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Abstract

Starting from the Lagrangian of a charged particle in an electromagnetic
field, the Hamiltonian for non-linear coupled synchro-betatron oscillations of
ultra-relativistic charged particles (protons) is derived. The canonical va-
riables are X, Py, Z, Py, U, 7N which are well-known from the six dimensional
Jinear theory (SLIM). Keeping only terms up to second order 1in the canonical
momenta py, Py, the equations of motion are then solved for various kinds of
magnets (quadrupole, skew guadrupole, bending magnet, synchrotron-magnet, so-
lenoid, sextupole, octupole, dipole kicker) and for cavities, taking into ac-
count the effect of energy deviation on the focusing strength; The equations
so derived can serve to develope a non-linear, six dimensional {symplectic)

tracking program for ultra-relativistic protons.
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1. Introduction and Motivation

In the following we derive a system of non-linear equations for coupled syn-
chro-betatron oscillations based on a Hamiltonian which is written in terms of
the variables X, Py, Z, Pz, © and n which are commonly used in the six-
dimensional linear formalism (A. Chao) 12273) and which, as shall be shown, are
also canonical in this non-linear formalism, If one only keeps terms up to
second order in the canonical momenta (so that the effect of energy deviation
on the focusing strengths is automatically accounted for), these equations,
which are symplectic, may be used to obtain solutions for the p-dimensional
motion for specific magnet types (quadrupole, skew-quadrupole, combined func-
tion dipole, solencid, sextupole, octupole and kicker) as well as for Tinear
and non-linear rf-cavities (o is a canonical variable). Since they are written
in canonical form, these equations can provide the basis of a non-linear,
6-dimensional tracking program.

Among the several appliications of such a program the most interesting is the
study of chaotic behaviour:

Because the equations of motion are in Hamiltonian form, the mappings repre-
senting the motion are symplectic. Thus, it is possible to study chaotic beha-
viour ®) in the 6-dimensional case taking into account non-Tinear fields and

energy dependence of the focusing.

Other applications are the studies of:

Non-linear resonances: Because of the non-Tinearity of the equations of mo-
tion, not only the Tinear but also the non-linear resonances of synchro-beta-
tron motion can be investigated. In particular, the tracking program proposed
above would enable the position and width of both linear and non-linear satel-
lite stopbands to be estimated with reasonable precision since the non-linear
coupling between the synchrotron and betatron motion is specified in exact ca-

nonical form.

Resonance crossing: Although we are dealing here with a 6x6 formalism, the ba-
sic equations are organised so that by giving a constant energy deviation:

the required equations for simple betatron motion are available.



Thus, if we consider only the transverse part of the motion, the horizontal
and vertical tune shifts

SQy = Qx(n) - Qx(0) ;
GQZ = Qz(n) = QZ(O)

resulting from the energy dependence of the quadrupole focusing strength can
be calculated for fixed values of n. Owing to the synchrotron oscillations,
these 6Qy, 6Q; oscillate around zero and it may happen that they oscillate
across resonances located nearby. With the program mentionéd it should be pos-
sible to study the resulting blow up of the transverse amplitudes due to reso-
nance crossing and to ensure that the motion is at the same time fully sym-
plectic.

Chromaticity effects: As is well-known the chromaticity can be corrected with
the help of sextupoles so that for off energy particles the Q-shifts &Qy, and
8Q, are eliminated®). In this case, the resonance crossing no longer occurs.
Unfortunately, these sextupoles generate additional non-linear resonances
which can also present stability problems. Thus, it is necessary to choose an
arrangement of sextupoles which minimizes this effect. With the proposed
tracking program the efficacy of such a sextupole arrangement could be checked
(symplectically) using particles executing energy oscillations and not just
with fixed energy particles as is usually the case. This will also automati-
cally take into account the effects of linear and non-linear satellite stop-
bands.
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2. Derivation of the equations of motion

2.1, The Lagrangian for a charged particle

As a starting point we consider the relativistic Lagrangian of a charged par-
ticle of charge e and mass m, in an electromagnetic field:

dempcr e V1-L + EFR)-erq (2.1)

C

> ->
where ¥ is the position vector and A and ¢ are the vector and scalar poten-
-

tials from which the electric field ¢ and the magnetic field B are given by
=

ah
ot
-

rot A . (2.2b)

- grad@ - ; (2.2a)

wi o¥
Of=

As usual, the equations of motion are derived from the Euler-lLagrange equa-
tions and in cartesian coordinates we have

£, d_, (2.3)

a4
d ar ar

2.2. Introduction of the natural coordinates x, z, S

The position vector ¥ in Eq. (2.1) refers to a fixed coordinate system. How-
ever, in accelerator physics, it is useful to introduce the natural coordina-
tes x, z, s3). With this in mind we assume that an ideal closed orbit (design
orbit) exists describing the path of a particle of constant energy E, (neglec-
ting of course energy variations due to radiation loss and assuming that there
are.no field errors or correction magnets), We also assume that the closed or-
bit comprises piecewise flat curves which lie either in the horizontal or ver-
tical plane so that it has no torsion, The design orbit which will be used as
the reference system will in the following be described by the vector ro(s)
where s is the length along the de51gn orbit. An arbitrary part1c1e orbit r(s)
is then described by the deviation v of the particie orbit r(s) from the de-
sign orbit ?o(s):



The vector & can as usual be described using an orthogonal coordinate system
("dreibein") accompanying the particles and comprising

a unit normal vector v(s),
a unit tangent vector 1(s),

. . - - -
and a unit binormal vector B(s)} = 1(s) x v(s}).

We require that the vector 3(5) is directed outwards if the motion takes place
in the horizontal plane and upwards if the motion takes place in the vertical
plane %),

Choosing the direction of 3(5) in this way, implies that the curvature K(s)
appearing in the Fresnet formulae:

() = 55 Tols) 27H(s) (2.4)
= k(s)+B(s)
R =Kkis) Fs) s - (2.5)
dB
a'g =0

is always positive in the horizontal plane and negative in the vertical plane
if and only if the centre of curvature lies above the reference trajectory.

In ‘the natural coordinate system we can represent 6?(5) as:

> >

Sr(s) = (8F *v) *v + (SF*B) *B
(since the “dreibein® accompanies the particle the %—component of &F is always
zero by definition).

However this representation has the disadvantage that the direction of the
normal vector 3(5) changes discontinuously if the particle trajectory is going
over from the vertical p1ané to the horizontal plane and vice versa., There-
fore, it is advantageous to introduce new unit vectors ?, Ex and 5} which

change their directions continuously.



This is achieved by putting

2 0 v(s), if the orbit Ties in the horizontal plane;
€y s) =3y »
~-B(s), if the orbit lies in the vertical plane;

>

1 R(s), if the orbit lies in the horizontal plane;
e,(s) =
v(s), if the orbit lies in the vertical plane.

Thus, the orbit-vector ?(s) can be written in the form
F(s.x,2) = Fols) + x(s) «8x(s) + z(s) *&,(s) (2.6)

and the Fresnet formulae (2.5) now read

L E(s) = Kyls) = F(s)
é%—EZ(S) = Ky(s)=T(s) ; (2.7)
G E(s) = - Ky(s) *Ex(5) = Kgls) = &z(s)
with
Ky (s) *Ky(s) = 0 (2.8)

where K,(s), K;{(s) designate the curvatures in the x-direction and the z-
direction respectively.

