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Universitätsstraße 31, 93040 Regensburg, Germany

Abstract

We consider the renormalization of the matrix elements of the bilinear quark
operators ψ̄ψ, ψ̄γµψ, and ψ̄σµνψ at next-to-next-to-next-to-leading order in
QCD perturbation theory at the symmetric subtraction point. This allows us
to obtain conversion factors between the MS scheme and the regularization
invariant symmetric momentum subtraction (RI/SMOM) scheme. The obtained
results can be used to reduce the errors in determinations of quark masses from
lattice QCD simulations. The results are given in Landau gauge.

Keywords: Lattice QCD, Bilinear quark operators, MS scheme,
Regularization invariant symmetric MOM scheme, Three-loop approximation

1. Introduction

The lattice formulation of quantum chromodynamics (QCD) provides a pos-
sibility to estimate long-distance operator matrix elements from first princi-
ples using Monte Carlo methods. Many important physical observables can
be related to matrix elements of bilinear quark operators of the form Oµ...ν =
ψ̄Γµ...νψ, where Γµ...ν is some Dirac structure that can contain covariant deriva-
tives.

We start from the following expression in Minkowski space:∫
dxdy e−iq·x−ip·y 〈ψξ,i(x)Oµ...ν(0) ψ̄ζ,j(y)〉 = δij Sξξ′(−q)Λξ′ζ′(p, q)Sζ′ζ(p) ,

(1)
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where ξ, ζ are spinor indices, i, j are color indices in the fundamental repre-
sentation, S(q) is the quark propagator, and Λ(p, q) is the amputated Green’s
function, which is shown schematically in Fig. 1.

p+q

p q

Figure 1: Matrix element 〈ψ(q)O(−q − p) ψ̄(p)〉 of a bilinear quark operator in momentum
space. The black box denotes the operator, and solid lines denote the external quarks.

The renormalization of the matrix elements on the lattice is done in some
appropriate renormalization scheme. One of the popular schemes is the regular-
ization independent momentum subtraction (RI/MOM) scheme or its variant,
the RI′/MOM scheme [1], where the subtraction is done at the momentum
configuration p2 = q2 = −µ2, (p + q)2 = 0. It has been realized, however,
that such a prescription may suffer from a strong sensitivity to infrared (IR)
effects. For example, the pseudoscalar current receives contributions from the
pseoduscalar-meson pole at (p + q)2 = 0 and is sensitive to condensate effects
of order O(Λ2

QCD/µ
2). To avoid such problems, the regularization independent

symmetric MOM (RI/SMOM) scheme has been suggested in Ref. [2]. The sub-
traction in this scheme is performed at the symmetric Euclidean point

p2 = q2 = (p+ q)2 = −µ2 , p · q =
µ2

2
. (2)

In Eq. (2), none of the four-momenta is exceptional any more, which provides
much better IR behavior for the scheme.

To confront lattice simulations with phenomenological analyses, it is neces-
sary to convert the matrix elements to the MS renormalization scheme, which is
usually adopted in continuum perturbation theory. The conversion factors for
field strengths and masses are know in the RI/MOM scheme through the three-
loop order [3, 4]. The corresponding matching calculations in the RI/SMOM
scheme are more involved. The one-loop results are given in Refs. [2, 5]. At
the two-loop level, calculations have been done in Refs. [6, 7, 8] for the quark
currents. The n = 2 and n = 3 twist-two operators have been considered at
the two-loop level in Refs. [9, 10]. The two-loop singlet axial-vector current
has been considered in Ref. [11]. Recently, in Ref. [12], the conversion of the
strong-coupling constant has been evaluated at the three-loop order.

The goal of the present work is to evaluate the matching factors between the
MS and RI/SMOM schemes for the bilinear quark operators in the three-loop
approximation. This paper is organized as follows. In Section 2, we give the
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underlying definitions and discuss the main steps of our evaluation procedure.
In Section 3, we present our results. In Section 4, we conclude with a summary.

