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Abstract: It is shown that in a quantum field theory describing free, scalar
particles with masses mi,{,eN there exist locally normal equilibrium states
with finite energy density for all temperatures /3 >0 if and only if
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This result lends support to the conjecture that the nuclearity criterion pro-
posed in [I ] is sensitive to the thermodynamical properties of field theoretic

models.

The general framework of local guantum field theory includes many models

which do not have & reasonable particle interpretation. Therefore it has

" been proposed by Haag and Swieca to amend the fundamental postulates by

another condition which is based on the idea that the number of states

occupying & finite volume of "phase space” should be finite £2]

Following Licht [3], one can identify the states which are, at a given time,
strietly localized within a bounded region # of Minkowski space with the

set of vectors

fug 1ue o, v*ua-14] (1

in the physicsl Hilbert space ?ﬂ . Here (L{() denotes the algebra of fields
(respectively observables) which are localized in o » a.nd.gz iz the vacuum

vector. By cutting off the total energy of these vectors, e.g. with the help
of the exponential function € [‘5H , /5 »{ of the Hamiltonian, one then

obtains a set of states
Neo,py={ePuaiue ouor, uru- 1} (2)

which, roughly speaking, occupies & finité volume in configuration as well as
momentum space. Haag and Swieca argue that the sets .}\r(@,[}) , although not
finite dimensional, should be relatively ccmpact in the norm topology in phy-

sically acceptable models.

In a recent article [_1] it has been pointed out that under quite general
conditions the sets J‘r((‘), /3) should even be nuclesx, i.e. Jr(@, /3) should
be contained in the image of the unit ball 364 in ?8 under the scticn of some

trace class operator T s



Neo, py <« T %€, . (3)

(For a slightly more genersl definition of nuclearity due to Grothendieck
cf. [1].) The argument is based on the following heuristic consideration:
disregarding long-renge correlations, ome can compare the set of vectors (1)

with the unit sphere %Vd in the Hilbert space %\/ of the theory for finite
?

volume V . On the same heuristic basis one can compare J\Q(’J,ﬁ)with the set
~fAH . .
of vectors € p v. %‘/ p where HV is the finite volume Hamiltonian. Now
)
-fAH
the crucial input is the assumption that the opérators @ V, describing

‘the Gibbs ensemble, have a finite .tra.ce for &1l [5)0 . This should be true
in most models of physical interest, one of the few exceptions veing the
Hagedorn model [h], for which a maximal temperature exists. It then follows
that the sets 9__'% HV. ‘JGV,‘I are nuclear, so according te the gbove picture
the same should be true for the sets .}{\(_U, (5) in the infinite volume theory.

A measure for the size of the sets .N\(_@,(S) is provided by the nuclear index

“‘N\(O’Rj}”’l given by [‘E]

TN, sy, = l'._?{f T T . (&)

Here the infimum is to be taken over all trace class operators | for which
relation {3) holds. So the nuclear index is the anslogue of the partition

function

2LV, p) = Tr o PHv (5)

The condition that the partition function (5} exists is equivalent to the
requirement that therequilibrium (Gibbs} states in the Pinite volume theory
are normal states on the algebra of all bounded operators on gCV . Proceeding
te the thermodynamic limit {if it exists) one may therefore expect that the

equilibrium states G, of the infinite volume theory are local normal, i.e.
A

the restrictions of (,st to the local algebras 0(([9) should be represented

by density matrices on the Hilvert space (N(B) D = QLG .

A significant test for the existence of the thermodynamic limit is based on

the analysis of thermodynamical quantities, such as the pressure

(Vﬂ)"f L Z(V, ) 4 in the timit of large volume V . In view of the
similarity of the nuclesr index ” .N‘(@, [5] "1 to the partition function %(V, [3)
it should be possible to express these quantities also in terms of lIN‘((g, !3)”4
From a fundamental point of view this possibility appears to be very attrac-
tive. It would allow one to distinguish, within the general setting of quantum
field theory, all models with & reasonable thermodynamic behaviour. This input

could then be used to derive more specific properties of these models {(cf, [1]).