For later considerations we mention that the connection between the curvatures

Ky, K, and the guide fields B§°), B§°) is given byZ273)

e
K, = == ;
X EO Z
(2.9)
K; =



From Egs. (2.4}, (2.6) and (2.7) one then has

> 5 >
de de, . "

- dr‘o X -> .
selge txT gt Ewlt etz g

3
r

A . -
Tos(l+xeKy +22K,) +x rey+z ey

so that for the expressions

Vi - %; and (? . K)

in Eg. (2.1) we have

2 . . . M
e
(-'FQK) = ).(an + é 'AZ + 5(1 + KX'X + KZ.Z) .AS . *)

In the new coordinate system x,z,s, the Lagrangian in Eq. (2.1) then becomes

. e . . -4
L(%,2,5,%,2,5,t) = -mgc? e U"}'}EEXE +z2 4+ (1+K e x+K, »z)2.52]} 4+

+ %..{Q.qu-i.AZ-+(1-+Kx-x-kKZ-z)-§-As} -eq (2.10)

and the equations of motion take the form

d ab_ o

dt ax % °

d af _ af .

rracil (2.11)
PR

*) The components of a vector 3 with respect to the (Ex, 32, ?) coordinate sysQ
tem are defined by the equation

> + + > + -
a = ay * ey ay* ey dg* T .



2.3. The Hamiltonian in the natural coordinates x, z, S

In order to obtain the equations of motion in canonical form we now use the
Lagrangian {Eq. (2.10)) to construct the corresponding Hamiltonian:

K*Px'i"'pz'é*’ps'é'i (2.12)

where py, pz, Pg are the canonical momenta

4 L
px=9—:;pz=9§;ps=a—..
ax 9z 3%
Using Eq. (2.10) these are given by
Mgy X e
(pxz +EAX ;
2
1 -2
CE
. M “ e )
ﬁ Py = + E‘Az : (2.13)
1 -
CE
Mo S e
V2
b-=

Putting now Egs. (2.13) and (2.10) into (2.12) we have

m,c?
g€= ) e (2.14)
1. ¥
CZ

{thus, as is well known, " here is the sum of the mechanical and field

energy).



In this equation, the momenta are still written in terms of the velocity.

However, using the relation
(px -2 A2 (pg - S A2+ Ps - E'AS}Z i
c c (1 +Kyex +Kze2) €
2 .2
Mo C
rmect = — = (2.15)
s

we may finally write the relativistic Hamiltonian for the motion of a particle
>
of charge e and mass m, in an electromagnetic field given by the potentials A

and ¢ as
c* {m362 + (py - %’Ax)z + (pz - Te;'Az)2 +

B(x,2,5,DxsD75Ps»t) =
P 2
S - %‘As /2 v evg . (2.16)

The equations of motion are then derived from the canonical equations

Y. ¢ - K

X = apy Px = = 3x 3

. o SR 2

z apZ H pz -BZ s (2°17)
- - ax



2.4, The arc length as independent variable

In Eq. (2.17) the time t appeared as independent variable, In order, as 1is
usual in accelerator physics, to introduce the arc length s of the design or-
bit as independent variable we recall that Eq. (2.17) is equivalent to a ver-
sion of Hamilton's principle '

t - » L) B
Gt_[z dt. {X ¢ Dy T Ze Pz TS pS “K(stassp}(9p23p5st)} =0 : (2-18)
1
Ex(ty) = §z(t;) = §s(ty) =03 pr(tl) = ‘sz(tl) = ‘Sps(tl) =0 3
§x(t,) = 8z(t,) = §s(t,) =0 ; pr(tz) = 6pz(t2) = (Sps(tz) =0 3
st(t,) =8t(t,) =0 ,

where the variables x, z, S, Px» Pz, Pg, t are varied independently of each
other and are held constant at the end points. (For the usual derivation of
the Hamilton equations (2.17) from the variational principle (2.18) the varia-
tion of time t is actually not needed ), However, in order to be able to carry
out the derivation of Eg. (2.10) it is useful, nevertheless, to allow t to
vary; see Appendix I),

Eq. (2.18) can now be rewritten using dt = g% ds as7?):

2
6[ ds {xl * pX +z'e pz +the (',JE) + ps(xszst:pxasz' gﬁss)} =0 :

tl

8x(s,) = 8z(s;) = 8t(s;) = 0 ; 8py(s1) = 8py(sy) = 6%(sy) =0
§x(s5) = 62(s5) = 8t(sz) = 0 5 Spylss) = Spy(ss) = 6¥(s;) = 0
8s(s;) = 8s(s,) =0 (2.19)

with
- d -
v g lEx oz, )

(where we make independent variations of the variables x, z, T, Py, Pz, (-3Q),
sy and s s the independent variab]e).
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The required egquations with s as independent variable are then obtained from
the Euler equations of the variational problem (2,19):

[ i]s_ . y E_Ii .
X apx k] px -ax H

v - oK . ' 35, .
z '5’5;: pz"‘ez ]
K oK
t! = S : _);E' = a ——
5(-7) ( ) at
with
K=-pg

= _(1+Kxox+KZoZ)-{L?;;2_e(pﬁ_ m;cz_(p

S(L4Kyex+Kyez) » SAg .

(2.20)

X~ % Ax)? - (pz - 2 Az)a}llz

(2.21)

Thus, we once again have a set of equations with canonical structure but this

time the Hamiltonian is
K = K(X, z, t, Pxs Pzs 'xs S)

and the canonical variables?#8:9s1%) are

(x, ) 5 (2, p2) 3 (8, )

In the following we choose a gauge in which
o=0 .

Then from Eq. (2.14)

é? = a_fkifi__ =E ,

VZ
1-—=
C

(2.22)

(2.23)

(the energy of the particle)

and if we now use the variables (- ct) and n
E - Eg
Eo

'n:
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instead of t and 55, Eq. (2.20) gives

Xlz _GE_ ﬁ':_i’i
abx ax ’
1 - QE ~t SE
= E > Pz =-357 (2.24)
9K ak
-Cct)t = — ; n' = -
(-ct) an 3(-ct)
with
K= = -K
Eo
mac? ) ? . - 1
='(1+KX'X+KZ'Z)'{(1+n)2‘(E ] '(px"'Ee—Ax)z"(pz"Eg‘Az)a}/z
0 0 0
-(1+Kx-x+KZ-z)-—§~AS : (2.25)
0
A c c e
Px = = Px =——Mmuy * =— Ay 3
Eo I Eg
(2.26)
~ c C e
Pz = T=Pz=cmuz+t =Ay
Ey E, E,

Since the variable t(s) increases without Timit, it is more useful to introdu-

ce.the variable
g=s -c¢-*t(s) (2.27)

which describes the delay in arrival time at position s of a particle travel-

ling at the speed of Tlight c.

