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Abstract

We develop a theory of T-duality for transitive Courant algebroids.
We show that T-duality between transitive Courant algebroids £ —
M and E — M induces a map between the spaces of sections of the
corresponding canonical weighted spinor bundles Sg and S, intertwin-
ing the canonical Dirac generating operators. The map is shown to
induce an isomorphism between the spaces of invariant spinors, com-
patible with an isomorphism between the spaces of invariant sections
of the Courant algebroids. The notion of invariance is defined after
lifting the vertical parallelisms of the underlying torus bundles M — B
and M — B to the Courant algebroids and their spinor bundles. We
prove a general existence result for T-duals under assumptions gen-
eralizing the cohomological integrality conditions for T-duality in the
exact case. Specializing our construction, we find that the T-dual of
an exact or a heterotic Courant algebroid is again exact or heterotic,
respectively.
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The concept of T-duality appeared first in theoretical physics as a duality
between a pair of physical theories related by compactification of a common
(possibly hidden) theory along circles of reciprocal radii. Examples include
the famous duality between type ITA and type IIB string theories. More
generally, it refers to an isomorphism between certain type of structures on
a pair of torus bundles over the same manifold.



Precise formulations of T-duality are available in the framework of gener-
alized geometry (in the sense of Hitchin) [7, 2]. Recall that the basic idea of
generalized geometry is to replace the tangent bundle T'M of a manifold M by
a Courant algebroid E. The first examples of Courant algebroids considered
in the literature were the exact Courant algebroids. They are obtained from
the generalized tangent bundle TM := T*M & T M by twisting the canonical
Dorfman bracket with a closed 3-form. A more general class of transitive
Courant algebroids is the class of heterotic Courant algebroids considered
in [2]. These were introduced by Baraglia and Hekmati [2] motivated by
T-duality in heterotic string theory. Cavalcanti and Gualtieri [7] developed a
theory of T-duality for exact Courant algebroids and Baraglia and Hekmati
[2] extended it to heterotic Courant algebroids. The approach of [2] is based
on reduction of exact Courant algebroids and uses T-duality for the latter
algebroids.

In this article we develop T-duality for transitive Courant algebroids.
Let M and M be principal k-torus bundles over a manifold B. We call two
transitive Courant algebroids E and E over M and M, respectively, T-dual
if there exists a certain type of isomorphism between the pullbacks of £ and
E to the fiber product N = M xp M (see Definition 47 for details). We
show that T-duality gives rise to a map between the spaces of sections of
the corresponding canonical weighted spinor bundles S and Sz intertwining
the canonical Dirac generating operators, see Theorem 54. More specifically,
we obtain compatible isomorphisms between the spaces of (appropriately
defined) invariant sections of £ and E as well as between the spaces of
invariant sections of Sp and Sj;. This implies, in particular, that any invariant
geometric structure on the Courant algebroid E gives rise to a corresponding
invariant ‘T-dual’ geometric structure on E. A structure solving a system
of partial differential equations defined in terms of the Courant algebroid
structure on E will be mapped to a solution of the corresponding system
on E. Examples include integrability equations as considered in [9] and
equations of motion of physical theories such as supergravity. We plan to
investigate these type of applications in the future.

In Theorem 60 we prove the existence of a T-dual E for a class of tran-
sitive Courant algebroids E over a principal torus bundle M — B under the
assumption that certain cohomology classes in H?(B,R) are integral. The
result generalizes a theorem of Bouwknegt, Hannabuss, and Mathai [6] in the
exact case, see Section 6.4.1. In the heterotic case we show that the ‘T-dual’
Courant algebroids obtained from our construction are again heterotic, see
Proposition 62.
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2 Preliminary material

To keep the text reasonably self-contained, we recall, following [8, 9], basic
facts we need on transitive Courant algebroids and their canonical Dirac
generating operator. We assume that the reader is familiar with the definition
of Courant algebroids, Dirac generating operators, generalized connections
and E-connections. Basic facts on these notions can be found e.g. in [9], the
approach and notation of which we preserve along the paper. In this paper
we always assume that the Courant algebroids have scalar product of neutral
signature. For the definition of densities we keep the conventions from our
previous work [9] which coincide with those from [3]. Namely, if V' is a vector
space of dimension n and s € R, then the one-dimensional oriented vector
space |detV*|® of s-densities on V consists of all maps ¥ : A"V \ {0} — R
(called s-densities) which satisfy w(A\0) = |A\|*w(?), for any ¢ € A™\ {0}
and A € R\ {0}. Note that, when s is an integer, |detV*|* is canonically
isomorphic to |detV*|®s and |detV*|** to (detV*)*. Any form w € A"V*
defines an s-density |w|*(V) = |w(vy,- -, v,)|%, where U := vy A+ Aw,. If
V' is oriented then we will identify A"V* and |det V*| by the isomorphism
which assigns to a positively oriented volume form w € A"V* the density |w];
the s-density |w|® will be denoted by w® when w is positively oriented and
|detV*|* by (detV*)® when V is oriented. The same notation will be used
when V' is replaced by a vector bundle.

2.1 The canonical Dirac generating operator

Let (E,m, [ ], (-, -)) be a regular Courant algebroid over a manifold M, with
anchor 7 : E — T'M, Dorfmann bracket [-,-] and scalar product (of neutral
signature) (-,-). Let S be an irreducible CI(E)-bundle (sometimes called a
spinor bundle of ). We denote by E' 3 v + =, the Clifford action of £ on S.
We assume that S is Zs-graded and that the gradation is compatible with the
Clifford multiplication (this always holds when F is oriented). Let |det S*|'/"
be the line bundle of 1/r-densities on S, where r :=rk.S. An E-connection
D on S induces an E-connection on |det S*|'/": if volg € ['(A”S*) is a local
volume form on S and D,vols = w(e)vols then D,|volg|"/" = Lw(e)|volg|'/",
for any e € E.

The canonical Dirac generating operator ¢ of E acts on sections of the



canonical weighted spinor bundle of £ determined by S. The latter is defined
by
S:=S®|det S*|'/" @ |det T*"M|"? =S® L, (1)

where S := S ® |det S*|'/" is the canonical spinor bundle of S and L :=
|det T*M|'/2. The operator ¢ : I'(S) — T'(S) is given by

d=D+ 1o, )

where I) := £ 37,7, DS is the Dirac operator computed with D® := D®®@D*,
D% is the E-connection on S induced by an arbitrary E-connection D on
S compatible with a given generalized connection D on E, D is the E-
connection on L defined by D by the rule

L.
Dql)/(:u) = ‘CW(U)M - §d1VD<U>M7 v E E7 IS F<L)7 <3>

where divp(v) := tr (Dv), (e;) is a frame of F, (&;) the metrically dual frame
(i.e. (i, €;) = 0;;) and TP € T(A3E*) is the torsion of D, viewed as a section
of the Clifford bundle CI(£) and acting by Clifford multiplication on S. The
definition of ¢ is independent of the choice of generalized connection D and
D-compatible E-connection D®.

2.2 Transitive Courant algebroids
2.2.1 Basic properties

Recall that a vector bundle G — M endowed with a tensor field [-,] €
['(A?G*® Q) satisfying the Jacobi identity is called a Lie algebra bundle if in a
neighborhood of every point p € N the tensor field has constant coefficients
with respect to some local frame. A bundle of quadratic Lie algebras is a
Lie algebra bundle (G, [-,-]) endowed with an ad-invariant metric (-,-)g €
['(Sym®G*), which we assume of neutral signature.

Let (G, [, ]g, (-, )g) be a bundle of quadratic Lie algebras over a manifold
M and E:=T"M © G ®TM. Let prg and prp,, be the natural projections
from FE to G and T'M respectively. As proved in Theorem 2.3 of [8], any
Courant algebroid with underlying bundle E, anchor pry,,, scalar product

1
<€+T1 +X7 77+7”2 +Y> = 5(77(}/) +€(X)) + <T17 T2>g, ga n S T*Ma 1,72 € ga
and whose Dorfman bracket satisfies

Prg [7“1, 7“2] = [7“17 Tz]g
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is defined by data (V, R, H) where V is a connection on the vector bundle
G, Re Q*(M,G) and H € Q3(M) such that V preserves (-, -)g and [+, -]g, the
curvature RV of V is given by

RY(X,Y)r = [R(X,Y),r]g, X,Y € X(M), r € T(G), (4)

and the following relations hold:

dYR =0, (5)
dH = (R A R)g. (6)
We recall that
(@YR)(X,Y,Z) = Y  (Vx(R(Y,Z)) - R(LxY,Z)) and
&(X,Y,Z2)
(RAR)G(X,Y,ZW) = 2 > (R(X,Y),R(Z,W))g,
&(X,Y,Z2)

where XY, Z, W € X(M) and &(X,Y, Z) denotes cyclic permutations over
X,Y, Z. The Dorfman bracket of E is uniquely determined by the relations

(X, Y] =LxY + R(X,Y) +iyixH

[(X,r] =Vxr —2(ixR,7)g

[r1,ro] = [r1,ma]g + 2(Vr1, m2)g

(X, 0] = Lxn, [m,n2) = [r,n] =0, (7)

for any X, Y € X(M), n1,m2,m € QY(M) and r, 71,75 € T(G), together with
the condition
[u, v] + [v,u] = 2d{u,v),u,v € T(F). (8)

Such a Courant algebroid is called a standard Courant algebroid. As proved in
[8], any transitive Courant algebroid (i.e. a Courant algebroid with surjective
anchor) is isomorphic to a standard Courant algebroid. A dissection of a
transitive Courant algebroid E is an isomorphism from FE to a standard
Courant algebroid. The quadratic Lie algebra bundle (G, [+, ]g, (-, )g) which
is a summand of a dissection of E is isomorphic to Kerm/(Kerm)t (with
scalar product and Lie bracket induced from E), where 7 : E — T'M is the
anchor of E. The following simple lemma holds.

Lemma 1. Let E be a transitive Courant algebroid with anchor m : E —
TM. Let (Go,[-]o, (-s-)0) be a quadratic Lie algebra bundle, isomorphic to
Kern/(Kerm)t. Then E admits a dissection Iy : E — T*M @ Gy & T'M.



Proof. Start with an arbitrary dissection [ : E — T*M & G & T'M, where
the target is defined by data (V, R, H) and a quadratic Lie algebra bundle
<g7 ['7 ']gv <'7 >Q) The new data

Vx :=KVxK™' R(X,Y):=KR(X,Y), HX,Y,Z) = HX,Y, Z),

where K : G — Gy is an isomorphism of quadratic Lie algebra bundles,
together with (G, [, -Jo, (, *)0), define a standard Courant algebroid isomor-
phic to T*M & G & TM (use relations (10) below with ® := 0 and  := 0).
By composing this isomorphism with I we obtain the required dissection of
E. O

Let B, . =T*M &G, ®TM (i =1,2) be two standard Courant algebroids
over a manifold M, defined by quadratic Lie algebra bundles (G;, [+, ‘g, (, *)g,)
and data (V@ R;, H;). As proved in Proposition 2.7 of [8], any fiber preserv-
ing Courant algebroid isomorphism I : £} — FEj5 is of the form

Ig(n)=mn, Ig(r) = 20"K(r)+ K(r), Ig(X) =ixf—P"®(X)+d(X)+ X,

(9)
for any X € X(M), r € T'(G)) and n € QY(M). Above 8 € Q*(M),
K € Isom(Gy, Gy) is an isomorphism of quadratic Lie algebra bundles, ® €
Ql<M7 92)7

O*: TM — T*M, (*@)(X)(Y) = (D(X), P(Y))g,,
K : G — T*M, (P°K)(r)(X) := (K(r), ®(X))g,,

for any X, Y € X(M) and r € I'(Gy), and the next relations are satisfied:

V&r = KV (K r) + [r, 8(X)]g,,
KRy(X,Y) — Ry(X,Y) = (d"7®)(X,Y) + [B(X), &(Y)]g,,
H1 _H2 :dﬁ+<(KR1+R2)/\(I)>g2 — C3, (10)

where ¢3(X,Y,Z) = (®(X),[@(Y),®(2)]g,)g,, for any XY, Z € X(M).
The second and third relations (10) are equivalent with relations (46) and
(47) of [8] (easy check) but are written in a simpler form. (We decomposed
prys s (Ig|rar), which in the notation of [8] is denoted by /3, into its symmetric
part —(®(-), ®(+))g, and skew-symmetric part J, see relation (44) of [8]).
Under an additional condition on the Courant algebroids E; relations (10)
can be further simplified, as follows.

Lemma 2. Assume that the adjoint actions adg, : G; — Der(G;) of the
Lie algebra bundles (Gi,[-,-]g,) of the standard Courant algebroids E; are
isomorphisms. Then the second relation (10) follows from the first.
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Proof. From the injectivity of adg,, the second relation (10) holds if and only
if

(2)

[KRI(Xv Y) - RQ(X7Y>7T]QQ = [(dv (I)><X7Y> + [(I)<X>7 (I)<Y>]g27r]gz (11>

for any r € I'(Gs). Taking the covariant derivative of the first relation (10)
we obtain

(VP (@(X)), 7lg, =[Ro(X,Y),rlg, + VL + VKV (K1)
—KVY (K. (12)
Now, a straightforward computation which uses the first relation (10), rela-
tion (12), and
(@77 2)(X,Y) = VR(@(Y)) = Vi (2(X)) = ®(LxY)
shows that
(@77 @)(X,Y), g, = [KRi(X,Y) = Ro(X,Y), g,
+ (VxK)(VyK ™) = (VyK)(VxK ™)) (r),  (13)
where V denotes the connection on End(G,G,) induced by V&) and V®),

On the other hand, using the Jacobi identity for [-,]g, and the first relation
(10), we can compute

[2(X), 2(Y)]gy, 7]g, = (VY E)(Vx K1) = (VxK)(VyE ) (r).  (14)
Relations (13) and (14) imply (11). O

We say that two dissections I; : £ — T*M & G; & TM of a tran-
sitive Courant algebroid E are related by (3, K,®), where 3 € Q*(M),
K € Isom(Gy,Go) and @ :€ QY(M,Gy), if the isomorphism I, o I is given
by (9).

The proof of the following proposition is straightforward.

Proposition 3. If I, : E; — Es and I, : E5 — E3 are isomorphisms between,
standard Courant algebroids E; = T*M @& G, T M, defined, according to (9),
by (B, K1, P1) and (Be, Ky, ) respectively, then Iyoly : By — Ej is defined
by (Bs, K3, ®3) where

Kg = KgKl, (I)g = (I)Q -+ Kg(bl (15)
and, for any X,Y € TM,

Ba(X,Y) 1= (81 + B2) (X, Y) + (Do X), Ko®1(Y))g, — (P2(Y), K2¢1(X)2%6->



In particular,

(B3 — @393)(X,Y) = (b1 — ©191)(X,Y) + (B2 — 93%2)(X, V)
= 2(K2®1 (X), Bo(Y))g,- (17)

2.2.2 The canonical Dirac generating operator of a standard Courant
algebroid

Let E =T*M ®& G & TM be a standard Courant algebroid as above and
Sg an irreducible Cl(G)-bundle, with canonical spinor bundle Sg. Then S :=
A(T*M)®Sg is an irreducible spinor bundle of E, with Clifford action

Yerrix(w® s) = (ixw +EAW) @5+ () w @ (- 5), (18)

forany E € T*M, r € G, X € TM, w € A(T*M) and s € Sg. The canonical
weighted spinor bundle of E determined by S, as defined in (1), is canonically
isomorphic to

S = A(T*M)&Sg (19)

owing to the canonical isomorphism
|det (A(TM) © S5| % © |det T* M| 2 |det 55[/" (20)
given by
(ZL @SN A Zy @) |7 @ |ar A Aam|Y? > |sEA- AstYT, (21)

where N :=rk A(T'M), r :=rk Sg, (s]) is a local frame of S, (;) is a local
frame of T*M, and (Z;) is the local frame of A(T'M) determined by the dual
frame (X;) of (o).

As shown in Theorem 67 of [9], the canonical Dirac generating operator
d: T (S) — I'(S) takes the form

dw®s) = (dw— HAw)® s+ V59(s) Aw
1 _

+ (DM @ (Cgs) + ()R ® 5), (22)
where w € Q(M) and s € T'(Sg). Above Cg € T'(A3G*) C T'(CI(G)) is the
Cartan form Cg(u,v,w) := ([u, v]g, w)g which acts on s by Clifford multipli-
cation, V5 is a connection on Sg induced by (any) connection V¢ on Sg
compatible with V,

V% (s) Aw = Zai ANw® (Vigzs)
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and
_ 1 -
RP(w®s) = 5 D (R(Xi, X;),ridglas Aoy Aw) ® (Fys),
ijk
where (ry) is a local frame of G, (7)) the metrically dual frame (i.e. (r;,7j)g =

0;; for any 4, j) and 7ys is the Clifford action of 7; on s. Sometimes it will be
convenient to write the canonical Dirac generating operator in the form

d(w@s):(dw)@s—H-(w®s)+Zai-(w®V§gl_s)

- icg (w®s) — % D (R(Xi, X)) ri)g - i 0 - (w @ s), (23)

i7j7k

where the dots denote the Clifford action of CI(E) = AE on S.

