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DESY-13-076, NSF-KITP-13-084Evading the Lyth Bound in Hybrid Natural InationA. Hebeker,1, � S. C. Kraus,1, y and A. Westphal2, 3, z1Institute for Theoretial Physis, Heidelberg University, D-69120, Germany2Deutshes Elektronen-Synhrotron DESY, Theory Group, D-22603 Hamburg, Germany3Kavli Institute for Theoretial Physis, Santa Barbara, California 93106, USA(Dated: 27 May 2013)Generially, the gravitational-wave or tensor-mode ontribution to the primordial urvature spe-trum of ination is tiny if the �eld-range of the inaton is muh smaller than the Plank sale.We show that this pessimisti onlusion is naturally avoided in a rather broad lass of small-�eldmodels. More spei�ally, we onsider models where an axion-like shift symmetry keeps the inatonpotential at (up to non-perturbative osine-shaped modulations), but ination nevertheless endsin a waterfall-regime, as is typial for hybrid ination. In suh hybrid natural ination senarios(examples are provided by Wilson line ination and uxbrane ination), the slow-roll parameter �an be sizable during an early period (relevant for the CMB spetrum). Subsequently, � quiklybeomes very small before the tahyoni instability eventually terminates the slow-roll regime. Inthis senario, one naturally generates a onsiderable tensor-mode ontribution in the urvature spe-trum, olleting nevertheless the required amount of e-foldings during the �nal period of ination.While non-observation of tensors by Plank is ertainly not a problem, a disovery in the mediumto long term future is realisti.I. INTRODUCTIONCosmologial ination [1{4℄, and in partiular the gen-eration of urvature perturbations through quantum u-tuations of the inaton �eld [5{9℄, allows for a surpris-ingly aurate desription of reent Plank data [10, 11℄(see also [12{14℄). Conrete �eld-theoreti realizationsroughly fall in two lasses: large-�eld and small-�eldmodels.In the �rst lass, the anonially normalized inaton�eld � overs a large distane in �eld spae, �� � MP ,during the last 60 e-folds. This has the advantage that itan be realized with a very simple potential, e.g. of theform � �n [15℄. In addition, suh models have the veryinteresting feature of produing sizable tensor perturba-tions without �ne tuning. However, they require the ab-sene or unnatural smallness of all higher-dimension op-erators � �m with m > n, whih is unnatural unless anapproximate shift symmetry �! �+  is present .By ontrast, small-�eld models work with �� �MP ,but they require a non-generi, at potential. Here at-ness means in partiular that, in spite of a signi�antonstant term in the potential, the oeÆients of the �and �2 terms have to be unnaturally small. In prini-ple, this an be easily realized either by expliit tuningof the dimension-six operators [16{19℄, or using a shiftsymmetry as in natural ination1 [21℄, �! �+ . How-ever, reheating requires sizable interations of � in someregion in �eld spae, whih nevertheless leads to �ne tun-ing. This disussion an be taken to the more advaned�A.Hebeker�ThPhys.Uni-Heidelberg.deyS.Kraus�ThPhys.Uni-Heidelberg.dezAlexander.Westphal�desy.de1 A losely related proposal is Wilson line (or `extranatural') in-ation [20℄.