This further change of variables can be achieved using the generating function

F3(p’ a’ S) = Fa(px’pzsnszs?’cas) = "'px'-f" pz'.f" o*n + $'T! + 'F(S)

identity transformation
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The corresponding transformation equations:

F
(-ct) = - 25%- (which leads to -c¢t=o0-5s ;3 o=s-ct ;)
— 6F3 . —
n=-5T (which leads to n=n)

then jmmediately give (with f{s) = s) Hamiltonian equations of the form

2K -~ oK
X' = —= 3 = - =
ap Px 3x
aK AL aK N
z' = =N . = -2 2.28
__sz Pz 57 ( ) .
E14 aK
g! = == . Vo L e
an n ag

with the Hamiltonian

. | (- £ A)® (o= £ A2,
K= (1+m)-1- (1+Kx"<+KZ'Z)'[1_ (1 +0n)‘a T +0n)2 ] }

- (1+KX'X+K2'Z)"E%AS

(2.29)

L)

mczz
where the term [—%—-} in Eq. (2.25) has been dropped since we assume that
0

m22 _ ’ ‘
) - S
EO ) : ‘

and can be neglected.

The canonical equations (2.28) together with the Hamiltonian (2.29) give the
defining equations for non-linear coupled synchro-betatron motion and they
will serve as the starting point for the developments to follow,
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. . . ~ e c
Finally we point out that since I(py £ Ay)l \E muy,
square root °
(By - = A2 (B - = Ap)®
Eq Eq 12
(1 - - ]
(1 +n)2 (1 +n)®

in Eq. (2.29) can be expanded in a series:

~ e ool e
. (bx - & Ag)® (Pz - R Az)* 1,
{‘l [1 - ° - 0 ] =
; (1+n)? (1 + n)?
(ﬁx = "Eg' Ax)2 (ﬁz - “éi' Az)a
= 1 - .1'-. 0 - .1'. 0 +
2 @a+mE 2 (1+m)

« 1 (y =

X,Z) the

(2.30)

so that in practice the particle motion can be conveniently calculated to va-

rious orders of approximation.
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Remarks

1) From Eg. (2.28) and {2.29) we can obtain the differential equation for o:

~

o =§ﬁ==1‘(1+Kx'X+Kz'Z)' . e i . e 2
(px - E— Ax) (pz - E_' AZ) 1/4
[1 - 0 - 0 ]
(1 +n)? (1 +n)?
which with o
(Py - = Ay)
X X EO .3
(1 +n)
x* =§6£=+(1+Kx.x+l<z.z). ” = - - - -
X (bx - = AJ® (P - = A7) 1/,
[1 - ° - o ]
(1 +n)2 (1 +mn)?
(B, - = Az) |
_ Z EO z |
+ 7N
z| =§§“=+(1+KX.X+KZ.Z). - (1 )A
z (By - = Ax)® (B - = Az) 1/
[1- -
(1 +mn)? (1 +n)?
can also be written as ’
2 2 2 iz l
' =1 - [{1+Kgex +Kyez)2+ (x")2+ (2')2] L

This result could also have been obtained directly from Eq. (2.27) (together
with Egs, (2.4, 6, 7) .

-
dc=ds-c-dt=ds-|d_\:|; — c'=1-’-—-—‘

2) To derive the Hamiltonian K in Eg. (2.21) we began from a Lagrangian, It
was then simple to derive the generalised momenta py, P, Pg (Eq. (2.13))
conjugate to the natural coordinates x, z, s without using a canonical
transformation. The function K of Egq. (2.21) agrees with that given by
C.J.A. Corsten®) but differs from that given by Courant and Snyder ®) , For
a derivation of the Courant and Snyder version see Ref. 9).
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2.5. Vector potentials for varijous magnet types

In order to utilize the Hamiltonian of (2;29), the vector potentiatl,
- -
A= A(x, z, s, t) , (2.31)

>
for the commonly occur1ng types of accelerator magnet must be given, Once A is
known the fields ¢ and B can be found using Eq. (2.2}. In the variables
X, Z, S, 0 these become * 1)

-> a 7

£ = -—aTjA M (2-32&)
B, = l.h[ji (hehe) - =A,}

X h 27 S 9 £ s

= l. _a— —?- L ] -
B, = rlgg A max (hoAs)d 5 (2.32b)
3 3
%={§%-§%}
with
h= 1+KeXx+K,*2., (2.33)

Using the freedom of gauge, we can choose any vector potential which leads to
the correct form of the fields. Suitable vector potentials are as follows and
have been chosen for their simplicity.

2.5.1, Cavity

For a longitudinal electric field

€, = 0 (2.34)

we write
A, =0
A, =0 (2.35)
o
Ag = [ dF+e(s,35) ,
%

which by (2.31) immediately gives eq.
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Using a thin lens representation we may write

-~

e(s,0) = V °sin[k--%;- o + @]« 8(s - sg) ' (2.36a)

and we obtain using (2.35)

L o 2T
A5=-2qT.k.V.COS[k.T.U +@}'§(S-SO) ’ (2.36b)

in which the phase ® is defined so that the average energy radiated away in
the bending magnets is replaced by the cavities and k is the harmonic number,
For protons (for which there is no energy loss) one has &= 0, The influence
of averaged radiation Tloss on the motion can be taken into account by inclu-
ding in the Hamiltonian R (Eq. 2.29)) an additional term

L
¥
5+ Cyo (K2 +KE)  withC, = 2e2 22
ER
This causes a shift of the closed orbit (see the term 30 in Ref. 3},
-~ Eq. (4.2b)). Thus, in this approach, energy loss effects can be treated cano-

nically. For protons, this term can be neglected.

2.5.2. Transverse magnetic fields

2.5.2.1. Transverse magnetic fields in a straight section

Ay =0 5 A, =0 3
K K

= = O
X i 3
~ aa ) ﬁa 1/2
K= (el - [1 N +xn)2 Q1 +Zn')2] b- E%AS s (2.37)
By =9z°*As 3
Bz = - ax*Ag
B¢ = O .