2. Evaluation

In this paper, we consider scalar, vector, and tensor non-singlet bilinear
quark operators in QCD,

JS = ψ̄ψ , JVµ = ψ̄γµψ , JTµν = ψ̄σµνψ , (3)

where σµν = i
2 [γµ, γν ], taken at the Euclidean symmetric kinematic point of

Eq. (2).
We adopt the tensor decomposition used in Ref. [5] and write the amputated

Green’s functions ΛS,V,T in terms of scalar form factors FS,V,Tj = FS,V,Tj (p, q)
and the relevant tensor structures built from the four-momenta p, q and Dirac
γ matrices,

ΛS(p, q) = Γ0 F
S
1 +

1

µ2
Γ2,pq F

S
2 , (4)

ΛVµ (p, q) = γµ F
V
1 +

1

µ2
p/ pµ F

V
2 +

1

µ2
q/ pµ F

V
3 +

1

µ2
p/ qµ F

V
4

+
1

µ2
q/ qµ F

V
5 +

1

µ2
Γ3,µpq F

V
6 , (5)

ΛTµν(p, q) = Γ2,µν F
T
1 +

1

µ2
(pµqν − pνqµ) FT2 +

1

µ2
(Γ2,µp pν − Γ2,νp pµ) FT3

+
1

µ2
(Γ2,µp qν − Γ2,νp qµ) FT4 +

1

µ2
(Γ2,µq pν − Γ2,νq pµ) FT5

+
1

µ2
(Γ2,µq qν − Γ2,νq qµ) FT6 +

1

µ4
(pµqν − pνqµ)Γ2,pq F

T
7

+
1

µ2
Γ4,µνpq F

T
8 , (6)

where Γn denote antisymmetric products of γ matrices with the normalization
factor 1/n! included, i.e.

Γ0 = I , Γ2,ν1ν2 =
1

2!
(γν1γν2 − γν2γν1) , etc. (7)

In Eqs. (4)–(6), we have also used the shorthand notation pαΓ...α... = Γ...p... for
the contraction of a four-momentum with a tensor.

The evaluation of the above matrix elements is organized as usual, in two
steps: the reduction to master integrals and their evaluation. After the pro-
jection and the evaluation of the color and Dirac traces, we first reduce the
large number of Feynman integrals with the help of integration-by-parts (IBP)
relations [13] to a small set of master integrals. This is done with the help of
the computer package FIRE [14]. Besides the IBP relations, we have additional
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relations arising from the symmetric kinematics of Eq. (2). With these new
relations, we can further reduce the number of master integrals. Finally, we can
express all the amplitudes in terms of 2 one-loop, 8 two-loop, and 60 three-loop
master integrals.

Generally, an amplitude can be written as a sum of N master integralsMj ,

A =
N∑
j=1

cj(d)Mj , (8)

where the coefficients cj(d) are rational functions of the space-time dimension
d and are determined in the course of the reduction procedure.

In our case, we have the situation where the master integrals Mj have
at most 1/ε3 poles in the ε expansion, while the coefficients cj(d) can have
poles up to 1/ε5. This means that some of the three-loop master integrals
have to be expanded up to O(ε5) to extract the finite contributions! If the
master integrals are evaluated numerically with only restricted accuracy (see
the discussion below), this is expected to lead to a significant loss of accuracy
in the final renormalized results.

Notice, however, that the choice of the master integrals Mj in Eq. (8) is
not unique. While the number N of master integrals remains invariant, any N
linearly independent integrals can be chosen as a basis. This freedom can be
exploited to improve the behavior of the coefficients cj(d) in the limit d→ 4. In
particular, if all coefficients cj(d) have no poles as ε→ 0, then the set of master
integrals Mj represents an ε-finite basis [15, 16]. Such a basis can always be
constructed as long as no restrictions on the choice of master integrals Mj are
imposed. In our evaluation, we choose master integrals with positive indices and
work with a restricted set of master integrals, namely, the master integrals that
are present in the original expressions in Landau gauge before the reduction
procedure. With such conditions, we construct a basis that has at most 1/ε
poles in the coefficients cj(d).

