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ru
ially on the predi
ted properties of theother Higgs states of the model, as the mass of the 
harged Higgs boson, MH� . Thismass is 
al
ulated in the Feynman-diagrammati
 approa
h within the MSSM with realparameters. The result in
ludes the 
omplete one-loop 
ontributions and the two-loop 
ontributions of O(�t�s). The one-loop 
ontributions lead to sizable shifts inthe MH� predi
tion, rea
hing up to � 8 GeV for relatively small values of MA. Evenlarger e�e
ts 
an o

ur depending on the sign and size of the � parameter that entersthe 
orre
tions a�e
ting the relation between the bottom-quark mass and the bottomYukawa 
oupling. The two-loop O(�t�s) terms 
an shift MH� by more than 2 GeV.The two-loop 
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1 Introdu
tionThe ATLAS and CMS experiments at CERN have re
ently dis
overed a new boson with amass around 126 GeV [1,2℄. Within the presently still rather large experimental un
ertaintiesthis new boson behaves like the Higgs boson of the Standard Model (SM) [3℄. However, thenewly dis
overed parti
le 
an also be interpreted as the Higgs boson of extended models.The Higgs se
tor of the Minimal Supersymmetri
 Standard Model (MSSM) [4℄ with twos
alar doublets a

ommodates �ve physi
al Higgs bosons. In lowest order these are the lightand heavy CP-even h and H, the CP-odd A, and the 
harged Higgs bosons H�. It wasshown that the newly dis
overed boson 
an be interpreted in prin
iple as the light, but alsoas the heavy CP-even Higgs boson of the MSSM, see, e.g., Refs. [5{9℄. In the latter 
asethe 
harged Higgs boson must be rather light, and the sear
h for the 
harged Higgs boson
ould be 
ru
ial to investigate this s
enario [8℄. In the former 
ase the 
harged Higgs bosonis bound to be heavier than the top quark [8℄. In both 
ases the dis
overy of a 
harged Higgsboson would 
onstitute an unambiguous sign of physi
s beyond the SM, serving as a goodmotivation for sear
hes for the 
harged Higgs boson.The Higgs se
tor of the MSSM 
an be expressed at lowest order in terms of the gauge
ouplings, the mass of the CP-odd Higgs boson, MA, and tan� � v2=v1, the ratio of the twova
uum expe
tation values. All other masses and mixing angles 
an therefore be predi
ted,e.g. the 
harged Higgs boson mass, m2H� =M2A +M2W (1)at tree-level. MZ;W denote the masses of the Z and W boson, respe
tively. Higher-order
ontributions 
an give large 
orre
tions to the tree-level relations, where the loop 
orre
ted
harged Higgs-boson mass is denoted as MH�.Experimental sear
hes for the neutral MSSM Higgs bosons have been performed atLEP [10,11℄, pla
ing important restri
tions on the parameter spa
e. At Run II of the Teva-tron the sear
h was 
ontinued, but is now superseeded by the LHC Higgs sear
hes. Besidesthe dis
overy of a SM Higgs-like boson the LHC sear
hes pla
e stringent bounds, in parti
u-lar in the regions of small MA and large tan� [12℄. At a future linear 
ollider (LC) a pre
isedetermination of the Higgs boson properties (either of the light Higgs boson at � 126 GeVor heavier MSSM Higgs bosons within the kinemati
 rea
h) will be possible [13{16℄. Theinterplay of the LHC and the LC in the neutral MSSM Higgs se
tor has been dis
ussed inRefs. [17, 18℄.The 
harged Higgs bosons of the MSSM (or a more general Two Higgs Doublet Model(THDM)) have also been sear
hed for at LEP [19{23℄, yielding a bound ofMH� >� 80 GeV [24,25℄. The LHC pla
es bounds on the 
harged Higgs mass, as for the neutral heavy MSSMHiggs bosons, at relatively low values of its mass and at large or very small tan� [26, 27℄.For mH� < mt (with mt denoting the mass of the top quark) the 
harged Higgs boson ismainly produ
ed from top quarks and de
ays mainly as H� ! ��� . For mH� > mt the
harged Higgs boson is mainly produ
ed together with a top quark and the dominant de
ay
hannels are H� ! tb; ��� , where the latter is the main sear
h 
hannel. At the LC, forMH� <� ps=2 a high-pre
ision determination of the 
harged Higgs boson properties will bepossible [13{16℄.
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For the MSSM1 the status of higher-order 
orre
tions to the masses and mixing angles inthe neutral Higgs se
tor is quite advan
ed. The 
omplete one-loop result within the MSSMis known [30{33℄. The by far dominant one-loop 
ontribution is the O(�t) term due to topand stop loops (�t � h2t=(4�), ht being the top-quark Yukawa 
oupling). The 
omputation ofthe two-loop 
orre
tions has meanwhile rea
hed a stage where all the presumably dominant
ontributions are available [34{48℄. In parti
ular, the O(�t�s), O(�2t ), O(�b�s), O(�t�b)and O(�2b) 
ontributions to the self-energies are known for vanishing external momenta.For the (s)bottom 
orre
tions, whi
h are mainly relevant for large values of tan�, an all-order resummation of the tan�-enhan
ed term of O(�b(�s tan�)n) is performed [49{51℄.The remaining theoreti
al un
ertainty on the lightest CP-even Higgs boson mass has beenestimated to be about� 3 GeV [52{54℄. The publi
 
odes FeynHiggs [28,35,52,55℄ (in
ludingall of the above 
orre
tions) and CPsuperH [56℄ exist. A full two-loop e�e
tive potential
al
ulation (in
luding even the momentum dependen
e for the leading pie
es and the leadingthree-loop 
orre
tions) has been published [57℄. However, no 
omputer 
ode is publi
lyavailable. Most re
ently another leading three-loop 
al
ulation, depending on the variousSUSY mass hierar
hies, be
ame available [58℄, resulting in the 
ode H3m (whi
h adds thethree-loop 
orre
tions to the FeynHiggs result).Also the mass of the 
harged Higgs boson is a�e
ted by higher-order 
orre
tions. However,the status is somewhat less advan
ed as 
ompared to the neutral Higgs bosons. First,in Ref. [59℄ leading 
orre
tions to the relation given in Eq. (1) have been evaluated. Theone-loop 
orre
tions from t=b and ~t=~b loops have been derived in Refs. [60, 61℄. A nearly
omplete one-loop 
al
ulation, negle
ting the terms suppressed by higher powers of the SUSYmass s
ale, was presented in Ref. [62℄. The �rst full one-loop 
al
ulation in the Feynman-diagrammati
 (FD) approa
h has been performed in Ref. [63℄, and re-evaluated more re
entlyin Refs. [28, 64℄. At the two-loop level, within the FD approa
h, the leadingO(�t�s) two-loop
ontributions for the three neutral Higgs bosons in the 
ase of 
omplex soft SUSY-breakingparameters have been obtained [29℄. Be
ause of the (CP-violating) mixing between all threeneutral Higgs bosons, in the MSSM with 
omplex parameters usually the 
harged Higgsmass is 
hosen as independent (on-shell) input parameter, whi
h by 
onstru
tion does notre
eive any higher-order 
orre
tions. The 
al
ulation however involves the evaluation of theO(�t�s) 
ontributions to the 
harged H� self energy. In the CP-
onserving 
ase, on theother hand, where usually MA instead of MH� is 
hosen as independent input parameter,the 
orresponding self-energy 
ontribution 
an be utilized to obtain 
orre
tions of O(�t�s)to the mass MH�.In the present paper we 
ombine the two-loop terms of O(�t�s) with the 
omplete one-loop 
ontribution of Ref. [28℄ to obtain an improved predi
tion for the mass of the 
hargedHiggs boson. The results are in
orporated in the 
ode FeynHiggs (
urrent version: 2.9.4).An overview of the 
al
ulation is given in Se
t. 2, whereas in Se
t. 3 and Se
t. 4 we dis
ussthe size and relevan
e of the one- and two-loop 
orre
tions and investigate the impa
t ofthe various se
tors of the MSSM on the predi
tion for MH� . Our 
on
lusions are given inSe
t. 5.1We 
on
entrate here on the 
ase with real parameters. For the 
ase of 
omplex parameters seeRefs. [28, 29℄ and referen
es therein.
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2 Higher-order 
ontributions for MH�2.1 From tree-level to higher-ordersIn the MSSM (with real parameters) one 
onventionally 
hooses the mass of the CP-oddHiggs boson, MA, and tan � (� v2=v1, see Eq. (2)) as independent input parameters. Thusthe mass of the 
harged Higgs boson 
an be predi
ted in terms of the other parameters andre
eives a shift from the higher-order 
ontributions.The two Higgs doublets of the MSSM are de
omposed in the following way,H1 = �H11H12� = �v1 + 1p2(�1 � i�1)���1 � ;H2 = �H21H22� = � �+2v2 + 1p2(�2 + i�2)� ; (2)with the two va
uum expe
tation values v1 and v2. The hermitian 2�2-matrix of the 
hargedstates ��1;2, M���� , 
ontains the following elements,M���� =  m21 + 14g21(v21 � v22) + 14g22(v21 + v22) �m212 � 12g22v1v2�m212 � 12g22v1v2 m22 + 14g21(v22 � v21) + 14g22(v21 + v22)! : (3)m1, m2, m12 denote the soft SUSY-breaking parameters in the Higgs se
tor, and g2, g1 arethe SU(2) and U(1) gauge 
ouplings, respe
tively. The mass eigenstates in lowest order inthe 
harged se
tor follow from unitary transformations on the original �elds,�H�G�� = �� sin � 
os �
os � sin � � � ���1��2 � : (4)This yields the (square of the) mass eigenvalue for the 
harged Higgs boson, m2H� , as given byEq. (1). Quantum 
orre
tions substantially modify the tree-level mass. The 
harged Higgs-boson pole mass, MH�, in
luding higher-order 
ontributions entering via the renormalized
harged Higgs-boson self-energy, �̂H+H�, is obtained by solving the equationp2 �m2H� + �̂H+H�(p2) = 0 : (5)This yields M2H� as the real part of the 
omplex zero of Eq. (5). The renormalized 
hargedHiggs-boson self-energy, �̂H+H� , is 
omposed of the unrenormalized self-energy, �H+H�,and 
ounterterm 
ontributions as spe
i�ed below. In perturbation theory, the self-energy isexpanded as follows �(p2) = �(1)(p2) + �(2)(p2) + : : : ; (6)in terms of the ith-order 
ontributions �(i), and analogously for the renormalized quantities.Details for the one-loop self-energies are given below in Se
t. 2.2, and for the two-loop
ontributions in Se
t. 2.3.A possible mixing with the 
harged Goldstone boson would 
ontribute to the predi
-tion for the 
harged Higgs-boson mass from two-loop order onwards via terms of the form3