2.5.2.1.1. Quadrupole

The guadrupole fields are

3B '
Z[‘é%} ;-
; X=z=0

3B
o
x=z=0

By

Bz
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s¢ that we may use the vector potential
BBZ 1
Ag = [———] « = (2% - x®)
9% ) x=z=0 2

In the following we rewrite the term éL Ag in (2.37) as

e a - 1 2 2 © :
,,E___S_Egou(z -X); (2.38&)
)
e 382]
9y = —° [-— (2.38b)
° Eg 9% J x=2=0
2.5.2.1.2. Skew quadrupcle
The fields are )
B = ..1_ i.Bi _eBZ] « X .
]
X 2 | ax 92 § yuyep
N aBZ] .,
;=== |== -
2 | ox ®Z ), ;=0
so that we may use
s 2 X 92 } o720
or )
éi-AS = Ny * Xz (2.39a)
)
where
2B aB :
TR - [-5{- -—a?z] . (2.39b)
z By x=z=0
2.5.2.1.3. Sextupole
32B
By = [ 22] *XZ
X" Ix=z=0
328
B, = [ 22] o =(x® - 2%)
X" Ix=z=0
so that _
£ A = *7\0';]5"‘ (x* - 3xz?) (2.40a)
0

"with 2p ' )
A= = {a z] . (2.40b)
EO X=7



2.5.2.1.4. Octupole
5 = 1 {63Bx
X 6 Laz?®
a°B
o - 1]
6 Lazd
so that
e 1
— A = L PR,
S T
with e [aan
Ho = E0 2z°3

2.5.2.1.5, Dipole

—
le v I
] =
It il

so that

e
— A

s
Eg

2.5.2.2. Synchrotron-Magnet

0

- 18 -

]x=z=0

ABy » 8(s - s4)

AB, + §(s - s4)

(Kx>Kz) # (0,0)

.
>

£t s - 5g) +[aBy 7 - 8,

Ky *Ky, =0

~2

Px

K= (1+mn)o{l - (1+Keox+Kyoz)e[l- -

- {14+ Kgex +Kypez)e—

1

1 +Kyex +Kyez2 32

1

= 0

n

TTHK ex +Kyez

~2

Pz

(1+n)2  (1+n)?

[(1+ Kyox +Ky»2z)oAg]

[(1 +Kyox +Kzez)eAgd

.
]

1/,

(2.41a)

(2.41b}

(2.42a)

(2.42b)



- 19 -

The field of a synchrotron magnet (combined function magnet) fis

B
AT
9% J y=2=0
oB (2.44)
8, = B0 4 x < [’a‘iz']
x=2=0

so that for the vector potential we may write 819210)

e 1 e .nlo), e ,ql0),
EO'AS = ——[1 +'—; BZ X -—0 BX Z]+

1 e [GBZ] 2 2

oo o | — . - + .o a
2 Bg 1P% Jx=z=0 (2% =)
or using Eqg. (2.9)12):

e I . 1 Y (2 >
L opg = -2 (1 F Ky x Kyt z) H S5 gp0 (22 - kP H L (2.45)
E, 2 2

with

0 - 2| 22]
0 Eo OX J x=7=0 .

2.5.3. Solenoid fields

. 5 E, i,
Ceem - i } by (2.46)
(1 +n)? (1 +n)?
9
By = - 5§‘Az >
3
B, = + 5§‘Ax ’
B. = = A - — A
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A 4

Figure 1

In the current free region (Fig. 1) the radial field By and the Tongitudinal

field Bg can be written as power series?)
S - 2v+1
B {x,2,8) = 20 bezv+ay(s) v " ; (2.47a)
V=
Bg(x,2,5) = ¥ boy(s) * y 2V . (2.47b)

Putting (2.47a,b} into the Maxwell equations

divb=0 =— L1 2 (reg)=--228
- r or r TR
- 2 _ 2
rot B =0 @E?BP'EFBS
one obtains
o 2v T 2v. d
L bauenfs) t(@ve2)er = - RIS -LINC A
V= - =
-  2v+1 d s 2v+1
2 ror 'Hgb(Z\Hl)(S) = Z b(2v+2)(5) *(2v + 2)er T
v =0 v=0
By equating coefficients of each power one then obtains
1 ot .
bizy+1)s) = - ) bzv{s) ; a8
2.48
1 i
beays2ys) =+ vt 2) *bave1y (s) 3
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Thus, if the longitudinal field on the s-axis
B4 (0,0,5) = by(s) (2.49)

is known, the coefficients

can be calculated. The field components in the field free region are then

given by
By(x,255) = ZeBp=x+ § by, gy(s) «(x® +22)
v=0
B7(x,2,5) = FeBp =20 1 Dizvany(s)e (6 z2)" (2.50)
\):

B(X,2,8) = ] bay(s) = (x® + z2)2V |
VEQ

The vector potential Teading to the solenoid field of Eq, (2.50) is then:

1 2V
A Z - ————pp— .b S .Y\ .z ;
= -..-....—.-.-1-——— . . 2\)- . |
et ) Ty a0 s 50
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3. Solution of the equations of motien

Now that the potential A(x,z,s,t)} for each magnet type is known it is possible

to derive the eguations of motion for the various magnets; For this purpose,
we truncate the series expansion of the Hamiltonian at second order in the ca-

nonical momenta:

e e
- L LAy
[1_ (Px Eo ) Eg z) }1/2 _
(1 +n)2 (1 +n)®
e ~ e
Py - = Ay)2 b, - = A,z
i} l_l (X EO X) _l (Z EO Z)
2 (1+n)? 2 (1 +n)? ’

so that it is possible to solve the equations of motion
the following.

3.1. Cavity

From Eg. (2.29) and (2.36) and using (3.1) (with Ky = 0,

the approximate Hamiltonian K

eV

k2w E0

Pz 4+ L 2

(1 +n)

Px” + L

T+ 2 cos [k »

_L"l-c + 8]+ 8(s - sq)

(3.1)

exactly as shown in

K, = 0) one obtains

(3.2)

and the corresponding non-linear canonical equations according to (2.28) are

-~

Px

Ke (3.3a)
Py = 0 3 (3.3b)
. Pz

z' = TR (3.3c}
Py = 0 ; (3.3d)
| B 1 Exa 622 = _1_ Y2 ryz .

R R i r T Tt A s G COR (3.3e)
nt = Eesinfke&L.g o+ 0]s8(s - s5) (3.3f)

0
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From (3.3c) and (3.3f):

a(sg + 0) 0) (3.43)

L[}
Q
——
w
o
1

0) + & sin [ke Zeg(s, - 0) + 0] (3.4b)
Ey L

n(So +0)

il
s
&
1

Also, by (3.3a) and (3.3b)

Lr+n-x

1]

0 === [1+ n(s)]+*x'(s) = const;

=== [1 + n(sg + 0)]* x'(sq + 0}

[l +n(sg - 0)1-x"(sq - 0) ;

1+ n{sy ~ 0)
1+ n(sq +0)

x'(sqg ¥+ 0) = " x'(sq - 0) . (3.4¢)

Correspondingly from (3.3c) and (3.3d)

21(sy + 0) = i I :Ezz ; z;,- 2'(sq - 0) (3.4d)
and Finally

x(sg + 0) = x(sq - 0) ;3 (3.4e)

2(sq + 0) = 2(sg - 0) - (3.4f)

Eq. (3.4a-f) provide a complete solution to the non-linear canonical equations
for cavity fields.