We now turn to the evaluation of the master integrals. In the kinematics
of Eq. (2), we have single-scale integrals. The integrals through two loops have
been considered previously, in Ref. [17] using the parametric-integral represen-
tation and, more systematically, in Ref. [18] using the method of differential
equations. We can briefly summarize our knowledge about the analytic struc-
ture of the master integrals in the kinematics of Eq. (2) as follows. They can be
expressed in terms of harmonic polylogarithms [19] taken at the special point
eiπ/6 on the unit circle in the complex plane. At three loops, we have poly-
logarithms through weight six. The basis of relevant constants up to weight
six has been constructed in Ref. [20] using differential equations. These master
integrals have been considered recently in Ref. [12].

In our evaluation, we compute the master integrals numerically instead. For
this purpose, we use the method of sector decomposition [21, 22], which is based
on the analytic resolution of singularities and the successive numerical integra-
tion of the parametric integrals by Monte Carlo methods. For this purpose, we
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use the implementation of the program package FIESTA [23]. At the three-
loop level, we have four-fold to nine-fold parametric integrals resulting usually
in several hundreds of so-called sector integrals, which are then evaluated nu-
merically using the program library CUBA [24]. With a typical sample of 108

function calls, we achieve a relative accuracy of order 10−6 for individual master
integrals. However, due to large cancellations between different terms in sums
like the one in Eq. (8), the resulting relative accuracy is expected to be worse.

3. Results and discussion

In this section, we present our results for the individual form factors defined
in Eqs. (4)–(6). We perform our evaluations in Landau gauge and for the kine-
matics in Eq. (2). After the renormalization of the matrix elements, the 1/εj

poles cancel. Since the master integrals are known numerically with restricted
accuracy, such cancellations are only approximate. We demonstrate the can-
cellation of the ε poles for the vector form factor FV1 in Table 1. We observe

O(ε−2) O(ε−1) O(1)
(0.08± 1.2) · 10−4 (0.68± 11.9) · 10−4 286.17± 0.12

Table 1: Numerical cancellation of the 1/ε poles in the O(a3) coefficient of the form factor
FV
1 for Nc = 3, nf = 0, and µ̄ = µ.

from Table 1 that the coefficients of the 1/εj poles are suppressed relative to the
O(1) term by 4 to 5 orders of magnitude. On the other hand, the absolute error
grows from 10−4 for the O(ε−2) term to 10−1 for the O(1) one. We compare
our results at the one-loop level with Refs. [2, 5] and at the two-loop level with
Ref. [8]. We find agreement with these papers, however, with one caveat: if

we understand the form factors ΣS,V,T
(j) in Refs. [2, 8] as being evaluated for the

matrix element 〈ψ(q)O(−q−p) ψ̄(p)〉 instead of 〈ψ(p)O(−q−p) ψ̄(q)〉, then we

find FS,V,Tj = −ΣS,V,T(j) through two loops.

We now provide all the form factors in Landau gauge, renormalized in the
MS scheme. Our results for the general SU(N) group are listed in the ancillary
file, and those for the SU(3) group, with CF = 4/3 and CA = 3, are presented
here:

FS1 = 1 + a
(
0.6455188559544156

)
+ a2

(
48.48858821140752− 6.346872802912313nf

)
+ a3

(
2396.16(7)− 417.872(2)nf + 8.6453(1)n2

f

)
, (9)

FS2 = a
(
1.0417365505286484

)
+ a2

(
11.166805203854107− 0.462994022457177nf

)
+ a3

(
340.47(8)− 65.674(2)nf + 0.87117(2)n2

f

)
, (10)

FV1 = 1 + a
(
− 1.6249301161380183

)
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+ a2
(
− 6.1248320773321865− 0.2362586437086281nf

)
+ a3

(
286.17(12)− 47.915(2)nf + 2.37045(6)n2

f

)
, (11)

