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Bbstract:

The coefficients in Symanzik's improved lattice action for (pure) SU(Z2} and
SU(3) gauge theories are determined to one-loop order by regquiring the absence
of leading scaling violations in a set of on-shell quantities, which arise in a

world where 2 dimensions are compactified in a twisted manner.

" Heisenberg foundation fellow

1. Following Symanzik's analysis of scalar lattice field theories [1] , it has

been suggested [2] that the lsading ultra-violet cutoff effects in lattice gauge

thearies can be removed by adding a few next-to-nearest neighbour terms to Wilson's

action [3] (for an introduction to the impravement programme see Ref. [4)). For
SU(N) lattice gauge fields U(x,p) (p = 0,1,2,3) living cn a four-dimensional

hypercubic lattice with sites x and spacing "a", the improved action reads [2,5]

3
2
m Sful =4 & ¢; (%) T L(e),
% i-0 tey,
where 9, denotes the bare coupling constant and the 32'5 are sets of closed
elementary loops € on the lattice as described by Fig. 1. Furthermore, the

weight & (€) is defined by
@ £(€)= Re Tr[1-Ule)],

U(%€ ) being the ordered product of the link veriables U(x,u) along € . Finally,

the coefficients ci(gg] satisfy the normalization condition
2 2 2 2,
(3) ¢ (a0} + Boy(a7) + 8ey(gl) + 1beglgl) = 1
and are to be chosen such as to cancel D{az) scaling violation terms.

In this note we describe a method to determine the ceoefficients ci(gg) in weak
coupling perturbation theory and present the results of a one-loop calculation.
As explained in Ref. (5], a host of conceptual and practical problems can be
avoided by requiring the removal of 0(a2) scaling violations from on-shell
quantities only. Furthermore, in that case one can prove that one of the terms

in the improved action is redundant, i.e. one is free to choose



@) cylgd) = 0,

for example. In view of these simplifying features, the scope of improvement

is restricted to on-shell guantities here too and the convention {4) is adopifed.

In perturbation theory we have

8 (a2 = ¢ + g%tV v 0igh),

where cio) can be calculated from tree amplitudes and cil) from one-lecop diagrams.
At both levels, one combination of the coefficients has already been determined

by evaluating the heavy guark potentizl at physical distances and reguiring the
absence of O(az) scaling vicolatien terms [2,6]. To obtain a seccnd relatien, one
is probably forced to consider an on-shell quantity, which is proportional to the
3- or 4-point vertex functicn such as the (connected) 4-quark potential. Because
of the many diagrams contributing at one-loop order, this particular guantity does,
however, not seem to be a favourable case. Gluon scattering matrix elements are
simpler in this respect, but in the absence of an infrared cutoff it is a delicate
matter to define the S-matrix properly beyond the tree level. Lacking a reslly con-
vincing choice for the second quantity to be calculated, we were led to consider

the exotic world to which we now turn.

2, The basic idea of our approach is teo look for a situstion, where gluons are

massive and appear as asymptotic states. Scattering amplitudes can then be defined
unambiguously so that a wealth of relatively simple on-shell quantities become

available for the celculation of thz cosfilcients ;-

By a mechanism familiar from Kaluza-Klein theories, gluons become massive
when 2 of the 4 space-time dimensions are compactified in a twisted way. Thus,
*}

in the x

we assume the lattice has a finite extent L - and xz—direction

1

with twisted periodic boundary conditions fer the gauge field [7]:

-4
Y
6 Wlx+ Ly, pw) = Q, Ulx,p) (v=1,2}
{ P : unit vector in the positive v -direction). The twist matrices flv are
constant, gauge field independent elements of SU(N), which satisfy the algebra
3 20
= N
n Q,0,= e Q,0,.