Remarks

1} From Egs. (3.4c) and (3.4d) it follows that the terms

x'(s)+y(s) and z'(s) v(s)
with vy = = Eca
0

are invariants of motion in the longitudinal cavity fields.
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2) In the case

lk an . oi «< 1
L

.

one can, in place of (3.4b,c,d}, use the approximation

n{sg + 0) = nlsg - 0) + %l sing + El ke 2L, c0s®« (s, ~ 0) ;
0 0 L
x'(sqg ¥ 0) = [1 +n(sy - 0) -nlsy+0)]=x'(sqg - 0)
. ev ,
# X'(sg - 0) - =+sing « x'(sq - 0) ;
Eo

-~

2'(sg + 0) » z'(sy - 0) —-E—y--sinqa «2'(s - 0) .
0

Alternatively, in matrix terms, also using (3.4a,e,f) we get:

V(s + 0) = {M(s5+0, $o-0) + M(55+0, 55-0)} ¥(s5-0) + ¢ (3.5)
where
»T
y = (x, x'y z,z', 0, m) 3
¢ =1(0,0,0,0,0, ‘;—‘i sind ) : (3.5a)
o]

ST
eﬁ 2T
MGS = kK *—— *C0S O M (3.5b)
E, ]
Muv = (0 otherwise
and
6M22 = (SMq,q - 'E'\i 'S'il’]@ M

o

SMyy = 0 otherwise. (3.5¢)
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This dis the form for the solution of the cavity equations given in
Ref. (1,2,3) where the coupled synchro-betatron motion was studied in strictly
linear terms. In that case, the 6M matrix is non-symplectic and leads to dam-
ping of the transverse phase space. This 1is of course consistent with
Eq. (3.4c) where, if the cavity phase ¢ 1is not zero (or m) (SM # 0) so that
the particle is accelerated (decelerated), the transverse phase space in terms
of variables x, z, py, P, must be conserved since the equations are canonical,
but the phase space in terms of the variables x, x', z, z' changes with energy
(see Remark 1)} above).

(For a discussion of transverse electric dipole fields, see Appendix I1.}

3.2. Transverse magnetic fields

3.2.1. Transverse fields in straight sections

3.2.1.1. Quadrupole

From Eg. (2.37), (2.38) and (3.1), the Hamiltonian for a quadrupole is
given by

LS 1
P oIt 2 gy - (X - 22). (3.6)

The corresponding canonical equations are then (see Eg. (2.28))

Px

X' o= m 3 (3.76)

Py = - 9o X 3 (3.7b)
1 pz .

z' = D (3.7¢)

P, =+ 0gy-2 3 (3.7d}
| I _l 5X2 522 = _l 1y2 1y2 .

o' = -3 {(1+n)2+(1+n)2} > [x)2+ (20015 (3.7e)

n'=0 . (3.7}
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By eliminating p, (and p;) in Eq. (3.7a,b} (and Eq. (3.7c,d)) one has

X" = - gex (3.83.)

" =+ gez . ' (3.8b)

where (see Eg. (2.38b))
99 e {932]
T e = . |=—= . 3.9

Writing now the solution of Eqg. (3.8) in the form

Y(s) = M(s,0) ¥(0) (3.10a)
with = (%, Py 2, By) | (3.10b)

51 ERE S

o (2.11)

we obtain for the s-dimensional transfer matrix M(s,0)

a) g ?'0 :
M11(550) = COS(G“. S) 5
My, (550) =‘/+Tsan(@-s) ;

M,, (s,0) = -Vg sin{Vges)

My, (5,0) = My, (5,0)

M5 (5,0) = cosh{(¥g+s) ;

M,y (s,0) = :%; sinh( Vg ss) ;
g
M,5(5,0) = Vg sinh(¥g'es) ;

My, {5,0) = My, (5,0)

Mik (s,0) 0 otherwise . _ (3.12a)
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b) g <0 :

M, (s,0) = cosh(V[g]-s)

M, (s,0) =--\/-|19_—_|,s1'nh(v'|g1 eS)

My {5,0) = ¥ |g] sinh(V |g| +s) 3

My, (5,0) = M), (s,0)

M,, (s,0) = cos( V99l «s) s

My, (5,0) = /TlﬁT sin(V]gl +5)

My (5,0) = = Vgl sin(Vg[+s) ;

My, (5,0) = My;(s,0)

Mic(s,0) = O  otherwise . (3.12b)

n(s) = n(0) (3.13)

s
o(s) = o(0) - % | 45+ {Lx! (7 + [2'(9)17)
0
= 0(0) - & {x2(0) + [s - My, (5,0) =¥, (5,001 -

- z22(0) = [s - M, (s,0)+ M, (5,003} -
- "}f {x'2(0)+ [s + M, (s,0)« M, (5,001 +
+2'2(0) + [s + Myy(s,0) * Myy(s,0)1} -

«x(0) +x'(0)* M,,(s,0) = M;,(s,0) ~

.2(0) »2'(0) * M, (s,0) « M., (s,0) . (3.14)
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3.2.1.2. Skew quadrupoie

From Egs. (2.37) and {2.39) the Hamiltonian for a skew quadrupole is given by

~ 1 522 1 6zz
K== X _+L1 __Z __ _n, -
2 T+m) 2 (T+my o **

and the corresponding canonical equations of motion are

x' = Tii%fj;y 3
5; = Noez
z* = (1Ei n °
Pr= = Nyex ;
e R e
=0 .

From Eq. (3.16a,b) and (3.16c,d) we obtain
X" =N==z

20 = Nex ;

where (see Eq. (2.39b))

L _1__[_8_1]
(1 +n) 2 £ l3x 9z ), . o°

(3.15)

(3.16a)

(3.16b}

(3.16c)

(3.16d)

(3.16e)

(3.16f)

(3.17a)

(3.17b)

(3.18)
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Thus the transfer matrix M(s,0) (see Eq. (3.10}) can be written as

M., (s,0)

-;— {cosh( VN «s) + cos( VN +s)}
M, (s,0) = -é—-}/-—ﬁ_'- [sinh( ¥W=-s) + sin( ¥V s)} ;

M, (s,0) = -él—{cosh( Y es) - cos( V= s)}

M, (5,0) = 1 {sinh(¥W+s) - sin(¥Wes)}

2VW
My (5,0) = LX fsinn(VT+s) = sin(VI+s)}
M,,(s,0) = M, (s,0) ;
o (5,00 = LT {sinn(V/T+s) + sin(VT=s)} 5
My, (5,0) = M, (5,0) 3
M, (s,0) = M (s,0) ;
Mg, (s,0) = M, (s,0) 3
My, (s,0) = My, (s,0) 3
M,y (550) = M, (5,0}
M,y (5,0) = My (s,0)
My (550} = My (s,0) 5
My, (5,0) = M,,(s,0) 3

M., (s,0) = M, (s,0) . . (3.19)
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Eg. (3.16¢), on fintegration, gives:

o(s) = o(0) - %- ? ds « {Ix'(3)1% + [z2*(%)]?}
° N\
= U(O) - é" [XE(O) + 22(0)}.{M11 (590)-M21(S:0) + M31 (550)'M41(590)} -
1

== [x'2(0) + 2'2(0)]+{s + My, (5,0)° M, (5,0) + M (s,0)*M,, (5,00} +

1

- %‘ XI(O) 'Zl(o)' {M11(530)°M1u(5:0) + Mgl(sso).Mau(S,O)} =

- [x(0) + x'(0) + 2(0) » 2" (0)] » My, (5,0) * My, (s,0)

+ 5 N x(0) - 2(0) - {s - M, (s,0)°M, (s5,0) - M, (s,0)*M,,(5,0)} -

= [x{0) »z'(0) + x'(0)} -z(O)]-%{Mlz(s,O)-Mzs(S,O) + Msz(s’o)'Mks(S’O)}

- and finally from Eg. (3.20)

n(s) = n(0)

(3.20)

{3.21)
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3.2.1.3. Sextupocle

From Eq. (2.37) together with Eq. (2.42) the Hamiltonian for a sextupole is

given by

1 Px*

k=1 X __,
2 (1 +n}

and the canonical equations of motion are

-~

1 = px .

