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Computing the gluon component of momentum in the nucleon is a difficult and computation-
ally expensive problem, as the matrix element involves a quark-line-disconnected gluon operator
which suffers from ultra-violet fluctuations. But also necessary for a successful determination is
the non-perturbative renormalisation of this operator. As a first step we investigate here this renor-
malisation in the RI−MOM scheme. Using quenched QCD as an example, a statistical signal is
obtained in a direct calculation using an adaption of the Feynman-Hellmann technique.
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Determining the glue component . . . R. Horsley

1. Introduction

How the nucleon’s momentum is distributed among its constituents is a question that has been
discussed for many years. Indeed the fact that the measurement of the fraction of the nucleon
momentum carried by quarks did not sum up to one gave early indications for the existence of the
gluon and QCD. If 〈x〉 f is the fraction of nucleon momentum carried by parton f (quark, q, or
gluon, g) then we have

∑
q
〈x〉q + 〈x〉g = 1 , (1.1)

where experimentally 〈x〉g ∼ 1
2 . This talk will describe our progress in a determination of the

renormalisation of 〈x〉g using lattice gauge theory techniques. Previous work includes [1, 2, 3, 4, 5,
6]. The aim here will be to compare with the previous QCDSF-UKQCD result [3] but now using
the Feynman–Hellmann (FH) theorem to also determine the Zg renormalisation constant using the
RI−MOM renormalisation procedure, [7], rather than imposing the sum rule, eq. (1.1).

The relevant operators that we consider here (〈x〉 ≡ vn with n = 2, for both quark/gluon) are

〈N(~p)|Ô(b)
f |N(~p)〉

〈N(~p)|N(~p)〉
=−4

3
E
(

1− m2

4E2

)
〈x〉 f , where O

(b)
f = O( f )

44 −
1
3 O( f )

ii , (1.2)

and with1

O(g)
µν = Fa

µαFa
να , O(b)

g = 2
3(E

a2
i −Ba2

i ) ,

O(q)
µν = q̄γµ

↔
Dν q , O(b)

q = q̄γ4
↔
D4 q− 1

3 q̄γi
↔
Di q , (1.3)

(using the Euclidean metric) with the notation O(τ) = ∑~x O(τ,~x) with
↔
D= (

←
D −

→
D)/2. This rep-

resentation for the gluon, O(b)
g , allows for ~p =~0 in the above, while for the other representation

O(a)
g ∼ ~E ×~B, but now ~p =~0 is not possible. 〈x〉g is related (and equivalent) to the decomposi-

tion of the nucleon mass via the energy–momentum tensor, [8]. As O(b)
f = 4

3 T̄ ( f )
44 where T̄µν is the

traceless energy-momentum tensor, then for example the gluon contribution to the nucleon mass,
m, is ∼ 3

4 m〈x〉g. As is well known this can be generalised and used (for higher n) in the OPE, for
example for DIS.

2. Lattice 〈x〉g

Rather than forming ratios of 3-point to 2-point correlation functions which are very noisy,
[1], we choose instead to add the operator of interest to the action, [3]

S→ S(λ ) = S+λ ∑
τ

O(τ) , (2.1)

and perform subsidiary runs at different λ s. E(λ ) is then determined and the Feynman–Hellmann
(FH) theorem is then used to find the matrix element of interest

∂E(λ )
∂λ

∣∣∣∣
λ=0

=

〈
N
∣∣∣: Ô :

∣∣∣N〉
〈N|N〉

, (2.2)

1We have slightly changed our convention for O(g)
µν compared to [3].
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(where : . . . : means that the vacuum term has been subtracted). For quark operators this method
includes both quark-line -connected and -disconnected terms. We shall illustrate here the purely
quark-line-disconnected 〈x〉dis

g ≡ 〈x〉g for quenched QCD.
Using the Wilson gluonic action as RetrC[1−U plaq

µν (x)] = 1
4 a4g2Fa

µν(x)
2 + . . . motivates the

simplest definition of electric and magnetic fields on each time slice as

1
2E a2(τ) = 1

3 β ∑~x i Retrc
[
1−U plaq

i4 (~x,τ)
]
,

1
2Ba2(τ) = 1

3 β ∑~x i< j Retrc

[
1−U plaq

i j (~x,τ)
]
, (2.3)

(β = 6/g2). The modified action in this case is

S(λ ) = ∑
τ

( 1
2 [E

a2(τ)+Ba2(τ)]+λ
3
4O(b)(τ)

)
, (2.4)

with O(b)(τ) = 2
3 [E

a2(τ)−Ba2(τ)]. This can be implemented by generating anisotropic lattices.
In [3] we have described the determination of 〈x〉lat

g using this method.

3. Renormalisation

We now discuss some aspects of our renormalisation procedure, the main goal of this talk.
We shall only consider here renormalisation for the quenched case, [1, 2] – in the conclusion and
outlook section we shall comment on the case when dynamical quarks are included.