��̂(1)H�G�(p2)�2. The mixing 
ontributions with G� yield a two-loop 
ontribution that is sub-leading 
ompared to the leading terms at O(�t�s) that we take into a

ount, as des
ribedin Se
t. 2.3. Consequently, we negle
t those two-loop Higgs{Goldstone mixing 
ontributionsthroughout our analysis.2.2 One-loop 
orre
tionsHere we review the 
al
ulation of the full one-loop 
orre
tions toMH�, following Refs. [28, 64℄.All self-energies and renormalization 
onstants are understood to be one-loop quantities,dropping the order index. Renormalized self-energies, �̂(p2), 
an be expressed in terms ofthe 
orresponding unrenormalized self-energies, �(p2), the �eld renormalization 
onstants,and the mass 
ounterterms. For the 
harged Higgs-boson self-energy entering Eq. (5) thisexpression reads �̂H+H�(p2) = �H+H�(p2) + ÆZH+H�(p2 �m2H�)� Æm2H� : (7)The independent mass parameters are renormalized a

ording toM2A !M2A + ÆM2A ;M2W !M2W + ÆM2W ; (8)while the mass 
ounterterm for the 
harged Higgs boson, arising from m2H� ! m2H�+Æm2H�,is a dependent quantity. It is given in terms of the 
ounterterms for MA and MW byÆm2H� = ÆM2A + ÆM2W : (9)We renormalize theW boson and the CP-odd Higgs boson masses on-shell, yielding the mass
ounterterms ÆM2W = Re�WW (M2W ); ÆM2A = Re�AA(M2A) ; (10)where �WW is the transverse part of the W boson self-energy.For �eld renormalization, required for �nite self-energies at arbitrary values of the exter-nal momentum p2, we assign one �eld-renormalization 
onstant for ea
h Higgs doublet,H1 ! (1 + 12ÆZH1)H1; H2 ! (1 + 12ÆZH2)H2: (11)For the 
harged Higgs �eld this impliesH� ! (1 + 12ÆZH+H�) H� ; (12)with ÆZH+H� = sin2� ÆZH1 + 
os2� ÆZH2 : (13)For the determination of the �eld renormalization 
onstants we adopt the DR s
heme,ÆZH1 = ÆZDRH1 = � �Re�0HH j�=0�div ;4



ÆZH2 = ÆZDRH2 = � �Re�0hh j�=0�div ; (14)i.e. the renormalization 
onstants 
onsist of divergent parts only, see the dis
ussion inRef. [28℄. �0�� j�=0 (� = h;H) denotes the derivative of the unrenormalized self-energiesof the neutral CP-even Higgs bosons, with the mixing angle � set to zero. As default valueof the renormalization s
ale we have 
hosen �DR = mt.For the self-energies as spe
i�ed in Eq. (7) we have evaluated the 
omplete one-loop 
on-tributions with the help of the programs FeynArts [65℄ and FormCal
 [66℄. As regularizations
heme we have used 
onstrained di�erential regularization [67℄, whi
h has been shown tobe equivalent to dimensional redu
tion [68℄ at the one-loop level [66℄, thus preserving super-symmetry [69,70℄. The 
orresponding Feynman-diagrams for the 
harged Higgs boson (andsimilarly for the W boson, where additional diagrams with gauge boson and ghost loops
ontribute) are shown in Fig. 1. The diagrams for the neutral Higgs bosons, entering ÆM2Aand ÆZH1, ÆZH2 (i.e. the neutral Higgs boson self-energies) , are depi
ted in Fig. 2.2.3 Two-loop 
orre
tionsWe now turn to the O(�t�s) 
orre
tions at the two-loop level. Again, we drop the order-indexfor all Higgs boson and SM gauge boson self-energies and renormalization 
onstants, whi
hare in this se
tion understood to be of two-loop order. The O(�t�s) terms are obtainedin the limit of vanishing gauge 
ouplings and negle
ting the dependen
e on the externalmomentum [35℄, keeping only terms / h2t�s, with the top Yukawa 
oupling ht as de�nedabove. We negle
t the bottom Yukawa 
oupling in the two-loop Higgs-boson self-energies.In this approximation, the 
ounterterm for MA is determined as followsÆM2A = �AA(0) ; (15)while the renormalization 
onstants ÆM2W and ÆZH+H� do not 
ontribute,ÆM2W = 0; ÆZH+H� = 0 : (16)Consequently, the two-loop 
ontribution to the renormalized H� self-energy 
an be writtenin the following way,�̂H+H�(0) = �H+H�(0)� Æm2H� with Æm2H� = ÆM2A : (17)From Eq. (5) we get the two-loop 
orre
tion to the 
harged Higgs-boson mass,�m2;2�loopH� = �AA(0)� �H+H�(0) (18)with the self-energies evaluated at the two-loop level.We thus have to evaluate the O(�t�s) 
ontributions to the H� and A self-energies.Examples of generi
 Feynman diagrams for the H� self-energy are depi
ted in Fig. 3, andin Fig. 4 for the A boson self-energy. These 
ontributions have been evaluated using thepa
kages FeynArts [65℄ and TwoCal
 [71℄.
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~�l f~l; ~u; ~dg1; f~l; ~u; ~dg2 �ll du ~�l~l1; ~l2
~u1; ~u2~d1; ~d2 h;H;A;G H�; G� Z W�

