tensor, which satisfies ελijε
λ′
ij = δλλ′ . The free graviton

action (3) is the same as the minimally-coupled massless scalar field. Thus gravitational
production of gravitons during the inflation and reheating era is treated in the same way as
the minimal scalar field which is extensively studied in Refs. [9, 26–28].
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Let us introduce a creation and annihilation operator for the graviton:

hλ(~k, τ) = h̃λ(~k, τ)aλ,~k + h̃∗λ(
~k, τ)a†

λ,−~k
, (5)

where they satisfy the commutation relation
[
aλ,~k, a

†
λ′,~k′

]
= (2π)3δ(~k−~k′)δλλ′ . The equation

of motion is given by

h̃′′λ(k) + ω2
kh̃λ(k) = 0. (6)

The solution to the equation of motion and its approximate form in the high and low fre-
quency limit, which satisfies the Bunch-Davies boundary condition, during inflation is given
by

h̃λ(k, τ) = − 1√
2k

√
−πkτ

2
H

(1)
3/2(−kτ) '


1√
2k
e−ikτ for − kτ � 1

i
aHinf√
2k3/2

for − kτ � 1
, (7)

where H
(1)
3/2(x) denotes the Hankel function of the first kind and we used τ = −(aHinf)

−1

during inflation with Hinf being the inflationary Hubble scale. It is well known that the
superhorizon modes (−kτend . 1 where the subscript “end” represents the end of inflation)
have (nearly) scale invariant power spectrum:#1

Ph(k, τend) ≡ k3

π2a2

∣∣∣h̃λ(k)
∣∣∣2 =

H2
inf

2π2
for − kτend � 1. (8)

On the other hand, shorter wavelength modes (−kτend & 1) never exit the horizon. However,
it does not mean that shorter wavelength modes are not excited. Below we will evaluate the
production of these short wavelength graviton modes during the inflaton oscillation epoch
after inflation.

3 High frequency graviton production

Let us consider the high-frequency modes that never exit the horizon: −kτend & 1. After
inflation ends, the inflaton coherent oscillation begins and the graviton wave function is
modified through the (rapidly-oscillating) a2R term in the equation of motion. In this case
it is convenient to parameterize the wave function in terms of the Bogoliubov coefficients
αk, βk as

h̃λ(k, τ) = αk(τ)vk(τ) + βk(τ)v∗k(τ), (9)

#1 Often the graviton power spectrum is defined by the original basis before the canonical rescaling. In
such a case the graviton power spectrum is given by Ph(k) ≡ (2/MP )2Ph(k) = 2H2

inf/(πMP )2 and the
tensor-to-scalar ratio is defined as r = Ph(k)/Pζ(k) with Pζ being the power spectrum of the curvature
perturbation.
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where

vk(τ) = e−iΩk(τ), Ωk(τ) ≡
∫
ωkdτ. (10)

The equation of motion is rewritten as

α′k(τ) =
ω′k
2ωk

βk(τ)e2iΩk , β′k(τ) =
ω′k
2ωk

αk(τ)e−2iΩk , (11)

They satisfy the normalization condition |αk(τ)|2 − |βk(τ)|2 = 1. The initial condition is
αk = 1 and βk = 0 for −kτ →∞. The renormalized graviton energy density is expressed as

a4(τ)ρh(τ) = 2

∫
d3k

(2π)3
ωk |βk(τ)|2 . (12)

We define the graviton energy spectrum as

ρh(τ) =

∫
ρh,k(τ)d ln k, a4(τ)ρh,k(τ) =

k3ωk
π2
|βk(τ)|2 . (13)

Thus it is sufficient to evaluate βk(τ) to obtain the graviton energy spectrum. Numerically,
one can integrate the equation (11) to obtain βk(τ) given an inflation model.

Fig. 1 shows the result of our numerical calculation. We assumed a chaotic inflation
model with a quadratic potential V = m2

φφ
2/2 for concreteness,#2 and solved the following

equations

3M2
PH2 = a2(ρφ + ρr), (14)

φ′′ + (2H + aΓφ)φ′ + a2dV

dφ
= 0, (15)

ρ′r + 4Hρr = aΓφρφ, (16)

where ρφ = φ′2/2a2 + V is the inflaton energy density, ρr is the radiation energy density, Γφ
is the inflaton total decay width and H = a′/a denotes the conformal Hubble scale. Eq. (11)
is solved numerically with this background. The inflaton decay rate is (hypothetically) taken
to be zero in the left panel and the spectrum is evaluated during the inflaton domination.
In the right panel the inflaton decay rate is taken to be Γφ = (10−1, 10−2, 10−3) ×mφ and
the spectrum is evaluated during the radiation domination. One can see that the graviton
energy spectrum shows k−1/2 behavior as expected. Below we compare this result with an
analytic estimate.

