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Abstract: Explicit formulae are derived for the 2-
and 3-cochains.!l;~.r(i,j,k) and..!ll'~~i,j,k,l) in 
SU(2) gauge theory in 4 dimensions. It turns out that 

..Q..J"~~i,j,k,l} is given by the volume of a spherical 

tetrahedron spanned by the gauge transfonnations re­
lating the gauges i, j, k, 1. 
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I. Introduction 

The investigation of the topological structure of SU{N) gauge theories is 
of great interest1). In particular, we hope that it will help understanding 

oco2l. 

A signal for topologically non-trivial properties of the gauge fields is a 

non-vanishing topological charge~ which is the 4-dimensional integral of the 

Chern-Pontryagin density 

I -n-- - .. r - .JZ1C' €f"!~ 
i ~ 

T-r [ r;., rru-1 , 

where 
~ 7f.., = 

. . 
~A;-),A; 

..: .,; 
+ fly.,A.,] 

and the index i specifies a particular gauge. In this paper we shall restrict 

ourselves to SU(2) gauge fields. 

The Chern-Pontryagin density can be written as a total divergence, 

(0) 

]> = 0t S2.i <•) ' 
with 

(O) 

S2.t c->) 
I ,~· ~ ...... 

=- iic. .. tf'"J<r T-r LA, (9JA..-1'fA.!'A.,..)} 

(1) 

( 2) 

( 3) 

(4) 

being the Chern-Simons density or 0-cochain. The latter is aauae variant. \4hat 

interests us naturally is its gauge variation which is given by the coboundary 

operation 
(#) 

..c. ..Q.r c .;iJ 
(.) (.) 

= -7C>J-J2t C-j) 
( 5) 

I f _, -<- _, } = -.ZA_ .. €,.., • .,. T-r ~; 0;!1..11" .. "J,'If.. 'lf" •. 'J,..?T .. 
~·• I 

0 r '1 ·'l ~ '( 'l '1 

- ~~z. €t"..f.,.. ';)" T-r f~..f'1F.,;i 1J;,;'~j 
) 
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where v ij relates the ga~ges i and j, 

, .. , 1. 

A,.. "7J,. (.4 ... +Q!')'Ii .. 
I ·~ I ., 

(6) 

(0) 

~~(i,j) can again be written as a divergence3), 

'~ ~ 
LlSl.r c.;i> = ?,.. n.t» (-.~i> ) (7) 

(/) 

where.o,-\l(i,j) is the 1-cochain given by 

(IJ -+ -t> ... 

..n.rvc•~i> = -,t.._(D(-.s,;.-cc,.so<) 7'-v,rcre .. ·~~.o<O.,.e-<) 
( 8} 

-f .. Trn.7f. .. 11:::'.4;1 
o1T • '7 >j 

and 

'/J•i = €"" r.·J..=?; =enD(+ ... .s...;« to(.:z.t. (9) 

The expression for the 1-cochain has been extended to any semi-simple and com­
pact lie group in ref. 4. 

II. 2- and 3-cochains 

It is known that the descent (fran the 0- to the 1-cochain, cf. Fig. la-b} 
continues. In this work we shall derive explicit formulae for the 2- and 3-co­
chains5l. 

The gauge variation of ..!l.;';(i ,j) is given by the coboundary operation 
(IJ (I) {I) (I) 

..o ..Q/'" c.;?.J•J .. .!l.r" c,;f> -.!21'" c .. ;~> -1- _a,., (i,J<> 
.L l. -. ... ~ -= -., .. e.!'" fer (1>(-.s ... o<...s-<) eo~·0e .. >t'Jq-eo<) 

+ (,<S-S...:fcuf>ef0.r~"'J.,.~) 
... .. ... (10) 

_ (8'--...:rc.,st') e,:~.!'~':l"'e,.> ] 

4 

I €. ~/~ ... . ... •& ... .... -iir .. r~.rr '~"'"o~+"--<<W«''j.~+"-o(~"'~4l<) 

• ('J.,.~ ~ +~fl-f ?<r~- ~"if'<~~) 1. 
In deriving ( 10) we have made use of the co eye 1 e condition 

and written 

?J'."'IT•L - 'Zf:•L '? ?c. - ...... 
(II) 

...,r _ _.. ,....,._ ..,. .... 
"ii = ~"t,(>o<.·~)) "ll'i.t = €>rf(-..(S·7:) J "lr-..·.t = ~,(-.'ro?:). (12) 

The cocycle condition (11) defines a spherical triangle by 
·. . ........ _... 

CI-s r = Con DC Conf -a- DC a....f e ... et' , 

,s;,..r 1,.. = &...i>C<wfe:. u:.,_...,;f~- S...:e>f8••;fl ~·~ 
(I) 

as indicated in Fig. lc.A.O,..,(i,j,Jc) is again a total divergence~ 

(I) (>.) 