3 The bilinear pairing on spinors

Let (E, 7, [, ], (-, )g) be arank 2n > 2 regular Courant algebroid over a man-
ifold M, S an irreducible spinor bundle of E of rank r and S = S®| det S*|*/"
the canonical spinor bundle of S. Before we state the next proposition we
need to define the determinant of a bilinear pairing (-,-) on S. For this we
consider (-,-) as a map S — §*, v — (v,-). Its determinant det S — det S*
defines a nowhere vanishing section det(-,-) € T'((det S*)®?). Since § =
S®|det S*[V/7, det S = det S®| det S*| and (det S)? = (det S)?® | det S*|? =
(det S)?®(det S*)? is canonically identified with the trivial line bundle, which
means that det(-,-) is simply a real-valued function. This function can be
computed as follows: let (s;) be a local frame of S defined on some open set
UCMandl:=|s;A---As,|~/". The determinant det(-,-) of (-, -) coincides
on U with the determinant of the matrix A = (a;;) where a;; := (s5;,®1, 5;®1).
Note that det A(-,-) = A"det(-, -), for any A € R*.

Proposition 4. i) For any U C M open and sufficiently small, there is a

pairing
{8y - T(Slv) x D(S|y) = C=(U) (24)

which is C(U)-linear, satisfies
(u-s,u-3)s, = (u,u)p(s,38)s,, vwel'(Ely),s secl(Sy) (25)

and has determinant one if n > 1 and —1 if n = 1. Any two such pairings
differ by multiplication by +1.

10



i) If n is even then the even and odd parts S|y and S|y of S|y are
orthogonal with respect to (-,)s|,. Ifn is odd then 8°|y; and S|y are isotropic
with respect to (-, -)s|, -

iii) The pairing is symmetric if n = 0,1 (mod 4) and skew-symmetric if
n=2,3 (mod 4).

w) Let D be a generalized connection on E. The pairing (-,-)s|, s pre-
served by the E-connection D® induced by (any) E-connection D° on S,
compatible with D.

The remaining part of this section is devoted to the proof of Proposition

4 and to various corollaries. Let V' be an n-dimensional vector space. We

begin by considering the irreducible CI(V @ V*)-module AV* where V & V*

is endowed with its standard metric of neutral signature (X + &, Y 4+ n) =
$(£(Y) 4+ n(X)) and the Clifford action is given by

(X+lw=ixw+ENw, X eV, £€ V™ we AV™.

It is well-known that the vector valued bilinear pairing

(o) AV @AV = A"V* (w,@) == (w' A D) (26)

top ’
where ' : AV* — AV* is defined on decomposable forms by (a3 A---Aay)! :=
ai N\ -+ Aog and, for a form w € AV*, wi,, € A"V denotes its component
of maximal degree, satisfies (25) (see e.g. [12]). Since the metric of V @ V*
has neutral signature, we obtain that (26) is determined (up to multipli-
cation by a non-zero constant), by this property. Note that A®**V* and
A°d4V* are orthogonal with respect to the pairing (26) when n is even and
are isotropic when n is odd. Also it is easy to check that the above pair-
ing is non-degenerate, symmetric if n = 0,1 (mod 4) and skew-symmetric
if n = 2,3 (mod 4). By choosing a volume form on V', we obtain an R-
valued pairing with the same properties. These considerations hold for any
irreducible Clifford module in neutral signature and lead to the following
lemma.

Lemma 5. For any p € M, there is a canonical (determined up to mul-
tiplication by 1) R-valued pairing (-,-)s, on S, which satisfies (25) and
det(-,-)s, = 1 if n > 1, respectively det(-,-)s, = —1 if n = 1. The pairing
is symmetric if n = 0,1 (mod 4) and skew-symmetric if n = 2,3 (mod 4).
Moreover, SS and 8; are orthogonal with respect to (-,-)s, when n is even
and are isotropic when n s odd.

Proof. It remains to prove that we can rescale (-,-)s, appropriately in order
to have det(-,-)s, = 1 or —1. Assume that n > 1. Using det(A(,-)s,) =

11



A'det((-,-)s,), this reduces to showing that det(-,-)s, > 0 for any bilin-
ear pairing (-,-)s, which satisfies (25). For this, it is sufficient to com-
pute det(-,-)s, using a basis of S, of the form (s, -, 8,/2,v81, -+ ,V8,/2)
where v € E satisfies (v,v)g, = 1. We obtain det((-,-)s,) = (det A)?, where
A = (Ay) € My oy o(R) with Aj; = (s; ®1,5; ® [)s, when n is even, A;; =
(si®l,vs;®@1)s, when n > 1isodd and I := [s1A- - -AS, /o AVSI A+ - AVS, 0| V7
in both cases. For n =1 we obtain instead det((-,-)s,) = —(det A)*. O

Remark 6. There is the following tautological way to compute (-, -)s,. Con-
sider a bilinear pairing (-,-)g, on Sy, which satisfies (25). Take a local frame
(s;) of Sp and let [ := [s; A-++ A s,|~Y/". Then

(s@1,5@1)s =|det O| 7" (s,3)s,, C = ({si,5;)s,)i;- (27)
The next lemma concludes the proof of Proposition 4.

Lemma 7. Let U be a sufficiently small open subset of M. The section of
(§*®8*)/ £1 defined by the pairings (-,-)s, from Lemma 5 lifts to a smooth
section (-,)s|, of S*|luv ® 8*|y, which is preserved by the E-connection D®
on S induced by any generalized connection D on E.

Proof. Assume that E|; admits a local frame (e;) with (e;, e;) g = €;0;;, where
¢, =1fori <mand —1 fori>n+1. On R?>" we consider the standard basis
(v;) and metric (-, -)gen defined by (v;, v;)gen = €;0;;. Let V be an irreducible
CI(R*")-module and ¥ := U x V, which is an irreducible Cl(E|y)-bundle
with Clifford action 7., (p, w) := (p,v; - w), for any (p,w) € U x V. Since E
has neutral signature, S|y = ¥ ® L where L is a line bundle and

Sly =L@ |det 2*|V" ® L ® |L*],
where 7 := dim V. The bilinear pairing (-, -)s|,, we are looking for is given by
(s@1,501)s = (5, 8)ygaet o7y 5,5 € L@ |det SV le Lo |LY,

where (S, 8)yg|det w+1/+ 18 the constant pairing on X induced by a canonical

R-valued pairing on V' ® |det V*|'/" and [> € C=(U) under the canonical
isomorphism (L ® |L*])? = U x R. If

Du(er) =2 wyi(u)(ep Aej)(ex), Yu € T(Ey),

Jj<p

where w,; € I'(E*|y), then the E-connection D* on ¥ defined by



where (0,) is a constant frame of X, is compatible with D (see e.g. [9]). Since
trace( e;e;-) =0, D*(oy A---Ao,) = 0 and the E-connection induced by D*
on ¥ ® |det X¥|'/", also denoted by D*, satisfies

D¥(0, ®1x) = Zwﬂ (ejei - 0q) ® s,

1<J

where Iy, := |0y A+ - Ao,.| 7Y/, Since (-, ) s@det s+[1/r 18 constant in the frame
(04 ® ly) and the Clifford action of e;e; is skew-symmetric with respect to
(") sldetss< 1/ (from the property (25) of (-, -)sg|qer x+1/-), We obtain that D>
preserves (-, -)yglder 1/~ Let D* be an E-connection on L. Then D* @ D"
is an F-connection on S|y, compatible with D, with the property that the
induced connection on S|y preserves (-, -)s (easy check). The latter coincides

As a consequence of Proposition 4 we obtain, for any U C M open and
sufficiently small, a canonical (unique modulo £1) C°°(U)-bilinear pairing

(-.)slo : D(S|u) x D(S|y) = |det T*UY, (s ®1,5® l)s), = (s,8)s,1*, (28)
where 5,5 € T'(S|y) and [ € |det T*U|*/2. It satisfies

(u-(s®l),u-(3®1))s|, = (u, u)p(s®L, 5@1)g|,, u € I'(E|y), s®l, 501 € I'(S|y).

(29)
When M is oriented, (-,-)s|, takes values in the bundle det7*U of forms
of top degree on U. A pairing with similar properties (but with values in
(det T*U) @ C) was constructed in Proposition 3.14 of [13].

Given a standard Courant algebroid T*M @& G ® T'M, we will often con-
sider, as in the next lemma, an irreducible Cl(G)-bundle Sg of G. This will
always be assumed to be Z,-graded, with gradation compatible with the Clif-
ford action. In the next lemma by a canonical bilinear pairing of the weighted
spinor bundle Sg|y of Sg|ly we mean a smooth C°°(U)-bilinear pairing

(s )slu  T(Sglv) x T'(Sglu) = C=(U) (30)
of normalized determinant, which satisfies

<u *S U §>SQ\U = <’LL, u>g<$, §>39\U7 (31)

for any s,5 € I'(Sg|ly) and v € I'(G|y). With the same argument as in
Proposition 4, such a pairing exists when U C M is a sufficiently small
open set and is unique up to multiplication by £1. It is preserved by the
connection V99 induced by any connection V¢ on Sg compatible with V.
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Lemma 8. Assume that E =T*M & G ® TM is a standard Courant alge-
broid over an oriented manifold M, defined by a quadratic Lie algebra bundle
(G, [,"lg, (,")g) and data (V, R, H). Let Sg be an irreducible C1(G)-bundle,
Sg = Sg®|detS*|/" the canonical spinor bundle of Sg and S = A(T*M)®Sg
the corresponding canonical weighted spinor bundle of E. For any U C M
open and sufficiently small, the canonical bilinear pairing (-, -)s|,, is given (up
to multiplication by +1) by

w0 ®5,0® 8y = (DD AD) (5,8 sy (32)

where (-, -)sg), 15 the canonical bilinear pairing of Sglu.

Proof. The claim is a consequence of the following general statement: if
(Vi, (+,+);) are Euclidian vector spaces with metrics of neutral signature and
S; are irreducible C1(V;)-modules of ranks r;, with canonical bilinear pairings
(-,")s, on S; = S;®@|det S7|/", then S := S1®S, is an irreducible C1(V; @ V3)-
module, with canonical spinor module S = S;®S, and the canonical bilinear
pairing on § is given by

($1® 82,51 ® S2)s = (—1)|32‘(|sl‘+|§1|)<517 51)5, (52, 82).s,- (33)

Indeed, the scalar product (33) satisfies (25) (easy check). In order to show
that it has normalized determinant, we remark that

det <'> '>S = det <'7 >:S = (det <'7 '>31)r2 (det <'7 '>32)r1 =1, (34)
where

(81 ® S92, 81 @ 8a2)5 := (51, 51)s, (2, 52) 5,

The first relation in (34) can be checked using that the scalar products (-, -)s
and (-,-)s differ only by a sign (dependent on degrees) when restricted to
tensor products of homogeneous elements. (Recall that the even and odd
parts of S; are orthogonal or isotropic with respect to (-, -)s;.) O

The next corollary will be used to show that the pushforward commutes
with the canonical Dirac generating operators (see Section 4.3).

Corollary 9. In the setting of Lemma 8, let V¢ be the connection on Sg
induced by an arbitrary connection V3 on Sg, compatible with V. Define
E € EndI'(S|y) by

Ew®s) = (dw)@s+ Y (0 Aw)® Vs, weQU), s€T(Sgly) (35)
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where (X;) is a local frame of TU, with dual frame (a;). Then, for any
U C M open and sufficiently small and products w ® s, ® § € I'(S|y) of
homogeneous elements,

(5(w ® S)7 w & §>S|U + <w ® s, 5(@ ® §)>S\U =
(1) I (5, 3) 5y 00! A D) (36)

Here m is the dimension of M and w,,_1 denotes the degree (m—1)-component
of a form w € QU).
Proof. We use the expression (32) of the canonical bilinear pairing (-, -)g),, of
S|y = AMT*U)®Sg|yy. Since d(w?) = (—1)¥!(dw)* we obtain

(dw) ® 5,0 ® 8)g),, =

(_1)|S\(|W|+\5J\+1)+\w\<S’ §>3g\u (d((wt /\(Ij)m,l) + (_1)\w\+1(wt A da])top) . (37>

Similarly, since (a; Aw)! = w! A o and using that V9 preserves (-, -)
obtain

Sgly We

(u Aw) @ V5is,0 @ 3)g),, =

i

<_1)\S|(\w\+|®|+1)(wt A o /\(If)top (Xi<8, §>3g\U . <S, Vf{i|U§>3g|U> . (38)

From (37) and (38) we obtain (36). O

4 Dirac generating operator and operations
on spinors

4.1 Behaviour of canonical Dirac generating operators
under isomorphisms

The next lemma and proposition are stated for transitive Courant algebroids
but the same arguments hold in the larger setting of regular Courant alge-
broids.

Lemma 10. Let Ig : E; — FEy be an isomorphism of transitive Courant
algebroids over a manifold M and S; irreducible C1(E;)-bundles (i = 1,2).
Then, for any U C M open and sufficiently small, there is a unique (up
to multiplication by a smooth non-vanishing function) isomorphism Ig, :
Silu — Salu such that

[S\U O Yu = Vig(u) © [S|U7 Vu € El‘U' (39>
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The map I, is homogeneous (i.e. even or odd). If d; € EndT'(Si|y) is a
Dirac generating operator of Ei|y then dy := Ig), o, o IS]}J € EndI'(Ss|p)
is a Dirac generating operator of Es|y.

Proof. For any p € M consider the maps
Cl(E1)p 2 u = Vipw) € End(Ss),, Cl(E1), 2 v — 7, € End(S1),.  (40)

Since Ig is an isometry, Ip(uv) = Ig(u)lg(v) in the Clifford algebras and
both maps (40) are irreducible representations of CI(E}),. Since the metric
(-, ) g, has neutral signature, the two representations are equivalent, i.e. there
is an isomorphism (Ig), : (S1), — (S2), (unique up to a multiplicative factor)
such that
Vs = (Is)p 0o (Is), " Vu € (Er),, (41)
which is equivalent to (39). We now show that for any U C M open and suf-
ficiently small, the isomorphisms (/g), define an isomorphism Ig),, : 51|y —
Sa |y with the property (39). Assume that F; |y admits an orthonormal frame
(e;) and let (é;) := (Ig(e;)) be the corresponding orthonormal frame of Fs|y.
Like in the proof of Lemma 7, S;|y = ¥; ® L; where 3; := U x V are
Cl(E;)-bundles, constructed using an irreducible C1(R?*)-module V' and the
orthonormal frames (e;) and (é;) respectively, and L; are line bundles over
U. Restricting U if necessary, we may assume that L; are isomorphic. Let
Iy, : Ly — Ly be an isomorphism. Then Ig, : S|y — S|y defined by
I, (o ®1) := o ®IL(l) satisfies (39). The even and odd parts of S; are given
by Sf = 1(1+e€v,)S and S} = $(1—ey,)S, where e € {1} andw = e; - - - €2,,,
and similarly for the even and odd parts of Sy (using @ = é;---¢é,). There-
fore the statement that Ig|, is homogeneous follows from (39), which implies
that Ig), 0V, = Yz 01g),. Since Ig), is homogeneous and ds is odd, we obtain
that also ¢, is odd. The statement that ¢, satisfies the remaing conditions
from the definition of a Dirac generating operator can be checked using (41),
which implies
oy Vipw)] = Isiy © [y, vl © I, - O

Remark 11. In general, the isomorphisms /g, do not glue together to give
an isomorphism Ig : S; — Sy compatible with Igr. However, assume that
E, = Fy = F and let S; = S5 = S be an irreducible spinor bundle over
CI(E).If Iy € Aut(E) is of the form Ig(u) = a-u-a~ !, where a € I'(Pin(F)),
then Is € Aut(S) defined by Is(s) := a - s, s € ['(S), satisfies (39).

The isomorphism I, : Si|ly — Sa|v from Lemma 10 induces an isomor-
phism Ig,, : Si|lv — Sa|u between the canonical spinor bundles of S; and S,
given by

[3(8 X ‘81 JANRERIVAN ST‘il/r) = ([SS) X |1581 VANREIWAN [SST|71/T, (42)
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where sy A --- A's, € I'(A"(Si|y)) is non-vanishing. Since Ig),, is unique up
to a multiplicative factor, Is|, is independent of the choice of Ig|,,, modulo
multiplication by %1 (see also Remark 55 of [9]).

Lemma 12. For any U C M open and sufficiently small, the isomor-
phism Ig), preserves the canonical bilinear pairings (-,-)s,, of Silu, i.e.
(Iss,1s8)s,)y, = €(5,8)s11y, for all 5,5 € I'(S1|y), where e € {£1} is in-
dependent of s, s.