~�01; ~�02; ~�03; ~�04~��1 ; ~��2 h;H;AH� h;H;A;GG� H�; G�
; Z h;H;A;GW�

; ZW� uZu� uZu+ u
u� u
u+

Figure 1. Generi
 Feynman diagrams for the H� self-energy (l = fe, �, �g, d = fd, s, bg, u = fu, 
,tg). Similar diagrams for the W boson self-energy are obtained by repla
ing the external Higgs boson by aW boson; not all 
ombinations of parti
le insertions exist.2.4 Subloop renormalization in the s
alar top/bottom se
torBesides the 
omputation of the genuine two-loop diagrams at O(�t�s) for the self-energies,one-loop renormalization is required for the ~t and ~b se
tor providing the 
ounterterms forone-loop subrenormalization. This yields additional diagrams with 
ounterterm insertions;examples are the fourth diagrams in Figs. 3, 4. The bilinear part of the ~t and ~b Lagrangian,L~t=~b mass = � �~tyL; ~tyR�M~t �~tL~tR�� �~byL;~byR�M~b �~bL~bR� ; (19)
6



~�fe;�;�g ~f1; ~f2 �fe;�;�g�fe;�;�g ff ~�fe;�;�g~�fe;�;�g
~f1; ~f2~f1; ~f2 H�; G� W� ~��1 ; ~��2~��1 ; ~��2 H�H�
G�H� G�G� u�u� W�W� H�W�
G�W� H�W� G�W� h;H;A;G Z

~�01; ~�02; ~�03; ~�04~�01; ~�02; ~�03; ~�04 h;H;A;Gh;H;A;G uZuZ ZZ h;H;A;GZ

Figure 2. Generi
 Feynman diagrams for the h, H , A, self-energies (f = fe, �, � , d, s, b, u, 
, tg ). Not all
ombinations of parti
le insertions exist for all neutral Higgs bosons.
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H� H�~bi ~big~tj ~tj H� H�~bi~tj t~g ~tk H� H�t ~ti~gb ~bj H� H�~ti~bjFigure 3. Examples of generi
 two-loop diagrams and diagrams with 
ounterterm insertion for the 
hargedHiggs-boson self-energy (i; j; k = 1; 2).
� �~ti~tj ~tk~tl � �~tig~ti ~ti � �t ~ti~gt ~tj � �~ti~tj ~tk

Figure 4. Examples of generi
 two-loop diagrams and diagrams with 
ounterterm insertion for the A bosonself-energy ( i; j; k; l = 1; 2).
ontains the stop and sbottom mass matri
es M~t and M~b, given byM~q = �M2L +m2q mqXqmqXq M2~qR +m2q� ; (20)withXq = Aq � �� ; � = f
ot �; tan�g for q = ft; bg : (21)Here M2L, M2~qR are soft-breaking parameters, where M2L is the same for M~t and M~b (seebelow), and Aq is the trilinear soft-breaking parameter. The D-terms do not 
ontributeto O(�t�s) and therefore have to be negle
ted in the 
al
ulation of the stop mass valuesentering the 
ontribution of this order [29℄. The mass matrix 
an be diagonalized with thehelp of a unitary transformation U~q, whi
h 
an be parametrized by a mixing angle �~q,D~q = U~qM~qUy~q = �m2~q1 00 m2~q2� ; U~q = �U~q11 U~q12U~q21 U~q22� = � 
os �~q sin �~q� sin �~q 
os �~q� : (22)We follow here the renormalization pres
ription used in Refs. [72, 73℄. In the MSSM thet=~t se
tor is des
ribed in terms of four real parameters (where we assume that � and tan �are de�ned via other se
tors): the real soft SUSY-breaking parameters M2L and M2~tR , thetrilinear 
oupling At, and the top Yukawa 
oupling ht. Instead of the quantities M2L, M2~tRand ht, in the on-shell s
heme applied in this paper we 
hoose the on-shell squark massesm2~t1 , m2~t2 and the top-quark mass mt as independent parameters. It should furthermore benoted that the 
ounterterms are evaluated at O(�s), su
h as to yield the desired O(�t�s)
ontributions when 
ombined with the one-loop diagrams with 
ounterterm insertion.The following renormalization 
onditions are imposed:8



(i) The top-quark mass is de�ned on-shell, yielding the mass 
ounterterm Æmt,Æmt = 12mt�Re�Lt (m2t ) + Re�Rt (m2t ) + 2Re�St (m2t )� ; (23)referring to the Lorentz de
omposition of the self energy �t�t(k) =6k!��Lt (k2)+ 6k!+�Rt (k2) +mt�St (k2) (24)into a left-handed, a right-handed, and a s
alar part, �Lt , �Rt , �St , respe
tively.(ii) The stop masses are also determined via on-shell 
onditions [35, 72℄, yieldingÆm2~ti = Re�~tii(m2~ti) with i = 1; 2 : (25)(iii) The third 
ondition a�e
ts the trilinear 
oupling At. Rewriting the squark mass matrixin terms of the mass eigenvalues and the mixing angle using Eq. (22),M~t =  
os2 �~tm2~t1 + sin2 �~tm2~t2 sin �~t 
os �~t(m2~t1 �m2~t2)sin �~t 
os �~t(m2~t1 �m2~t2) sin2 �~tm2~t1 + 
os2 �~tm2~t2! ; (26)yields the 
ounterterm matrix ÆM~t by introdu
ing 
ounterterms Æm2~t1 ; Æm2~t2 for themasses and Æ�~t for the angle. One obtains the 
ounterterm for the o�-diagonal 
ontri-bution in the stop se
tor,(m2~t1 �m2~t2) Æ�~t = [U~t ÆM~tUy~t ℄12 � ÆY~t ; (27)for whi
h the following renormalization 
ondition has been used [72, 73℄:ÆY~t = 12 [Re�~t12(m2~t1) + Re�~t12(m2~t2)℄ : (28)Finally we derive the relation between the 
ounterterms ÆAt and Æ�~t. The two 
oun-terterms are mutually related via Eq. (20) and Eq. (26). The o�-diagonal entries ofthe 
orresponding 
ounterterm matri
es yield(At � � 
ot�) Æmt +mt ÆAt = sin �~t 
os �~t(Æm2~t1 � Æm2~t2) + �
os2 �~t � sin2 �~t� ÆYt: (29)As a result, we obtain for ÆAtÆAt = 1mt �12 sin 2�~t(Æm2~t1 � Æm2~t2) + 
os 2�~t ÆYt � 12mt sin 2�~t(m2~t1 �m2~t2)Æmt� : (30)In the b=~b se
tor, we also en
ounter four real parameters (with � and tan � de�ned viaother se
tors): the soft-breaking mass parameters M2L and M2~bR , the trilinear 
oupling Ab,and the bottom Yukawa 
oupling hb or the b-quark mass, respe
tively (whi
h is negle
ted forthe set of two-loop 
orre
tions presented in this paper). SU(2) invarian
e requires the \left-handed" soft-breaking parameters in the stop and the sbottom se
tor to be identi
al (denotedas M2L). With the approximations des
ribed above this yields, e.g., m~bL = ML. In the9



evaluation of the O(�t�s) 
ontributions to the Higgs-boson self-energies, the 
ountertermsof the sbottom se
tor appear only in the self-energy of the 
harged Higgs boson. In ourapproximation for the two-loop 
ontributions, where the b-quark mass is negle
ted, ~bL and~bR do not mix, and ~bR de
ouples and does not 
ontribute. The two-loop 
ontribution tothe 
harged Higgs-boson self-energy thus depends only on a single parameter of the sbottomse
tor, whi
h 
an be 
hosen as the squark mass m~bL . By means of SU(2) invarian
e, the
orresponding mass 
ounterterm is already determined:Æm2~bL = 
os2 �~t Æm2~t1 + sin2 �~t Æm2~t2 � sin 2�~t ÆYt � 2mt Æmt : (31)With the set of renormalization 
onstants determined in Eqs. (23), (25), (30) and (31) the
ounterterms arising from the one-loop subrenormalization of the stop and sbottom se
torsare fully spe
i�ed.Finally, at O(�t�s) gluinos appear as virtual parti
les at the two-loop level; hen
e, norenormalization in the gluino se
tor is needed. The 
orresponding soft-breaking gluino massparameter is denoted M3. In the 
ase of real MSSM parameters 
onsidered here the gluinomass is given as m~g = M3.2.5 Higher-order 
orre
tions in the b=~b se
torWe furthermore in
lude in our predi
tion for MH� 
orre
tions beyond the one-loop leveloriginating from the bottom/sbottom se
tor 
ontributions to �AA and �H+H� . Potentiallylarge higher-order e�e
ts proportional to tan� 
an arise in the relation between the bottom-quark mass and the bottom Yukawa 
oupling as des
ribed in Refs. [50, 51℄. The leadingtan�-enhan
ed 
ontribution in the limit of heavy SUSY masses 
an be expressed in termsof a quantity �b and resummed to all orders using an e�e
tive Lagrangian approa
h. Therelevant part of the e�e
tive Lagrangian is given byL = g2MW mb1 + �b" tan� A i�b
5b+p2Vtb tan� H+�tLbR#+ h:
: : (32)Here mDR;SMb (Q) = mMS;SMb (Q)�1� �s3 �� ; (33)mb = mDR;SMb (Q = mt) �1 + 12 ��Lb;�n(mb) + �Rb;�n(mb)�� : (34)mDR;SMb (Q) denotes a running bottom quark mass at the s
ale Q in the DR s
heme thatin
orporates SM QCD 
orre
tions (i.e., no SUSY QCD e�e
ts are in
luded in the running).The 
orresponding mass in the MS s
heme is denoted bymMS;SMb (Q). �Lb;�n(mb) and �Rb;�n(mb)are the �nite parts of the self-energies de�ned in analogy to Eq. (24). Vtb denotes the(3; 3) element of the CKM matrix. In the numeri
al evaluations performed with the programFeynHiggs below we use mDR;SMb (Q = mt) � 2:68 GeV.
10