3.1 General considerations

We expect the renormalisation pattern to be for the gluon and (two) valence quarks 〈x〉g〈x〉con
u

〈x〉con
d


R

=

 Zgg Zgq Zgq

0 Zqq 0
0 0 Zqq


 〈x〉g〈x〉con

u

〈x〉con
d


lat

. (3.1)

where con, (connected) or valence here means only for quark-line connected terms in the correlation
function. In the quenched limit, we have no disconnected quark-line terms, so we shall drop this
index here. For the bottom two rows of the renormalisation matrix, the zeroes are justified because
if you don’t put in a valence 〈x〉q ‘by hand’ then it remains zero.

Due to the momentum sum rule, we must have

(〈x〉g + 〈x〉u + 〈x〉d)R = Zg〈x〉lat
g +Zq (〈x〉u + 〈x〉d)lat = 1 , (3.2)

where Zg, Zq just depend on the coupling (and so in the quenched limit does Zgg). Hence we have

Zg = Zgg , Zq = ZMS
gq +ZMS

qq . (3.3)

We now discuss our procedure for estimating Zg from RI−MOM and FH. The standard procedure
is used here for RI−MOM. We first define the 2- and 1-particle-irreducible (or 1PI) correlation
functions, Dλ , Γ(b)(p) respectively, as 〈A(p)A(−p)〉λ = Dλ (p) and

〈A(p)O(b)A(−p)〉0 =−
4
3

∂

∂λ
Dλ (p)

∣∣∣∣
λ=0

= D0(p)Γ(b)(p)D0(p) . (3.4)

2
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We expect their structures to be of the form

D0(p) = DBorn
0 (p)∆0(p2) , Γ

(b)(p) = Γ
(b)Born(p)Λ

(b)(p2) , (3.5)

where DBorn
0 (p), Γ(b)Born(p) are the tree level or Born terms. The renormalisation constants are

specified by

AR = Z1/2
3 A and O(b)R = ZgO(b) ⇒ DR

0 = Z3D0 , Γ
(b)R = ZgZ−1

3 Γ
(b) . (3.6)

To define Z3, Zg we take the renormalisation conditions as

DR
0(p)|p2=µ2 = DBorn

0 (p)
∣∣

p2=µ2

Γ(b)R(p)
∣∣

p2=µ2 = Γ(b)Born(p)
∣∣

p2=µ2

 ⇒ Z3 =
1

∆0
, Zg =

1
Λ(b)∆0

. (3.7)

So effectively we have to determine ∆0, Λ(b). This thus first necessitates a determination of the
Born correlation functions.

3.2 The Born correlation functions

After some algebra, we find that the Born propagator for arbitrary λ and general gauge fixing
parameter, ξ , is given by

DBorn
λ

(p)ab
µν =

(
aµν

p2 +λ (p2
4−~p2)

+
bµν

(1+λ )p2 +ξ
cµν

p2

)
δ

ab , (3.8)

where

aµν = δµν −
pµ pν

p2 −
bµbν

b2 , bµν =
bµbν

b2 , cµν =
pµ pν

p2 , (3.9)

and b = (~pp4,−~p2). Note that bµ thus satisfies b · p = 0 and b2 = p2~p2. Furthermore a, b and
c are orthogonal projectors, which simplifies calculations considerably. Using DBorn−1

λ
, which is

well defined and can be immediately found from eq. (3.8) gives upon generalising the definition in
eq. (3.4) to arbitrary λ ,

Γ
(b)Born(p)ab

µν =
4
3
[
aµν(p2

4−~p2)+ p2bµν

]
δ

ab , (3.10)

which is independent of λ and also independent of ξ .

3.3 Renormalisation conditions

We are now in a position to compute ∆0, Λ(b) from eq. (3.5) and hence Zg from eq. (3.7). Using
the results of section 3.2 and eq. (3.5) we have the equations

D0(p) = DBorn
0 (p)∆0(p2) , −4

3
∂

∂λ
Dλ (p)

∣∣∣∣
λ=0

=
1

(p2)2 Λ
(b)(p2)∆0(p2)2

Γ
(b)Born(p) . (3.11)

There are now many possibilities. We can simply take the trace of these equations. This gives

Zg =
1
3

(
1−4

p2
4

p2

)
trD0(p)

∂

∂λ
trDλ (p)

∣∣∣
λ=0

∣∣∣∣∣∣
p2=µ2

, (3.12)
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(where trX ≡ Xaa
µµ ). Another possibility might be to first multiply by Γ(b)Born before taking the trace.