It is weil-known {e.g. [8,9]) that eg. (7) fixes the K)v's up to unitary trans-
formaticns. Furthermore, they are irreducible, i.e. any matrix which commutes
with Ill and 512 is proportional to the unit matrix. Using these properties it
is easy to show that the only zero action fields are pure gauge configurations:

(8a)  U(x,w) = AGAX + af) 7] A(x) € SUm),

H

8o)  Alx+LY) = ﬂv/\(x)ﬂ;4 {v= 4,2).

The perturbative expansion of the functicnal integral can thus be performed

straightforwardly by substituting

(9 Vixp) = exp ggeh, (),

———
J L has physical units with L/a being an integer equal to the number of

lattice sites in the transverse directions.
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fixing the gauge and expanding all entries in powers of q,- An important observation now is that Ap(x) is traceless and that the U(%1)
generator f; therefore does not ccecur in the Feurier decompositicn of
For the physical interpretation of the resulting amplitudss, it is useful to go AH(XJ~ In other words, we have

to the momentum representation. The Fourier transformation appropriate to the

boundary conditions (6) reads {14) Aﬂ(k) = 0 if ny(mod N} = ny{mod N} =0,
Tfa_ . i
A (x) (LQ_N)‘A Z : g dko r.:“is e" k-x r e'i kpo“ K (k) in particulsr, there are no modes with k), = 0. In the complex energy plane, the
x) = —r =
k B ’
(10) ¢ hL -Nfa I physical poles of the (free) gluen propagator are given by
+ . 2 2 2
where the transverse momentum components k,,k, Tun over the discrete valuss (15)  k,=-1 4 Ky + kg + 0(@7),
2Mr ~ and since
an  k, = 5Ny, n,e L, /o < k, € T/a.
2 2. 2 2 2
) (16) & =nfnd s 09 2 0, m= N

*
The N x N - matrices Fk play the rfle of group generators and are defined by

. it follows that there is a mass gap, at least to lowest order perturbation theory.
-n a, a0 40,4 n- 1) : gap p y
any L= Q. * 0" NS T

k 1 2

Moreover, for sufficiently small L (i.e. if m >> /\ﬁé) asymptotic freedom implies
a small effective gauge coupling and perturbation theory is therefore expected to
The basic property of these matrices is yield & gualitatively correct and asymptotically precise description of the model

at all energies, in particular, the mass gap found at lowest order persists for
-4 1 hvl— a range of couplings.
a3 O, 0, Q, = e l"h , (v=1,2),

If we adopt the Kaluza-Klein peint of view that the theory is basically 2-dimen-
which insures that the Fourier representation (10) respects the boundary con- )
. sional with 2 extra compact dimensions, the fellowing physical picture results.
ditions (f) (the amplitude A (k) is complex valued, not a matrix).
H At 8, = 0 there is a tower of free particles, which are labelled by the quantum

' numbers ny and Ny and a spin quantum number s = ¥ 1 to account for the vactor

N the om : — - n
The phase factor is added to make [ invariant under shifts of n, by degrees of freedem of Au(k). The range of the n,'s is restricted by egs. (11),

multiples of N,



(14) and the masses M(ni,nz,s) of these particles are

(17)  H(n .ny.s) = m ,\{ ni + 02+ 0(s)).

Thus, the lowest lying particies (A mesons) have a mass equal to m, the next to
lowest lying (B mesons) equal to {2m and all other particles have masses M 2 2m.
When the gauge coupling is turned con, most of the latter particles must be ex-
pected to become unstable. On the other hand, the A and B mesons remain stable

for smzll coupling and their scattering matrix can be computed without difficulty.

We finally note that although we have fixed the gauge for pertyrbation theory, the
particle states described above can be created from the vacuum state by applying
gauge invariant operators, which are well localized in Har Xy and extended in the
transverse directions (Wilson loops winding around the world, for example). The

A and B mesons are therefore truly physical excitations whose dynamics could in

principle be studied by other means such as the Monte Carlo simulatiocn method.