Proof. From relation (39) and the fact that [ is an isometry, we obtain
that bilinear pairing (s, §)5,,, := (Is(5), Is(8))s,), on Sy satisfies (25). Also,
det (-, )5, = det (-, )y, = 1, if tk By > 2 (and = —1 if rk By = 2). O

From the above lemma, Ig), := Is, ® Idjgeq /2 @ Silu — Sap satisfies

sy (5), Isjy (8))sale = €(8, 8)salus 5,5 € T(Silv) (43)

where (-,)s,|, are the canonical |det T*U|-valued bilinear pairings of the
canonical weighted spinor bundles S;|;; of E;|y determined by S;|y and € €
{#£1} is independent on s and 3.

Notation 13. The isomorphisms Ig|, and Ig, are determined only up to
multiplication by +1. In our computations we will often choose (without
repeating it each time) one I, Ig|, or Ig,, and refer to it as the isomor-
phism induced by I (or the isomorphism compatible with I) on the spinor
bundle, canonical spinor bundle and canonical weighted spinor bundle on U,
respectively. The arguments will be independent on this choice. A similar
convention will be used for the various canonical bilinear pairings like (-, -)g|,,
or (-, -)syly and for the pullback and pushforward on spinors (which will also
be uniquely defined only up to multiplication by 41, see the next sections).

Remark 14. In the setting of Lemma 10, assume that F; = T"M ©® G; ®
TM (i = 1,2) are standard Courant algebroids and that Ig : S; — Sy is
defined globally. Let Sg, be irreducible Cl(G;)-bundles of rank r and S; :=
A(T*M)®Sg,. Using (19) and (20), one can show that the isomorphism

Is:S; = AM(T*M)®Sg, — So = A (T*M)®Sg,

induced by I : £} — FE5 on the canonical weighted spinor bundles determined
by S; is given in terms of Ig : S — Sy by

Iw®s®|st A Ast|) = |det (Ig)| 5 Ig(w ® ) @ |§5A -+ AF|r, (44)

where w ® s € I'(S)), (s7) and (57) are local frames of S¢ and S¢, respec-

K3 7

tively, N := rk A(T'M), r := 1k Sg,, and det (Ig) is the determinant of the
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representation matrix of Ig in the local frames (€2; ® s;) and (£; ® §;) respec-
tively, where (£2;) is the local frame of A(7*M) induced by a local frame of
TM and (s;), (8;) are the frames dual to (s}) and (8}) respectively. (We shall
refer to det (Ig) as the determinant of /s with respect to the local frames (s;)
and (§;)).

Proposition 15. In the setting of Lemma 10, if d, is the canonical Dirac
generating operator of Ey|y then

~1
d2 - [S\U 0] dl 0] [S|U (45)
is the canonical Dirac generating operator of Esly.

Proof. Let V(Y be a metric connection on E; |y and V! a compatible con-
nection on Si|y. Let DWW and D% be the generalized connection on FEi|y
and the E|y-connection on S;|y defined by VM) and V! respectively. Let
V@ = I5oVWol " and V2 := Ig,, 0V 0 (Ig,) . Then V? is a metric
connection on Ey|y and V2 is compatible with V). Let D® and D*? be
the generalized connection on Fs|y and the (compatible) Es|p-connection on
So|vr, defined by V) and V*2. As formula (2) for the canonical Dirac gen-
erating operator is independent of the choice of generalized connection (and
compatible E-connection), we can (and will) choose to compute d, and d,
using (DW, D1) and (D®, D) respectively.
A straightforward computation using (3) shows that

(D) k= (DW)ep, Vu € Bily, peT(L|y) (46)
and

(D% @ (DP)E), = Iy, o (D% @ (DW)F) a0 (L)' (47)

Relation (47) implies that the Dirac operators »® on So|er and " on Silv
computed with D52 @ (D)X and DS @ (DW)" respectively, are related by

2 1 _
ZD( ) = [S|U O ZD( ) o) (IS\U> 1. (48)
On the other hand, it is easy to see that
TD(Q) (u7 v, 'l,U) = TD(l) (IEIUH [Elvu [Elw), vu, v, w ~ EQ‘U

which implies that
TP? = (TP (49)

where TP € T(A3E;|y) c T'Cl(E;|y) and I denotes the action induced
by the isometry Iz on Clifford algebras. Relations (39) and (49) imply that
Yp@ = Iy ©V,p0) © (Is),) " which, together with (2 and (48), implies our
claim. 0
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4.2 Pullback of spinors

Let f: M — N be a submersion and F a transitive Courant algebroid over
N. Following [14], we recall the definition of the pullback Courant algebroid
f'E. Let TM := T*M @ TM be the generalized tangent bundle with its
standard Courant algebroid structure, given by the Dorfmann bracket

E+ X, n+Y]:=Lx(Y +1n)—iydé, (50)

forany X,Y € X(M), &,n € QY(M), scalar product ({+X,n+Y) := 2(£(Y)+
n(X)) and anchor the natural projection from TAM to T'M. Consider the
direct product Courant algebroid E x TM and let a : Ex TM — T'(N x M)
be its anchor. Then C := a*(T'M;) is a coisotropic subbundle of E x TM
over the graph My C N x M of f, which we identify with M. Its fiber over
p € M is given by

Cp = {(u,n+ X) € By x T,M | 7(u) = (dpf)(X)} (51)

and
1, . "
Cpl = {(57 V. —(dpf)y) [ v € Tf(p)N} C Gy, (52)

where 7* : T*N — E' is the dual of the anchor 7 : ' — T'N composed with
the natural identification E* = F induced by the scalar product (-,-) of E.
The quotient C'//C* is a Courant algebroid over M 2 M with anchor, scalar
product and Courant bracket induced from E x TM. The Courant algebroid
C/C* was called in [14] the pullback of E by the map f.

Lemma 16. i) Let E = T*N & G @ T'N be a standard Courant alge-
broid, defined by a bundle of quadratic Lie algebras (G, [-,-]g, (-,)g) and data
(V,R,H). Then f'E is isomorphic to the standard Courant algebroid defined
by the bundle of quadratic Lie algebras

(f°G, [slpeg = 7l lgs (g = f7( 7))

together with (f*V, f*R, f*H).

ii) Let I : By — Ey be an isomorphism between two transitive Courant
algebroids over N and a; : E; x TM — T(N x M) the anchors of the direct
product Courant algebroids E; x TM (i = 1,2). Then I induces a Courant
algebroid isomorphism I7 : f'Ey, — f'Ey defined by

Hl(u,n+ X)) = [(I(u),n+ X)], Y(u,n+ X) € (Ch)y, (53)

where C; = (a;)"Y(T'My) and [(I(u),n + X)] denotes the class of (I(u),n+
X) € (Cy)p, modulo (Cy),.
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i11) Let E be a transitive Courant algebroid over N. Any dissection of E
induces a dissection of f'E. Moreover, if I, : E — T*N ®& G; ® TN are two
dissections of E, related by (3, K, ®), then the induced dissections of f'E are
related by (f*3, f*K, f*®).

Proof. 1) We claim that the quadratic Lie algebra bundle (f*G, [-, | f+g, (, ) )
together with (f*V, f*R, f*H) define a standard Courant algebroid. The
proof reduces to the verification of the conditions stated in Section 2.2.1.
The form f*R is defined by (f*R)(X,Y) = R(dfX,dfY) € Gypy = (f*G)p,
for any X,Y € T,M, p € M. To show, for instance, that

@V (f*R))(X,Y,Z) =0 forall X,Y,Z e X(M), (54)

cf. equation (5), we notice that it holds for any projectable vector fields
X,Y,Z € X(M), since

("Vx[(fFR)Y, Z)] = ["[V5xR(LY, f.2)],
(f"R)(LxY, Z) = f[R(Ly.x .Y, fZ)]

and that it is C°°(M)-linear in all arguments X, Y, Z. Here f.X denotes
the vector field on N obtained by projection of a projectable vector field
X € X(M). Recall that for projectable vector fields we have df X = (f.X)of.
Relation (54) follows. In a similar way we prove that (f*G, [, ]tg, (-,") r+g)
together with (f*V, f*R, f*H) satisfy the remaining conditions for standard
Courant algebroids.

One can show that the map

F:T"M& ['GoTM — f'E, Fin+r+X):=[(r+df (X),n+ X)] (55)

where n € ToM, r € Gy, X € T,M and p € M is arbitrary, is a
Courant algebroid isomorphism between the standard Courant algebroid de-
fined by the quadratic Lie algebra bundle (f*G, [, ]f-g, (-, )g) together with
(f*V,f*R, f*H), and f'E.

ii), iii) Claim ii) is an easy check and claim iii) follows by combining
claims ii) and iii) and using (9). O

Our next aim is to define a pullback from spinors of E to spinors of f'E.
At first, we assume that F is a standard Courant algebroid.

Remark 17. i) Assume that £ = T*N & G @ T'N is a standard Courant
algebroid, defined by a bundle of quadratic Lie algebras (G, |-, ]g, (-, )g) and
data (V,R, H). Using the isomorphism (55), we often identify (without
repeating it each time) f'E with the standard Courant algebroid T*M &
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f*G®T M defined by the quadratic Lie algebra bundle (f*G, f*[, g, f/*(,-)g)
and data (f*V, f*R, f*H). We fix an irreducible Cl(G)-bundle Sg. Then
Speg = f*Sg is an irreducible Cl(f*G)-bundle and f*Sg = Sy-g. The natural
map

f*:T(Sn) =N, Sg) = T'(Sar) = UM, f*Sg),
w®s— [H(w)© [ (s) (56)

preserves the Zo-degrees of Sy and Sy;. It is called the pullback on spinors.

ii) Assume in addition that f : M — N is endowed with a horizontal
distribution. For any X € X(N), we denote by X € X(M) the horizontal lift
of X and we define a map

fOT(E) S T(FE), ffE+r+X) = E+r)+X. (57)
Let (-,-)p and (-, ) pp be the scalar products of E and f'E. As
(Fr(), [ () g = (w,v)po f, u,v € T(E),
we obtain an induced map f* : I' CI(E) — I' Cl(f'E), which satisfies
ff(u-v) = f*(u)- f*(v), Yu,v € T CI(E) (58)

and
fflu-s)= f"(u)- f*(s), ue I'CI(E), s € T'(Sy). (59)

Assume now that FE is a transitive, but not necessarily standard, Courant
algebroid and let Sg and Sy be canonical weighted spinor bundles of E
and f'E, determined by irreducible spinor bundles Sg and S 1 respectively.
In order to be able to construct a pullback map from I'(Sg) to I'(Spp),
we assume that the following condition is satisfied: there is a dissection
I:FE— Ey=T*N®G®TN of FE and an irreducible CI(G)-bundle Sg, such
that I and the dissection I/ : f'E — Ey = T*M ® f*G®TM of f'E induce
global isomorphisms Is : Sp — A(T*N)&Sg and I} : Spp — MT*M)& f*Sg
between spinor bundles. We shall often refer to (I, Sg) as an admissible pair
for Sg and Syp. Let

Is : SE — SN = A(T*N)®Sg
I :Spp — Sy = AT"M)&f*Sg (60)

be the induced (global) isomorphisms between the canonical weighted spinor
bundles determined by Sg, A(T*N)®Sg, Sy and A(T*M)® f*Sg.
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Lemma 18. The map

fiT(SE) = T(Spw), fi= () o frols (61)
is well defined, up to multiplication by +1. It is called the pullback on spinors.
Proof. Let

be an isomorphism between standard Courant algebroids and
I' f'Ey=T"M& f'Ge&TM — fE;=T*M& G ®&T*M

the induced isomorphism between their pullbacks. Let Sg, be irreducible
C1(G;)-bundles, such that I and I/ induce global isomorphisms

Is: A(TN)®Sg, — ATN)®Sg,, It : N\TM)&f*Sg, — ATM)&f*Sg,.

By considering two admissible pairs for Sp and Sy the claim reduces to
showing that
[gM off=¢€f"ols, (63)
where € € {£1},
Is, :Sy =S¥, I Sy, — S} (64)

are the isomorphisms induced by I and I/ on the canonical weighted spinor
bundles ' '
v =AMT"N)&Sg,, Sy = MT"M)&f*Sg,

determined by the spinor bundles
Sk = AMT*N)®Sg,, Si; = ANT*M)&f*Sg,

where Sg, = Sg, ® |det S5 |/", and f* : Sy — S, are defined by (56). In
order to prove (63) we fix a distribution D C T'M complementary to Ker df
and we decompose orthogonally f'E; = V;" @&V~ where V,© and V_ are given
by

(ViJr)p = D; D (gi>f(p) ©® Dp

(V7), = (Kerd,f)" @ Kerd,f,
for any p € M. Assume that [ is defined by (5, K, ®) as in Section 2.2.1.

Then, from Lemma 16 iii), I/ is defined by (f*8, f*K, f*®) and acts as the
identity on V'~ while its restiction I/+ := I/ |v1+ VT — V,' satisfies

(1), (fu) = f* (s (w), Y € (Br)gq), p €N, (65)

22



where f*: (E;)fp — (Vit), are given by (57), constructed using the distri-
bution D. Consider the spinor bundles

St = AD' @[ Sg, 5~ = A(Kerdf)" (66)

of V" and V~. Then Si, := S;" @S~ is a spinor bundle of f'E;, isomorphic
to the spinor bundle S}, via the Cl(f'E;)- bundle isomorphism

Ti: Sy = Sy T(wes)@n) = (=)Mwan s (67)
where w € AD* and s € f*Sg,, n € S~ are homogeneous. Let
Ift = frolsy o (f)7h: SE — S, (68)

where f* : S% — Sy and (f*)7! : S§ — Sk are induced by the pullback
(and its inverse). From (65), we obtain that Iéfr is compatible with I/+. Since
‘[f|V* = Id\/*)

fy
I (som) i= (—1)MH L (s) @, (69)

for any s € S; and n € S~ homogeneous, where |n| and \[gﬂ denote the

degrees of n and [ gi, is compatible with /. The isomorphism / éM induces,

via the isomorphisms (67), an isomorphism If : S}, — S3, compatible
with I/, which maps S;” C S}, onto S C S%, and whose restriction to S;
coincides with 1 éfr As we already know, any isomorphism compatible with I/
and acting between S}, is uniquely determined up to a multiplicative factor
and the isomorphism it induces on the canonical weighted spinor bundles S,
is independent of this factor, up to multiplication by £1. It remains to show
that the isomorphisms I : S}, — S, and Is, : Sy — S% induced by If
(defined as above) and Ig, are related by (63). For this, we use Remark 14.
Let (s;), (5;) be local frames of Sg,, Sg, and (s}), (5f) the dual frames. From
Remark (14),

E (wes)@|f*si A A frsiV?)
=If (wW®@s)@|f A A f*éi\1/2\det(f§M)\_’"N5N“ (70)

where w € A(T*M), s € f*Sg., Nj := rk(AD), N, := rk (A Kerdf), r :=
rk Sg, and det (I éM) denotes the determinant of / éM with respect to the local
frames (f*s;) and (f*3;). Similarly,

Iy, (w@s)@|sTA- - -Asy|2) = s, (wR8)@STA- - A8 |M2|det (Ls )| ™0 (T1)
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where w € A(T*N), s € Sg, and det([gs,) is the determinant of Ig, with
respect to the local frames (s;) and (§;). Using (70), (71) together with

det(If,) = det(IL)N = det(Is, )™ o f (72)

we obtain (63). (In the first relation (72) we used the definition of 1 éM and
(69) while in the second relation (72) we used the definition (68) of Ig,). O

Proposition 19. Let f : M — N be a submersion, E a transitive Courant al-
gebroid over N and Sg, Sp g canonical weighted spinor bundles of E and f'E
such that the pullback f': T'(Sg) — I'(Spg) is defined. Let d; € EndI'(Sg)
and dfsE € EndI'(Syp) be the canonical Dirac generating operators of E and
f'E. Then

f!OdE:df!Eof!' (73)

Proof. From the invariance of the canonical Dirac generating operators under
isomorphisms (see Proposition 15) and the definition of f' (see 61)) it is
sufficient to prove (73) when £ = T*N @ G @ T'N is a standard Courant
algebroid, as in Remark 17. With the notation of that remark, we need to
show that

ffody=dyof :T(Sy)— T'(Sy), (74)

where dy and d,,; are the canonical Dirac generating operators of E and
f'E=T*M @ f*G ® TM, which can be computed using (22). Let m and n
be the dimensions of M and N respectively. Let (X;)1<i<m be a local frame
of T'M such that (X;)i<i<, are projectable and their projections (f.X;)i<n
form a local frame of TN and (X;),+1<i<m are vertical. Let (a;)1<;<, be the
dual frame of (f.X;)1<i<n. Then, using f.X; =0 for any i > n + 1,

RIF(f(w®s))
— % Z< ([HRULXG [X5)), [rre) pea [ (i Aoy Aw) @ (f(re) f7(s5))
that is, . D
(R0 f)wos) = (' 0 RE)w ). (75)

On the other hand, if V¢ is compatible with V then V9f*¢ := f*V is
compatible with f*V and

Ve = frvoe, (76)

Relations (75), (76), Cy+g = f*Cg and the expression of the canonical Dirac
generating operator (22) imply (74). O
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4.3 Pushforward on spinors

Let f : M — N be a fiber bundle with compact fibers and M, N oriented. Let
E a transitive Courant algebroid over N. In this section we define a pushfor-
ward from spinors of f'F to spinors of E. As for the pullback, we assume first
that E =T*N ® G ®TN is a standard Courant algebroid, as in Remark 17.
We choose an irreducible Cl(G)-bundle Sg, with canonical spinor bundle Sg.
Consider an open cover U = {U;} of N and, for any U; € U, a canonical bi-
linear pairing <'7 '>Sg\Ui on F<SG‘U¢)' We define <'7 '>f*39|f71(Ui) = f*<7 '>59|Ui7
which is a canonical bilinear pairing on I'(Syg|s-1(1,)), where Sy-g = f*Sg
is the canonical spinor bundle of f*Sg. We denote by (-, -)s,, and (-, ~>Sf71(Ui)
the corresponding det (T*U;) and det (T* f~1(U;))-valued canonical bilinear
pairings on I'(Sy|y,) and T'(Sa|f-1(r)), where Sy = A(T*N)®Sg and Sy =
A(T*M)® f*Sg, see relation (32). For any U; € U, let

£ DSulp1wy) = QU1 U, °8g) = T(Snlw) = QU Sg) (77
be defined by
/ <f>l€]i$1782>SU. Z/ <31,f*52>8f71w,)7 (78)
Ui S (00 '

for all sy € I'(Syr|f-11;)) and sy € T'e(Sn|y,), where I'.(V') denotes the space
of compactly supported sections of a vector bundle V. Using the maps fUi
and a partition of unity {\;} of & we obtain a map

fi : T(Sm) = Q(M, f*Sg) — I'(Sn) = Q(N, Sg) (79)
defined by
(fis) = Z Aif (sl -1 0n), ¥ s € T(Sw). (80)

The map (79) is called the pushforward on spinors.