level of supergravity, where it takes the form of arguingabout natural sizes of higher-order terms in the K�ahlerpotential [22, 23℄. Most importantly for us, additional�ne tuning is neessary to obtain large tensor perturba-tions.We believe that the disussion about natural or un-natural sizes of operator oeÆients an (at least in prin-iple) be more fruitful in the ontext of a UV ompletemodel, the natural andidate being of ourse superstringtheory. Construting large-�eld models in string theoryhas been notoriously diÆult for some time. However,reently onsiderable progress took plae based on on-strutions of (axion) monodromy and unwinding ina-tion, see e.g. [24{33℄. Here we fous on small-�eld mod-els. As we will argue, there is an interesting lass ofstringy (or at least string-inspired) models, where a shiftsymmetry guarantees the atness of the potential2 andtensor perturbations an be sizable in spite of the small�eld range.Before desribing suh stringy onstrutions, we reallthe Lyth bound and our general plan for avoiding it: Inslow-roll ination the tensor-to-salar ratio (i.e. the ratioof the gravitational-wave power spetrum �2T � H2 andthe salar power spetrum �2R � H2=�) is proportionalto the �rst slow-roll parameter, r = �2T =�2R = 16�.(Note that here and in the rest of this paper we workwith the redued Plank mass MP set to one, MP = 1.)Via the equation of motion for the inaton this an berewritten in terms of the �eld-variation per e-fold asrr8 ' ���� d�dN ���� : (1)2 Spei� string-theoreti forms of the K�ahler potential might alsobe able to do this job, suh as its simple overall volume de-pendene [34℄ or a Heisenberg symmetry [35{37℄, but this goesbeyond our present disussion.
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2Thus, if r is roughly onstant or monotonially inreas-ing during ination, the size of tensor modes produedwithin the initial, observable 10 e-folds of the osmolog-ially needed 60 e-folds of ination is bounded by thetotal �eld exursion during these 60 e-folds [38, 39℄.3 Inpartiular, for small-�eld ination r is typially negligiblysmall.In many small-�eld models, ination ends beause theevolution of the inaton smoothly hanges from slow-rollto fast-roll. In this sense, a monotonially inreasing �is a ommon feature. However, there are ertainly ex-eptions: For example, if ination ends in a `waterfall'lassial instability of a seond salar �eld, as in hybridination4 [49, 50℄, � an derease monotonially, allowingfor a large tensor signal during the observable 10 e-folds.Combining the onept of a shift symmetry, protetingthe atness of the potential against radiative orretions,with the idea of hybrid ination leads to hybrid natu-ral ination5 [51{57℄. The shift symmetry is generiallybroken by non-perturbative e�ets, induing a periodiosine-potential for the axion. This is a rather attra-tive setting, as it overomes the problemati issue [60℄of a super-Plankian axion deay onstant in natural in-ation (see also [27, 61{65℄). If, in suh a model, thewaterfall sets in lose to the minimum of the potential, �an be sizable during the observable e-folds of ination,while the bulk of the required 60 e-folds is aumulatedat later stages, when � is very small. This quite naturallyprovides us with a potentially detetable tensor signal, inspite of the small �eld range.Motivated by the above onsiderations, we now fouson string theory realizations6 of hybrid natural ination.They arise as models of D-term hybrid ination [75, 76℄and an be more spei�ally haraterized as Wilson lineination [57℄ on the type IIA or as uxbrane ination[77, 78℄ on the (mirror dual) type IIB side. We takethe type IIB (or uxbrane) point of view beause mod-uli stabilization is better understood in this setting and3 The bound arising from a situation of monotonially inreasing� during the last 60 e-folds of ination is onsidered in [39℄. Theoriginal paper [38℄ only takes into aount the �eld exursionduring the observable � 10 e-folds.4 Supersymmetri hybrid ination inorporating various orre-tions was investigated in the minimal SUSY hybrid inationprogram [40, 41℄ where it was found that, in some regions of pa-rameter spae, this model an produe sizable gravity waves [42℄.More generally, large tensor signals in small-�eld ination an beobtained whenever a suÆiently ompliated potentials is tunedin order to ahieve a non-monotoni evolution of � (see for ex-ample [43, 44℄). For other ways of avoiding the Lyth bound seee.g. [45{48℄.5 The inaton an be a pseudo-Nambu-Goldstone boson [51{55℄ ora Wilson line [55, 56℄. The proposed models go by various names,suh as `little inatons' or `pseudonatural ination'. Wilson lineination was put into a stringy ontext in [57℄. For other ideasof ombining axions with hybrid ination see e.g. [58, 59℄.6 Construting meta-stable de Sitter vaua [66{70℄ and inationarymodels [16, 24, 34, 57, 71{74℄ in string theory is now a mature�eld of researh.