3. Because there are only two independent coefficients Cio they can be determined
by requiring the absence of O(az) scaling violation terms in two selected on-shell
quantities. As the first of these, we choose the mass " my of an A meson with
quantum numbers ny = 0 and n, = 1. The spin s must also be specified, because the
degeneracy of particles with different spin only helds if 9, = 0 and a = 0, For-
tunately, the two spin states of the A meson can be distinguished by a conserved

quantum number, namely the parity under a reflection of Xy combined with a charge

conjugation (only this combined operation leaves the boundary conditions invariant).

———
) i.e. the energy (= eigenvelue of the transfer matrix {11) of a one-particle

state with momentum k3 = 0.

-7 -

Choosing positive parity, an appropriate interpolating field is simply E&(k)
with k = (kO,D,m,U) and the state of the A meson is thus completely characterized

in a way independent of the lattice spacing.

To lowest order, my is easily calculated by determining the location of the pole
of the propagator of Ei(k) in the complex energy plane (see Refs. 2,10} for wmore
details). The result is

22 (o) 1

(18) m(:):m{l—am(cio)—cz c 1 0l

where eq. (3) was used to eliminate s in favour of cq and Cs5e Improvement thus

Tequires

(o} (o) _ 1
(19) C1 - C2 =17

a relation, which has been derived before from the heavy quark potential [2].

The second quantity which we have chosen for the calculation of the coefficients

; derives from the scattering amplitude T for the process
(20)  A(D,1) + A(D,-1) = A(1,0) + A(-1,0)

(A(nl,nz) denotes an A meson with guantum numbers Ny, Ny and positive parity as
explained sbove). This transmutation of A mesons can happen either vis a point
interaction or by exchanging a B meson. In the centre of mass system, T 1s a func-

tion of the momentum i'k3 of the incoming mesons. B exchange then gives rise to a



pole of T in the complex k3 plane with a residue, which may be identified with
the square of a phenomenological coupling constant . Being proportional to the
3-point vertex functiaon, A is a much simpler quantity than the full scattering
amplitude and we have therefore decided to calculate A to obtain a secend re-

lation for the coefficients ;-
The precise definition of A is as follows. Let ré(k,p;p,v ;9, w) denote the

full propagator amputated 3-point function of Kp, EA(k) and ZB(k) the residues

of the poles of the A and B meson propagators, and
_ 1
v flh,p,q) = 5 TeiN [7,, T3
the U{N} structure constants. Then, A.is defined through
Yo % . .
@2) {Z,(RZ, (P21 £ e Nlk,4;p,259.)) = iA {lkp,q),
J=

where 81 = - 82

k,p,q are on mass shell. Explicitly,

= 1 is the polarization of the exchanged B meson and all momenta

(23a) Kk

1

(iEy(ir),0,m, iz},
{236)

=}
1

= (-iEytit),m,0,1r),

{23¢) q = {0, -m, -m, -2ir),

with EA[kS) being the energy of an (even parity) A meson with momeantum k3 and T
the solution of EB(-Zir) = 0. Without proof we note that the complex paint (23)

is far away from the singularities of FB and A is thus completely well-defined.

At the tree level of perturbation theory, the calculation of X just ameunts
ta the evaluation of the 3-point vertex functions of Ref. [61 for the momentum

configuration {23) and cne finds

(24) A= g Ay %2 AY O(qf),

a

(25) A = -8 {1 - % ami (9 (CSO)" ¢+ 44—1 Y + ?.c(;)] + 0(a9}.

Taking into account eq. (19}, improvement of A thus implies

céo) = 0 so that altogether we have
{¢) _ 5 (o) _ _1 (o)
(28) S, R L v IR 0.

While these numbers have been known for some time, our calculation is the first
one to demonstrate that they follow from the requirement of on-shell improvement

alone [5].