Remark 20. Recall that the pushforward on forms f. : Q(M) — Q(NV) has
the properties

food=dof., fu((fa)AB)=an .6, /M(f*oz)Aﬁz/NaAf*ﬁ- (81)

Let U be a local chart over which the fiber bundle f : M — N is trivial.
Then we can identify f~}(U) with U x F, where F is the compact fiber. The
decomposition U x F' induces a bigrading on ATyM = AT;U @ AT{F =
B, AT;U @ ATy F for all p = (x,t) € U x F. Then f,w = 0 for every
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differential form w on U x F of type (k,¢), ¢ # r = dim F. Choosing a
positively oriented volume form volg on the fiber F', we can write every
differential form of type (k,r) as w = hwy A volp, where h is a function on
U x F and wy is a differential form on U. Then

faw = wU/Fh(:L’,t)VOIF(t). (82)

So f, is simply integration over the fibers.

The next lemma provides a concrete formulation for the pushforward on
spinors in terms of the pushforward on forms.

Lemma 21. For any w ® f*s € I'(Syy) such that s is homogenous,

r(r—1)

fw® frs) = (1T (fu) @ s, (83)

where n and r are the dimensions of N and the fibers of f, respectively. In
particular, the pushforward is well-defined (i.e. independent on the choice of
U, partition of unity {\i} and canonical bilinear pairings (-, -)sq|y. )-

Proof. We show that for any w ® f*s € I'(Sys|f-1(,)) with s homogeneous
and O ® S € FC<SN Ui)’

r(r—1)

/ (few)®s,0®3)s, = (—1)”'+’”‘+T/ (W f*s, f*(a)®§)>§f71w.).
U; =) ‘

(84)
In order to prove (84), we assume, without loss of generality, that w, & and
§ are also homogeneous. If |w|+ |@| # m (where m := n + r) both terms in
(84) vanish. Assume now that |w|+ |@| = m. Then

/ <W®f*8,f*(@®§>>8f_1w.) — (_1)|sm+|w||®/ f*(<8,§>5g@)/\wt
F=HUy) ! fFHU;)
B N o I A S W A
(-1) /< Vool A fulw)
= () D / (fo) © 5,5 ® 3)s,.,
U.

where we used f,(w') = (f*w)t(—l)r(rgl) +r(lwl=r) which can be checked using

(82) and the third property (81) of the pushforward on forms. Relation (84)
is proved and implies (83). O
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Remark 22. In the above setting, assume that f is endowed with an hori-
zontal distribution, like in Remark 17 ii). Then

L(f(u)-s) =u- fus, Vu e TCIE), s € I'(Spp). (85)
where f*: TCI(E) — T'CI(f'E) is the map (57).

Assume now that F is a transitive, but not necessarily standard, Courant
algebroid. Then we can define the pushforward f : I'(Spp) — I'(Sg) for
any canonical weighted spinor bundles S and Sy p, for which the pullback
[ T(Sg) — I(Spg) is defined. Namely, we consider an admissible pair
(I:E—=T"N®G®TN,Sg) for Sg and Sy and we define the pushforward
on spinors

fi:T(Spp) = T(Sg), fii=(s) ofioll (86)
where f, : I'(Sy) — T'(Sy) is the map (78). Remark that if (-,-)

(IS)*<.7 .>SUI' and <.7 .>Sf!E‘f71(U,L') = ([Sf>*<.7 .>Sf71(Ui)7 then

/U.<f!81’ 82>SE‘Ui B /f—l(U~)<$1’ f!82>8f’E‘f—1<Ui)’ (87)

for any s1 € I'(S;g|f-11y)) and so € T'o(Sgy,), where f' = (I Vo f*ols,
cf. Lemma 18. In particular, (86) is well defined, up to multiplication by +1.

Selu, =

Proposition 23. The pushforward f, : T(f'E) — T'(E) commutes with the
canonical Dirac generating operators, i.e. fio dny =dgo f.

Proof. Like in the proof of Proposition 19, it is sufficient to show that
foody =dyo f., (88)

where we preserve the notation from the proof of that proposition. From
(85) we know

f(ff(u)-s)=u- fus, Vu e (T"N & G), s € I'(Sn). (89)

Iterating relation (89) and using (58), we see that (89) holds for any u €
FA(T*N & G). Using the expression (23) of the canonical Dirac generating
operator and property (89) of f, (with u := H, a;, Cg), we obtain that

dnf(@® ['s) = fulu(@ @ f's), Yo € QM), s € T(Sg) (90)

reduces to

[Eu(@® frs) = Enful@ ® s), (91)
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where

En(w®s) = (dw) ® s+ Z(ai Aw) ® V‘)S(fs
E(@® f75) 1= (D) ® f's + D _((F o) AG) ® f7(VEs),

for any w € Q(N), @ € QM) and s € I'(Sg). In order to show (91) it
is sufficient to show that for any U C N open and sufficiently small and
B € Le(Snlv),

[t @ors e = [ (En@o e fos,,  (©
U =)
From Corollary 9 and f*Ex = Epf* we have

[ Ent@@ 1.8 = [ (165 1°5),Exdls,

U U

S /f o (@& f*s, fTENB)s, -1y = — /f o (@& f*s,Enf Bls, 1,

— [ (@ m 15), B,

[=1(U)

which proves (92). O

5 Actions on transitive Courant algebroids

5.1 Basic properties

In this section we consider a class of actions on a transitive Courant algebroid
which generalizes torus actions on exact and, more generally, on heterotic
Courant algebroids. For the latter types of Courant algebroids, a notion of
T-duality has been developed in [7] and [2] respectively.

Let E be a transitive Courant algebroid over a manifold M, with anchor
7 B — TM, Dorfmann bracket [, -] and scalar product (-, -). Recall that the
automorphism group Aut(F£) of F is the group of orthogonal automorphisms
F : E — FE which cover a diffeomorphism f : M — M, such that

7(F(u)) = (d,f)r(u), Vu € E,, pe M

and the natural map induced by F on the space of sections of F preserves the
Dorfmann bracket. Its Lie algebra is the Lie algebra Der(E) of derivations
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of E. This is the subalgebra of EndI'(E) of first order linear differential
operators D : I'(E)) — I'(E) which satisfy, for any s, s, sy € I'(F),

D[Sl, 82] = [DSl, 82] -+ [81, DSQ]

X (51, 89) = (Dsy, s9) + (s1, Ds3)

mo D(s) = Lxm(s), (93)
where X € X(M) is a vector field on M, uniquely determined by D (from

the second relation (93)) and usually denoted by (D).
Let g be a Lie algebra acting on M by an infinitesimal action

vig—X(M), a— Y(a) = X,.

We will always assume (without repeating it each time) that all the infinites-
imal actions considered are free, which means that the fundamental vector
fields X, are non-vanishing, for all a € g\ {0}.

Definition 24. i) An (infinitesimal) action of g on E which lifts 1 is an
algebra homomorphism ¥ : g — Der(FE) which satisfies ¥ (a) = X, for any
a€g.

it) Let U : g — Der(F) be an action of E which lifts 1. An invariant
dissection of E is a dissection I : E —T*M & G & TM for which the action

g3a—IToV(a)ol ' €Der(T"M ©GOTM)
preserves the summands T*M, G and T M.

We will only consider (without repeating it each time) infinitesimal ac-
tions on Courant algebroids for which there is an invariant dissection. The
next proposition shows that this is automatically the case if the infinitesimal
action is induced from an action of a compact group.

Proposition 25. Let ¥ : G — Aut(E) be an action of a compact group G
by automorphisms of a Courant algebroid E over M, hence covering a group
action ¥ : G — Diff(M). Then E admits a dissection invariant under V.

Proof. By compactness of G there exists a G-invariant positive definite metric
h in E. Using the auxiliary metric h we can define a G-invariant splitting
oo : TM — FE of the anchor map m : £ — TM, where oo(T'M) is h-
orthogonal complement of Kernw. The section o9 of m can be canonically
modified to a G-invariant totally isotropic section o defined by

(0(X), ) = (00(X), v = Sou(m(v))

for all X € T,M, v € E,, p € M. If we define G as the (-, -)-orthogonal
complement of 7*T*M @& o(TM), then E = 7*T*M & G & o(TM) is a G-
invariant dissection. O
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In the remaining part of this section we assume that
E=T"Me&egeTM (94)

is a standard Courant algebroid, defined by a quadratic Lie algebra bundle
(G, ], "]g, (-,")g) and data (V, R, H) as in Section 2.2.1 and we consider in
detail the class of actions ¥ : g — Der(E) which lift ¢) and preserve the
factors T*M, G and T'M of E. From the third condition (93), the restriction
of ¥ to T'M is given by

U(a)(X) = Lx, X, Ya € g, X € X(M). (95)
Since X, (with a € g\ {0}) are nowhere vanishing we can define
VL = (F@)() (p), Ya € g r €T(G), p e M,
which is a partial connection on G.

Lemma 26. There is a one to one correspondence between actions V : g —
Der(E) which lift 1 and preserve the factors T*M, G, TM of E and partial
connections V¥ on G such that the following conditions are satisfied:

i) VY is flat and preserves [-,-]g and (-, ")g;

it) H and R are invariant, i.e. for any a € g,

Lx,H=0, Ly@R=0 (96)
where
(Ly@R)(X,Y) =V} (R(X,Y)) - R(Lx,X,Y)— R(X,Lx,Y) (97

for any X, Y € X(M);
i) for any a € g, the endomorphism A, := VY, — Vx, satisfies

(VxA,)(r) =[R(X,, X),r]|g, Vr € T(G). (98)

If i), ii) and iii) are satisfied, then the corresponding action V acts naturally
(by Lie derivative) on the subbundle T*M & TM of E, i.e.

Ula)(E+X)=Lx,(E+X), X e X(M), € € QY(M), (99)

and on G by
U(a)(r) = V}I’(ar, re(G). (100)

Moreover, for any a € g, the endomorphism A, is a skew-symmetric deriva-

tion of G.
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Proof. Let ¥ be an action as in the statement of the lemma. From (95),
Xo(X,m) = (Lx,X,n) + (X, ¥(a)(n)), Ya € g, X € X(M), n € Q' (M),

and from the fact that W(a) preserves Q'(M) C T(E), we obtain that
U(a)(n) = Lx,n. Relation (99) follows. From our comments above, VY
defined by (100) is a partial connection on G. Using (7) we obtain that the
relations (93) satisfied by ¥ are equivalent to the following conditions: R
and H are invariant, VY is flat, preserves [-,-|g and (-, -)g, and

V}P(GVXT — va\)p(a’f’ — Vl;xaxr =0

Lx,(ixR,r)g = (icy,xR,r)g + (ixR, VX, 1)g

‘CXa<VT7 f>g = <v(v}lf(ar>’f>g =+ <VT, v}lj(af>g7 (101>
for any a € g, X € X(M) and r,7 € T'(G). The first relation (101) is equiv-
alent to (98). Since both V and V¥ preserve (-,-)g and [, ]g, the endo-

morphism A, is a skew-symmetric derivation. The second relation (101) is
equivalent to

(AJR(X,Y),r)g + (R(X,Y), Agr)g = 0 (102)

and follows from the skew-symmetry of the endomorphism A,. The third

relation (101) follows from the fact that V preserves (-, -)g, by writing VY =

Vx,+A4, and using relation (98) together with RV (X,, X)(r) = [R(Xa4, X),7]g.
U

Corollary 27. The skew-symmetric derivations A, from Lemma 26 satisfy
the relation

[R(Xa, Xp),7]g — [Aa, Ap)r + Afgyr =0, Ya,be g, r € g, (103)
where [Aq, Ap) = AyAp — AyA, is the commutator of A, and Ay.

Proof. The claim follows from the flatness of V¥ together with V‘I’a =Vyx,+
A,, relations (4), (98) and [X,, Xp| = X[a4)- O

Remark 28. i) The first relation (101) implies that V is invariant, i.e.
(Ly@V)xr :=¥(a)(Vxr) =V, xr— Vx(¥(a)r) =0,

for any a € g, X € X(M) and r € I'(G).
ii) Like for R, we can define the Lie derivative

(Lo@a)(Xy, - Xp) = V(a)((Xy, -, Xp))
_ a<£XaX17 e 7Xk> [ a<X17 e ’ﬁank)’
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for any form o € QF(M,G). The Lie derivative so defined can be extended
in the usual way to forms with values in the tensor bundle 7(G) of G. In
particular, for o € QF(M) we simply define Ly (o := Ly, . A T(G)-valued
form « is called invariant if Ly o = 0 for any a € g.

iii) The definition of Lie derivative and (98) yield that

Low)(Aa)(r) = [R(Xq, Xp),7]g + [Ap, Ad]r, Va,b € g. (104)

Combining (103) with (104) we obtain that the endomorphisms A, are in-
variant when g is abelian.

Let E; (i = 1,2) be two transititive Courant algebroids over M and
U, : g — Der(FE;) actions which lift 1. A fiber preserving Courant algebroid
isomorphism F': E; — Ej is called invariant if

Uy (a)(F(u)) = FU,(a)(u), Ya € g, u € D(B)). (105)

Lemma 29. Let E; (i = 1,2) be standard Courant algebroids over M defined
by quadratic Lie algebra bundles (G, [-,-]g,, (-, -)g,) and the data (V@ , R;, H;).
Assume that E; are endowed with actions V; : g — Der(E;) which lift ¢ :
g — X(M) and preserve the factors T*M, G; and TM of E;, and that a
fiber preserving Courant algebroid isomorphism F : Ey — FEs, defined by
(B,®, K), where B € Q*(M), ® € QY (M, G,) and K € Isom(Gy,G,), is given,
as in (9). Let V¥i := (V(i))qji (i = 1,2) be the partial connections associated
with V@ and U,;. Then F is invariant if and only if K maps V¥ to V¥2
and the forms [ and ® are invariant.

Proof. The proof uses the expression (7) for the Dorfman bracket. O

5.1.1 A class of T"-actions

Let (E=T"M&G®TM,({-,-),[,]) be a standard Courant algebroid over
the total space of a principal T*-bundle 7 : M — B, where TF = R¥/ZF
denotes the k-dimensional torus. We assume that F is defined by a bundle
of quadratic Lie algebras (G, (-, )¢, [, |g) and data (V, R, H), where V is a
connection on the vector bundle G compatible with the tensor fields (-, -)g
and [-,-]g, R € Q*(M,G) and H € Q3(M). Recall that these data satisfy the
compatibility equations

dH=(RAR), d"R=0, RY=adg, (106)

where (R A R)g is abbreviated as (R A R) in harmony with the fact that
(-3¢ = {-,")|gxg- The Dorfmann bracket, scalar product and anchor of E
are then expressed by the usual formulas in terms of the above data.
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We assume that the vertical paralellism of 7 is lifted to an action of t*¥ on
E,

U:tf =R" -5 Der(E), a—¥(a)=(E+r+X — Lx,E+Vyr+Lx,X),

where X, is the fundamental vector field of 7 determined by a € t* and VY is
a partial flat connection on G. We recall (see Lemma 26) that V¥ preserves
[-,-]g and (-, -)g and that

Lx, k=0, Lx,H=0, (VxA,)(r)=[R(Xa,X) 1], (107)

where A, := VY, — Vx, € End(G) is a skew-symmetric derivation, which is
invariant since t* is abelian (see Remark 28). Recall also that Lx,V = 0.
We consider

(M, G) :={a € QP (M,G) | Lywya =0 ,ix,a=0, Ya € "},

the space of basic G-valued s-forms on M. The space 25(M) of basic scalar
valued s-forms on M can be defined similarly and coincides with 7*Q*(B) =
*(B). The analogous fact for ; (M, G) is stated in the next proposition.