In order to evaluate the graviton energy spectrum, it is convenient to interpret the gravi-
ton production during the reheating era as the inflaton annihilation into a graviton pair, as

#2The chaotic inflation [29] with a quadratic potential is now disfavored by the cosmological observation,
but a slight modification on the potential makes the model viable [30, 31]. Since we are mainly interested in
the inflaton oscillation regime, such a modification is irrelevant for the discussion below.
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Figure 1: Graviton energy spectrum after inflation. The numerical solutions of Eq. (11) with
Eqs. (14)-(16) are shown as the solid lines, while the analytic estimates, i.e. Eq. (19), are shown
as the gray-dotted line, for the quadratic inflaton potential V = m2

φφ
2/2. For comparison, the

numerical results without the inflaton oscillation (Eq. (20)) are shown as the dashed line. The
modes shown here never exit the horizon. (Left) The inflaton decay rate is taken to vanish, and the
spectrum is evaluated during the inflaton domination. The ratio ρh/ρφ is multiplied with the ratio
of the scale factor at the inflation end and at the evaluation time to cancel out the dependence on
the evaluation time. (Right) The inflaton decay rate is taken to be Γφ = 10−1mφ (blue), 10−2mφ

(red) and 10−3mφ (green), and the spectrum is evaluated during the radiation domination.

emphasized in Refs. [9,26,27]. Taking account of two polarization states of the graviton, the
effective inflaton annihilation rate is estimated as#3

Γ(grav)(φφ→ hh) ' 1

192π

ρφmφ

M4
P

. (17)

Each annihilation produces a pair of gravitons with energy mφ that are then redshifted
away. Such a process continues until the end of reheating, resulting in a continuum graviton
spectrum at the present universe. The graviton spectrum is calculated as

ρh,k(t0) = C × ρφ(tk)
Γ(grav)(φφ→ hh)

Hk

(
a(tk)

a0

)4

(18)

'


3C
64π

mφH
3
end

(mφaend

k

)1/2
(
aend

a0

)4

for k . khigh,

3C
64π

mφH
3
end

(
mφaend

khigh

)1/2(
aend

a0

)4

e−2k2/k2high for k & khigh,

(19)

where C is an O(1) coefficient and tk is defined through k = a(tk)mφ, i.e., the cosmic
time at which the present graviton frequency k/a0 was emitted. Here khigh is defined as
khigh = Ckmφa(H = Γφ) with Ck being an O(1) coefficient. The analytic estimate (19) with

#3 Ref. [28] calculated the gravitational production rate analytically including O(1) numerical factor for a
scalar particle. The same result is applied for a graviton production, since the graviton action is the same
as the minimal massless scalar.
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C = 3 and Ck = 1.5 is also plotted in Fig. 1 and it agrees well with the numerical result. We
used the function g in Eq. (22) to interpolate between k . khigh and k & khigh. Note that
there is a small deviation around k ∼ aendHend. This is because there is an intermediate
epoch around the end of inflation, in which the inflaton oscillation may not be regarded
as a harmonic oscillation, while the analytic estimate (19) assumes the harmonic inflaton
oscillation. For low scale inflation models with a large hierarchy between mφ and Hinf , it is
more difficult to treat this intermediate epoch, but the high frequency behavior k & aendmφ

is expected to be well described by the above picture.
In the above picture, the typical momentum of gravitons being produced is constant in

time and is around the inflaton mass mφ. Therefore, it is crucial to use the inflaton equation
of motion (15) to get the correct result, since otherwise the scale mφ never appears in the
system. In order to stress this point, in Fig. 1, we also show as the dashed lines the graviton
spectrum computed assuming a smooth background evolution

ρφ =
ρφ,inf

1 + (a/aend)3eΓφ(t−tend)
'


ρφ,inf for t < tend,

ρφ,inf

(
a

aend

)−3

e−Γφ(t−tend) for t > tend,
(20)

together with Eqs. (14) and (16), which do not have the timescale mφ. One can clearly see
that the resultant graviton spectrum is highly suppressed in high frequencies compared to
the solid lines. Thus, the inflaton oscillation is crucial for the high-frequency behavior of the
spectrum.

4 Stochastic gravitational wave background revisited

Now we plot the present stochastic GW background spectrum in terms of ΩGW(k) ≡ ρh,k/ρcr.
First, the energy spectrum of subhorizon modes induced by the inflaton oscillation is given
by Eq. (19) and hence

Ω
(osc)
GW (k) ' 6× 10−24

( mφ

1013 GeV

)( Hend

1013 GeV

)1/3(
TR

1010 GeV

)4/3 (aendmφ

k

)1/2

g(k), (21)

where we used C ' 3 and

g(k) '

[
1 +

(
k

khigh

)1/2
]
e−2k2/k2high . (22)

The low and high frequency end of the spectrum are given respectively as

flow =
mφ

2π

aend

a0

' 1.1× 106 Hz
( mφ

1013 GeV

)( TR

1010 GeV

)1/3(
1013 GeV

Hend

)2/3

, (23)
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and

fhigh =
khigh

2πa0

' 2.9× 1013 Hz
( mφ

1013 GeV

)(1010 GeV

TR

)
, (24)

where we used Ck ' 1.5. For f > fhigh the spectrum decays exponentially. Remember that
the present frequency f is related to the comoving wavenumber k through f = k/(2πa0).