4. At one-loop order there is a total number of about 20 diagrams contributing to

my and A . For each diagram the 0(82) term must be isolated and the coefficients
(1

o7 are then adjusted such as to cancel these terms in mﬁi) and l(l). Except for

a few momentum integrals, most steps in this calculation could be done analytically,
but because of the complexity of the trae level improved propagator and vertices [6]
this would be an extremely tedious way to proceed. We therefore decided to follow

a different strategy, which relies more heavily on the use of a computer and which
has proved to be efficient and reliable. Here, the method is only sketched in a few
words, the details of the basic techniques employed being postponed to a separate

publication [10].
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Apart from the diagrams involving cil) {which are tree graphs and can be done
analytically), the diagrams to be calculated essentially cepend on N and L/a
only. Thus, the contributions to (say) mgl) can be calculated numerically on

a computer for fixed N and & range of L/fa, the total 0(52) piece (excluding

cil) terms) being extracted after that by comparing the result with the expected

*
asymptotic form )

{27} mf:) [ m et a, ¥ (am) a, + (am)qr[a1+ b, €n (am)] + ...

Experience shows that eq. (27) provides an accurate fit to the data slready for
small L/a, and to determine 3, and 8, tc 4 or more significant places, it is

sufficient to calculate the diagrams for 10<£L/a€36 (N = 2) and 6€L/a€30 (N = 3}.

A difficulty in our numerical approach is that straightforward programming using
general purpose integraticn subroutines yields slow and hence expensive programs,
However, using computer made vertex subprograms and an adapted expaonentially con-
vergent integration methad BU], we were able to reduce the total amount of computer
time needed to 53 hours on an IBM 3081K, Another difficulty is that as we are
computing just a few numbers, the probability that a programming or compiler

error will not be detected is sizeable. We have therefore written two independent
files of programs {one per author) for all diagrams using different integration
methods and subroutines. In addition, quadratic and linear divergences must cancel
in the sum of diagrams and the logarithmic divergence of l(i) must match with the
Callan-Symanzik p ~function, thus providing a global test of our programs. A last

technical point to be mentioned is that the significance loss in the course of

————
) The existence of an asymptotic expansion of this kind can be shown rigorously

(ep. (1,20]}.

~11 -

the calculation can be substantial, especially in the last step when one extracts
the O(az) terms from the data. The use of 64 bit (end occasionally 128 bit)
arithmetic is therefore indispensable, along with a careful observation of the

error propagaticn in the fit procedure.

The outcome of the calculation is displayed in Table 1. As expected, our new

value for the combination 5{1) - cél) matches perfectly with that obtained pre-
(1)

viously from the heavy quark potential [6]. The coefficients c,”’ are reasonably
small so that the ane-loop cerrection of Sy for example, is about 20 - 30 % of
the tree level value for gg around 1 (i.e. in the range where Monte Carlo simula-
tions are usually done). However, this should not lead to the conclusion that
O(az) scaling violation terms at cne-loop crder are small. In eq. (27}, for

example, one finds for N = 2

(28) &, = - 0.0168, a; = - 0.0110,

s0 that for the D(az) term to be less than 10 % of the 0(1} term, L/& must be
greater than 8 (or, eguivalently, am £ 0.4). When the same analysis is applied

te the B meson mass, the bound am € 0.2 is found, thus confirming the expectation

that the cutoff affects the heavier particles more strongly than the lighter ones.
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aur methods can therefeore be applied to calculate the improved quark action 9aug ¥ P ppea
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spectrum", in: "Progress in gauge field theory", Eds. G. 't Hooft et al.
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(1) (1) (1)
EN cy S5 AL‘/AFQ
SU(2) 0.1352 -0.01396 -0.00295 (.208387
SU(3) G.2370 -0.02521 -0,00441 0,183694
Table 1

Table caption

Table 1: One-loop improvement coefficients as determined in the present
work. The A-parameter ratio is taken from Ref. [6). The quoted

digits are significant with & tolerance of st most one unit in

the last figure.

- 15 -

(c)

FiG.1

Figure caption

{d)

fig. 1: Elementary loops on the lattice. The set bﬁ contains all plaguette

loops (a), éﬁ all planar rectangles (b), 3; all parallelograms (c)

and 3; all bent rectangles (d). loops ¥ that differ by orientation

only are considered equal and are hence counted only once in eq. (1).