Tt is the aim of the present note to substantiate this qualitative picture for
the simple class of models of & countable number of free, scalar particles
with masses i, teN . In order to abbreviate the subsequent discussion we
will restrict our attention to models with & mass gap, i.e, we assume that
my2mm, >0 forall (¢ N . A more significant restricticn on the mass
apectrum derives from the assumption that_ the sets .N‘((Q] [5) ) ,G> 0 are

nuclear. It is easy to verify that in this case
5 o=
—fAm;
e " <o gor p>0. (6)
i=1

Nete that the sum in (6} provides a lower bound for the partition function (5).
That (5} is also a sufficient condition for the nuclearity of ;N(@, ﬁ) can be

taken from the appendix in [1]

As to the thermodynamic properties of these models, we will show that there

exist locally normel equilibrium states for all /3 >0 if and only if condi-



tion (6) is satisfied. Morecver, we will see that the energy density of these The time translstions +é& [R act on @ by automorphisms o(t according to

states is finite, In contrast, the energy density of the equilibrium states is Cos Q{: §in Qt) )

sinwt  coswt

dt(A(F))=A( (~ (1)

infinite for large temperatures whenever the mass spectrum does not comply

with {6). These results are in perfect agreement with the above heuristic

Here () denotes the operator which is defined on a dense set of vectors

£=§4 o i Ky ana K

considerations. We therefore presume that the nuclearity criterion proposed

respectively, Dy

in [1] serves its purposes also in general [5]. e’
o3
Q'E_ = @& (“)L"FL . (12)
=1
i : it ; ; Th tors @ act on L (RY) Witiplication operators i t
We begin with a brief description of the model and of our notation. It will & operators (J; act on as multlpllcatlon Cperators in momentum
be convenient to work with the CCR-algebra generated by the "fields" ¢) at space according %o
time t = 0 and their canonical conjugate "momenta" 1T ; the respective test- ) ~
: (wﬁ)(p)=(p"~+m?‘:)”1. Fepy, (13)

functions are elements of the complex Hilbert spaces
~

vhere F denotes the Fourier transform of £

o oo 9,
Kp = @ LR ana  Kp= @ LR, (n

-

The vacuum state W, is completely fixed by the requirement that it is a ground
To simplify the notation we also introduce the space K= Kd—" B K“._

state for the dynamies (11). It is a quasifree state with the two-point function
and get, for F e £$% [S K,

ACFY = b(h) + mig). () | 5,(F, 6 = (A AN = 4 (F, (1Y) g, (1)

The scalar product of F, Ge K is denoted by (F: G—) and the anti- Similarly, the equilibrium states (.)(5 ) B_>O are fixed by the KMS-condi-

linear imvolution on K corresponding to complex conjugation of the functions tion [7] Their two-point functiocn is given by

F in configuration space by .r_l . The adjoint of A(F) is given by

8 .
coth 3¢ L
S, {F, 6) = o (A*(FY A(E)) = £ (F, = s Y6} ()
A*(EY= A(TEDY (9) A I 7 ( -0 wbhi@) Y.
and the commutator by . The local aligebras @(6), assigned to the bounded regilons Oc Ra ., are

the subalgebras of srp generated by the fields A(F) s where Fe K(O)=

A*FY, ALeY)= (F, {2 : 1
[ ) ] (-4 D) &) (10) K(P(U)é K {0} and

in an obvious notation. The algebra fJD of all polynomials in the fields A { F]’

x 42 =
0= ™ ® DY, KelO)= 0™ e D(o) . (16)
Fe K is thus a self-dual CCR algebra [6] qu( ) - e o T . =4



Here &)@ )is the set of all testfunctions with support in O' and the bar

denotes the closure of the respective spaces.

For the analysis of the local properties of C‘-),B we will make use of a critericn
of Arski and Yamagami [6]. To this end we represent the restrictions of the
positive forms So( “y .} ena SB {. ) ) to K (G) by positive bounded

operators 50 and -Sp , respectively, which are given on K by

=4 1 L) =1 7 = 1

%= 3 E (Hi 1B e Sy E( i cothbw )
E¢> 0

ere E = 0 Ert denotes the orthogeonal projection in K onto the closed

subspace K(O} , and E(P) E.,.c denote the preojections in K‘P and KT{ y

respectively, onto the subspaces Kd’(ﬁ) and Km(ﬁ) . We now can state the

Criterion [6]: The state wﬁ, is locally normal (i.e. the GNS-representations

of P(O) induced by @pand (), , respectively, sre guasi equivalent) if and

Afe

. e . . \
only if the operator 5'% So 1s 1n the Hilbert Schmidt class,

To begin with we will show that (,O,G is not loecally normal for s given [3>O

if the mass spectrum of the model is such that

(=]
—2m
eI o (18)

L=d

Because of the identity

]

Sp_ So - (-S{;M-— Sofﬂ'l )7_{— 5-‘”2. (S;m‘~ S:I'J_) . (S;;l_ S:rz)' S:I'?_ {19)

and the fact that the Hilbert Schmidt operators form an ideal in the algebra of

all bounded operators on K it i, according to the above criterion, sufficieunt.