Proposition 30. (M, G) = 7*Q*(B) @ I'n(G), where I'(G) denotes the
space of t*-invariant (i.e. V¥ -parallel) sections.

Proof. Let U C B be an open set such that A*T*B|y is trivial. Then any
horizontal form a € Q* (7 1(U),G) (ie. ix,a = 0 for any a € t¥) can be
written as o = ) _.(7*f;) ® s; where (;) is a basis of A*T*B|y and s; €
I'(Glr—1@w))- Then Ly = Y . (7*5;) ® Ly@)s; from where we deduce that
Qi1 (U),G) = 7 (U) @ T (G|r—11ry). Using a partition of unity in B
one can deduce that the same holds globally for U = B. O

In the following we will always identify A*T*M ® G with G ® A*T*M,
which allows to freely write decomposable elements as w ® r or as r @ w. Let
(e;) be a basis of t*, X; := X,, the associated fundamental vector fields and
A; = A, = VX —Vx, € End(G). We choose a connection H on the principal
bundle 7 : M — B, with connection form 6 = Zle 0;e;. We introduce the
connection

k
V=V 4 6@ A4 (108)
i=1
on the vector bundle G. Since V preserves [-,-]g and (-, -)g and A; are skew-
symmetric derivations, we obtain that V¢ preserves [-,-]g and (-,-)g. The
curvature RY of V and R? of V¢ are related by
k k
1
RV =R'— (d)®A;+ > _0; Aadpx, ) — 5 D (0:060) @A, Ajl, (109)
i=1 i=1 irj
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where for any form w € Q°(M,G) (in particular w := R(X;,-)) we define
ad, € Q°(M,EndG) by
(ady) (Y1, -+, Vo) (r) i= [w(¥, -+, i), rlg, VY € X(M).

Lemma 31. The exterior covariant derivative d? := d¥° associated with the

connection V% maps basic forms to basic forms:
d’ Q5 (M, G) — QM. G).

Proof. We have to show that d’« is basic for all a € Qf(M,G). Thanks
to Proposition 30 it suffices to consider « = w @ r = r @ w, w € (M),
r € I'w(G). Using the fact that

d(row) =VrAw+r®dw

and that dw is basic we can reduce the statement to the case s = 0. The
G-valued 1-form V% is horizontal, since

Ve r=VYr=_Lyeyr=0 V1<i<k

On the other hand, as V, @ and A, are t*- invariant, so is V¢ and
,C\If(a)(vgr) = C\y(a)(vg)r + Veﬁqj(a)r =0, (110)
which implies that V% is t*-invariant. O

Remark 32. i) When the partial connection V¥ has trivial holonomy, we
can define a bundle Gg — B by defining its fiber over p € B as

gB‘p =T (g‘ﬂ‘l(p))a

the vector space of V¥-parallel sections of G over the torus 7—!(p). Since
VY preserves [+, -|g and (-, -)g, the bundle Gy inherits a bracket [-, -]g, and a
scalar product (-,-)g, which make (Gg, [, |gs, (-, )gz) @ bundle of quadratic
Lie algebras. Furthermore, G = 7*Gp, I'x(G) = 7*I'(Gp) and we can identify
by pullback

Q)(M.G) = 7'Q*(B) © w'T(Gs) = (B, Gp).

For a basic form a € Q(M,G) we shall denote by a® € Q%(B,Gp) the
corresponding form in the above identification. As the endomorphism A, of
G is invariant, it is the pullback of an endomorphism AZ of Gg. From Lemma
31, V¥ induces a connection V%% on Gp. Since VY preserves [-,-|g and (-, )¢,
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V%8 preserves |-, ]g, and (-,-)g,. The curvature R? of V? is the pullback of
the curvature R%5 of V%5 ie. (R")? = R%P. We denote by d?? the exterior
covariant derivative defined by V%%,

ii) Note that by working locally in a flow box for the vertical foliation of
M — B, we can always assume that V¥ has trivial holonomy. (We recall
that a flow box is a domain V' C M such that for all p € #(V) C B the
manifolds 771(p) NV are diffeomorphic to R¥. From now on we make this
assumption.

In order to describe the Courant algebroid E together with the action
U : t* — T(F) in terms of structures on the base manifold B of the torus
bundle, we need to interpret equations (106) and (107) on B. As H and R
are invariant, they are of the form

H=Hg +0; \NHy + 9,: A/\ 0; A H(Z{) + Hggfei INZWNCA

R = Ry +9,~/\Rz1) +R%)0i/\9j (111)
where H), Hl,,, HY Hijk, R, Rél), R’(f]) are basic and for simplicity of

i (2)> "7 (1) 77(0) )
notation we omit the summation signs.

Lemma 33. i) The compatibility equations listed in (106) are satisfied if and
only if the following conditions hold:

dHE) + Hiy' A (d6:)” = (RGy ARG, (112)
dHY + 2HE" A (d6:)P = —2(RE) ARG Vg, (113)
,B ipq,B ,B ,B ,B
ngjlq) + 3H(§)q (dez)B = 2<R€g) aRg)>gB - <R€1) 7R?1) >gB (114)
s ,B s,B sp,B ,B s,B ,B .
3d?ﬁ% +2((RG; 7 Ry das + (Rigy s RGy)as + (Rgy ™ B7))gp) =0 (115)
(R REGT)0: N 0; N Oy Ay =0 (116)
d"PRE) + R A (d6;)P =0 (117)
d"PRYY + A7 ARG + 2R (d6:)” =0 (118)
AP ANREY — AZ AR = 2V*P RGP (119)
B ,B B psp,B B s,B
ARG + ARG + ARG =0 (120)
R%P = (d6,)" @ AP + adgs (121)
1
ad gy = 5[A;'-?,Aj?], (122)
where
ad : Gg — Der(Gp), ad,(v) = [u,v]g, (123)
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is the adjoint representation in the Lie algebra bundle (Gp, |-, |g;) and 1 <
p,q,s < k are arbitrary.

it) If the compatibility relations (106) are satisfied, then the third relation
(107) is satisfied as well if and only if

VRPAP = [RG(X),rlgg, VX € 2(M). (124)

Proof. 1) The equations (112)-(116) are obtained from the first relation (106),
by comparing
dH = dH) + (d6;) A Hipy — 0; N dH{yy + 2(d6;) A 0; N H,
+@A@AMﬁH3H$MMA@A&+MW@A@A@A@
with

(RAR) = (R@y A Ry) +20; A (Roy A Riy)) + 20 A 0; A (Reay, Rigy)
—0; NG A (R A R{y) + 20, A0; MO ARG, RYy)
+ (R gy, Rig))bi N0 A, A by,

using df; € Q*(B), that the exterior derivative maps basic forms to basic
forms, that the operation (a, 8) — (aAf) maps a pair of G-valued basic forms
to a basic scalar valued form and then interpreting the resulting relations on
B. The equations (117)-(120) are obtained from the second relation (106),
by computing

0=d"R

= dV Ry + (d6:) A Ry — 0; A dY Ry + (VR() A6 AO; + 2R} © (d6;) A O
= d"Ro) — (6; ® A;) A Regy + R{yy A df; — 0; A (dGR{I) —(0; ® Ag) A R{l))

+ (VPR A0 A0 — Ai(R{G)0; A O; A 6y + 2R @ (d6;) A6, (125)
identifying the horizontal and vertical parts in the last expression of (125)
and interpreting the result on B. The remaining equations (121) and (122)
are obtained by writing RV in terms of R as in (109) and identifying the
horizontal and vertical parts in RV = adp.

ii) The third relation (107) is equivalent to relation (124), together with
relation (122). O

Since V%5 preserves [+, |g,, the endomorphism R*Z(X|Y) of Gp is a
derivation, for any X,Y € X(B). Recall that AP € End(Gp) is also a deriva-
tion. The conditions from Lemma 33 simplify considerably when the adjoint
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representation (123) of the Lie algebra bundle (Gg, [, -]g,) is an isomorphism.
Then
AP =ad,s, R"P(X,Y) = adws(xy) (126)

for 72 € T'(Gp) and v*P € Q*(B,Gp). From the Bianchi identity we obtain
that t?8 is d?-closed.

Corollary 34. Let 7 : M — B be a principal T*-bundle and H a principal
connection on m, with connection form 6 = 3% 6e; € QY (M, ), where (e;)
is a basis of t*. There is a one to one correspondence between

1. standard Courant algebroids E =T*M ®©G@®TM for which the adjoint
action of the Lie algebra bundle (G, [-,+]g) is an isomorphism, together
with an action ¥ : t* — Der(E) which lifts the vertical parallelism of
m, preserves the factors T*M, G and TM of E, and for which the flat
partial connection VY has trivial holonomy

and

2. quadratic Lie algebra bundles (Gg, (-, )gg, |, "lgs) over B, whose adjoint
action is an isomorphism, together with a connection VP on the vector
bundle Gg which preserves (-,-)g, and [-,-]g,. sections r? € T'(Gp)
(1 <i<k) a3-form H(Bg) € Q3(B), 2-forms H(Zé])g € Q*(B), 1-forms

H(Z{B € QY(B) and constants c;;, € R (1 <4,5,p < k) such that
dH{) = (7 AtP)g,

= (Hig) + 205, 1) g, — (rF,r7)ga(d0;)") A (d6)7,

] ]
dHp? = 2((VPrP rP)g, — HISP) A (d0,)P — 2(c% A VPrP)g,
deqB —3Cipg(d0:)" + (¢, 1) 17165 ) g5 — (V) AVETD) gy,

(127)

where vP € QO*(B,Gp) is related to the curvature RP of the connection
V5 by RP(X,Y) = ades(xyy for any X,Y € X(B).

Proof. The claim follows from Lemma 33, by letting V? := V% and sim-
plifying the relations from this lemma, using in an essential way that the
adjoint representation of the Lie algebra bundle (G, |-, -]g) is an isomorphism.
More precisely, relations (122), (124) and (121) determine R%’)B, Ré’lj)g and
Rg) respectively by

. 1
RYP = SIrPorPlg,, R = VPP, R =% — (@)  @rf. (129)
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Relation (115) with R%’)B and Rz’l? given by (128) implies that

1
s,B
Hf)(;l) - _§<[rpB>Tf]ngrsB>gB +Cpq8 (129)
for some constants c,,s. Written in terms of v# rather than Rg), relations
(112), (113), (114) become relations (127). The remaining relations from
Lemma 33, with REJO’)B,RZEJ)B,R(BQ) and H?Oq)s’B as above and A; = ad,s are
satisfied. O

Example 35. Under the assumptions of Corollary 34, let (Gg, (-, )gz, [; *Jgs)
be a quadratic Lie algebra bundle over B, whose adjoint action is an isomor-
phism, together with a connection V? on the vector bundle Gz which pre-
serves (-, )¢, and [+, ]g,. Choose arbitrary sections r? € I'(Gp) (1 <i < k)
and define, for any 1, j, s, ¢;jp =0,

s 1
Hgy? = =207 77las 7 )a (130)
and X
H(Z{SB =3 (VPrZ P, — (VPP ) g,) - (131)

With these choices, the third relation (127) is satisfied. For any forms H g)
and H (ié?, such that

Ko i Hi + 2065, rF) g, — (1.1, (40))" (12
is closed and
dHE) = (% AP)g, — K A (d6;)P (133)

the relations (127) are satisfied and we thus obtain a standard Courant al-
gebroid together with an action ¥ : t* — Der(FE) lifting the vertical paral-
lelism of the principal torus bundle 7 : M — B. Note that 2-forms H (ié])g
as required in the above construction do always exist and are unique up to
addition of closed forms whereas H g) exists if and only if the closed form
(B AP, — K A (dB;)® is exact. Tt is also unique up to addition of a closed
form.

5.2 Invariant spinors

Let F be a transitive Courant algebroid over an oriented manifold M and
U : g — Der(F) an action on E, which lifts an action ¢ : g — X(M), a — X,
of gon M. Let S be a canonical weighted spinor bundle of £. Our aim in this
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section is to define an action of g on I'(S). In order to find a proper definition
we assume that U integrates to a Lie group action

G—Aw(E), g— 1. E—E

such that 7% induces a globally defined isomorphism I : S — S, for any
g € g. Recall that

I§ovy =7 li, Vg€ G, ue k.

Consider a curve g = g(t) of G with ¢g(0) = e and ¢(0) = a. We choose
Ig(t) depending smoothly on ¢ and such that [g(o) = Ids. Replacing in the
above relation g by ¢(¢) and taking the derivative at ¢ = 0 we obtain that
US(a) : ISg(t) € End I['(S) satisfies

- %’t:O
U%(a)Vus = Yw()ws + 7% (a)s, Yu e T(E), s€T(S), aeg.  (134)
In the following we do not assume that ¥ integrates to an action of G.
Proposition 36. i) There is a unique linear map
% g — EndT(S)
which satisfies relation (134), the Leibniz rule
UE(a)(fs) = fU5(a)(s) + Xo(f)s, Vf € C°(M), s€T(S), acg, (135)

and, for any U C M open and sufficiently small, preserves the canonical
det (T*U)-valued bilinear pairing (-, -)s|, of I'(S|y), i.e.

Ly, (s,3)s), = (V5(a)s, 8)g), + (s, V%(a)d)s),, V5,5 € T(S|y), a €g. (136)
i) The map ¥° : g — End['(S) satisfies
[T5(a), T5(b)] = ¥¥[a, b], Va,b € g. (137)
It is called the action on spinors induced by W.

The remaining part of this section is devoted to the proof of Propo-
sition 36. For uniqueness, let U€ and ¥ be two maps which satisfy the
required conditions. Then F(a) := ¥%(a) — US(a) is C°°(M)-linear and com-
mutes with the Clifford action. Hence F(a) = A(a)lds, for A(a) € C(M).
Since F(a) is skew-symmetric with respect to (-, -)s|,, we obtain A(a) = 0.
The uniqueness follows. For existence we need the following two lemmas.
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Lemma 37. Let E; (i = 1,2) be two transitive Courant algebroids over M
with actions V; : g — Der(E;), which lift . Let Ig : Ey — Ey be an invariant
isomorphism and, for any U C M open and sufficiently small, Is), : Si|y —
So|u the induced isomorphism between canonical weighted spinor bundles of
Eily. Let U5 : g — End I'(S;|y) (i = 1,2) be two maps related by

\IISQ<CL> = [S|U o U (a’) © (IS‘U>717 Va € g. (138>
Then WSt satisfies the conditions from Proposition 36 if and only if ¥52 does.

Proof. Let U5 : g — EndT'(S;|y) be a map which satisfies the conditions
from Proposition 36 and ¥*2 : g — End (S,|;;) be defined by (138). The map
U2 obviously satisfies (135) and (137) and, from (43), it satisfies (136) as
well. Using Is), © Yy = Vi) © Is, and relation (134) satisfied by U5, we
obtain

U%2(0)7u(8) = Vrpwy (@15t (5 T Y2 (@)s, Va € g, u € D(Eily), s € T(Safn).

(139)
Since I is invariant, Wy(a) = IpoW(a)ol," and we obtain that U2 satisfies
(134). O

Let Eyy = T°M ® G @ TM be a standard Courant algebroid defined
by a quadratic Lie algebra bundle (G, [+, ]g, (-, -)g) and data (V, R, H), with
action

Vg Der(Ey), V(a)(+r+X):=Lx,E+Vyr+Lx, X  (140)

which lifts an action
vig— X(M), a— X,

of gon M. Let Sg be an irreducible C1(G)-bundle, Sg = Sg ® |det S*|*/"
the canonical spinor bundle and Sy, := A(T*M)®Sg the canonical weighted
spinor bundle of E determined by Sg.

Lemma 38. The map
UM 1 g — EndT(Sur), U5 (a)(w®s) = (Lx,w) @ s +w® Vs, (141)

for any a € g, w € QM) and s € T'(Sg), satisfies the conditions from
Proposition 36. Above VY59 is the partial connection on Sg induced by any
partial connection VY9 on Sg, compatible with the partial connection VY.
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Proof. Relation (135) is obviously satisfied. To prove relation (136) we recall
that (-, -)g|, is given by (32), where (-, -)s|, is a canonical bilinear pairing of
['(Sglv). Relation (136 follows from a computation which uses (32),

. U.Sg - 0,56 ~
Xa<57 S>5g\U = <VXa gsv S>SQ|U + <Sv VXa gS>Sg\U (142)

and the fact that V¥ preserves the degree of sections of Sg. (Relation (142)
follows from the fact that V¥ preserves (-,-)g, which is of neutral signature,
and V¥ is induced by any partial connection V¥%¢ on Sg compatible with
VY. The argument is similar to the one used in the proof of Lemma 7). In
order to prove (134), decompose u = & +r + X. Then

U(a)(u) = Lx,(E+X) + VX,
from where we deduce that

Y@ (W D 5) = Vex, @10 (@@ s) + vz (WD)
= (igy,xw + (Lx,§) Nw) ® s+ (-)w @ (V. r)s. (143)

Similar computations show that

U5 (0)y,(w® s) = Ly, (ixw +EAW) @5+ (ixw+EAW) ® V}P(;Sgs (144)

+ (D) Lx,w® (rs) +w @ Vy(rs))

YW (a)(w © 5) = (ixLx,w+E N Lx,w) ® s+ (~1)I(Lx,w) @ (rs)
(145)

+ (ixw +§AW) ® V}I’(fgs + (-1)w® (TV;P(;SQS>.

