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Abstract: A transparent condition restricting KW

transformations of correlation functions is used to
establish the behavior of OFT functions. The arising
proportionality factors are calculated for large clas~
ses of transformations and correlations, Gauge-in-
variant block transformaticns for matter fields are
introduced, too. KW invariant functions are constructed
which are suited for the QFT limit and allow firm con-
clusions about the parameters of the thecry.

* On sabbatical leave from Fachbereich Physik,
Universitat Marburg, D-3550 Marburg

The fact that masses in nonperturbative quantum field theory (QFT) arise
from a singuiarity in the parameter space of the regularized theory suggests
the treatment by Kadanoff-Wilson (KW} transformationsl. Because the definition
of a QFT as a Tlimit of a regularized theory basicaily invelves particular cor-
relation functions, the transformation properties of these functions are impor-
tant. This so far has not received appropriate attenticn.

Since gauge theories are the ones describing particle physics, their con-
sideration is of prime interest. The lattice regu1arization2 to be used in the
nonperturbative case has the additional advantage of allowing a strictly gauge-
invariant formulation. Gauge invariant KM transformations of the blocking type
have first been proposed by Swendsens.

In the present letter a transparent condition expressing the restrictions
far transformations of correlation functions is given and used to investigate
the behayior of the particular functions which enter the definition of QFT. The
arising proporticnality factors turn out to be straightforwardly calculable,
which is done for the main types of correlations and a large class of transfor-
mations. In this context gauge-invariant transformations are introduced for
matter fields, too. On the basis of these results next KW invarfant functions
are constructed which at the same time are suited for the QFT Timit. Their pro-
perties allew, after specifying a fixed point structure, to derive firm conclu-
sions about nature and handling of the parameters of the theory.

The general form of the transformations to be used is

g% " U, 4, %
eS(UIS, ) _ fj;h(uju) 65( ;3 ) )
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The given acticn is denoted by S({U,g,1) and the cne after a transformation re-
ducing the degrees of freedom by a factor 9d by S{U,q,A}. U stands for all oc-
curring fields andJ:for the integrations over them. @ = {gr, ...» gg) are the
parameters prescribed for X = 1. In order to have
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according to (1} the condition
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must be satisfied. For O-fJ;])‘: U—(Uf}‘v):? (3} corresponds to the usual re-
quirement of keeping the partition function fixed. For general & (3) means a se-
vere restriction on the transformations of correlation functions. In order that
(2) is defined at all, one must choose F(U%) out of the image set of (3).

The Tattice correiation functions are of form G{n,q) with n = s oo, na),
where ne are integer variables. The relaticn of the ne 1o physical lengths x,
s ny(v) = int (v x/b) where b is the Tenqgth unit and v the centinuous number-
ing of the sequence which is to define the OFT 1imit for v=0t0. To be able to
transform G{n{v),q) = )‘esw’s'”O},(—“("];UJ /feses has tc find a way for
satisfying (3). In theucase of a decimationutransfomation {for which in Fig. 1
only the straight connection contributes) and nivi/a integer it is straightfor-
ward to use O'(G,]) = Z.0; (niia,5 ) {the preportionality factor Z 4s discussed
below) which gives O(U 1) = Co(vv¥) . 1Fnwi/a s not integer the obvious
modification is to put G(UN=Z0plawia),U) which Teads to (V1) Gy (riwyl),
where the equivalence sign< denotes asymptotic equality for ]argev:\'For a ge-
neral block transformation, again starting from D‘(a’,ﬁ)=ZC'G{H(V/=‘.U), o 1)
obtained from (3) in general consists of many contributions, the iocations in
which are distributed around those of the decimation case. Since the respective
fluctuations are governed by A (which is finite} while the mean extensions de-
pend on v (which is very large} one arrives at O(U, 1) E'C—G_{m‘” V) as before.
Thus one obtains

S(U,g,2) v [ sthen)
v J

u
for the transformed functions.

To calculate the Zfactor for gauge fields along a loop, the class of gauge-
invariant KW transformations shown for one step in Fig. 1 is used, which have [:H
contributions of weight B; and thin by a factor r° per step. After s steps one
then has A=r®. In the calculation of O(U,1) according to (3}, for w1 after
each step the blocking fluctuations can be smoothed to the decimation mean such
that a sequence of Tengths L,r.‘-ju-,—T‘gL in lattice units occurs. By the j-th
step from one contribution of length FL then contributions are generated the
weighted number of which can be summed by the multinomial theorem to give le"L

where X‘:ZF&P(. Thus starting from U(U,})ZZiO-G(“f“f").U)one arrives at
o) Z):X.(“""*--”'S_'”—O'G(n(u},i}) from which one gets
)=

—ecla-1)L
Te = ° , ()

. : v £
where c:(ln()/("-” and L=tﬂr(i‘ 'g) . X being the physical perimeter.

As an example of the inclusion of matter fields the factorZyp occurring for
the gauge-invariant combination n?,\-U('ﬁ'n)ﬂp,. is calculated. For the gauge fields
along the path Pn again the transformations of Fig. 1 are used, while for the
matter fieids the gauge-invariant class shown in Fig. 2 is introduced, which has
P"f contributions of weight Pf Similarly as before one now chtains

t28 —el-biL
Zp =2 ¢ (6)

where & = ln f’/l’h F and a’*z,'ZF‘vp?, with X now being the path iength.