The leading tan �-enhan
ed one-loop 
ontribution in the limit of heavy SUSY massestakes the simple form [49℄�b = 2�s3 � m~g � tan � � I(m~b1 ; m~b2 ; m~g) + �t4 � At � tan� � I(m~t1 ; m~t2 ; �) + : : : ; (35)where �s is evaluated at the s
ale pm~b1 m~b2 , and the fun
tion I is given byI(a; b; 
) = 1(a2 � b2)(b2 � 
2)(a2 � 
2) �a2b2 log a2b2 + b2
2 log b2
2 + 
2a2 log 
2a2� (36)� 1max(a2; b2; 
2) :The ellipses in Eq. (35) denote subleading terms that we take over from Ref. [74℄. Expandedup to one-loop order, the e�e
tive mass mb=(1 + �b) is 
lose to the DR mass (in
ludingSUSY 
ontributions in the running), see Refs. [45, 73℄. A re
ent two-loop 
al
ulation of �b
an be found in Ref. [75℄.3 Approximation for the two-loop 
orre
tionsIn Se
t. 2 we have des
ribed the approximations for getting the two-loop O(�t�s) terms,whi
h 
an be written as terms proportional to m4t . It is well known that for the neutralHiggs bosons this pro
edure indeed yields the dominant part of the one-loop [30{33℄ and thetwo-loop 
orre
tions [34, 35℄.For the 
harged Higgs boson mass, MH�, the des
ribed pro
edure provides the analogous
ontribution to the mass shift as well,�M2H� � m4tv2 � m4tM2W : (37)There are, however, other 
ontributions of similar stru
ture at the one-loop level [59{63℄,�M2H� � m2t m2bM2W or �M2H� � m4tM2W M2WM2SUSY or �M2H� � m4tM2W M2AM2SUSY ; (38)whi
h are not 
overed by our approximations for the two-loop terms be
ause they would
orrespond to mb 6= 0 (�rst), non-vanishing gauge-
ouplings (se
ond), and p2 6= 0 in the Aself-energy (third term). This is justi�ed for large s
alar-quark mass s
ales MSUSY where these
ond and third type of terms are suppressed. On the other hand, the term (37) extra
tedby our approximation 
an in general be large also for large MSUSY, both at the one-loop andthe two-loop level, as we will explain below.3.1 The one-loop 
aseApplying the approximations outlined in Se
t. 2.3 at the one-loop level yields the 
ounter-terms (all quantities in this se
tion are understood to be one-loop quantities),ÆM2W = 0; ÆM2A = �AA(0); ÆZH+H� = 0 ; (39)11



and thus �̂H+H� = �H+H�(0)� Æm2H� with Æm2H� = ÆM2A : (40)From Eq. (5) we get the one-loop 
orre
ted value of the 
harged Higgs-boson mass,M2H� = m2H� +�m2H� ; (41)with �m2H� = �AA(0)� �H+H�(0) : (42)In the following we use the fa
tor 
 to simplify the notation (v2 = v21 + v22),
 = � 3m2t16 �2 v2 tan2 � = � 3 e2m2t32 �2 s2wM2W tan2 � : (43)From the third (s)quark generation, with mb = 0, one obtains the expli
it expressions�AA(0) = 
 n2A0(mt)� A0(m~t2)� A0(m~t1)� (At + � tan�)2A0(m~t2)� A0(m~t1)m2~t2 �m2~t1 o;�H+H�(0) = 
 n2A0(mt)� A0(m~b1)� s2~tA0(m~t1)� 
2~tA0(m~t2)� (
~tmt + s~t(At + � tan�))2 A0(m~t1)� A0(m~b1)m2~t1 �m2~b1� (s~tmt � 
~t(At + � tan�))2 A0(m~t2)� A0(m~b1)m2~t2 �m2~b1 o: (44)Here we use the abbreviation s~t � sin �~t; 
~t � 
os �~t, and the one-loop integral fun
tion A0(m)is de�ned as in Ref. [76℄. In the approximation of mb = 0 and negle
ted gauge 
ouplings themass of the left-handed sbottom is given bym2~bL = 
2~tm2~t1 + s2~tm2~t2 �m2t (=M2L) : (45)Using these relations results then in the following expression for �m2H� :�m2H� = �
nm2~bLh1 + [(At + � tan�)s~t +mt
~t℄2m2~bL �m2~t1 + [mts~t � 
~t(At + � tan�)℄2m2~bL �m2~t2 i log�m2~bLm2~t1 �+m2~t2h�s2~t + (At + � tan�)2m2~t1 �m2~t2 � [mts~t � 
~t(At + � tan�)℄2m2~bL �m2~t2 i log�m2~t2m2~t1 �o: (46)It is possible to eliminate the dependen
e on At and �~t from the expression of the 
hargedHiggs-boson mass 
orre
tion,�m2H� = 
m2t(m2~bL �m2~t1)(m2~bL �m2~t2) �2sin2 � 
os2 ��12



"m2~bL log m2~bLm~t1m~t2!� m2~t1(m2~bL �m2~t2) +m2~t2(m2~bL �m2~t1)m2~t1 �m2~t2 log�m~t1m~t2�# : (47)This shows expli
itly the m4t dependen
e of this 
ontribution as well as the overall fa
tor�2= 
os2 �, whi
h strongly determines the phenomenology of the O(�t) 
harged Higgs-bosonmass 
orre
tions. In the following, we spe
ify the analyti
 result, assuming a 
ommon SUSYmass s
ale ML = M~tR =: MSUSY. With this simpli�
ation one obtainsm2~t1 = M2SUSY +m2t �mtjXtj; m2~t2 = M2SUSY +m2t +mtjXtj; m2~bL = M2SUSY ; (48)(and s2~t = 
2~t = 1=2 in this 
ase). This yields�m2H� = 
m2t �2sin2 � 
os2 � � 12m2t jXtj (X2t �m2t )�hmt(M2SUSY +m2t �X2t ) log�M2SUSY +mt(mt � jXtj)M2SUSY +mt(mt + jXtj)��M2SUSYjXtj log� M4SUSYM4SUSY + 2M2SUSYm2t +m4t �m2tX2t �i : (49)Expanding in inverse powers of MSUSY and inserting the prefa
tor 
 from Eq. (43) we�nd �m2H� � � 3 e2�264 �2 s2w sin4 � m4tM2W h 1M2SUSY � 2m2t3M4SUSY + m2t (3m2t +X2t )6M6SUSY i : (50)Thus one obtains the term proportional to m4t =M2W . In the spe
ial 
ase of Xt = 0 andrestri
ting to the leading term in the expansion in inverse powers of MSUSY (vanishing stopmixing) this redu
es to �m2H� � � 3 e2 �264 �2 s2w sin4 � m4tM2W m2~t ; (51)where m2~t �M2SUSY+m2t . If j�j � m~t this term is not suppressed by large SUSY mass s
ales.3.2 The two-loop 
aseThe derivation of Eqs. (50) and (51) shows that besides the m2t in the prefa
tor arising fromthe Yukawa 
ouplings, the se
ond fa
tor � m2t stems from the stop mass matrix. In otherwords, it is indu
ed by the SU(2) breaking in the MSSM quark and squark se
tor. Thus, thederived term � m4t =M2W is related to the mass di�eren
e between top and bottom squarksresulting from mt=mb � 1. The diagrams playing the leading role here are the se
ond andsixth Feynman diagram in Figs. 1, 2.Eqs. (50) and (51) indi
ate whi
h parameter 
ombinations of At, � and tan� 
an giverise to a sizable O(�t) 
ontribution to M2H� and possibly 
onstitute a large part of the fullone-loop 
orre
tions. For the 
orresponding parameter ranges it 
an be expe
ted that alsothe new two-loop 
orre
tions of O(�t�s) are sizable and should be taken into a