is not in the Hilbert Schmidt class. Now

to verify that AS = 5{3 - So

a crude lower bound on the Hilbert-Schmidt norm of AS is given by
3 had 9
T AS) 2 )0 Aomy (20)
L=

where

<g, ;—_(Cot'r) @,:cot— 4) 3>
<g.g9>

(21)

Almy) = Sup
g€ cofi'i&)(e)

. 1 .
ang <~ 3 -> denotes the scalar product in Lz(ﬂl ) Using the fact that

ot e _fwm,  _piPl
ji(cot'n%mL ‘4)=(ef5ah_4) s e foeog s e fm; o I , (22)

L) L. .
where E is the momentum operator on L (IR ) ., 1t 15 easy to verify that
Almy = ¢ e—le'm‘- for some constant € > () depending enly on ¢

From (20) and {18) it then follows that AS is not in the Hilbert-Schmidt class.

We mention as an aside that the representations of {P(@}indueed by C‘),B and (Jo .

respectively, are even disjoint if (18) holds.

Next, we will prove that u)p is leocally normal for a given temperature (3 >0

if
- Lame
2. e 2P < oo . (23)

For the proof it is sufficient to show that the operator AS= Sﬂ - 50 has

- . 112, e, - .
a finite trace, since then 5{3 - So 15 in the Hilbert Schmidt class
(ef. for example the appendix of [81}.Let ;(, be the operator which is defined
o0
on the elements 'F = & 'Fi_ of K‘# and Kﬂ , respectively, by
T =1



1-F = & xf . {eh)

z 3
The operstor ;K sets on L (R by multiplication (in configuration space)
with & testfunction ;i({) which has compact support and is equal to 1 on (Y.

According to the very definition of the projections E&r.’ and ETE we have

Ep oL 0™ By  Ep= 0™l o™ £, ()

= 0 ki o

and consequently

W WPy o O

As=E |~ 0 w1 Y @ (eBL_ YT @12 E. (26)

So it suffies to show that the operators in the diagonal of this matrix have

a finite trace in K and K , respectively. Since
& 1

& o By _B
. -4 _Aa B B
0<pa(ePo Ay ey TR Ly mam STIBL

ang O € CO':,' < Yn--’l s 1t is obvious that

~ 1 - -
Tr, @K @Rl )y o
. . B (o (28)
i —Eomy - g
é@—a g‘ p~ % Tﬂrf"(ﬂ?) X-e X,

where M, is the minimal mass in the model. A similar argument leads to the

estimate

\_/L
2
&
a
=

T*Kd, w“l;( coﬁ1(eﬂg—’f

Bipl

vwhere ¢3 1s the cperator defined in (13) with mass meamm. Now both, @ 4
A

and ¢~ F "E[ %mﬂl are Hilbert Schmidt opersbors on LZ(IRB) . Hence the

right hand sides of (28) and (20) are finite, i.e./AS hes a finite trace, if

conditicn (23) is satisfied.
Combining the results of this section we thus arrive at

Proposition 1: In a model with mass spectrum W LE N all equilibrium
states C‘Jﬁ ,F>O are locally normal if and only if the muelearity condition

(6) is satisfied.
{This results holds alsc if there is noc mass gap in the model [9].)

It is noteworthy that the simple class of models considered here can be used
to give examples of theories in which no equilibrium states @{5 {i.e. states
satisfying the KMS-condition} exist above a certain temperature. To this end
one must only proceed from the field aigebras 5)(@') in the representation T,
induced by the vacuum state (J, to the corresponding von Neumann algebras
(S[ouﬁ') = r[_‘o((f-)((ﬁ))”. As long as condition (23) is satisfied, i.e. as long’
as the states GJ/S are locally normal, one can extend these states to the net
of algebras 0‘—5 ao(ﬁ), {ind these extensions still satisfy the KMS-condition.
But if the mass spectrum is such that for some temperature (and consequently
for all higher temperatures) relation (18) holds, it follows from a result of
Takeseki and Winnink [10] that there cannot exist any state on the net

& — 0[0(6) satisfying the KMS—céndition for this tempersture. For, such
a state would necessarily be normal on 0(_0(63 , in contradiction to our results,

Similerly, if @Lﬁ(ﬁ)= 'Tfﬁ(yﬁﬁ))" , where TT

is the representation

8

induced by some eguilibrium state QJP in & model with a mass spectrum for



- 10 -

which (18) holds, one obtains a net () — C('B(@) for which there exists
no other eguilibrium stale besides (‘Jﬁ v Of course, these physically awkward

models can be ruled out by the nuclearity condition.