Choosing y* ! and ﬁ# [, which makes (5) and (6) nontriviai, corresponds
to the intreduction of the factor the tuning of which is subtle in linear block-
1‘ng4 and for which there may be more freadom in the nonlinear cases. Also pa-
rallels to wave-functicn renormalization of perturbative QFT are obvious. In
particular, (5) is close to the factor obiained there® for simooth loops with
d = 4 and Pauli-Villars type regularization. The corner divergences there, how-
ever, have no counterpart here.

In order that the transformed form (4) becomes attractive far QFT one has
to get rid of the Z factors without loosing KW invariance and without giving up
the possibility to vary y and g‘r. This is achieved by forming combinations (in
particular ratios) of the functions of type {4) such that ail Z factors cancel
out, which gives functions of the form

P(mw,g)"z’ f‘(ﬂ(‘%),j,’f\), {7)

Since the Z factors can be calculated as indicated, the remarkable result at this
point is that all the functions of type {7) can readily be constructed.

It is to be noted here that Creutz rat1'057, formed to escape perimeter di-
vergences, according to (5) are under the combinations admitted in {7). Further~
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more, ail ratics from which in perturbative OFT wave-function renormalization
cancels out, are candidates. The class of this type which is of the form

' . A . .
bl o A — -
i [X”’")xm)/(FLJ,,z,)-ui [Jm:eﬁ)> actually gives a1l S-matrix elements,
physical masses and physical coupling strengths. In the present nonperturbative
and gauge-invariant framework the combinations of direct physical interest ars

a subclass of (7)

For the QFT Timit an appropriate fixed point of the KW transformations is
needed. To describe it a representation by auxiliary parameters c; (e. g. coef-
ficients of some expansion of § or of eg, or functions of such ceefficients) is
used for which one has S{U8,3) = S, c g} | yhepe ¢ = (¢i,¢2,--- ) and where
L(S,l) 1s prescribed. One then transforms to relevant, irrelevant and margina!l
parameters, which gives Ag(U,j,3)= S TEM)  with I= (Y;,I;,.-,). Marginal is
understood here as substantially marginal®, 3. e. beyond the linear approxima-
tion {the occurrence of marginal parameters obviously implies that one has a ma-
nifold” of fixed points rather than a single point). It will be sufficient to

have this representation in a domain of which the considered fixed point is an
interior point.

In terms of the parameters related to the fixed point, (7) gets the form
- n 3y
Plned, 33 2 Py, Ja0). @

With c(ﬂ.U also the f: are prescribed for A=1 . In the following i£ is con-
venient to use transforms §; of the 4 such that y{jﬁﬁ) is fixed by g at a=1,

In order that a reasonable QFT limit exists, the v dependence entering (8)
via n{apart from that occurring in ratios ne/ng) must be compensated by Tetting
g depend on v. This means for a change from v to av to require that P{n(v), g@v)
Zp (H(VJ,giﬁ%frun which by using {8) and its A independence it follows that

T(ﬂ(on)))fx)) &~ ](ﬁcvi,h).. (9)

Thus the remarkable fact is obtained that the compensation condition can be sepa-
rated from the particular functions P.

Since the marginal parameters are independent of %, they allow to satisfy
{9) with 4o independent of v, by which the marginal {i{§)) themselves become
constants of the theory.

In the case of relevant parameters, to be in accordance with (9), for in-
creasing v one must shift T;iﬁd”w’} towards the fixed-point valueff. The change
of g with v dictated by (9) then corresponds to what is conventionally expressed
by a f function. One should, however, be aware that the functions ¢f QFT and
those related to KW transformations differ by definition, as has been emphasized
by carefu]authorslosome time ago. Here, due to the separation of (2) from the
P, it follows that the bare ﬁ function of QFT and the KW function coincide for

large v.

For irrzlevant parameters, in order teo satisfy (9), when v is increased
f;(giJ)J?) must be shifted away from the fixed-point value and thus outside the
domain under consideration (e.g. to infinity or to another fixed point) unless it
is set to its fixed-point value jffrom the beginning. Therefcre, in order to be
able to perform the 1imit in the considered domain one must put Y@= rr . .
e. go to the "renormalized" manifold (RM). That the "renormalized" trajectory is
retated to the definition of QFT has been noticed a long time agoll. Here, on the

basis of (7), it has become possible to derive the precise facts.

Using {8) the basic quantities of QFT now get the form
Q = lim f(n(%)) j’R(jw),’A))IC) (10)
V>0

independent of A, with relevant parameters Yfzsatisfying {9) and marginal ones

If being constants. Since (9) only determines the change for large v, it is not
suited for fixing a constant. For this purpese one has to go back to the P and

to require definite limiting values, which to each F; associates a constant R of
the theory with the meaning of an independent mass scale. In detail, for fixing

L constants R( and ffbne has to select £ quantities TE and to prescribe physicatl
values @, to thanlz, which (provided the if have suitable invertibility proper-
ties) allows to solve the system of equivalence relations }{E'Ck; with (=1,.., 2 |
This determines QLVJ up to asymptotic equivalences which is sufficient for the
calculation of physical quantities from (10).



The fact that it is a necessity tc qo to the RM affects some popular views,

Instead of the usually assumed universality class of actions there is rather an
equivalence class of pairs each of which consists of a KW transformation and of

an associated RM action. To go to another pair means a change of representation.

The chance for 1mpr0vementl3 then is that in selected ones of these repre-
sentaticns the approach to the Timit for some of the P is faster14
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Figure Captions

Fig. 1 Typical contributions to block link from A to B. Links between dots
correspond to gauge fields on finer lattice.

Fig. 2 Typical blocking contributions for matter field at point A. Cross
denotes matter field and links between dots gauge fields on finer

lattice.
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