Combining relations (143), (144) and (145) and using that V¥5¢ is compat-
ible with V¥ we obtain (134). Relation (137) follows from the definition of
the map U™ and the flatness of V¥:5¢ (which is a consequence of the flatness
of V). O

We conclude the proof of Proposition 36 by choosing an invariant dissec-
tion I : £ — Ej and isomorphisms Isj, : S|y, = Sa[y; compatible with
Iy, where U = {U;} is a cover of M with sufficiently small open subsets.
Using Lemmas 37 and 38, we obtain that the map ¥° : g — End I'(S) defined
by

T (a)(s)

satisfies the conditions from Proposition 36.

v, = (Is)y,) " 0 U (a) 0 Iy, (s]v;), Vs € T(S)

Definition 39. A section of the canonical weighted spinor bundle S is an
invariant spinor if it is annihilated by the operators WS(a), for all a € g.
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Notation 40. Given an action ¥ : g — Der(F) on a transitive Courant
algebroid E, we shall denote by I'y(S) the vector space of invariant spinors.
Similarly, I';(E) will denote the vector space of invariant sections of E.

Lemma 41. In the setting of Proposition 30,
doWSa)=T%a)od, Vac g, (146)
where d is the canonical Dirac generating operator of E.

Proof. From Proposition 15 and Lemma 37, it is sufficient to prove the state-
ment for the Courant algebroid F); considered in Lemma 38 with action
U defined by (141). We need to show that for any a € g, w € Q(M) and
s € P(Sg)

A T2 (a) (w © 5) = U (a)das (w @ 5) (147)

where d,,; € EndI'(S),) is the Dirac generating operator of Ej;. We consider

an invariant local frame (X;) of TM. Since VY is flat we may (and will)

take the local frame (r;) of G to be V¥-parallel. Since V¥ preserves the

scalar product (-,-)g, the (-,-)g- dual frame (7},) is also V¥-parallel. Since

V¥ preserves the Lie bracket [-,-]g, the Cartan form Cg is V¥-parallel.
Since R, X; and r; are invariant,

EXG <R(XZ, Xj),'f’k>g = 0, Ya € g. (148)

From (148), V¥Cg = 0, the fact that V¥°9 is compatible with V¥ and the
expressions (22), (141) for d and U, we see that relation (146) reduces to

ViIVYs = VEVYYs, Yacg, s € T(Sg), (149)

where, we recall, V¢ is the connection on Sg induced by any connection on
Sg compatible with V and similarly for the partial connections V¥¢ and
VY. For any a € g, let A, := VY — Vx,. Then

1
V}Ij(fgs = foas — §Aa .S (150)
where A, - s denotes the Clifford action of 4, € T'(A?G) C T'CI(G) on s €

['(Sg) (see e.g. Proposition 53 of [9] for more details). From (150), (98) and
Lx,X; =0 we deduce that (149) is equivalent to

(3

1
RV (X, X,)s + 5 (adr(x, x)s =0, (151)

where (adg(x, x,))s means the Clifford action of adp(x, x,) := [adr(x.,x,), J¢ €

7

['(A%G) C T CI(G) on s. In order to prove (151) we remark first that both
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endomorphisms RV (Xa, X;) and (adpg(x,,x,)) of Sg are trace free (the state-

ment for RV (X,, X;) is a consequence of the fact that V9 is induced by
a connection V9 on Sg). On the other hand, since V9 is compatible with
V, we obtain that 7 := RV? (Xa, X;) € End(Sg) satisfies

T(rs) = (RY (X4, Xi)r)s +rT(s),¥r € G, s € Sg. (152)

The same relation is satisfied by T := —%adR( X,,x;) acting by Clifford mul-
tiplication (here we use that RV (X,, X;)(r) = adp(y, x;(r) and relation
w(r) = —ilw,r]a, for any w € A’G C CI(G), where [w,r]lc) = wr — rw
denotes the commutator of w and r in the Clifford algebra and w(r) the
action of w € A’G 2 s0(G) onr € G).

To summarize: both RV (X,, X;) and —3(adp(x, x,)) are trace-free and
satisfy (152). Since (-, -)g has neutral signature, they coincide. O

5.3 Pullback actions and spinors

Let f: M — N be a submersion and
Mg = X(M), ar XM
PN ig— X(N), a— XY

be f-related infinitesimal actions, i.e. XY o f = df XM for all a € g. Let F
be a transitive Courant algebroid over N with anchor 7 : ' — T'N and

g2 a~— Y(a) € Der(FE)

be an action on E which lifts ¢"V. Recall that the pullback Courant algebroid
f'E is the quotient bundle C'//C* over M (identified with the graph M; of
f), where, for any p € M,

Cy = {(u. i+ X) € Eyy x T,M - m(u) = (d,/)(X)}

1 * *
Gy =A{GT (), =f), Y€ TN} C Gy

with the Courant algebroid structure defined at the beginning of Section 4.2.
For U C N open, a section of C|;-1y (and the induced section of (f'E)|;-11r))
of the form (f*u,p+ X) where u € T'(E|y), X € X(f~1(U)) is f-projectable
with f,.X = 7(u) and p € Q'(f~'(U)), will be called distinguished. Let
U = {U;} be an open cover of N, with sufficiently small sets U;. Any section
of Clp-1(, is a C°(f~1(U;))-linear combination of distinguished sections.
For each U; we define

WV s g — End T(Cly1 1), (153)
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such that it satisfies the Leibniz rule
VY (a)(fs) = XM (f)s + fO%(a)(s), (154)

for any a € g, f € C®(f1(U;)), s € T(C|s~1y), and on distinguished
sections is given by

WY (@) (f*u, p+ X) = (F(U(a)u), Lxp (u + X)). (155)

Lemma 42. The map ¥V : g — End I'(C) given by

V(a)(s)l 20 = TV (a) (sl p20,) (156)
is well defined, preserves I'(C), and induces an action
[0 : g — Der(f'E) (157)
which lifts ™. It is called the pullback action of W.

Proof. The statement that U is well defined reduces to showing that for any
U, Uy €U, if

Z i f*uiy i + X)) =0

where \; € C=(f~1(U,NU,)) and (f*u;, p; + X;) are distinguished sections
on f~HU,NU,), then

STXM ) Frui+ Aif () (ui)) = 0. (158)

1

This follows by writing u; € I'(E|y,~v,) in terms of a frame of E|y,qy, and

using the Leibniz rule for ¥(a) and that XM projects to X¥. The map \T/(a)
takes values in I'(C') since for any distinguished section (f*u, u+ X), we have

W (a)(u) = Lxnm(u) = filxmX.
It preserves I'(C) since
U(a)m*(y) = 7 (Lxy7), Vv € Q(N).
Since U satisfies the relations (93), also f'W does (easy check). O

When F = Ey :=T*N ®& G & TN is a standard Courant algebroid and
U = ¥V : g — Der(Ey) preserves the factors T*N, G and TN of Ey, the
pullback action f'U¥ has a concrete formulation, as follows. Assume that
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Ey is defined by a bundle of quadratic Lie algebras (G, |-, -]g, (-, -)g) and data
(V, R, H). Recall that we identify f'E with the standard Courant algebroid
Ey =T"M ® f*G @& T M defined by the bundle of quadratic Lie algebras
(f G, f*[',-lg, [*(-,)g) and data (f*V, f*R, f*H), using the canonical iso-
morphism F' defined by (55). Using this identification, we obtain an action

UM g — Der(Ey), ¥M(a) = F'o (f ¥Y)(a)o F
of g on ).
Lemma 43. In the above setting, assume that
UN(a) (€ + 7+ X) = LxnE+ Viyr + Ly X, (159)
where £ € QY(N), r € T'(G) and X € X(N). Then
UM(E+r+ X) = Lxul+ ([*VY)xur + Lxu X, (160)
where £ € QY (M), r € T(f*G) and X € X(M).

Proof. The isomorphism F' given by (55) induces an isomorphism F' : I'(Ey;) —
I'(f'Ey) which satisfies

FE+ frr+X)=[(f"(r+ f.X), £+ X)) (161)

where r € T'(G), X € X(M) is f-projectable and ¢ € Q!'(M). (In the right
hand side of (161) r + f,.X €e (G @& TN) C I'(Ey)). Then

() (a) o F(E+ frr+ X) = [(f*(Vixar + Ly fX), Lxx (€ + X)),

and, applying F'~!, we obtain (160). O

The next proposition states several compatibilities between pullback ac-
tions, isomorphisms, pullback and pushforward on spinors.

Proposition 44. i) Let (E;,V;) (i = 1,2) be transitive Courant algebroids
over N with actions W; : g — Der(E;) which lift YN, If I : (B, V) —
(Ey, Wy) is invariant with respect to U, then 17 : (f'Ey, f'U) — (f' By, f1Uy)
is invariant with respect to f*U;.

i1) In the setting of Lemma /2, assume that M and N are oriented and
let ¥ : g — EndI(Sg) and (f'U)° : g — EndD(Spy) be the actions on
canonical weighted spinor bundles, induced by the actions W : g — Der(E)
and f'U : g — Der(f'E). Assume that the pullback f': T(Sg) — ['(Spp) is
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defined and there is an admissible pair (I : E — T*N & G ® TN, Sg) for Sg
and Spp such that I is invariant, cf. Section 4.2. Then

floU®(a) = (f'¥)%(a)o f', Va € g. (162)

If, wn addition, f : M — N has compact fibers then also the pushforward
Ji:T(Spp) — I'(Sg) is defined and

fro (f')%(a) = (1) 5205 (a) o i, Va € g, (163)

where m, n and r are the dimension of M, N and the fibers of f.
Proof. 1) We need to check that

o fUy(a)[(ffu,n+ X)) = fWs(a) o IT[(fru,n + X)]

for any distinguished section [(f*u,n+X)] of f'E;, which follows by applying
the definitions of I/ and f'¥; and using that I is invariant.

ii) Using the admissible pair (1, Sg) and Lemma 37, we can assume, with-
out loss of generality, that

E=Ey=T'N®GOTN, f[E=Ey=T"M® [*GOTM

and ¥ = UV f'U = UM are given by (159) and (160) respectively. Let
Sy = A(T*N)®Sg and Sy, := A(T*M)®f*Sg be the canonical weighted
spinor bundles of Ey and E)s, determined by Sg and its pullback Sf«g =
[*Sg respectively. From the definition of f', we need to show that

FrU(a)(w @ s) = U (a)(f'w @ f*s) (164)

for any w ® s € T'(Sy), where U5~ : g — EndI['(Sy) and US¥ : g —
EndI'(Sys) are the induced actions on spinors (given by Lemma 38) and f*
is the map (56). Relation (164) follows from (141), f*Lxnvw = Lxm(f*w)

and f*(V;P(’I‘Egs) = (Vf!‘p’sf*g)xéu(f*s) for any s € I'(Sg) (the latter being a

consequence of V/ v f*VY¥). The statement for the pushforward can be
proved by a similar argument, which uses that f.Lxmw = Ly fiw for any
form w on M and Lemma (21). O

6 T-duality

6.1 Definition of T-duality

Let 1 : M — B and # : M — B be principal bundles over the same
manifold B with structure group the k-dimensional torus 7%. For notational
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convenience, we will denote the structure group of 7 by T* and its Lie algebra
by t*. We assume that M, M and B are oriented. Let

Lie (T") = " 3 a > ¢M(a) := XM, ¥ 3 a s M (a) := X,

a

be the vertical paralellism of m and 7. We denote by
N :=M xg M :={(m,m) € M x M | n(m) = 7(m)}

the fiber product of M and M and by ny : N — M and 7y : N — M the
natural projections. The actions of T' ¥ on M and T* on M induce naturally
an action of 7% = T* x T* on N, with infinitesimal action

* 5404 = ¢YN(a) = XV,

where, for any a € t* :=t* © 0 C %,

(mn) XY = XM, (7n). XY =0,
and for any a € t* := 0 @ t* C 3k,

(rn) XN =0, (Fy). XN = XM

Let E and E be transitive Courant algebroids over M and M, and assume

they come with actions

U " = Der(E), U: " — Der(E),
which lift ¥ and wM , such that there are invariant dissections [ : £ —
T*"M&GOTM and [ : E — T*M &G & TM with the property that the
partial connections V¥ and VY on G and g induced by the actions, have
trivial holonomy (it is easy to see that this condition is independent of the

choice of invariant dissections). The pullback Courant algebroids 7 E and
7y B inherit the pullback actions (see Lemma 42)

N = Der(niyE), 7y U : F — Der(7y E) (165)

which lift the infinitesimal actions t* > @ — XY and t* 3 a — X respec-
tively. The situation is summarized in the following commutative diagram,

in which the arrows pointing down are quotient maps with respect to prin-
cipal T*-actions: B = M/T* = M/T* = N/T**, M = N/T* M = N/T*
(T =TF% x T*).

A ayE—>N~——7yE At

PN
"~
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The next lemma extends the action 7 ¥ to a t**-action and states some of
the properties of this t?*-action.

Lemma 45. i) The map
U2k Der (7 E)

which on t* coincides with wY and the evaluation of which on any b €
satisfies the Leibniz rule

UED)(f5) = X' (f)s + fENE(D)(s), Vf € CX(N), s € T(nyE)
and on distinguished sections (73 (u), &+ X)] of myE is given by
WE ) [(mh (), € + X)] = [(0, Ly (€ + X)) (166)

is a well defined action on 7\ E.

it) Let (E1,Vy) be another transitive Courant algebroid over M with an
action W : t* — Der(E)) which lifts M. If I : E — Ey is an isomorphism
variant with respect to W and Wy, then the pullback isomorphism I™
v E — 7w Ey is invariant with respect to T™NE gnd TN (the latter defined
as U™NE | using U, instead of ).

Proof. Claim i) follows from arguments similar to the proof of Lemma 42.
To prove claim ii), we need to show that

™ o WE(a)(s) = UV () 0 7V (s), Va € &, s € T(x\E).  (167)

Relation (167) with a € t*, follows from Proposition 44 i). Relation (167)
with a € t* follows by assuming that s is a distinguished section and using
(166) together with the definition of 1™, cf. equation (53). O

Lemma 46. i) If E = T*M & G & T'M is a standard Courant algebroid
and U preserves the summands T*M, G, TM of E, then W™~E preserves
the summands T*N, 754G, TN of ixE = T*N @© 4G ® TN. The partial

. i E . !
connection VYV on 4G associated to W™~F

connection VY on G associated to W :

is the pullback of the partial

VIR (mir) = TV, V}P(}NE(WTVT) =0, ¥re(G), actt, bei
(168)
it) A section of TG is V\I’ﬂNE-pamllel if and only if it is the pullback by
7n of a V¥ -parallel section of G (or the pullback by Il := womxn of a section

Ong).
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Proof. Claim i) follows from an argument similar to the proof of Lemma
43. Claim ii) follows immediately from claim i) (recall the definition of the
bundle G — B from Section 5.1.1). O

When FE is a standard Courant algebroid like in Lemma 45 ii), the partial

connection V¥™" will be denoted by V¥~ Let Sg be an irreducible
Cl(G)-bundle, with canonical spinor bundle Sg. Then S+ g = 73 Sg is the
canonical spinor bundle of the irreducible Cl(7},G)-bundle Sy g := 73 Sg and

1
™NES . . . .
"v9 on S;« g induced by any partial connection

E

the partial connection v’

on S+ g compatible with VY¥NE s the pullback of the partial connection
V¥ on Sg induced by any partial connection on Sg compatible with V¥,

that is,
v, mhSg
Xy

v = (my VY99 xn, Va € £, (169)

In a similar way, we construct an action UiNE . 2% 5 Der(\ E) which
extenfis %}V\If. When £ =T*M ® g ® TM is a stanglard Courant algebroid
and W preserves the factors T*M, G and T'M of E, we use the notation

V¥NE for the partial connection VY™ on #4G. It is related to V¥ by
relations analogous to (169).