This gives

Zg =
4
3

1
3

(
1+2

(
1−2

p2
4

p2

)2
)

p2trD0(p)
∂

∂λ trDλ (p)Γ(b)Born

∣∣∣
λ=0

∣∣∣∣∣∣
p2=µ2

. (3.13)

3.4 Preliminary results

Practically to reduce lattice artifacts, if the gluon propagator is defined in the natural way, with
distances measured from the mid-point of the link, i.e. Aµ(x+ µ̂/2) = (1/2ig)((Uµ(x)−Uµ(x)†)−
trC(Uµ(x)−Uµ(x)†)) and Aa

µ(p) = ∑x eip·(x+µ̂/2)Aa
µ(x+ µ̂/2), which is important if µ �= ν , then we

get the tree-level results by the substitution pµ → 2sin(pµ/2). For simplicity of notation we shall
continue to write pµ .

In Fig. 1 we plot p2trDλ (p) (for β = 6.0 on a 243 × 48 lattice in the Landau gauge, ξ = 0)

Figure 1: Left panel: p2trDλ (p) versus p2 for λ = 0, ±0.0333. Right panel: trDλ (p) versus λ for selected values of
p2, as given in the figure together with a linear fit (in λ ). O(1000) configurations per λ value were generated.

against p2 where p = (2π/24)(n,n,n,0) i.e. with a ‘cylinder’ cut (left panel) and against λ (right
panel). From the gradients of the fits for each p2 (some selected values are given in the right panel
of Fig. 1) we can determine Zg as given in eq. (3.12). In Fig. 2 we we compare Zg determined from

Figure 2: Zg as given in eq. (3.12) versus p2, together with a linear fit.
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eq. (3.12) together with a linear fit Zg = A+Bp2, where the gradient term is taken to represent
residual lattice effects. We find A = 0.799(91) for Zg. Work is in progress to try to reduce the
errors.

As a benchmark comparison from [9] we have Zg|g2=1 = (1− 1.0225g2 + 0.1305g4)/(1−
0.8557g2)|g2=1 = 0.748(20). (This follows from setting Zg = 1− g2/2(cσ − cτ), together with
a non-perturbative determination of the anisotropic coefficients cσ and cτ , see also [10].) This
comparison to [9] is the main result given here.

4. Conclusions and outlook

In conclusion 〈x〉Rg is a notoriously difficult quantity to compute as it is a short distance quantity
with numerically large fluctuations – it is a ‘disconnected quantity’. A straightforward determina-
tion requires hundreds of thousands of configurations. We have developed a FH technique, now
including the renormalisation, which although several runs are required each run is only moderately
expensive.

We note that it is also possible to determine Zgq in the same way using the FH theorem after
suitably modifying the quark propagator, when

Zgq ∝ trΓ
(b)Born(S−1

λ
−S−1

0 ) . (4.1)

Finally a few comments about a more realistic computation with 2+1 dynamical flavours of quarks.
This has a more complicated renormalisation pattern. We have the general structure

〈x〉g
〈x〉con

u

〈x〉con
d

〈x〉con
s

〈x〉dis
u

〈x〉dis
d

〈x〉dis
s

〈x〉con
qv



R

=



Zgg Zgq Zgq Zgq Zgq Zgq Zgq Zgq

0 Za−Zb 0 0 0 0 0 Za−Zb

0 0 Za−Zb 0 0 0 0 Za−Zb

0 0 0 Za−Zb 0 0 0 Za−Zb

Zqg Zb Zb Zb Za Zb Zb Zb

Zqg Zb Zb Zb Zb Za Zb Zb

Zqg Zb Zb Zb Zb Zb Za Zb

0 0 0 0 0 0 0 Za−Zb





〈x〉g
〈x〉con

u

〈x〉con
d

〈x〉con
s

〈x〉dis
u

〈x〉dis
d

〈x〉dis
s

〈x〉con
qv



lat

, (4.2)

where we consider here the case of n f = 3 quarks and n fv = 1 partially quenched (or valence)
quarks. Practically it is easier to split the terms into quark-line-connected and -disconnected pieces,
〈x〉q = 〈x〉con

q +〈x〉dis
q with for example 〈x〉con R

q = ZNS
qq〈x〉con lat

q . All Zs depend on scheme and renormali-
sation scale µ . The non-singlet (e.g. 〈x〉u−〈x〉d) and singlet (i.e. 〈x〉u+〈x〉d +〈x〉s) renormalisation
constants are thus

ZNS
qq = Za−Zb , ZS

qq = ZNS
qq +n f Zb , (4.3)

respectively. As before we have(
〈x〉g +∑

q
〈x〉q +∑

qv

〈x〉qv

)R

= Zg〈x〉lat
g +Zq

(
∑
q
〈x〉q +∑

qv

〈x〉qv

)lat

= 1 ,

5
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giving

Zg = ZMS
gg +n f ZMS

qg , Zq = ZMS
gq +ZNS MS

qq ,

with as before Zg, Zq just depending on the coupling, g, but individual terms depend on the chosen
scheme, e.g. MS. A similar FH scheme for the renormalisation is being developed here.
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