T T

Py = --1-7x0-(x2-22) ;
2

z' = ﬁz
(L+n) °

Py = +tAgexXZ

Q
il

S 2 Lx)E + (2)7]
2

nt= 0 .
From Eq. (3.23a,b) and {3.23c,d) one has

1
n - - — AO 2 - 2 ;
X 5 (x z2)

A XZ

N
i}

where (see Eq. (2.40b})

Ne 0 . & {3232]
(1 +n) E ax® Jy=z20 )

(3.22)

(3.23a)

(3.23b}

(3.23c)

(3.23d)}

(3.23e)

(3.23f)

(3.24a)

(3.24b)

(3.25)
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In the case where the sextupole is a thin lens with

A= A+ 8(s - s4)

Eqg. (3.23) may be easily integrated, and from Eg. (3.23e,f)

of{sqg + 0) = o(sg - 0)

n(sq + 0) = n(sg - 0)
Then from Eq. (3.24a,b) one obtains

x(sq *+ 0) = x{sq - 0)

whe.

x'(sg +0) = x"(sq - 0) - %v[xz(so - 0) + z3(sq - 0)] ;

z(sq *+ 0) = z(sy - 0)

z'(sq + 0) = z'(sy5 - 0) + 1 *x(sg - 0) *z(sy - 0) .

(3.26}

(3.26a)

(3.26b)

(3.26¢)

(3.26d)

(3.26e)

(3.26f)
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3.2.1.4. Octupole

The Hamiltonian for an octupole can be written in the form (see Egs. (2.37)
and (2.41}: ‘

A1 Py’ 1 Pz° 1 .
K = = + = - « (x* o« Bx2z% + 3.27
2 T+ 2 T+m 24 Yo (x x*2% + 2 ) (3.27)

and the corresponding canonical eguations read

x' = TTEE_HT : (3.27a)
5; = %’Uo +(x® - 3xz2) (3.27b)
z' = (—1%—5)- ; (3.27¢)
Py = %‘“0 - (22 - 3x2z) (3.27d)
o' = ~21- [(x)2 + (2)2] ; | (3.27¢)
nt= 0 . (3.27F)

From £Eg. (3.27a,b) and (3.27c,d) one gets
[ — 1 3 2 .
x" = = o(x® - 3xz?)
6
" = B (z® - 3x%z)

with (see Egq. (2.41b))

Ho

T ey

mjm
———,
al @
~N o
RN
L
1
N

!
=

»
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Considering the octupole as a thin lens with
no=hes(s - sg) (3.28)

one obtains by integration

a(sy+0) = o(sy) 3 (3.283)
n(se*+0) = nlsy) 3 (3.28b)
x(sg*+0) = x(s5-0) 3 ‘ (3.28c)

x'(sq+0) = x'(so-0) *+ %--[xa(so-O) - 3ex(s55-0)+2%(55-0)]; (3.28d)
z(sq+0) = z(s5-0) (3.28¢)

z'(sy*0) = 2%50-0)*—%-[2330—0)-3-x%so-0)-zhh-0)]. (3.28f)

3.2.1.5. Dipole

The Hamiltonian for a thin lens dipole (K, = K, = 0) (see Egs. (2.37) and .
(2.42)) is:

CoL P 1 P e iz ah,ex] (3.29)
2 (1+n) 2 (1+n) Eg ° X

and the canonical equations of motion are

-~

Px
e X 3.29
Py = - —=+5(s - 55) =8B, 3 (3.29b)
Eg
Pz
- . 3.29
Py = +—=—-+38(s - 55) * By ; (3.29d)
E0
ot = - 2T(x)2+ (22 (3.29)

n= 0 . (3.29f)
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By eliminating p, and p, one has

-~

X" = - E--é(s - Sg)* 8B, (3.30a)

>~

+ E—-G(s - 5o} ABy (3.30b) -

Z"

and by integrating Eq. (3;29e,f) and (3;30a,b) one obtains

x(sg * 0) = x(sg - 0) 3 (3.31a)
x'(so + 0) = x'(sq - 0) - %-Aéz ; (3.31b)
2(sq + 0) = 2(sy - 0) 3 | (3.31c)
z'(sg + 0) = 2'(sq - 0) +5§--A§x : (3.31d)
o(sg + 0) = o(sg - 0) ;3 (3.31e)
1(sg + 0) = n(sg - 0) (3.317)

3.2.2. Synchrotron magnet

Using Egs. (2.43) and (2.45) together with (3.1) the Hamiltonian for a syn-

chrotron magnet is

- i Py 1 Pz
K= = + = - (K,ox +Ks=2)enn +
> T 2 T (Ky z*Z)
1 .(o 1 .(o 1
+ E Gg ) - XE + E Gz ) » 22 + —2- (3.32)
where
G£0) - Ki * 90 {3.33a)

Ggo) = K2 _ 9o (333[))
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and the canonical equations of motion are

X |

(1 +m)

~

Px

.
»

- Ggo) X+ Ky o

(1 +n)

-~

Pz

.
»

- Ggo) *z+K;n

S (Kt x Ky r2) = 2 L(x)E (27

0

(3.343a)

(3.34b)

(3.34c)

(3.34d)

(3.34e)

(3.34f)

whereby the four equations (3.34a-d) can be replaced by second order equations

~ by eliminating py and p,:

X" == Gy oex o+ K
z" = -G,z + K,
with

1 (o)

G, = * G

1 (1+n) 1
1 (0)

G, = ————m0+G

2 (1+n) 2

il

1+n

n

1+

Writing now Eq. (3.35) in the form

Y(s) = M(s,0) y(0) +

with
T

£

=Y T
N b

HI

in

(x, 5;(: Z, Ez):

(d;» 9y G55 G,)

Xl

ZI

>

b ]

.
]

(3.35a)

(3.35b)

(3.36a)

(3.36b)

(3.37a)

{3.37b})

(3.37¢)

(3.37d)
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(compare (3.10)-(3.11) then

a) for G, >0, G, <0 :

M,, (5,0) = cos( VG, *s) ;

M, (5,0) 7%-1 Csin( VB es)

1

My, (5,0} = - VG, «sin( VG rs) ;
M,, (s,0) = M, (s,0)
My, (5,0) = cosh(V|G,| +s) ;

M, (s,0) = vﬁ%@?“ esinh(V 1G,] «s) ;

V06,1 « sinh(V 6,1 -s)

Mys (5,0)

