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Abstract; Explicit formulae are derlved for the 2-
and 3—cochainsﬂ(?3(i,j, ) and {1 :'(1,3 k,1) 1in
SU( ) gauge theory in 4 dlmens10n5 It turns out that

#Hﬂ“’l'k'l) is given by the volume of a spherical
tetrahedron spanned by the gauge transformations re-
lating the gauges i, j, k, 1.

1. Introduction

The investigation of the topological structure of SU(N) gauge theories is
of great interestl). In particular, we hope that it will help understanding
2)
gcoe/ .

A signal for topologically non~trivial properties of the gauge fields is a
non-vanishing topological charge, which is the 4-dimensional integral of the
Chern-Pontryagin density
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where
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and the index i specifies a particular gqauge. In this paper we shall restrict
ourselves to SU(2) gauge fields.

The Chern-Pontryagin density can be written as a total divergence,

f. ('l)
with
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being the Chern-Simons density or O-cochain, The latter is gauge variant. What
interests us naturally is its gauge variation which is given by the coboundary
operation

A..Q .C'.l = (‘l) —Q- ( )
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where Vi relates the gauges 1 and j,
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‘1Iah{i'j) can again be written as a divergence’’,
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wherej%k,(i.j) is the l-cochain given by
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The expression for the L-cochain has been extended to any semi-gimple and com-
pact Lie group in ref. 4.

II. 2- and 3-cochains

It is known that the descent (from the 0- to the I-cochain, ¢f. Fig. la-b)

continues. In this work we shall derive explicit formulae for the 2- and 3-co-
.5}
chains™/.
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The gauge variation of b 2(i,j) is given by the coboundary operation
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In deriving (10) we have made use of the cocycle condition

Vi Ve = Tk o

and written
U eopGRE) | s = pED) | = gD, 12)

The cocycle condition (11) defines a spherical triangle by
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as indicated in Fig. lc.tﬁS%h,(i,j,k) is again a total divergence,
w @
A _QH (1)?,‘,) = ,l.)s R/‘V\f (1)?)‘.,) » (14)

%)
wherei%hgg(i,j,k) is the 2-cochain.

We find the expression
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The derivation of (15) is quite tedious and relegated to the Appendix. It can be

shown that for infinitesimal gauge transformations (15) reduces to the form
given in ref, 1,
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The gauge variation of ﬁg(i,j,k) cembines 4 spherical triangles to form a

spherical tetrahedron as indicated in Fig. ld. I. e,

w
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We show in the Appen&ix that (16) can be written in the form
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where A, B, ", A, E, Z are the angles between two spherical triangles intersect-
ing along the hingesagfglts,e,k‘ {for the explicit expressions see the Appen-
dix). .

We recognize that the term in brackets on the r.h.s. of equ. (17) is
Schlafli's differential form®) for the voTume V(i,j,k,1) of the spherical tetra-
hedron of Fig. 1d, {. e.

él(a( D€A+FDU'3 +6‘9°.['+ SOU'A + eou.E'f' J DG'Z ) = fl)c.v(",;?a‘é;{) . (18)
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This allows us to give an explicit expression for the 3-cocha1n$%b*rgi.j,k,1)

defined by
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That is
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The volume V{i,j,k,1) can be constructed explicitly from the angles A, B, ™, 4,
E, Z following ref, 7,

The gauge variation Oﬂi%h"’(l,J .k,1) combines 5 spherical tetrahedra (see
Fig. le),
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which wind around 57, the group space of SU(2). The volume of S3 is 21rf $0
that we can write

€3)
A .Q./,,,fr (3,5,4,€m) = f"’.l“" n (22)

where

n e Z .

(23}

The latter is a consequence of the fact that the 5 spherical tetrahedra together
are compact and so cover S

I11. Discussion

The result,that the 3-cochain is given by the volume of the spheric¢al te-
trahedron ¥{i,j,k,1), is not really surprising. E., ¢. in 2-dimensional U(1)
gauge theory the corresponding l-cochain is a segment of s’

As will be discussed in a subsequent paperg), equ. (22) allows us to de-
rive a local, fully algebraic expression for the topological charge in Su{2) and
SU(3) gauge theary.



Appendix

-y
We shall first derive equ. {15), Noticing that & in equ. (10) can be ex-
pressed in terms ofs?,ig by using the cocycle condition (13), the most general
[4
ansatz for the tensor structure ofJ%kqs(i,j,k) is
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with

£ = ;‘.(x,p,a-?r;,). (A.2)

Equation {14) is then equivalent to the following set of coupled partial diffe-
rential equations:
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Inserting (A.4) into (A.l) gives after a straightforward calculation equ. (15},

The other angles B, I, ...

rive

We shall prove now equ. (17). The angle A is given by (cf. Fig. 1d)
E:(-(?!’«r?g)
(G EMEXE)

fas A = — (A.5)

follow from (A.5) by permutation. From (A.5) we de-

O A = [I-EEPT 48 EpEndZ) + % (B0, ]
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By suming over all tems on the r.h.s. of equ. (17) we obtain (16) expressed in

terms of the (non-symmetric) expression (A1),
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Figure Caption

Fig. 1 Pictorial view of the cochain reduction from the Chern-Pontryagin den-
sity down to the "local winding number" n.
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