beause of the more intuitive, geometri piture of in-ation: In this senario, the inaton is the transverseseparation of a pair of D7-branes. Sine the two branesarry opposite gauge ux, they move towards eah other,whih orresponds to the slow rolling of the inaton. At aertain (extremely small) ritial distane the gauge uxannihilates. This is the waterfall regime, with the water-fall �elds realized by open strings strethed between thebranes. The presene of a shift symmetry an be mosteasily understood via T-duality to type IIA: The dualitymaps the brane deformation modulus to a Wilson line,whih is known to enjoy a shift symmetry at large vol-ume. This shift symmetry is broken by non-perturbativee�ets, giving rise to the periodi (osine shaped) poten-tial alluded to above.For avoiding the Lyth bound, it is essential that the wa-terfall sets in very lose to the minimum of the potential.From a purely �eld-theoreti perspetive, this requiressome tuning of lagrangian parameters or an appropriatemodel building e�ort.7 From the uxbrane perspetive,however, things look di�erent: The energy of the two-brane system is minimized in a situation where the branesome very lose to eah other. This is where the water-fall sets in. Moreover, while the maximal possible �eldexursion orresponds to roughly the length sale of theompat manifold, the ritial distane of the waterfallinstability is substringy [77, 79℄. Thus, a large hierar-hy between the maximal and the ritial brane-to-branedistane is natural.The remainder of this letter is organized as follows:We start by disussing the phenomenology of a generalhybrid ination model with a periodi potential. In thismodel a sizable tensor-to-salar ratio an be obtainedfor a Plankian axion deay onstant. Subsequently weenter an analysis of onstraints on the model parameterswhih are imposed by stringy onsisteny onditions. Inpartiular we analyze bounds on the axion deay onstantwhih need to be satis�ed in order to remain within theperturbative regime of string theory. The examples ofK�ahler and omplex struture axions are examined. Thelatter is of partiular interest for us as, from an F-theoryperspetive, the inaton, being a D7-brane deformationmodulus, is part of the omplex struture moduli spaeof the fourfold. We argue that for generi values of theomplex struture the tensor-to-salar ratio an be aslarge as r � 10�3.7 For example, the authors of [53, 54℄ �nd that ination most nat-urally starts and ends above the inetion point of the potential.In this regime � inreases monotonially and thus the Lyth boundapplies, leading to a small tensor-to-salar ratio. By ontrast, theauthors of [52℄ ahieve waterfall near the minimum through �eldtheory model building, but they do not onsider tensor modes.



3II. EFFECTIVE POTENTIAL OF FLUXBRANEINFLATIONThe e�etive salar potential of uxbrane ination, orits T-dual ousin Wilson line ination, an be approx-imated by a hybrid ination setup with a periodi in-aton dependene from a non-perturbative orretion.With �; � denoting the anonially normalized inatonand waterfall �eld, respetively, we haveV (�; �) = �4 ��2 � 2�2p� �2 ��1� � os��f ��+g�2�2 :(2)Ination is driven by � in slow-roll at� > � ; �2 = p�g �2 ; (3)with the vauum energy dominantly sitting in in the �rstterm of (2) at � = 0. This entails � < 1. (We hoose� > 0 by onvention.) Ination ends via a waterfallinstability in � one � < �. Keeping the vauum energy�4 during ination �xed, we an adjust � � 1 as smallas we like by hoosing appropriately p�� g < 1.During ination at � > � the dynamis is thereforegoverned by the e�etive potentialV (�) = �4 �1� � os��f �� : (4)The slow-roll parameters are [53{55℄� = 12 �V 0V �2 = �22f2 sin2(�=f)�1� � os(�=f)�2 ;� = V 00V = �f2 os(�=f)1� � os(�=f) ; (5)� = � V 0V 000V 2 = �2f4 sin2(�=f)�1� � os(�=f)�2 ;from whih the 2-point funtion observables an be om-puted as nS = 1� 6�+ 2� ;r = 16� ; (6)dnSd ln k = �16�� + 24�2 + 2� :We see from (5) that, for a given potential, maximizingr means taking � ! 