My, (5,0) = M,,(s,0) 3

- X u . _ .
q,(s,0) = ) {1 - cos(¥VGy*s)] ;
q,(s,0) = + . il sin( VG, »s)
2 vg, (L+m) ' i
L S B JET. .
_qa(s,O) = + T [1 - cosh(V[G,] +s)]
B KZ . n . . .
q,(s,0) = - TeT T « sinh{V |G} «s)]1 (3.38a)
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b) for G, <0, G, >0 :
M, (s,0) = cosh(V |G| «s)

MIZ(S,O) = ﬁT%:F * Sinh(l |Gll .S) 5

G,
¥ |Gll_'s'inh(|‘ [Glll's) :

M21(Sso)

Mzz(sso) = MII(S,O) >

M, {s,0) = cos(l/G_Z‘-S) ;

My, (5,0) = Féz_‘ » sin( VG, +s)
M,s(5,0) = - VG, » sin( VG, -s) ;

Muq(spo) = M33(S,0) :

K
g,(s,0) =+ 2. 0 « [1 -~ cosh(¥|6,] +s)]

.
»

G, (1+mn)
& 0 G /TE T
qz(S,O) = “m_ (1 Py n) S1nh( |Gzl S) H

K ‘
05(5,0) = + == ¢« —T— +[1 - cos(VG, +s)] ;

q,(s,0) =+ &/Gi' . a j o . sin(l/fa—zl *s) . (3;38b)
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Furthermore, from Eq. (3.34e):

5 s
o(s) = 0(0) = [ FTkewx + kv 2] =3 [ 85 T0x)® + (21)2]
0 0

Loy (s,0) * M. (5,0) « [x{0) *x'(0) - x'(0)* . n
> 1247 2147 G, i+
x'(0) S
X' X,
- Kyex(0)}eM,,(s,0) - Ky * Gl « [1-M,,(s,0)]- -é"l' " Tan” [s - MIZ(S,O)] -

2
T il
"";:‘ﬁ] - 2'2(0) KZ -

Logs oM (5,0)eM,,(5,0)}+[22(0)+6 Wz,
" 15 18,0000, 276, U1 1+n

2

-;1; fs + M ,(s,0) * M, (s,0)} » 2'2(0) -
LM, (5,00« M,,(5,0) - [2(0) - 2'(0) ~ 2'(0)* Kz, 7.
52. ag s 53\>s G, T
2
Ky -2{0)eM,,(5,0) K, .Z_G(ZQ_L [1-M,,(s,0)] - G_i'l_g"ﬁ [s-M_(s,0)]

Finally, from Eg. (3.34f)

n(s) = n(0) . (3.40)
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If we take into account field errors 48,, 4B, in the guide field, Eq. (2.45)
must be replaced by

e
.._AS
EO

=_’i|[1 +-E-B.->.(.—+_£Z._] ¢(1+K_ ex + K -Z) +lg .(22 _x2)
2' . B(O) (0) X z 2 © )
X BZ

In this case the (approximate) Hamiltonian takes the form

_];_ Ggo) . x2 + 1 Ggo) . 72 +
2
ABy 0B, 1 ABy AB,
*K,*z + "Kyex + =[1+ + ] (3.41)
B&O) Bgo) 2 B)((0) Bgo)
and the corresponding canonical equations of motion are now
Ex '
%! = : 3.41a
T | ( )
- AB
p;( = - GEO) - % + KX. n - .. KX 4 (3.41b)
B(O) )
z
Pz
I = ——i ; 3,4
z ) (3.41c)
. AB
pr= -6l ek, - oy ke s (3.41d)
B
X
g' = - (Ky *x + Ky +2) - %-[(x')2 + (z')2] (3.41e)
no= 0 . (3.41F)

1 Pyt 1 Pgt

2 e T2 Tem xR

X
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By eliminating ﬁx and 52 one obtains from (3;32a,b) and (3;32c,d):

5B
T z
XM= - Gy ox e ¢ Ky - c Ky
' (t+m) % g0y F
BZ
BB
N X
2" = -G,z + * Ky - - Ky .
’ T+n) F o) f
BZ

Comparing these equations with {3.35a,b) one sees that, due to the field er-
rors, additional inhomogenious terms

AB, £By
— e Kx and — Kz
Bgo) B)((o)

appear which give rise to closed orbit shifts;

3.3. Solenoid fields

The Hamiltonian for a solenoid is obtained using Egs. (2.46) and (2.51a,b) and
by keeping only the first order terms in A, and A;:

1 (Bx + Ho' 7—)2 (52 - Ho' X)a

” 1
K= = = 3.42
> T+ 2 T A+ (3.422)
with (see Eq. (2.49))}
Ho= L& b (s) = L& .8 (0,0,5) (3.42b)
© 2€g ©° 2E, > 7 :
The corresponding canonical equations of motion are then
| = ..-..—..-}:.-——-- - 5 - -
x' = T (py + Ho+2) (3.43a)
5l = "('i"}?"?{)' (P, - Hyex) oHy (3.43b)
1 -
I . - . . 4
z T+ (pz Ho x) 3 (3.43c)
nl = ._..__];_-—-- . 5 . - M
py = - ) (py + Hg=2)+Hy (3.43d)
1 py +Hez)2 (py-Hex)2 _ . »
LI - — = wm — ! + ' N 3.436
o > (e TR g LT (2] 5 (3.3)
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In order to integrate Egs. (3.34a-d) it is useful to use new variables namely:

~ pX

S emarm— 3.44
~ E';Z

- . 3.44b
pZ (1 + T]) L] ( )

Then, with
1 = €

H = ——————— H = — B 0 -4

we obtain from Eq. (3.44a-d)

' =AYy (3.46)
where

T ~ w

¥ o= (x, Pys Zs Pz) 3 (3.46a)
0 1 H 0
-H2 0 0 H

A = , (3.46b)
~H 0 0 1
0 -H -Hz 0

so that the transfer matrix M defined by

¥(s) = M(s,0) ¥(0) (3.46¢)
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is, in the case of H = const (sharp edged fie]d)?’s):

My (5,0) = 3+ (1+ cos20) ;
Mo _ 1 . )
15 (5,0) = i sin28
- 1 : .
M5 (5,0) = 5" sin28
M - 2 ;
1, (8,0) = e « (1 -cos28) ;
M,.(s,0) = =H = 1 +s5in20 ;
21 ’ 2
M22 (S’O) = M11 (S,O) :
- 1 .
My, (s,0) = - H « 5 (1 - cos28) ;

Mo, (5,0) = M;;(s,0) ;

My, (5,0} = =M, (5,0) ;

13(

1t

H

M,, (5,0) =-M, (s,0) ;

My, (5,0) = M, (s,0) ;

My, (5,0) = M, (s,0) 3
My, (5,0} = =M,5 (5,0} 3
Myp (5,0) = = M5 (s,0) 3
Mys (5,0) = My (s,0)

qu (590) = Mn (530)