On the other hand, there are also contributions from the superhorizon modes that exit
the horizon during inflation and reenter the horizon after inflation [32–34]. The shape of
present GW spectrum depends on the equation of state of the Universe. In particular, the
GW spectrum scales as ΩGW ∝ k0 (k−2) for modes that enter the horizon during radiation
(matter) domination [35–37]. The GW spectrum is evaluated as

Ω
(inf)
GW (k) ' Ω2

m

3r

128
Pζ(k0)

(
k0

k

)2−nt ( g∗(Tk)
g∗(Teq)

)(
g∗s(Teq)

g∗s(Tk)

)4/3

T1

(
k

keq

)
T2

(
k

kR

)
, (25)

where k0/a0 = H0 is the Hubble parameter at present, r is the tensor-to-scalar ratio, nt =
−r/8 is the tensor spectral index, T1(x) ' 1 + (32/9)x2 and T2(x) ' (1 + x2)−1, and

fR =
HR

2π

aR

a0

' 2.6× 102 Hz

(
g∗s(TR)

106.75

)1/6(
TR

1010 GeV

)
. (26)

This GW spectrum is cut at the frequency fend:

fend =
Hend

2π

aend

a0

' 1.1× 106 Hz

(
Hend

1013 GeV

)1/3(
TR

1010 GeV

)1/3

. (27)

Fig. 2 shows the stochastic GW background spectrum for Hinf = 1014 GeV, Hend = mφ =
1013 GeV and TR = 1012 GeV (left) and 1010 GeV (right). The solid lines correspond to the
vacuum contribution that is amplified due to the inflaton oscillation during the reheating
era and the dashed lines correspond to the inflationary GW that is amplified during the
inflation stage.

5 Discussion

We have shown that there is inevitably a contribution to the stochastic GW background
from the reheating era. It is the subhorizon graviton excitation amplified by the inflaton
oscillation. As shown in Fig. 2, this extends to the high-frequency tail which scales as
ΩGW ∝ f−1/2 in addition to the well-known inflationary GWs that exit the horizon during
inflation and reenter the horizon after inflation. This high frequency tail contains a lot of
information about the property of the inflaton: the inflaton mass, the inflaton lifetime (or the
reheating temperature) and so on. Although we have focused on the simple quadratic inflaton
potential, it is expected that the high frequency tail exhibits more nontrivial structure for a
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Figure 2: Stochastic GW background spectrum for Hinf = 1014 GeV, Hend = mφ = 1013 GeV, and
TR = 1012 GeV (left) and 1010 GeV (right). The solid lines correspond to the vacuum contribution
that is amplified due to the inflaton oscillation during the reheating era and the dashed lines
correspond to the inflationary GW that is amplified during the inflation stage.

more general form of the inflaton potential. We will come back to this issue in a separate
work.

Lastly we discuss other contributions to the high-frequency stochastic GW background
spectrum, which can hide the vacuum contributions that we found. The Standard Model
thermal plasma emits gravitons through scattering processes and they also constitute a
stochastic GW background [22, 23]. The typical frequency of the emitted graviton at the
temperature T is of order T and it is redshifted as a−1(t). Since the temperature is also
redshifted as a−1(t), the typical comoving frequency (or the frequency observed today) is
roughly the same independently of the temperature. The overall amount of GW is dominated
by those emitted earlier epoch for all the frequency range, i.e., at the highest temperature
TR and the result is#4

Ω
(th)
GW(k) ∼ 2× 10−13

(
TR

1010 GeV

)(
k

a∗T∗

)3

ϕ

(
k

a∗T∗

)
, (28)

where T∗ denotes the reference temperature taken to be the electroweak scale, and ϕ(x) ' 1
for x � 1 and exponentially decreases for x & 1. Another contribution comes from the
graviton bremsstrahlung processes associated with the perturbative inflaton decay. The
spectrum is given by [24, 25]

Ω
(brem)
GW (k) ' Ωr

m2
φ

16π2M2
P

f

fhigh

, (29)

for f � fhigh. Note that the coupling that is responsible for the inflaton decay may also
induce the preheating and resonant particle production if the coupling is relatively large [38–

#4 The dilute plasma before the completion of the reheating also emit gravitons. However, one can show
that this contribution goes like k4.6 toward lower frequency and is hidden by the k3 tail of (28).
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42]. It may act as a classical source of GWs resulting in more abundant GW background
than Eq. (29) [4], but it is rather model dependent and we do not go into details here.
Although in the most parameter regions these contributions are larger than those from the
inflaton oscillation, it might be possible to remove these contributions from the data and
find the inflaton oscillation signal, which will provide us with rich information on the early
universe and the nature of the inflaton. We emphasize that the high frequency GWs induced
by the inflaton oscillation may not be regarded as classical waves since they never exit the
horizon and the occupation number is much smaller than unity. Thus detection of such high
frequency GWs may be regarded as a direct test of quantum nature of the graviton.
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