ount.13



At the two-loop level the � m4t 
ontributions are augmented by the 
orresponding termwith a renormalized mt parameter, leading to � 4m3t Æmt. The sour
e of these 
orre
tions isstill related to the SU(2) breaking indu
ing the mass di�eren
e for s
alar tops and bottoms,whi
h enters the two-loop level Higgs-boson self-energies through mass-
ounterterm inser-tions, as illustrated in the fourth diagram in Fig. 4. The inserted one-loop 
ounterterms aregiven by Eq. (25) for top-squarks and by Eq. (31) for bottom-squarks. They di�er essen-tially by a term 2mtÆmt, whi
h indu
es an e�e
tive mass splitting between the s
alar topand bottom se
tor at the 
ounterterm level. The full 
ontribution � Æmt 
an be obtained byrenormalizing mt in Eqs. (50) and (51), or by an expli
it extra
tion of this term. In the 
aseof vanishing stop mixing, 
orresponding to Eq. (51), we have 
he
ked that both 
al
ulationsindeed agree. In this 
ase they yield (keeping in mind the prefa
tor 
 / m2t in Eq. (43))�m2;2�loop;ÆmtH� � (At + � tan�)2m2t �Æm2~t m2tm2~t � (Æm2~t � 2mtÆmt) log� m2~tm2~t �m2t �� ;= �2sin2 � 
os2 � �Æm2~tm2~t � Æm2~t � 2mtÆmtm2t log� m2~tm2~t �m2t �� ; (52)� �22 sin2 � 
os2 � �4mtÆmtm2~t � :For the 
ase of non-vanishing stop mixing, see Eq. (50), we �nd a

ordingly�m2;2�loop;ÆmtH� � �2sin2 � 
os2 �" 2mtM2SUSY � 2m3tM4SUSY + m3t (4m2t +X2t )2M6SUSY #� Æmt : (53)In 
on
lusion, although the two-loop 
orre
tions to M2H� 
overed by our approa
h areonly part of the 
omplete two-loop Yukawa 
orre
tions, they 
onstitute a �nite well-de�nedsubset that 
an indu
e non-negligible mass shifts for the H� boson. Numeri
al exampleswill be given in Se
t. 4.2.4 Numeri
al analysisOur results obtained in this paper extend the known results in the literature in variousways. While the one-loop result in Ref. [63℄ was 
omplete, the numeri
al evaluation fo
usedon parti
ular parameter values, mostly ex
luded nowadays by the LEP Higgs sear
hes [10,11,23,24℄. Ref. [77℄ fo
used on the mass splittingMH��MA indu
ed by �b e�e
ts. We performa more general numeri
al analysis, in
luding the full one-loop 
orre
tions. Furthermore forthe �rst time expli
it two-loop 
orre
tions to MH� are analyzed. The higher-order 
orre
tedHiggs-boson se
tor has been evaluated with the help of the Fortran 
ode FeynHiggs [28,35,52, 55℄ (
urrent version: 2.9.4).The goal for the pre
ision in predi
ting MH� in the MSSM should be the prospe
tiveexperimental resolution or better. For the LHC no dedi
ated study has been performedre
ently. Older evaluations indi
ate that a pre
ision <� 5% might be possible in the regionof large tan � [78℄. Other studies, fo
using on the ��� de
ay mode yielded a pre
ision at the1{2% level [79℄. At the LC for MH� < mt a pre
ision of � 1 GeV 
ould be possible [80℄,14



while for MH� > mt (but MH� < ps=2) a � 1:5% pre
ision might be rea
hable using thet�b de
ay mode [16℄. The ��� de
ay mode, on the other hand, 
ould yield a pre
ision of� 0:5% [79℄.Due to the large number of MSSM parameters, 
ertain ben
hmark s
enarios [8, 81, 82℄(for real parameters) have been used for the interpretation of MSSM Higgs boson sear
hes atLEP, the Tevatron and the LHC. Sin
e at tree level the Higgs se
tor of the MSSM is governedby two parameters (in addition to the gauge 
ouplings), the de�nition of the ben
hmarks isusually su
h that the two tree-level parameters, MA and tan�, are varied while the valuesof all other parameters are �xed at 
ertain ben
hmark settings. The most 
ommonly usedben
hmark s
enario for the CP-
onserving MSSM has been the mmaxh s
enario [8,81,82℄, andwe therefore employ this s
enario in our analysis. While the interpretation of the newlydis
overed Higgs-like state as the light MSSM Higgs boson is 
ompatible with the mmaxhs
enario only within a strip at relatively low tan �, it should be noted that 
hanging the stopmixing parameter Xt from the \maximal" value of Xt=MSUSY � 2 to slightly smaller values(with the other parameters �xed) yields Mh � 126 GeV over large parts of the parameterspa
e, see Ref. [8℄. Consequently, this s
enario is expe
ted to provide a good indi
ation ofthe possible size of the radiative 
orre
tions to MH� . The s
enario is de�ned as follows:The mmaxh s
enario:In this s
enario the parameters are 
hosen su
h that the mass of the light CP-even Higgsboson a
quires its maximum possible values as a fun
tion of tan� (for �xed MSUSY, mtand MA set to its maximum value, MA = 1 TeV). This was used in parti
ular to obtain
onservative tan � ex
lusion bounds [83℄ at LEP [11℄. The parameters are (in
luding themost re
ent value for mt [84℄):mt = �DR = 173:2 GeV; MSUSY = 1 TeV; � = 200 GeV; M2 = 200 GeV;Xt = 2MSUSY; Ab = At; m~g = 0:8MSUSY : (54)MSUSY (� ML = M~qR) denotes the diagonal soft SUSY-breaking parameters in the ~t=~bmass matri
es, see Eq. (20), that are all 
hosen to be equal. MSUSY and Xt in this s
enario
orrespond to the parameters used to express the m4t =M2W 
orre
tions as given in Eqs. (50),(53). In order to avoid 
on
i
ts with the LHC sear
hes for squarks of the �rst and se
ondgeneration, 
ontrary to the original de�nition [81℄, MSUSY should only be 
onsidered to �xthe soft SUSY-breaking parameters for the squarks of the third generation, while the �rsttwo generations play a small role for the MSSM Higgs phenomenology. To �x a value forthe squarks of the �rst two generations, for sake of simpli
ity, we kept the value of MSUSY,but 
hoosing higher values has a minor impa
t (see below). The gluino mass parameter, m~g,might also be in 
on
i
t with re
ent LHC SUSY sear
hes. However, sin
e also the impa
t ofm~g is relatively small, we keep its value at the original de�nition. (A slightly higher value is
hosen in the updated version of this s
enario in Ref. [8℄.)As dis
ussed above, there are also potentially large 
orre
tions in the b=~b se
tor, depend-ing on the value and sign of the parameter � [82℄. Consequently, besides analyzing the MH�dependen
e on MA and tan�, we also study the e�e
t of a variation of �, allowing bothan enhan
ement and a suppression of the bottom Yukawa 
oupling. Con
erning the mmaxhben
hmark s
enario, as dis
ussed in Refs. [82, 85℄ (see also Refs. [86℄), the �b e�e
ts areparti
ularly pronoun
ed, sin
e the two terms in Eq. (35) are of similar size.15