From now on the Courant algebroids 7 E and 7 E will be considered
with the *-actions U™~ and UvE,

Definition 47. The Courant algebroids E and E are called T-dual if there
is an invariant fiber preserving Courant algebroid isomorphism

F:ayE — %}VE
such that the following non-degeneracy condition is satisfied. Let
['E—-TM®GOTM, [ . E—TMaGoTM,
be dissections of E and E, and
I™ .o E - T*N@ryG®TN, I'™ : i\ E — T*N @ 743G & TN

the induced dissections of mE and 7\ E. Let (8,®,K), where 3 € O?(N),
® € QYN,75G) and K € Isom(nyG, 75G), be the data which defines the
1somorphism

I™oFo(I™™ . T*"N®nyG®TN - T*N ®75G & TN
(according to relation (9) from Section 2.2.1). Then
f— & : Ker (dry) x Ker (diy) — R (170)

15 non-degenerate.
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Definition 48. The above definition is independent of the choice of dissec-
tions.

Proof. Let I, : E — T*M & G;®TM (i = 1,2) be two dissections of E. Then
Fi:=I""oFo(I™)™ . T"N@r4G;®TN — T*N & 745G & TN

satisfy
Fy=F o (I o I;4)™. (171)

Assume that the dissections I; and I, are related by (3, K,®). Then from
Lemma 16 iii) the induced dissections of w E are related by (733, 7 K, 74 ®),
i.e. the Courant algebroid isomorphism

([0 ]2_1)7”" :T*N@nyGo®TN — TN @ nyGr @ TN

is given by (9), with (5, K, ®) replaced by (73, 7y K, 75 ®P). The indepen-
dence of the non-degeneracy condition (170) on the dissection of £ follows
from (17). The independence on the dissection of E can be proved simi-
larly. O

Remark 49. Unlike the T-duality for exact Courant algebroids, the defini-
tion of T-dual transitive Courant algebroids E and F is not symmetric with
respect to E and E, in general. This follows from the lack of symmetry in
the non-degeneracy condition from Definition 47

Lemma 50. Let (Ey, Vy) and (Ey, Wy) be transitive Courant algebroids over
M and M, together with actions

\Ill : tk — Der(El), \1’1 : {k — Der(El)
which lift ™M and wM respectively. Assume that
G:FE,—E, G:F,—FE (172)

are invariant, fiber preserving Courant algebroid isomorphisms. If E and E
are T'-dual, then also Ei and Ey are T-dual.

Proof. Let F : %y E — 7 E be an isomorphism which satisfies the conditions
from Definition 47. Then the isomorphism

F = (éﬂ?N)_l oFoG™ : 7TA!/VE1 — %}VEl (173)

satisfies the same conditions. (For the invariance of G™ and G™ we use
Lemma 45 ii)). O
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The next lemma states the conditions that two standard Courant alge-
broids are T-dual. Let £ =T*M &GDT M and E = T*M@Q@TM be stan-
dard Courant algebroids over M and M, defined by a quadratic Lie algebra
bundle (G, [-,]g, (,-)g) and data (VF R, H) and, respectively, a quadratic
Lie algebra bundle (G, |-, Jg. (-, -)g) and data (V¥ R, H) (as there are various
connections involved, we choose to use the notation V¥ rather than V for the
connection which is part of the data which defines F; a similar convention is
used for E). Let U : t* — Der (F) and ¥ : t* — Der (E) be actions which
lift »™ and ¢ and preserve the factors of F and E.

Lemma 51. The standard Courant algebroids E and E are T-dual if and only
if there are invariant forms € Q*(N) and ® € Q'(N, 75G) and a quadratic
Lie algebm bundle isomorphism K € Isom(w%G, 7%G) which maps VY™~E
to VYNE such that the non- degeneracy condition (170) and the following
relations hold:

(7 VE)xr = K(my V) x (K7'r) + [, ®(X Nzsé (174)
KryR — 4R =dV o + ¢ (175)
myH — T H = dB + (Kmy R+ Ty R) A @) g — 3 (176)

where ¢y € Q*(N, 7% ~) and c3 € Q3(N) are defined by
a(X,Y) = [®(X), @(Y)]ﬂNg,
e3(X,Y, Z) = (Q(X), [2(Y), ®(2))]z: g) 726
for any X,Y,Z € X(N).

Proof. Since E and E are standard Courant algebroids, so are wy F and 7y E
and an invariant isomorphism F : 7y FE — ﬁ}VE is defined by invariant data
(B, K,®), where B € Q*(N), K € Isom(n4G, 75G) and ® € Q'(N,7%5G).
The above relations coincide with relations (10), applied to F' and X, Y, Z €
X(N). O

We end this section with a simple lemma on the existence of preferred
dissections of T-dual transitive Courant algebroids.

Lemma 52. Let E and E be T-dual transitive Courant algebroids (not nec-
essarily in the standard form). Then E and E admit invariant dissections of
the form

['E-TMormGg®TM, I:E—T'M &7 Gsg®TM, (177)

where (Gg, (-, Ygu, |'s *lgs) 1S a quadratic Lie algebra bundle on B.
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Proof. LetI: E — Eyy = T*"M®GSTM and I : E — Ey = T*M&GOTM
be invariant dissections of F and E. From Lemma 50, E); and E,; are T-
dual. Let F : 7wy Ey — 7y E7 be an invariant isomorphism, and assume it
is defined by data (g, K, ®). Since F' is invariant, the quadratic Lie algebra
bundle isomorphism K : 73,G — ﬁ}k\,g’; maps VY NE to V¥ NE | From Lemma
46 ii), K = [I*Kp where Kp : Gg — C;B is a quadratic Lie algebra bundle
isomorphism and G = 7*Gp, G = #*Gp (see Section 5.1.1). Using Lemma
1, we change the dissection I to obtain a new invariant dissection of E with
G = 7*Gp = 7*Gp replaced by 7*Gp. 0

6.2 T-duality and spinors

Assume that E and E are T-dual transitive Courant algebroids and let
F:1yE — 7vE

be an invariant isomorphism as in Definition 47. Let Sg, Sz, St p and Sﬂv B

be canonical weighted spinor bundles of E, E, 7 E and %}VE respectively,
such that the pullbacks 7 : T'(Sg) — I'(Sy p) and 7y T(Sg) — ISz 5)
are defined. We consider an admissible pair (I, Sg) for Sg and Sy g, and an

admissible pair (I, Sg) for Si and S i, with invariant dissections
['E—Ey=T"MormGg®TM, [ :FE— Ey=T"M®7Gzg®TM

such that Sg = 7*Sp and Sz = 7*Sp, where Sp is an irreducible Cl(Gp)-
bundle and Sp is an irreducible Cl1(Gp)-bundle. We assume that the iso-
morphism Fg : SW!N 5 — SﬁlN 5 induced by F'is globally defined. This is

equivalent to assuming that the isomorphism (F1)s : Sy — Sy compati-
ble with Fy 1= I™ o F o (I"™™)™! . 7\ Ey — 7\ E;; is globally defined,

where Sy = A(T*N)®IT*Sp and Sy = A(T*N)&I*Sp are spinor bundles of
mvEy =T*N ®II"Gg @ TN and 7xEy = T*N & 11*Gp & T'N respectively
(and T =mommy =T o7y).

Remark 53. When the dissections are chosen suc;h that G = Q p as quadratic
Lie algebra bundles (see Lemma 52) and Sp = Sp as Cl(Gg)-bundles, F} is
an automorphism of the vector bundle

mnEy = 7nEy = TN @ 1I'Gg @ TN
with scalar product

(€ 4TI (r) X + T (r2) +Y) = Z(6V) + (X)) + I (1, ra)g, (178)
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and (F})s is an automorphism of the spinor bundle Sy = A(T*N)®I*Sp
of T*"N @& 1I*"Gp & T'N. If F; belongs to the image of the exponential map
exp : s0(T*N @ II'Gg & TN) — SO(T*N @ II*"Gg & T'N), then (F)s is
automatically globally defined (cf. Remark 11). In fact, in that case Fj can
be lifted to (F})s using the exponential map for spin(T*N @ [I*Gp @ T'N).

Theorem 54. i) The map
7= (Fx)ho Fsomy : T'(Sg) — I'(Sz) (179)

intertwines the canonical Dirac generating operators of E and E and maps
invariant spinors to invariant spinors. In particular, there is the following
commutative diagram

i) There is an isomorphism p : Tw(E) — Tw(E) of C®(B)-modules
which preserves Courant brackets, scalar products and is compatible with T,
i.€.

T(Ws) = Y T(8), [p(u), p(0)]z = plu, vle, (p(u), p(v)) 5 = (u,v)e, (180)
for any u,v € T'w.(E) and s € T'w(Sg).

The claim from Theorem 54 i) concerning the canonical Dirac generating
operators follows from Propositions 15, 19 and 23. The remaining claims
from Theorem 54 will be proved in the next two lemmas.

Lemma 55. In the above setting, Fy; and EM are T'-dual. The assertions of
Theorem 54 hold for the pair (F, E) and canonical weighted spinor bundles
Sg and Sg if and only if they hold for the pair (EM,EM) and canonical
weighted spinor bundles Sy == ANT*M)&n*Sg and Sy, = A(T*M)&7*Sp
of Ey and EM respectively.

Proof. The fact that Ey; and E 7 are T-dual follows from Lemma 50. We
will assume that the assertions of Theorem 54 hold for (E, E) and show that
they hold for (E)y, E. 17) as well. The same arguments prove also the converse
statement. Using relation (173), we obtain that the map 7 defined for the
pair (Ey, Ey;) as is defined 7 for the pair (E, E), that is,

7= (Tn)e o (Fl)somn : T'(Sy) = I(Sy), (181)
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where
(7n)s : D(Sy) = Q(N, IT*Sg) — I'(Sy;)

are the pullback and pushforward maps (56) and (79), is related to 7 by
7 =elsoro (Ig)™". Here e € {£1} and Is : Sp — Sy, Is : S; — Sy are
induced by I, I. As I and I are invariant, Is and Is map invariant spinors to
invariant spinors. This is true also for 7. We obtain that 71 maps invariant
spinors to invariant spinors. Define

p1:Tw(Ey) = Tw(Ey), pri=Topol™t.
Since (7, p) satisfy (180), so do (11, p1)- O

Lemma 56. The statements from Theorem 54 hold for the pair (En, Ey)
and canonical weighted spinor bundles Sy and Sy;.

Proof. 1) We prove that the map 71 defined by (181) maps invariant spinors to
invariant spinors. We denote by V¥ and V¥ the partial connections defined
by the actions on the standard Courant algebroids Fj; and EM. For the
various other partial connections (like V‘I””!NEM, vUmSe VIS etc) we
use the definition explained after Lemma 45 (keeping in mind that Sg = 7*Sp
and 7S = I1*Sp). We prove that if w ® s € T'(Sy) is t*-invariant then
i (w ® s) € T(Sy) is t**-invariant. The t*-invariance of 7} (w ® s) follows
from Proposition 44 ii). In order to prove that % (w ® s) is t*-invariant, we
apply the formula

U (@) (w ® ) = Lxn (Thw) @ mhw + (Tyw) @ V98 (rhs). (182)

If a € ¥ then
*CX(IlV (ﬂ-j/k\fw) = W?VL(WN)*X(;VW = 07 (183)

since (7n)« XY = 0. On the other hand, from (169), we deduce that

V;IJ(?*SB(W}‘VS) = WE‘V(VEI;;;S%\,T) =0
by using again (7y). X = 0. It follows that 7% (w ® s) is t*-invariant. We
have proven that 7% (w®s) is t**-invariant. From Lemma 37, (F})smh (w® )
is t**-invariant (in particular, t*-invariant) and from Proposition 44 ii) we
obtain that 7, (w ® s) is t*-invariant, as needed.

i) Let u=¢+7r+X € I'w(E)). Then X and ¢ are invariant with respect
to the standard (by Lie derivatives) action of t* on M and r is V¥-parallel.
We obtain

Lxn(14€) =0, Ya € 2, VImEv (73 r) =0, (184)
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where in the second relation (184) we used (168). We claim that there is a
unique t?*-invariant lift Xy € Xex (V) of X with the property that

pryey B (T (€ + 1) + Xo) = T (€) (185)

for an (invariant) 1-form & € Q'(M). To prove the claim we assume that
the isomorphism Fj is defined by data (8, K, ®) as in Section 2.2.1, where

B € Q*N), K € Isom(II*Gg, I1*G) and ® € QY(N,II*Gp). Let X be an
arbitrary t**-invariant lift of X. Then

proy P (T (€ +7) + X) = X, pro gFi(my(§ +7) + X) = K(mir) + (X)
prp By (T (64 7) + X) = 74 (6) — 20" K (xiyr) + i — D*0(X).  (186)

From (184) 7%(€ +r) is t**-invariant and we obtain that F (7 (€ +7) + )/f)
is also t?*-invariant. The non-degeneracy of (170) together with the t2*-
invariance of pry. y Fy (% (€ + ) + X) and the last formula (186) imply that
there is a unique 2~ invariant lift X of X such that pro-nFi(mn(E+T) +)?0)
is horizontal with respect to 7 and invariant, hence basic. For this lift
relation (185) holds.

On the other hand, since Fy (7} (§+7) +)?0) is t**-invariant, its projection
to II*Gp is V‘i”ﬁlNEM—parallel and is therefore the pullback of a V‘i’-parallel
section 7 of 7*Gp. To summarize,

P (E+7) + Xo) = An(E+7) + Xo (187)
where £ € QY(M) is t-invariant and V¥ (7) = 0. We define
pi(u) ==&+ 7 + (7n). Xo. (188)

Obviously, pi(u) is t*-invariant and the resulting map p; : Dw(Ey) —
T (Ey) is C°(B)-linear. It remains to prove that (p;,71) satisfy relations
(180). In order to prove the first relation (180), let u := {+r+X € T'w(Ey),
pi(u) =€+ 7+ (ﬁN)*)?o constructed as above, s € I'u(Sy/) and o € I'(Sy).
Using (59) and Remark 22,

TNYa(8) = Va4 2™ (TN @174 %00 = Vo (Tn)s0, - (189)

and we write

T1v(s) = (@n)«(F1)s(mn) () = (TN ) (F1)$Vrs (er)4 %, TN S
= (AN)< Vs @4+ % (F1)STN(S) = Vpr() (T ) (F1)s(mv) " (s)
= Ypy(wT1(8),
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where in the third equality we used Lemma 10 and relation (187). The
first relation of (180) is proved. The second relation of (180) follows from
the next computation, which uses the first relation of (180) together with
71 0dy = d7 o 71 proved in part i) of Theorem 54 (where ¢, and d; are
the Dirac generating operators of Ey; and Ej; acting on I'(Sy,) and I'(S ;)
respectively). For any u,v € ['w.(E)) and s € I'w(Syy), we have

Vprluwls,, T1 (5) = TV (uvlE,, (S> = Tl[[dMa 7u]7 %](8) = [[de 7/)1(10]7 Vpl(v)]Tl(S>

= Ve )5 71(s).

In order to prove the third relation of (180), we remark that for any u €
e (Er), (u,u)g,, is t-invariant and hence is the pullback of a function g €
C*(B). Similarly, (p1(u), p1(u))z_ is the pullback of a function g € C*(B).
We need to show that g = g. This follows from the next computation which
uses the first relation of (180):

#(g)ma(s) = 7 (7" (9)s) = ({1 Wy, 8) = T172(8) = Va7 (8)
— (p1(), pr(w)) g, 71 (5) = 7 () (5):

From the third relation of (180) we obtain that p; is an isomorphism (of
vector spaces and even of C°°(B)-modules). The proof of the theorem is
completed. O

Corollary 57. The map
7= (inh o Fsomy : Tw(Sg) = T (Sg) (190)
is an isomorphism of C*(B)-modules.

Proof. This follows from the irreducibility of the spinor bundles together
with the fact that 7 is C°°(B)-linear, is not the zero map and intertwines the
Clifford multiplications in the commutative diagram

L (E) x I'w(Sp) —T'w(Sp)
T (E) x T(Sg) — T (Sp)
O

Remark 58. As in the T-duality for exact or heterotic Courant algebroids,
the map p constructed in Theorem 54 can be interpreted as an isomorphism
between Courant algebroids over B (see [2] and [7]).
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In the next remark we discuss Theorem 54 without the assumption that
Fys is globally defined.

Remark 59. i) We claim that the isomorphism (F})s introduced before
Remark 53 (hence also Fg) is always defined on subsets of N of the form
II71(V), where V' C B is open and sufficiently small. Indeed, (F})s), €
Isom(Sy |, Sy|v) is defined, whenever U C N is open and sufficiently small
(see Lemma 10). Letting V' := II(U), we can find (reducing V' is necessary)
invariant frames (s;) and (5;) of Sy and Sg on II7(V'). With respect to these
frames, (F)s), is given by

(F)siy (1) Zcﬂs] (191)

for some functions Cj; € C*°(U). From the invariance of (F})g,,, we deduce
that LxnCj; = 0 for any a € t*, ie. Cj; = II5(c;;) where ¢;; € C(V) and
Iy : U — V is the restriction of II. Using that all 7 Eyy, ﬁ}VEM, Sy and
Sy admit invariant frames on II7'(V), we deduce from the compatibility of
<F1>S\U with FI‘U that

(FU)si-1y, (82) = ZH*(%’)%" (192)

defined on II"*(V), is compatible with Fi|q-10).
ii) From the above, the map

v = (Fn)o Fyomy : D(Sglr-1)) = T(Salz-1(v))

is defined. Theorem 54 still holds, the only difference being that 7 is replaced
by the locally defined maps 7y, for any V' C B open and sufficiently small.
(The isomorphism p remains defined globally.)