FV2 = a
(
− 1.4720824544982587

)
+ a2

(
− 18.797490826183573 + 1.3299518483852129nf

)
+ a3

(
− 658.77(12) + 120.165(2)nf − 2.13077(4)n2

f

)
, (12)

FV3 = a
(
− 1.7777777777777777

)
+ a2

(
− 44.38058543042832 + 2.8641975308641974nf

)
+ a3

(
− 1748.85(6) + 276.890(3)nf − 6.0501(3)n2

f

)
, (13)

FV4 = FV3 , (14)

FV5 = FV2 , (15)

FV6 = a
(
2.083473101057297

)
+ a2

(
39.7873695861749− 3.009461145971651nf

)
+ a3

(
1501.31(4)− 269.099(2)nf + 6.37227(3)n2

f

)
, (16)

FT1 = 1 + a
(
− 0.06232529034504568

)
+ a2

(
− 17.00995398724325 + 1.6001145201364706nf

)
+ a3

(
− 482.80(7) + 57.814(2)nf − 0.36852(5)n2

f

)
, (17)

FT2 = a
(
− 3.125209651585945

)
+ a2

(
− 76.20220922856834 + 5.555928269486126nf

)
+ a3

(
− 3002.31(16) + 488.628(7)nf − 11.87338(5)n2

f

)
, (18)

FT3 = 2FT4 , (19)

FT4 = a
(
0.15284766163975952

)
+ a2

(
0.9097900360378999− 0.16983073515528835nf

)
+ a3

(
− 16.54(9)− 6.074(2)nf + 0.23416(3)n2

f

)
, (20)

FT5 = FT4 , (21)

FT6 = 2FT4 , (22)

FT7 = 4FT4 , (23)

FT8 = −FT2 , (24)

where a = αs/(4π) and the ’t Hooft mass µ̄ is taken to be equal to the sub-
traction point µ in the SMOM scheme. We retain the error intervals only for
the three-loop contributions, while the one- and two-loop coefficients can be
obtained from Ref. [8] in analytic form.

From the above results, we also obtain the conversion factors between the
MS and RI/SMOM schemes for the quark field and mass, Cq and Cm, namely,

ψMS
R = CRI/SMOM

q ψ
RI/SMOM
R , mMS

R = CRI/SMOM
m m

RI/SMOM
R . (25)

The result for C
RI/SMOM
q is known, since it was shown in Ref. [2] that C

RI/SMOM
q =
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C
RI′/MOM
q as a result of a Ward–Takahashi identity. The result for C

RI/SMOM
m

at the three-loop order is new and reads

CRI/SMOM
q = 1 + a2

(
− 25.46420605097376 + 2.333333333333333nf

)
+ a3

(
− 1489.980500 + 246.442650nf − 6.460905n2

f

)
, (26)

CRI/SMOM
m = 1 + a

(
− 0.6455188559544155533

)
+ a2

(
− 22.607687567041 + 4.0135394695790nf

)
+ a3

(
− 860.28(7) + 164.742(2)nf − 2.18440(10)n2

f

)
. (27)

If we use, for an estimation, αs/π ∼ 0.1, which approximately corresponds
to µ = 2 GeV, then we obtain for the mass conversion factor, with nf = 3,

CRI/SMOM
m = 1− 0.0161− 0.0066− 0.0060 + . . . . (28)

Thus, the three-loop contribution is of the same sign and size as the two-loop
one.

4. Conclusion

In this paper, we have established a framework for the evaluation of the bi-
linear quark operators of QCD in the MOM scheme at the symmetric kinematic
point. The results have been obtained for the scalar, vector, and tensor currents
with general tensor and Dirac structures in the three-loop approximation. The
conversion factors between the MS and RI/SMOM schemes have been given to
three loops as well. The three-loop corrections appear to be comparable in size
with the two-loop ones.

Note added in proof

After submission, a preprint [25] has appeared in which our Eq. (27) is
confirmed and presented in analytic form.
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