0. Hene, in a �rst step, we hoose�N = �0 � �f=2 to be the �xed starting point as therewe have V 0 maximal while V 00 = 0.We an now ompute the number of e-folds N elapsingbetween the initial �eld value �N = �0 and the �nal value� in the limit �=f � 1:N = t(�0)Zt(�)dtH = �0Z� d�p2� ' f2� ln� 4�0��� : (7)

This an be dialed by hoosing the waterfall exit � ap-propriately, so that N = 60, i.e.� ' 4��0 exp��60�f2 � : (8)As �0 is now the point at 60 e-folds before the end ofination, the observables at CMB sales are evaluated at� = �0. This gives, from the slow-roll parameters�0 = �22f2 ;�0 = 0 ; (9)�0 = �2f4 ;the 2-point funtion observablesnS = 1� 6�0 = 1� 38 r ' 0:962 + 0:038 (1� r=0:1) ;r = 16� = 8�2f2 ; (10)dnSd ln k = 2� +O(�4) ' 2�2f4 = r4f2 :It is onvenient to express r in terms of the running andthe axion deay onstant asr = 4f2 dnSd ln k : (11)We now see that a hoie of a Plankian axion deayonstant f = 1 and � = 0:1 produes a red tilt nS '0:97 and a sizable tensor-mode fration r ' 0:08, whilekeeping the running of the spetral index dnS=d lnk '0:02 moderately small.However, the embedding of this e�etive desriptioninto a string theory model ditates additional onstraintson the parameters. For our purposes, the most relevantrestritions are on axion deay onstants, whih are sub-jet of setion III. Guided by this disussion we hooseto work with the �duial bound f . 1=4�. Furthermore,we have to implement the observational onstraints onnS and its running. These are nS = 0:9603� 0:0073 anddnS=d lnk = �0:0134�0:0090 [11℄. Using the onstraintsf . 1=4� and dnS=d ln k . 0:01, equation (11) ditatesthe bound r . 2:5� 10�4, whih in turn fores nS ' 1.However, an exatly sale-invariant spetrum is exludedby Plank at the level of 5�.A value nS < 1 an nevertheless be ahieved by lettingination start slightly above �0 = �f=2. In this regionof �eld spae � takes the form� ' � �f3 (�N � �0) ; (12)whereas, at leading order, the form of � given in (9) isnot hanged. The measured value nS = 0:9603 ditates�N=�0 ' 1:18.On the other hand, the value of the axion deayonstant may ertainly exeed the �duial bound ited



4above. For example, as detailed in setion III, for K�ahleraxions we �nd f = p3=4� at the self-dual point. Usingthis value one immediately �nds r . 7:6� 10�4. By on-trast, the Lyth-bound estimate of (1), assuming onstantr and �N = 60, would give r ' 1:4 � 10�4. Hene, wegain a fator of ' 5 as ompared to the Lyth approxima-tion.We an now ompare this with the estimated preisionof future osmologial probes. While the B-mode polar-ization searh in the CMB is expeted to yield sensitiv-ity of r = (a few) � 10�2 for Plank [80℄, the dediatedCMB polarization probe andidates CMBpol/EPIC [80℄and PIXIE [81℄ an detet a tensor-to-salar ratio downto r ' 10�3. Even more promising is the analysis of theangular power spetra and weak lensing ontribution tothe 21 m radiation, whih an yield a B-mode detetiondown to r ' 10�9 [82, 83℄.The potential of our hybrid axion ination model at-tens towards the end of slow roll regime. This means thatthe amplitude of urvature perturbations grows, imply-ing the threat of primordial blak hole overprodution[84{86℄. We now briey estimate whether this is reallyan issue for our spei� model: To do so, ompare