6.3 Existence of a T-dual

Let m : M — B be a principal T*-bundle and H a principal connection on 7,
with connection form 6 = Zle O;e; € QL(M,tF), where (e;) is a basis of t*.
Let (E,¥) be a standard Courant algebroid with an action ¥ : t* — Der(F)
which lifts the vertical paralellism of 7, defined by a quadratic Lie algebra
bundle (Gg, [, |gs, (*, *)gz) Whose adjoint representation is an isomorphism,
a connection V¥ on Gp which preserves [-,-]g, and (-,)g,, a 3-form Hg),

2-forms H éf and sections r? € T'(Gp) (1 <i < k) as in Example 35 (see also
Corollary 34). We denote by (¢') the dual basis of (e;).
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Theorem 60. Assume that the closed forms IC; defined by (132) represent
integral cohomology classes in H?(B, R) cmd let 7# : M — B be a principal
T*-bundle with connection form 0 =S5 0, such that (d6;)® = K; for any
i. Then E admits a T-dual E, defined on M cmd

k
[Z(d@i)B A (déi)B] = [P AP)g,] € HY(B,R). (193)
i=1
Proof. From the expression (132) of K; = (df;)?, we have
(déz)B = H(Zé])g + 2<tB7TzB>gB <’rzB7 _7B>gB(d0 ) (194)
We consider the data formed by the quadratic Lie algebra bundle
(GB; ['7 ']~Q}37 <'7 '>~QB> = (ng ['7 ']ng <'7 '>gB>7

connection VP := VB, sections 7% € I'(Gg) (arbitrarily chosen), 3-form

Hg) = Hg and 2-forms

HY = (d0,)" = 20 7P g, + (72,7 g, (d6;)". (195)
From (195), the 2-form
IC H(ZQ) + 2( >QB - <sza ~_]B>gB<d9 ) (d‘91>B
is closed. Since

df{(g) = dH(g) = <'CB A 'CB>gB — ICZ A (d@Z)B = <'CB A\ 'CB>gB — l@l A (déz)B,

we obtain from Example 35 a standard Courant algebroid (E, \i/) together
with an action which lifts the vertical paralellism of 7, such that

s, L,..p . _
Hf)(;l) o = _§<[TpB7TqB]gB7TS >gB
1
ij,B ~ ~ ~ ~
H({) = 2 ((vB szer>Q - <VBT]'BariB>gB)

and the Gp-valued forms R%’)B, Réf and Rg) given by the tilde analogue of

(128). The quadratic Lie algebra bundles of £ and E are the pullbacks of
(G, [, ]gs, (*, )gs) and, as vector bundles with scalar products,

E =7wE =T'N®1I*Gg & TN,
where the scalar products are given by (178) and Il = momy = T o Ty.
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We claim that E and E are T-dual, i.e. not only that 7\ E and 7% F are
isomorphic as Courant algebroids but that one can choose the isomorphism
to be invariant and such that the non-degeneracy condition (170) is satisfied.
Such an isomorphism F : n\yE — 7\ E (if it exists) is given by a triple
(8, K, ®), where 8 € Q*(N), ® € QY(N,11*Gp) and K = [1*Kp where Kp €
Aut(Gp) is a quadratic Lie algebra bundle automorphism (see the proof of
Lemma 52). Let

Vv =VF +0,®ad, =1V
V= VP 40, ®ad;, = 7V

be the connections on E and E defined before Lemma 31, where r; := 7*(rF),
7; = 7*(7P) and to simplify notation we continue to omit the summation

sign and we denote by the same symbol ‘ad’ the adjoint action in the Lie
algebra bundles Gg, G, G or their pullbacks to N. Then

75 VF = 11"V — (7%50;) ® IT* (ad, )

(3

N VE =1I'VP — (736;) © T (ad, 5). (196)

With these preliminary remarks, we now consider separately the relations
from Lemma 51 and we look for (8, K = II* K, ®) such that these relations
are satisfied. Relation (174) can be written in the equivalent way

I (Kp(VA)Kg' — V7)) = (730, @11 (ad g, (o)) — (A 6:) @ (IT"ad6 ) +adod.
(197)
Letting

Kp :=1dg,, ® = (7x6;) @ I (77) — (n}6;) @ I (rf), (198)

relation (197) is obviously satisfied. Relation (175) is automatically sat-
isfied from Lemma 2 and our hypothesis that the adjoint representation
of (Gg, [, :]gs) is an isomorphism. It remains to find an invariant 2-form
S € Q*(N) such that relation (176) is satisfied. Now, a straightforward
computation which uses the definition of ® shows that the 3-form

c3(X,Y, Z) = (P(X),[P(Y), ®(2)|negp)1vgs, VX,Y,Z € X(N)

is given by

1
s = 5 ({72, P1ay 7Y, A O A By — (2, 1Plg, v )0, A 0, 10,

sl 1Gpy T

(AR

+%(([7’B 816, 72)0, N O; A 6; — ([P, 7Plg,, m)0; A6; /\9) (199)
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where we identify forms on M, M or B with their pullback to N (we omit
the pullback signs) and we denote (-, -)g, by (-, -) for simplicity. On the other
hand,

TR =RE) +0; AR + RGP @ (0: N 6)),
ink =R +6; ARG + Ry ® (6,7 0), (200)

where we recall that

y 1
Ry = S0 rlas, Ry = V0P, Ry =" —dbi@rf (201)

and similarly for R i, B RZ B and RB (2)» With rB replaced by 7P and 6; replaced
by 6;. From (200) and (201) we obtain that

(Ty R+ 74 R) A ®)ipegy, = —0; A O; Ad(rP,7P)
+ (268 = (d6;) @ rP — (d6) @ FB) A7) A 6,
—((2¢% = (d0;) @ P — (d6;) @ 7FB) Ay A G;
+ ; (402,21 7200 A 05 7 By = (72, 7], 7800 1 65 1.6,
+%(<[7«ZB, FEL RN A5 A Gy = (B, r )0 1 05 16,
+ (VP By NG A0 — (VPFEFPY A O; N 6. (202)

We write the 2-form S as
B = Be +0; A\ 521) +0; A 521) + fiy0 N O
where 3, B(il), Bfl) and f;; are defined on B, so that
dB = dBz) + db; A By + db; A By

—0; A (dBy + £id0,) + 6; A (-dé;’l) + f:d6;)
— dfi; NO; A ;. (203)

Finally, we write, as in Section 5.1.1,

ijH:Hg)+9i/\H’B+0 A6O; NH
ﬁjVﬁI:HgﬁéiAH(z)+9iA9j/\Hg

P+ H35P0; A 60; 6,

PP AG NG, (20)
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Using the expressions of H(’éf B and H”S B and (199), (202), (203) and (204),

we obtain that relation (176) reduces to the following relations:

H@—ﬁg—dﬁ@—( )/\6(1 (d6:)? A By =0

dBiyy + fiy(d0;)° = —H{z) + (r 77)(db;)" — 205, 0F) + (rf 1) ()"
dy — fu(d;)? = Hy) — (P, JB>( ;)7 + 20, B) (77, ry7) (df;)"
dfi; = d(FP,rP). (205)

Recall now that HE

&= - O g) and

It follows that [ = 0, 521) =0, Bfl) = 0 and fy = (r],77) = d;
satisfy relations (205), We obtain that the 2-form

B = ((rB, 78y — 6,,)6; A 6,

i 00y

satisfies (176). The existence of F' is proved. It is clear that it is invariant.
The non-degeneracy condition (170) is satisfied, since

B(Xa, Xp) = —(F2 1P + 64, (O*®)(Xa, Xp) = —(Fa, 13). O

6.4 Examples of T-duality

In this section we apply Theorem 60 to various classes of transitive Courant
algebroids. In particular, we recover, in our setting, the T-duality for exact
Courant algebroids [7] and the T-duality for heterotic Courant algebroids [2].

6.4.1 T-duality for exact Courant algebroids

Let E=T*M & TM be an exact Courant algebroid over the total space of
a principal T*-bundle 7 : M — B, with Dorfmann bracket [, ]y twisted by
an invariant, closed, 3-form H € Q3(M), that is,

[§+X,T]—|—Y]H = ﬁx(Y—FTl)—Zydg—i—Zyle, (206)

for any X,V € X(M), &,n € QY(M), scalar product (£ + X,n +Y) =
$(£(Y)+n(X)) and anchor the natural projection from E to T'M. The action
of T* on M lifts naturally to an action on E. Assuming that H | A2(Kerr) = 0,
we obtain a Courant algebroid of the type described in Example 35. Choose
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a connection H on m, with connection form 6 = Zle O;e; (where (e;) is a
basis of t*) and write

k
H=Hg+ Y 0; AHjy,
=1

where H(3) and H, 22) are basic. If [H] € H*(M,R) is an integral cohomology

class, then so is [Héf] € H?*(B,R) (for any i) and Theorem 60 can be applied.
We recover the existence of a T-dual for exact Courant algebroids, which was

proved in [6] (see also Proposition 2.1 of [7]).

6.4.2 Heterotic T-duality

Let G be a compact semisimple Lie group, with a fixed Ad-invariant scalar
product of neutral signature (-,-); on g = Lie(G). Let ¢ : P — M be a
principal G-bundle and H a connection on o. By definition, the heterotic
Courant algebroid defined by the principal G-bundle o : P — M connection
H and a 3-form H € Q3(M) is the standard Courant algebroid E = T*M &
G @& TM with the following properties:

1. (G,[,"]g,(-,")g), as a quadratic Lie algebra bundle, is given by the
adjoint bundle gp := P xaq g. Recall that sections r € I'(gp) are
invariant vertical vector fields on P and can be identified with functions
[+ P — g which satisfy the equivariance condition f(pg) = Ad,-1 f(p)
for any p € P and g € G. We shall use the notation r = f to denote
this identification. Since the Lie bracket |-, -] and scalar product (-, )4
of g are Ad-invariant, they induce a Lie bracket and a scalar product on
gp, which make gp a quadratic Lie algebra bundle. The Lie bracket of
gp so defined coincides with the usual Lie bracket of invariant, vertical
vector fields on P.

2. The connection V which is part of the data (V, R, H) which defines the
standard Courant algebroid F is induced by H, R = R™* € Q*(M, gp)
is the curvature of H and dH = (R* A R™),.

Assume that M is the total space of a principal T*-bundle 7 : M — B
and that ¢ : P — M is the pullback of a principal G-bundle o¢ : By — B.
Then, for any m € M and g € T* there is a natural identification between
the fibers P, := 0 1(m), Py = 0~ (mg) and (Py)x(m) := ;' (m(m)), and
the T"-action on M lifts naturally to an action on P (such that g acts as the
identity map between P,, and FP,,, in the above identification). We deduce
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that on any heterotic Courant algebroid £ = T*M & gp & T'M there is an
induced action

Ui t* — Der(E), U(a)(§+ 7+ X) = Lyué+ Lxpr + LynX (207

where XM and X? denote the fundamental vector fields of the T*-action on
M and P defined by a € t* and r € T'(gp) is viewed as an invariant vertical
vector field on P. If r = f, then Lyrr = X(f).

Following [2], we shall be interested in heterotic Courant algebroids de-
fined by ¢ and a particular class of connections ‘H := H? on 0. More precisely,
we consider a connection H™ on the principal T"-bundle 7 : M — B, with
connection form § = ¢ fie; € Q'(M,t*) (where (e;) is a basis of t*), a
connection H? on the principal G-bundle oy : Fy — B, with connection
form Ay € QY(P, g) and a G x T*-equivariant function ¢ : P — (t*)* @ g.
They define a connection H? on o, with connection form

A:=miAg— (070,0) = w5 Ag — Zcr 0; @ v;, (208)

where 7y : P — Py is the natural projection, (-,-) denotes the natural con-
traction between t* and (t*)*, and 9; = (9,¢;) : P — g. From the equivari-
ance of v, the functions v; define sections of gp = 7*gp, which are pullback
of sections of gp,, i.e. ©; = 708 for 9P € I'(gp,) (we use the same no-
tation for the functions o; , 07 and the corresponding sections of gp and
gp, respectively). We shall denote by X Ao ?’TSAO, 57‘4, the horizontal lifts
of X € X(B) and Y € X(M) with respect to H?, njH® and H’ respec-
tively. Here miH?° C TP denotes the G-invariant horizontal distribution in
o : P — M defined by (njH°), = (dymo)~ 17—[‘70 , p € P. It coincides with

the kernel of the connection form 7jAy.

Lemma 61. Let (E =T*M®&gp®TM, V) be the heterotic Courant algebroid
defined by o : P — M, the connection H’ with connection form (208) and
a 3-form H € Q3(M) such that dH = (R* A RM"),, together with the t*-
action (207). Then the connection VY on gp = 7*(gp,) defined in (108) is
the pullback of the connection VA° on gp, induced by H (in the notation of
Corollary 34, Gg = gp, and V¥B = V40),

—— A
Proof. We claim that the horizontal lift XM * ‘e X(P) of the m-vertical
vector field XM determined by a € t* coincides with the fundamental vector
field X of the T*-action on P, i.e.

XM = X Vact (209)
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In order to prove (209), let U C B be open and sufficiently small such that,
over U, oy is the trivial G-bundle and

o - P|7r*1(U) = 7T_1(U) x G — P0|U =U X Ga 770(]9, g) = (W(p),g)
For any X € X(7~1(U)),
X640 = X — ((r5Ag)(X), f1)XE, (210)

where (f;) is a basis of g with dual basis (f) and for f € g, X}D is the

left invariant vector field on G determined by f (viewed as a vector field

on 7 HU) x G). On the other hand, X™ € X(7~}(U)), viewed as a vector
field on P = 77 1(U) x G, satisfies (). XM = 0, since 7. X? = 0 and
7o = 7 x Id in our trivializations. Applying (210) to X := XM and using
(70). XM = 0 we obtain )f(z‘/ﬂvo = XM. On the other hand, the action of
TF on P = 7 }(U) x G is given by R,(m,j) = (mg,g) which implies that
XFP = XM, Relation (209) follows.

Let V be the connection on gp induced by H?. Its covariant derivative is
given by

Vxr = XA(f) = X™4(f) — 0;(X)ad,, o f, X € X(M), (211)
where r € I'(gp) and r = f. Here we have used that
XA = Xm0 4 g,(X) XD

and the G-equivariance of f, which implies X (f) = —ad, o f for all v € g.
Applying relation (211) to X := X and using (209) we obtain

Vxur = XP(f) = (a,€)ady, o f, Va € t¥, (212)

which implies that the skew-symmetric derivation A, of gp, from Lemma 26,
is given by

Aa(r) = (LXf - ny)r = ad,q 0 f, Va € t. (213)

From its definition (108) and relations (211), (213), V? is given by

k
Vir = Vxr+ > 0,(X)Ay(r) = X704 (f), (214)
=1
which implies that V? = 7*V4 as needed. O
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Since V4 preserves the Lie bracket and scalar product of gp,, its cur-
vature takes values in the bundle of skew-symmetric derivations of gp, and
is of the form ad,4, where v € Q?(B, gp,) (since g is semisimple). Like in
(111), we decompose H € Q3(M) using the connection 6.

Proposition 62. In the above setting, assume that

Hig® = ([0, 0714, 00),
HEP = 2 (V%008 07}y — (V1007, 0P),) (215)
and that the (closed) forms
H(ZQJ;3 + 2<tAOv@zB>g - <@f,@f)g(d9j)3. (216)

represent integral cohomology classes. Then (E, V) admits a T-dual which is
a heterotic Courant algebroid.

Proof. The conditions (215) mean that (F, W) belongs to the class of standard
Courant algebroids with tk—action described in Example 35 (in the notation
of that example, r; = 0; and r? = 0P). Let (E,¥) be a T-dual of (E, V),
provided by Theorem 60. Then (E \If) is defined on the total space of a prin-
cipal T*-bundle 7 : M — B, Wlth connection form 6 = Z f:¢', in terms
of arbitrarily chosen sections 72 € T'(gp,). We define the pullback bundle
G:P— Mofoy: Py— Bby the map 7. The arguments from Theorem 60
and the above lemma show that E is the heterotic Courant algebroid defined
by the principal G-bundle &, connection H® with connection form

k
A=#5Ag =) 6°0; @ (217)

i=1

where 7y : P — Py is the natural projection, 7; = 7 (7 ) € F(gp) and 3-form

H is constructed as in Theorem 60 (in particular, H (” & and H B are given

by (215) with 62 replaced by 75). O

Remark 63. Our approach from this section provides an alternative view-
point for the heterotic T-duality developed in [2]. Heterotic Courant alge-
broids can be obtained from exact Courant algebroids by a reduction proce-
dure described in [2] and the heterotic T-duality from [2] was obtained as a
reduction of the T-duality for exact Courant algebroids [7]. Our approach is
more direct and makes no reference to exact Courant algebroids.
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