..1 .n/"' c.;j,~J = ?~ .n/'"! c .. ; 1~i> , 
(>) 

where.O,..,J(i,j.k) is the 2-cochain. 

We find the expression 
(~) 

(13) 

( 14) 

Si./''! (.:,f,~) ~ -;;,._ e,wJ<r (I+ZU.SKC,.fCN4'-<~•lie-c.o~-Cio•r)-l 

· [ c~-f-1-~o< :..1L '.>q'c~f~r(...:.tt~-a.:J.l,·?"'c&..:~-;>1 
I 1 ( 15) 

+ (~+f.:;.;.p.-.1 ~) f?q'c~r<e,.J.(a-01~- ~re"jll .. (~ .. ~>] 

+ r.r~-1.>-(._;.t-e',.Jl~c.r~~·("-)4~)- a..·o~ e .. · o,.c,...;f ;.>J}. 
The derivation of (15} is quite tedious and relegated to the Appendix. It can be 
shown that for infinitesimal gauge transformations (15) reduces to the form 
given in ref. 1. 
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CO) 
The gauge variation of~'IIJ(i ,j,k) ccmbines 4 spherical triangles to form a 

spherical tetrahedron as ind1cated in Fig. ld. I. e. 

(lJ • • i (~) • • r> (t) ' • I 
L1 ..Qt•! c-.,.,, ,t) = ~·J c.,,,tJ - .u./'"!c-.,1, .. ) 

(l.J (2J • 

+ ..n.r•! c .. ;t, tJ - Slr"! c 1'•-e, tJ. 

(16) 

We show in the Appendix that (16) can be written in the form 

,.., 
fJ. J:2.r~l'4•'-,l) -.;, .. ]."J.- (K'JcrA +f?.,..a dq,_r +.10.-A +EO.,.£ >'.)"9,-Z) 17) 

where A, s,r,A, E, Z are the angles betweentwospherical triangles intersect­
ing along the hingeso<,~,C,..~S".,e,..:r (for the explicit expressions see the Appen­
dix). 

We recognize that the term in brackets on the r.h.s. of equ. (17) is 
Schlafli's differential form 6) for the volume V(i,j,k,l) of the spherical tetra­
hedron of Fig. ld, i.e. 

f (« ?.,.A+f ?,.a +~'?err+~'.)~ +£?.,.£ + .r :Jcrz) = ')cr V(•;j,.t, l) . <!B) 

(3) 
This allows us to give an explicit expression for the 3-cochain~i,j,k,l) 
defined by 

That is 

(~) 

LI.Qr>JJ c.;j,t,l) 
(3) 

G J<f' ..o..f'"!<r_c..;l'~tJl.), 

(JJ 

.!:Lt"!"'c .. ;j/•,l) • ~ .. ErJ<r Vc•;?,.i,<J. 

(19) 

(20) 

The vohAne V{i,j,k,l) can be constructed explicitly fran the angles A, B,r,l1, 
E, Z following ref. 7. 

(J) 
The gauge variation of..O,.v,rr{i,j,k,l) canbines 5 spherical tetrahedra (see 

Fig. !e), 

6 

ca> 
.:l.s:Lr•J .. c.;i/•,t,....,) 

(.3) (.3) 

~ n.t•.F £•;1·"· l) - .Qi·•J" c.;i,l, ... J 

(~) (.3) (JJ 

+ .n.t"!.-c .. ;-;,t, .... J -Sli'"-F''';'-,t. ... J + -'r-r'i·•·~""J 

,. jlT .. 7-"Jcr [V6;,;~t,lJ- V(•;i·"·""J 
(21) 

+ Vc,;i, t.,-...J- vc.;•,t, ... ) + vc1;~e,t, ... J], 

which wind around s3
, the group space of SU(2). The volume of s3 

is 2'rf~ so 
that we can write 

(JJ 

Ll .n..t"F" (i,i,l:,l,-J - ?~1.- '>'1. ' 

where 

-n e z. . 

(22) 

(23) 

The latter is a consequence of the fact that the 5 spherical tetrahedra together 
3 are compact and so cover S . 

Ill. Discussion 

The result" that the 3-cochain is given by the volume of the spherical te­
trahedron V(i,j.k,l), is not really surprising. E. g. in 2-dimensional U(l) 
gauge theory the corresponding 1-cochain is a segment of s'. 