The other MSSM parameters that are not spe
i�ed above, su
h as the slepton masses,have only a minor impa
t on MSSM Higgs-boson phenomenology. In our numeri
al analysisbelow we �x them su
h that all soft SUSY-breaking parameters in the diagonal entries ofthe slepton mass matri
es are set to MSUSY, and the trilinear 
ouplings for all sfermions areset to At, if not indi
ated di�erently for Ab (= A� ).For the analysis of the size of the two-loop 
orre
tions we employ in addition also as
enario that yields parti
ularly interesting phenomenology for the 
harged Higgs boson. Inthis s
enario the heavy CP-even Higgs boson is interpreted as the newly dis
overed parti
leat � 126 GeV, see, e.g., Refs. [5{9℄. The starting point for this s
enario is the \best-�t"value obtained in a seven parameter �t in the MSSM, where the interpretation of the signalat � 126 GeV as the heavy CP-even Higgs boson of the MSSM has been 
onfronted with themeasured signal strengths, taking into a

ount also 
onstraints from ele
troweak pre
isionobservables and 
avour physi
s [7℄. The parameters are (
lose to the parameters in the\low-MH s
enario de�ned in Ref. [8℄):The light heavy-Higgs s
enario:mt = 173:2 GeV ;M~q3 :=M~tL(=M~bL) =M~tR = M~bR = 670 GeV ;M~l3 :=M~�L(= M~�L) = M~�R = 323 GeV ;Af = 1668 GeV ;MA = 124:2 GeV ;tan� = 9:8 ;� = 2120 GeV ;M2 = 304 GeV ;M~qL =M~qR (q = 
; s; u; d) = 1000 GeV ;M~lL =M~lR (l = �; ��; e; �e) = 300 GeV ;m~g = 1000 GeV ;M1 = 53 s2w
2wM2 � 12M2 ; (55)where the latter four were �xed in the �t. M~q3 denotes the diagonal soft SUSY-breakingparameter for the third generation squarks, M~qL and M~qR for the �rst and se
ond generationsquarks, M~l3 for the third generation sleptons, and M~lL and M~lR for the �rst and se
ondgeneration sleptons. Af denotes the trilinear Higgs-sfermion 
oupling whi
h is taken to beequal for all sfermions.4.1 One-loop 
orre
tionsWe start with the analysis of the various one-loop 
ontributions. In Figs. 5 { 6 we show�MH� :=MH� �mH� , i.e. the di�eren
e between the result with radiative 
orre
tions andthe tree-level value, in various approximations. The solid lines are the full one-loop result16



in
luding the �b resummation, see Eq. (35). The �rst approximation to this is shown asshort-dashed lines, where only the 
ontributions from SM fermions and their SUSY partners(i.e. all squarks and sleptons) are taken into a

ount, still in
luding the �b 
orre
tions. Thenext step of approximation is shown as dot-dashed lines, where only 
orre
tions from thet=b and ~t=~b se
tor are in
luded, still with the �b resummation. The penultimate step of theapproximation is to leave out the �b 
orre
tions, but using mb (i.e. in
luding the SM QCD
orre
tions, see Eq. (33)) in the Higgs boson 
ouplings, shown as the long-dashed lines. The�nal step in the approximation is to drop the SM QCD 
orre
tions, i.e. repla
ing mb by thebottom pole mass, mb = 4:8 GeV, in the Higgs Yukawa 
ouplings, shown as the dotted lines.
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Figure 5. �MH� := MH� �mH� is shown in the mmaxh s
enario as a fun
tion of MA for � = 100 GeV(left) and � = 1000 GeV (right) and tan� = 40, evaluated at the one-loop level. We show the full one-loopresult in
luding �b 
orre
tions (solid lines), the pure SM fermion/sfermion 
ontribution (short dashed), the~t=~b 
ontribution (dot-dashed), the ~t=~b 
orre
tions ex
luding the �b 
orre
tions but using mb (long dashed),and the ~t=~b 
orre
tions ex
luding the �b resummation and using the bottom pole mass, mb (dotted).First, in Figs. 5, we analyze the dependen
e of MH� on MA in the mmaxh s
enario.The left (right) plot of Fig. 5 shows �MH� as a fun
tion of MA for tan� = 40 and� = 100(1000) GeV. It should be noted that the very low MA values are by now ruledout by the LHC heavy MSSM Higgs boson sear
hes [12℄ for this value of tan �. However, inorder to display the full parameter dependen
e we do not in
lude these bounds here. Thefull result (solid lines) yields one-loop 
orre
tions between 1:5 GeV and 6:0 GeV for lowMA, be
oming smaller for in
reasing MA. The still allowed MA values should give one-loop
orre
tions of O(2 GeV) in this s
enario for small �. The f= ~f se
tor (short-dashed) givesa rather good approximation, better than 0:5 GeV. Going to the t=b=~t=~b approximations(dot-dashed) yields a predi
tion that di�ers from the full result by up to � 2 GeV for lowMA. The f= ~f 
orre
tions besides the ones from third generation squarks are roughly in-dependent of the Yukawa 
ouplings of the various (s)fermions and are of pure ele
troweaktype, and 
an grow as log(MSUSY=MW ) [62℄, and larger masses lead to larger 
orre
tions.Consequently, taking into a

ount only the third generation (s)quark 
ontribution 
an yield
17



non-negligible un
ertainties in the MH� predi
tion. In the next step the �b 
orre
tions arenegle
ted, whi
h are formally beyond the one-loop order, resulting in the long-dashed lines.The 
omparison between the dot-dashed and the long-dashed lines shows that the impa
tof the �b 
orre
tions is small, below � 500 MeV for � = 100 GeV, but 
an be larger than4 GeV for � = 1000 GeV, see Eq. (35). Finally we 
onsider an approximation where theSM QCD 
orre
tions to the bottom Yukawa 
oupling are dropped, i.e. mb is used insteadof mb, resulting in the dotted lines. These 
ontributions 
an be larger than all other stepsof approximations in the region of large tan� 
onsidered here. Negle
ting the SM QCD
orre
tions in mb shifts �MH� upwards by more than 10 GeV, depending on the s
enario.
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DRbarFigure 6. �MH� := MH� �mH� is shown in the mmaxh s
enario as a fun
tion of � for tan� = 5 (left) andtan� = 40 (right) and MA = 200 GeV, evaluated at the one-loop level. The line 
oding is as in Fig. 5.In order to analyze the dependen
e of the MH� predi
tion on � we show in Fig. 6 �MH�in the mmaxh s
enario as a fun
tion of � for MA = 200 GeV and tan � = 5(40) in the left(right) plot. Again, the large tan � values are by now experimentally ex
luded by the LHCheavy MSSM Higgs sear
hes for this value ofMA [12℄, but the two \extreme" tan � values aremeant to give an idea about the possible variations. We start with the 
ase of tan � = 5, seethe left plot of Fig. 6. The t=b=~t=~b 
orre
tions negle
ting the SM QCD 
orre
tions (dottedline) are nearly symmetri
 in �, ranging between �2 and �4 GeV. In
luding the SM QCD
orre
tions (long-dashed) has a negligible impa
t. The same holds for the �b 
orre
tions(dashed-dotted) due to the small value of tan�, and the two lines lie on top of ea
h other.In
luding the full (s)fermion 
orre
tions, on the other hand, has a sizable impa
t on theresult. The 
ontributions from the other s/fermions partially 
an
el the t=b=~t=~b 
orre
tions.In
luding also the non-(s)fermioni
 
ontributions yields a total one-loop e�e
t that staysbelow � �2 GeV.The results look quite di�erent for tan� = 40 as shown in the right plot of Fig. 6.For negative �, the enhan
ement of the bottom Yukawa 
oupling 
an be
ome very strongdue to the large tan � value. In the mmaxh s
enario � <� � 1200 GeV yields �b ! �1,18



i.e. the model enters the non-perturbative regime, and no evaluations in the Higgs se
torare possible. Consequently, the 
orresponding 
urves in the right plot of Fig. 6 stop at� � �1100 GeV. The pure t=b=~t=~b 
orre
tions (dotted line) rea
h 13{16 GeV if they areevaluated with the bottom pole mass. In
luding the SM QCD 
orre
tions (long-dashed) intothe e�e
tive bottom quark mass strongly redu
es the e�e
t to the level of 2{4 GeV. In thenext step the �b e�e
ts are in
luded (dot-dashed line). Due to �b / � tan� the in
lusion of�b results in a strong asymmetry of �MH� with a larger 
orre
tion to MH� for negative �(
orresponding to an enhan
ed bottom Yukawa 
oupling) and a mu
h smaller 
orre
tion forpositive � (
orresponding to a suppressed bottom Yukawa 
oupling). In
luding the full one-loop 
orre
tions the overall 
orre
tion in the mmaxh s
enario ranges from �MH� >� 18 GeVfor � <� � 1000 GeV to �MH� � 0 for � = +1500 GeV.The dependen
e on tan� is analyzed in Fig. 7. We show �MH� in the mmaxh s
enarioas a fun
tion of tan� for MA = 200 GeV and as before for � = 100(1000) GeV in the left(right) plot. It should be noted that values of tan � around 1 are ex
luded by LEP Higgssear
hes [11℄, whereas large values are ex
luded by LHC Higgs sear
hes for this value ofMA [12℄. The sign and size of the one-loop 
orre
tion to MH� depends strongly on tan �,whi
h enters the Higgs 
ouplings to (s)fermions as well as the �b 
orre
tions. Negative
orre
tions o