In conclusion we want to analyze the local energy content of the equilibrium
states LO'B and its relation to the mass spectrum., First of afl we- notice that,
irrespective of the mass spectrum, one can spproximate the states Gjlﬂ by
states in the vacuum representation. Namely, given &Jﬁ and ?[@’) there exists
some generalized sequence mm ’[_EI[ { [ being some index set) of normal states

with respect to the vacuum representation of @ such that

alAY = lim w (A) , A NIEva (30}

This fact can be used to evaluate the local energy content of the states a)ﬂ
relative to the vacuum. {Note that the algebra SD does not contain operators
having the meaning of an energy density.} We say that a state (.Uﬂ has finite
local energy if one can choose an approximating sequence @y, in (30) in such

a way that for eny ME N

Wo (H™ 2 ¢, < oo (31)

"

wniformly in ¢ e Xl . Here H denates the Hamiltonian in the vacuum repre-

sentation of 3) .

Let us assume first that the mass spectrum satisfies the nuclearity conditicn
{6) and let &J'G be a.ny equilibrium state. Then we define a quasi free state
wo.ﬁ on P which coincides with C‘Jﬂ on the algebra ..(P(@) and with the vacuum
W, on any algebra 3}(@;) whenever G:f is contained in the complement of some
sufficiently large region 8’3 J . The two-point function of (‘)o,(s is given by

_11_

{compare (26))
50'3 (F,G)= 5,(F,G)r
: @y @—4(8/3@%4)—1?’5 ™ 0 (32)
+(F, ( 0 w—ﬂz%m(eﬂ@_ Aty w2 &),

Using the criterion of Araki and Yamagami £6] snd the methods of the previous
section it is easy to verify that Coo{.‘a is a normal state with respect to the
vacuum representation of EP . By a straight-forward calculation one can also

m - .
show that wop can be extended to any pewer H y ME N of the Hamiltonian,
i.e. ("‘}o[&(Hﬂ)c 0o , To give an example, one has

HY =
Wop CH) (33)

gy ¥ (P00 o 4 Lolefen

which is finite if (6) holds, cf. the discussion in the previous section. So
cne may choose for the approximation (30) of (.o’s the constant sequence CJOI{‘; ,

showing that CQF, has finlte Iocal energy.

Let us assume now that the mass spectrum of the model is such that condition (6)
is viclated for some {5 . In order to see that the corresponding equilibrium
state co,% does not have finite local energy, we must exhibit a sequence of

hermitean operators Hg € 9(0’) yne N such thet, firstly,

s, (HS) ek (1+ HE) (34)

«n

for fixed numbers K € >0 and, secondly, Eu"y] [5) C He): oo , Then the
) [ .
)
estimate

&Lm'mg w, (4+H ) 2 Ecrnlcom(!-lgﬂ = Ll (HO)] NCY

4
K



_‘12_

which holds for fixed 4 and any sequence @y converging to 53,6 in the sense
of relation (30}, shows, that CJOL{ He') cannot be uniformly bounded in . 1.

A natural candidate for the sequence H: is the expressicn

T 2.
* *
£ 1 R ¢ lmg )
= : W + s 6
z?: T (“”‘}KW{ 9 q5{Pg {Pg + O (mg ) Pmg, )z (36)
K=1 ?
3.
where the colon indicates that the vacuum expectation value has to be sub-— I
tracted. m is the mass operator on K¢’ which, on a dense set of veectors 5
©0 . . '
= @ _F e K is defined by
£ oy T b 6.
o
mf = & mf, , (37)
=4 T,
. &)
and the functions P K¢( §) are to be properly chosen such that Tfo(Hm
g 8.
approaches {in the sense of bilinear forms on states with finite energy) the
energy density integrated over the region 0 5

(HS) 10.

By standard arguments (L‘H] , ¢f. also Ll?]) one can establish for TT,

an energy bound of the form (34). Moreover, from (36) one obtains
m 11,
o] [ -
wa (HEY = 22 (g, =-N77g.), (38)
K=1 = £

and taking 1ntc account the constraints on the functions 3 as well as the

fact that Z, e,'*ﬂ’m‘-oo one can show that the sequence co (H )dlverges.
i=4
Since the arguments are very similar to those given in the previous section

we omit them and just state the final result.

Proposition 2: In a model with mass spectrum ‘M, , iefN a1 equilibrium
states &_)P ) /3) 0 have finite local energy if and only if the muclearity

condition (6) is satisfied.
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