As will be discussed in a subsequent paper8), equ. {22) allows us to de­
rive a local, fully algebraic expression for the topological charge in SU(2) and 
SU(3) gauge theory. 
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Appendix 

... 
We shall first derive equ. (15). Noticing that t-in equ. (10) can be ex-

pressed in tenns ofil,f by using the cocycle condition (13), the most general 

ansatz for the tensor structure of~~{i,j,k) is 

(lJ • . 1. ....... 
.n..t'~! c.,1,4.) • -<fir. tr•J"' l!, ~ ... -< <~/. 'J,..f + tJ (.),..~·e,.> 

(A. I) 

, ...... ' ........ ", ........ ] 
+tt ce,..'J.-el') +r..-".-t..·(<!.._~el') +r1 •.,.?c·(e,.~"F> 

with --/_. = 1.-f-<,f, e".ef) · (A.2) 

Equation (14) is then equivalent to the following set of coupled partial diffe­
rential equations: 

~>~' "z~e;.- Z~,t.,...;.f t--:::;,.~,..,.. [1-(-;..;~l'), (A.3) 

'll•- 'Y! "z..;..ter.JS ,_ t-c.tt- + 2<Hot,._;,JS -t-..:.l'c,o,.. 
'1>111( ~<(~ ,- I a...;.a.r" 1- .... .:~..... > 

~r, '"'• • . 1-l'c.t,.. . ,._,..;.,..<4-r 
:L - ~ '::1 - c."--"tCnt'( - 2. .._OCCNA ,.A 'IX."i·"C) ~at" ,- .. .: .... .'1 t' J 
I ~ ~ 

'Jf, - ?..t 
'I)~ 'Jc~~) " 0 ) 

~~-- ?f. 
~(' -';)~~) = 0 J 

'J(/·-~) = z....;..'o< :~'jtl 
';) ct:.:t,..) 

1-'t'CICt' f. I- 2~1(~~ ~~ > ·- , ,.-.;s- r.r._~~ 

':!I. z. ,..;. o< .r~ f - = t-~ ""'",.. 'Jj.s- = z ~ '-< ,_ t-cvt r 
~ .. a" 

'""' .. ~•r ' '"f> 

'"'' D"-
= -z. ~...:.~ 1-tc.-U 

.r...• ... 

I.+ r~e;.> 'J(.s- ':lf, 
-:;-=.. + -:;-=.. 

o(t,('jo) ';l(t,(er 

-;Jf, 

Of 
::.- ?....t..;...l(~f 

= a~·l( ~r--r 

~ ~,.. """I' 
...:-•r 

l-11'4h' 
~·r ' 

' 

' 

-- ~~. + ~ 
/, + c t..;tl' > r.>ci,!~> ~~'? 

[ --•J':lfr _,_' 1-(~t..) =;: - z. (f'.(e.> r.r 
f W<,;;,7') r 

8 

~ - 2..;.. o( C,.o( e.:.. z~ 1- r~tr 
I J1>- "II' ) 

. l-lfutr . 1'-~..:..~l' 
= 2.17( - z,._oc 4'011( I". • - ,.,._PCc.-;.A .. .,.,.. ¥'" ( -· ....... 

' 

--· 'Jl, -->!. l 1- (t.;,t.>J -=£! - z. C<i'f , 
r l>c~~l 

~ - Zf + Z.,..,;.. A c.,~ J-t:&M.I" + Z4<<t ,.,_;~ 1--~r-.wr r I .s:..,'(- 1 · ,. 

which can be solved giving 

I,= ... - -(,t. -If )·e.,_ , 

I -- .... L = -(A-If')•e 
r f' ' 

1,. = - r, = _ ~ ....... -< ~fl 

-- _, -' z co~ ... ~-rJ·~. 
T.s":;.. I (i'_f)a. I J - -... ~ 
, c~+l-rre:. t' . - z. ,..:ctif>.. . 

(A.4) 

Inserting (A.4} into (A.l) gives after a straightforward calculation equ. (15). 

We shall prove now equ. (17). The angle A is given by ( cf. Fig. ld) - - ... .e.,·( eA" ~e) 
-tA..ot A = - - ... ~,~ ~ (A.S) 

(t'fl'(~ e,sn e~Jrtee> 
The other angles Bs r, ... follow frcxn (A.S) by pennutation. From (A.S) we de-

rive 

'tl.,..A. [1-(~~>T'le".i~ i,.·a:,..~ .. e:.) + ~·(e;, ... ~ .. ~>l 
-.,..,. :t _,

1 
~ ~ - ... """ - - ...., (A.6) 

[1- ce.;,~)j e.i.ee ee·(e-< .';) .. e-<) + e.._·(f!E .t;> .. ee> J. 

By surrrning over all terms on the r.h.s. of equ. (17) we qbtain (16) expressed in 

tenns of the {non-syflTlletric) expression (A.1). 

' 
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