ur for tan� <� 10, while positive values of �MH� are obtained for largetan� values. In the phenomenologi
ally allowed region of tan� the 
orre
tions stay within�MH� = �2 GeV. As in the plots of Figs. 5, the e�e
t of the non-sfermion se
tor in
omparison with the f= ~f 
ontributions (short-dashed lines) is relatively small and staysbelow 0:5 GeV. The Yukawa 
oupling independent e�e
ts (dot-dashed lines) are � 2 GeV,largely independent of tan �. The 
ontribution from the �b e�e
ts is negligible for tan� <� 5and grows with in
reasing tan �, rea
hing several GeV for large tan� and � = 1000 GeV. Onthe other hand, for � = 100 GeV these 
orre
tions stay very small even for the largest tan �values. The biggest e�e
ts again 
an arise from the in
lusion of the SM QCD 
orre
tionsto mb for tan � >� 5. Largely independently of the s
enario and the 
hoi
e for � they rea
h5{10 GeV.Next, in Fig. 8 we show the dependen
e on MSUSY. The SUSY mass s
ale (whi
h we
hose to be equal for all sfermions, see above) enters via 
ontributions / log(MSUSY=MW ) or/ M2W=M2SUSY into the 
harged Higgs-boson mass predi
tion [62℄, where several 
ompeting
ontributions have been identi�ed. One is proportional to large Yukawa 
ouplings from thetop/bottom se
tor, while another one stems from the ele
troweak 
ouplings of s
alar fermionsand is similar for all 
avors.In the left plot of Fig. 8 we show �MH� as a fun
tion of MSUSY in the mmaxh s
enariofor � = 1000 GeV, MA = 200 GeV and tan� = 5. One 
an see that the b=~b 
ontributions,whi
h are in
uen
ed strongly by the bottom Yukawa 
oupling and the �b 
orre
tions, do notplay a prominent role as they 
hange �MH� only weakly for small tan �. The 
ontributionsfrom the lighter fermions (i.e. neither top nor bottom) and their SUSY partners, on theother hand, be
ome very important for MSUSY >� 1000 GeV. Without those 
orre
tions(dot-dashed line) rather large negative 
ontributions to MH� would o

ur for large MSUSY,while in
luding these 
orre
tions (short dashed line) �MH� 
attens out for large MSUSY,rea
hing � �1 GeV at MSUSY = 2000 GeV. The 
orre
tions from the non-(s)fermion se
torare small and 
hange MH� by less than about 0:2 GeV. A qualitatively similar behavior
an be observed for tan � = 20 (whi
h is 
lose to the 
urrent sensitivity limits of heavy19
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enario as a fun
tion of MSUSY for tan� = 5(left) and tan� = 20 (right), MA = 200 GeV and � = 1000 GeV, evaluated at the one-loop level. The line
oding is as in Fig. 5.MSSM Higgs sear
hes at the LHC [12℄) as shown in the right plot of Fig. 8. Due to thelarger value of tan � the b=~b 
orre
tions and �b e�e
ts are mu
h more pronoun
ed. The
ontributions from the (s)fermion se
tor beyond t=~t=b=~b are sizable for MSUSY >� 1000 GeV.
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Due to numeri
al 
an
ellations the full one-loop 
orre
tion to MH� is 
lose to zero for thispart of the SUSY parameter spa
e. This is in agreement with the right plot of Fig. 7. Insummary, for large MSUSY espe
ially the 
orre
tions from the full (s)fermion se
tor have tobe taken into a

ount.We �nally analyze the size of the full one-loop 
orre
tions in the 
ase of At 6= Ab in Fig. 9.We show the results in the Ab{At plane forMA = 200(120) GeV in the top (bottom) row andtan� = 40(10) in the left (right) 
olumn. Again, the \extreme" 
hoi
es for MA and tan �,partially ex
luded by LHC Higgs sear
hes [12℄ indi
ate the range of the possible size of the
orre
tions. The other parameters are MSUSY = 500 GeV, � = 1000 GeV, M2 = 500 GeV.
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orre
tion �MH� := MH� � mH� is shown in the Ab{At planefor MA = 200(120) GeV in the top (bottom) row and tan� = 40(10) in the left (right) 
olumn. The otherparameters are MSUSY = 500 GeV, � = 1000 GeV, M2 = 500 GeV.The 
olor 
oding in the plots tells the value of �MH� . At small tan �, as 
an be seen inthe upper right plot, the value of �MH� depends mainly on At, i.e. the 
onvention Ab = Atin the mmaxh s
enario does not have a relevant impa
t on the MH� evaluation at the one-loop level for small tan �. This 
hanges for large tan� as 
an be observed in the two leftplots of the �gure. The main diagonal 
orresponds to At = Ab and exhibits (for both MA21