(3.47)
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with

Finally from Eq. (3.43) we obtain
o(s) = 0(0) - 2 5= {He - [x2(0) + 2%(0)] +

+ 2H « [Fy(0) - 2(0) = Fz(0) - x(0)] +

+ P2(0) + P5(0)} (3.48)

and from Eq. (3.43f)

n{s) = n(0) . (3.49)
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4. Summary

Starting from the Lagrangian of a charged particle in an electromagnetic field
we have investigated the Hamiltonian formalism of non-linear coupled syn-
chro-betatron oscillations for ultra-relativistic charged particles, The cano-
nical variables are X, py, Z, Pz, 0, N, which are well-known from the six-di-
mensional linear theory (SLIM); By expanding the Hamiltonian 1in a power se-
ries in these variables, one may obtain various orders of approximation of the
canonical equations. In this work we keep terms up to second order in the ca-
nonical momenta py, p, and take into account the effect of energy deviation on
the focusing strength; These equations of motion are then solved for various
kinds of magnets (gquadrupole, skew quadrupole, bending magnets, synchro-
tron-magnet, solenoid, sextupote, octupole, dipole) and for cavities. The
equations so derived can be very conveniently coded for computers: To calcula-
te the betatron-oscillations one has only to muitiply four-dimensional trans-
fer matrices together, The variable ¢ can be expressed in terms of the ele-
ments of these transfer matrices and the variable n changes its value only in
the cavities.

The general form of the Hamiltonian can be the starting point for a non-linear
theory in the framework of the six-dimensional formalism, By only taking in-
to account terms up to second order in all variables one obtains just the Ha-

miltonian of the linear theory used in Ref. 2) and 3).
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Appendix I

Variational principle for the canonical equations

The aim of this appendix 1is to show that the variational problem of
Eq. (2.18):

§J =0 (1)
with ty '
J= [ Ledt ; (2)
tl
and
L= 1 fa5-pi -Ra, p, )} 3 (3)
;

(9,5, 9,5, 95) = (x, Z, S} 3
(4)
(Pys Pys P3) = (Pys Pzy Pg)

leads to the canonical eguation {2.17) when the coordinates g; and the momenta
pi as well as the time t are allowed to vary independently of each other but
are held fixed at the end points t =t;, and t = t,:

8q;(ty) = 8q4(tz) = 0
§pi(ty) = Spiltz) =0 (5)
st{t,) = &t{t,) =0 .

With this in mind we can write the integrand of &J:

t, t, o .
53 = [ e(Ledt) = [ {L(q+8a,d+8d,p+op, t+6t) (e 4 1) - L{q, &, p, )} edt
tz - + - * d
= [*{IL(q*8q,G+8G, p+ep, t+8t) - L(a, 4, P, t)] + L(g,d,p, t) > -0t} -dt
£, S ~ - t
(SL (6)
as S(Lest) = (6L + L+ st)-dt . (7)

dt



and using

. d , d

: = —— §G; -~ g5 ¢ — 6t
84 B s
we then obtain

§(L »dt)

i

re g
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a_|op_| _".}9} +

+dt-2{q1-5p1+[ =695 - Gy ¢ dtstJ p; -
2% LY. 4 3%

- Sq‘ - — ap = dt e« = o (St
5, i i}

dt . {--- (58 5t) +[d’9€ aif} st} +

oK - X
+dt-z _[___q.].(gp._[ +p].5q +
; { 2p1 i i YT i i
d
+ o [8ase pi 1} .
Since

LI B (- AN S
dt  at i °dj T ap; !

Z{[ +p]

- 9% - a
s+ TE2 L g:TeDs
* gy [ap qi] - pj}

Eq; (8) can then be rearranged to give

1]

8(L » &t) ™

+

+

[
1
L
e

—
[ ]

dt-....q_.{i (Sq.iop.l—étow}‘i‘
1

I {[——-—+ac>I «(gj+ 6t - 6g4) +

(8)

(9)
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so that the variation &J can be rewritten as

t . .
80 = [ dt. D{12E g1 (dgn ot - sag) 4
t i o4

. . t=t
+[§§£-q1]-(p1'5t-6p1)}+[26Qi'p1-5t'm L0
Pi i ¢

-1

Because the variations vanish at the end points (see £q. (5)) the Tast term in
Eq. (10) is zero. The remaining integral can now only be. zero for arbitrary
variations 6q;, Spj, St if the conditions

2}
_+p' =0 "
aq.‘ 1
(11)
—?—gﬁ_q._l =0
ap-]

are satisfied, However, (see Eg. {4)) these are just the Hamilton's equations
(2.17).
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Appendix II

T I -
—— e

Equations of motion for transverse electric dipole fields

The vector potential for a constant transverse electric dipole field

€ = (Dey, by, 0) (1)

can be written according to Egs. (2.2) and (2.32)

Aey + (0 - s) 3

Ay(xy2,5,t) = Bey = {-ct)

A (Xy2Zy8,t) = Aey ¢ (-ct) = Aey » (0 - 5) (2)

As(x,2,5,t) = 0

Using the Hamiltonian of Eq. (2.29) and expanding to second order in X, Py, Z,
pss 0, N we then have:

K=Lip, -Sne,» (0-35)12+205, -2 ae; 0 (0 -5)0° (3)
2 Eo 2 Eo
and the resulting canonical equations are

x! = Sx - gL Dey ¢ (o - s) (4a)
0

Py =0 ; | (4b)

zt = 52 - éi-Aez s {0 - s} (4c)
0

Py =0 ; (4d)

g'=0 (4e)

n't = x'-. ji-Aex + 2! . ji-ﬂez . (4f)
Eo o
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By eliminating Ex and ﬁz one obtains from Eq. (4a,b)} and (4c,d} together with
Eq. (4e) the equations

X" = = Aex :
E0 _
(5)
e
" = = Ag,
EO

and their solution

x'(s) = x'(0) + = Ae, * 5 (6a)
EO
x(s) = x(0) + x'(0) «s + 1 e Aey » s* {6b)
2 Eq
z'(s) = z'(0) + = Be; * 5 (6¢)
E0
2(s) = z(0) + z'(0)+s + & Lope, v 52 (6d)
2 kg

Using Eq. (6b) and (6d) together with Eg. (4f) one also has

n{s) = n(0) + éi pey + Tx(s) - x(0}] + EL pey » [2(s) - z(0)]
0 0
= n(0) + ft Mgy + [x'(0) = s + %- ét Ay * §2] +
+;_0Aez- [2'(0) * s +_.;. EE;AEZ . s2] (6e)
Finally, from Eg. (4e)
o(s) = o(0) . (6F)

These equations can of course be extracted by elementary methods. The aim here
is to show how they arise by applying our Hamiltonian formalism.
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tential
EEEC:A(SO)=_%.(1+KX-)<+KZ-2)

Another vector potential which gives the same field (gauge transformation)
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O)=1-(1+KX-X+KZ-Z)2=-e—A(O)+ 1
o 2(1 + Ky o x + Ky o 2) g S 2(1 + Kyex + K+ 2)

Use of the second potential causes pg (and hence the Hamiltonian E) to
shift by a constant equal to 1/2; Thus, as expected, there is no change in
the canonical equations.
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