values) relatively small 
orre
tions up to � 3 GeV. The other extreme, At = �Ab, onthe other hand, yields mu
h larger 
orre
tions, ex
eeding �MH� = 10 GeV for large jAtj.Consequently, a full one-loop 
al
ulation, allowing for di�erent values of At and Ab is 
ru
ialfor a pre
ise MH� evaluation.4.2 Two-loop 
orre
tionsWe now turn to the analysis of the e�e
ts of the two-loop 
orre
tions of O(�t�s), where inthe plots we denote \2-loop" as the full one-loop 
orre
tions supplemented by the O(�t�s)
ontributions. As des
ribed in Se
t. 2 we derived the O(�s) 
orre
tions to the one-loopO(m4t =M2W ) term. In our numeri
al analysis we 
on
entrate on 
ases where on the one handthe full one-loop 
ontribution to MH� is sizable, and on the other hand the O(m4t=M2W )
orre
tions yield a relatively good approximation to the full one-loop result. For these 
asesit 
an be expe
ted that the O(�t�s) two-loop 
orre
tions also 
onstitute a substantial partof the full two-loop 
ontributions.We fo
us here on relatively low tan �, sin
e it is known that at large tan � the bot-tom/sbottom one-loop 
orre
tions are sizable (see the previous subse
tion) and the O(�t�s)terms 
annot be expe
ted to 
apture a leading pie
e of the two-loop 
ontributions. As 
anbe seen in Eqs. (51), (50), the O(m4t =M2W ) terms going � � are enhan
ed with tan�. There-fore we present the two-loop O(�t�s) 
orre
tions as a fun
tion of �. We furthermore setMA = 200 GeV, whi
h allows relatively large absolute higher-order 
orre
tions. The 
hosenparameters are thus mostly in agreement with the LHC heavy MSSM Higgs sear
hes (andwe will not address this issue in the rest of this subse
tion).In Fig. 10 we present �MH� := MH� � mH� in the mmaxh s
enario for MA = 200 GeVand tan � = 5 as a fun
tion of � for MSUSY = 500(1000) GeV in the left (right) plot. MH�is evaluated in
luding the O(�t�s) 
orre
tions and shown as the blue/dark gray solid line.Also shown are the 
orresponding one-loop results of O(m4t =M2W ) (dashed line), the fullone-loop 
orre
tions (red/light gray solid line) and the di�eren
e between the two-loop andthe full one-loop result (dot-dashed line). Starting with the left plot, where we have setMSUSY = 500 GeV, we �nd that the full one-loop 
orre
tions are well approximated by theO(m4t =M2W ) term. As expe
ted for tan � = 5, the �b 
orre
tions do not play a prominentrole and �MH� appears nearly symmetri
 for positive and negative �. The 
orrespondingtwo-loop 
orre
tions modify the full one-loop result by up to � 2 GeV for j�j � 1500 GeV,i.e. the O(�t�s) 
orre
tions 
an be sizable in this 
ase. A similar behavior 
an be observedin the right plot of Fig. 10, where we have set MSUSY = 1000 GeV (i.e. as in the originalde�nition of the mmaxh s
enario, Eq. (54).) As expe
ted, the absolute 
orre
tions to MH�turn out to be smaller, see also Fig. 8, and the two-loop terms 
ontribute up to � 1 GeV forj�j � 1500 GeV (where our plot stops).For the remaining analysis we sti
k to the lower value of MSUSY = 500 GeV, but go tosomewhat larger tan� values and investigate also lower values of MA. In Fig. 11 we show�MH� for tan� = 10 and MA = 120(200) GeV in the left (right) plot. The results lookqualitatively similar to the 
ase of tan � = 5: the m4t =M2W approximation works well for thefull one-loop result. The two-loop 
orre
tions go up to � 3(2) GeV for large values of j�j forMA = 120(200) GeV.In Fig. 12 we go to even higher tan� values and set tan � = 20, where �b e�e
ts are
22
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Figure 10. �MH� := MH� �mH� and M2�loopH� �M1�loopH� are shown for MA = 200 GeV and tan� = 5as a fun
tion of � in the mmaxh s
enario. MSUSY is set to 500 GeV (left) and to 1000 GeV (right plot). MH�is evaluated at the two-loop level (blue/dark gray solid). Also shown are the 
orresponding one-loop resultsof O(m4t =M2W ) (dashed), the full one-loop 
orre
tions (red/light gray solid) and the di�eren
e between thetwo-loop and the full one-loop result (dot-dashed).expe
ted to be
ome relevant. As for the previous �gure we �x MA = 120(200) GeV in theleft (right) plot. Sizable �b e�e
ts 
an indeed be observed: for large negative values of �,� <� �1200 GeV the �b 
orre
tions be
ome so large that an evaluation of the loop 
orre
tionsto MH� was not possible anymore (as was observed already in Fig. 6). For negative � theO(m4t =M2W ) 
orre
tions also start to deviate substantially from the full one-loop result, andthe 
orresponding two-loop 
orre
tions 
annot be expe
ted to yield a good approximation tothe full two-loop result in the region of relatively large negative �. For large and positive �,however, the m4t =M2W approximation works very well both forMA = 120 GeV (left plot) andMA = 200 GeV (right plot), so that in this region the O(�t�s) 
orre
tions 
an be expe
tedto provide a reasonable approximation of the full two-loop 
orre
tions. For � = +1500 GeVthe two-loop 
orre
tions again are sizable and amount up to � 2� 3 GeV.We 
omplete our two-loop analysis in the mmaxh s
enario with Fig. 13, where we show�MH� as a fun
tion of MSUSY, in analogy to Fig. 8. In the left (right) plot we show theresults for tan � = 5(20) in the mmaxh s
enario (i.e. Xt = 2MSUSY and m~g = 0:8MSUSY) for� = 1000 GeV and MA = 200 GeV. The m4t=M2W 
orre
tions approximate the full one-loopresults fairly well. The largest deviations o

ur for large values of MSUSY, where the other(s)fermion se
tors be
ome more relevant, see the dis
ussion on Fig. 8. ForMSUSY = 400 GeV,the lowest value in our analysis, the two-loop O(�t�s) 
orre
tions amount up to � 1 GeV.For large MSUSY this 
orre
tion goes down nearly to zero.Finally, in Fig. 14, we analyze the two-loop 
orre
tions toMH� in the \light heavy Higgs"s
enario, in whi
h the heavy CP-even Higgs boson is interpreted as the newly dis
overedparti
le at � 126 GeV [7℄. We show the results as a fun
tion of MA (left) and tan � (right)
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Figure 11. �MH� := MH� � mH� and M2�loopH� �M1�loopH� are shown for MA = 120 GeV (left) andMA = 200 GeV (right plot), tan� = 10 and MSUSY = 500 GeV as a fun
tion of � in the mmaxh s
enario.MH� is evaluated at the two-loop level (blue/dark gray solid). Also shown are the 
orresponding one-loopresults of O(m4t =M2W ) (dashed), the full one-loop 
orre
tions (red/light gray solid) and the di�eren
e betweenthe two-loop and the full one-loop result (dot-dashed).
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orresponding one-loopresults of O(m4t =M2W ) (dashed), the full one-loop 
orre
tions (red/light gray solid) and the di�eren
e betweenthe two-loop and the full one-loop result (dot-dashed).
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with the other parameters �xed as in Eq. (55). This s
enario is 
hara
terized by a veryri
h phenomenology, sin
e all �ve Higgs states in this 
ase are rather light. Su
h a s
enario
an be probed at the LHC via sear
hes for the heavier neutral Higgs bosons, H and A, butalso sear
hes for a light 
harged Higgs boson that is produ
ed in top quark de
ays are ofparti
ular relevan
e in this 
ase. As 
an be seen in Fig. 14 the m4t =M2W 
orre
tions are anex
ellent approximation for the full one-loop result in the parameter spa
e analyzed. Theone-loop 
orre
tions are found to be large and negative in this 
ase, while the two-loop
orre
tions are positive and at the level of 3:5 GeV to 4 GeV, amounting to about 30% ofthe one-loop 
orre
tions. Clearly, a thorough treatment of the higher-order 
ontributionswill be important for exploring the 
harged Higgs boson phenomenology in su
h a s
enario.5 Con
lusionsWe have presented a detailed analysis of the predi
tion for the 
harged Higgs boson mass,MH� , within the MSSM, on the basis of a 
omplete one-loop 
al
ulation, and in
orporatingthe two-loop 
ontributions of O(�t�s).We �nd relatively large mass shifts at the one-loop level. In parti
ular, we have analyzedthe dependen
e of MH� on the trilinear 
ouplings At and Ab. For the 
ase At = Ab, whi
his assumed in the mmaxh ben
hmark s
enario, 
orre
tions to MH� of several GeV are found.The opposite 
ase, At = �Ab, 
an yield mu
h larger shifts ex
eeding �MH� = 10 GeV forlarge jAtj. In general, the full one-loop 
orre
tions are negative for small tan� and positivefor large tan � in the mmaxh ben
hmark s
enario.Pronoun
ed e�e
ts on MH� in the region of large tan� originate from the standardQCD 
orre
tions to the bottom Yukawa 
oupling, formally a 
ontribution beyond one-looporder. Similarly important are the shifts from the in
lusion of �b e�e
ts, leading to a strongdependen
e of MH� on the size and the sign of �. The 
ontributions from the (s)fermionse
tor beyond t=~t=b=~b are sizable for MSUSY >� 1000 GeV and 
an ex
eed � 2 GeV.The new two-loop 
orre
tions of O(�t�s) in most of the 
onsidered 
ases are of oppositesign to the one-loop 
orre
tions. The indu
ed shifts in MH� 
an be of several GeV forsmall MA and tan � and large values of j�j, and are thus of a size that may be probed atthe LHC and the LC. The set of two-loop 
ontributions 
onsidered here are expe
ted tobe parti
ularly relevant for those MSSM parameter regions where the m4t =M2W terms yielda good approximation to the full one-loop result, i.e. in parti
ular for relatively low valuesof tan�. For the general 
ase, a more 
omprehensive higher-order 
al
ulation would berequired.In parti
ular, we analyzed the size of the O(�t�s) 
orre
tions in the \light heavy Higgs"s
enario, in whi
h the heavy CP-even Higgs boson is interpreted as the newly dis
overedparti
le at � 126 GeV. In this s
enario all MSSM Higgs bosons are relatively light, andthere are interesting prospe
ts for 
harged Higgs sear
hes in top quark de
ays. The m4t=M2W
orre
tions yield an ex
ellent approximation of the full one-loop result in this s
enario. Thegenuine two-loop 
orre
tions are found to be up to 4 GeV, and thus are important forinvestigating 
harged Higgs phenomenology.Our results for the 
harged Higgs-boson mass are implemented into the publi
 Fortran
ode FeynHiggs. The 
ode also 
ontains the evaluation of the 
harged Higgs-boson de-
26




ays and the main 
harged Higgs-boson produ
tion 
hannels at the LHC. The 
ode 
an beobtained from www.feynhiggs.de .A
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