theurvature perturbations �2R / H2=� at the beginningand the end of ination, �R;N=�R; 'p�=�N . We usethe approximations �N ' 2�2 �2f4 �20 and � ' �22f4 �2 for the�-parameter at N = 60 and at the ritial �eld value �.Together with (8) this gives�R;N�R; ' 2 exp��60�f2 � � 10�2 : (13)Now, the most reent value [11℄ for the power spe-trum is �2R � AS ' 2:2 � 10�9 at the �duial salek = 0:05Mp�1. This an be identi�ed with our �2R;N .It an be ompared to the most onservative primordialblak hole prodution bound, whih is �2R; < 10�3 (see[87, 88℄ and referenes therein). One �nds �R;N=�R; &10�3. Thus, in view of (13), our model is ompletelysafe. III. STRINGY CONSTRAINTSString theory ditates additional onstraints on the pa-rameters, in partiular on the axion deay onstant [60℄.We need to speify these onstraints as preisely as possi-ble, inluding fators of 2� et. Our fous will be on twotypes of axioni salars: the imaginary parts of K�ahlermoduli and the real parts of omplex struture moduli.K�ahler axions desend from p-form potentials of the 10dtheory upon dimensional redution to 4d. To under-stand that omplex struture moduli have anything todo with axions, reall that under mirror symmetry theomplex struture moduli spae of type IIB string the-ory is mapped to the K�ahler moduli spae of type IIA.Thus, at large omplex struture (whih orresponds tolarge volume on the type IIA side), we expet an axioni

shift symmetry to at on the omplex struture modulias well.As a simple example, onsider the axio-dilaton S =i=gs + C0, where gs is the string oupling and C0 is theRR zero-form potential. The K�ahler potential for thismodulus is K = � ln ��i �S � S�� ; (14)giving rise to a kineti termL � KSS j�Sj2 � �gs2 �2 (�C0)2 : (15)The anonially normalized `would-be' inaton is � =gsp2C0. The periodiity C0 ! C0 + 1 of the RR zero-form �eld [89℄ implies a periodiity �! �+ gs=p2, andhene f = gsp2 2� . Therefore, already at the self-dualpoint gs = 1, the axion deay onstant is muh smallerthan one. It dereases even further at weak oupling,gs � 1.From the F-theory perspetive, S is part of the om-plex struture moduli spae of the fourfold. Therefore,we expet similar onsiderations to apply in the ase ofomplex struture axions. The same is true for deforma-tion moduli of D7-branes, as they are part of the omplexstruture of the F-theory fourfold as well. The analog ofgs � 1 and gs � 1 are generi and large imaginary partsof the omplex struture moduli, respetively. We thusexpet that the axion deay onstant f in (4) an takevalues as large as f � 1=4� at generi omplex strutureand gs � 1.The orresponding analysis in the ase of K�ahler axionsin the large volume senario has been performed in greatdetail in [90{93℄. Via dimensional redution one obtains,amongst others, the termL � 14� ri�� tr (Fi ^ Fi) ; (16)whih displays the oupling of the axions � to the �eldstrength of the gauge �eld living on a D7-brane (wrap-ping a four-yle labeled by the index i). The � arethe oeÆients of an expansion of the RR four-form interms of a basis of four-forms (labeled by the index �) ofthe threefold. The integers ri� arise from integrating thefour-form labeled by � over the four-yle labeled by i.Quantization of R tr (Fi ^ Fi) implies that the term (16)is trivial for integer values of � [93℄.In order to read o� the axion deay onstant one hasto anonially normalize the axion, using the K�ahler po-tential K = �2 lnV : (17)From here it is apparent that the axion deay onstanttypially sales with the inverse of some four-yle vol-ume, the preise value depending on the volume form.For example, for a senario with one large four-yle with



5volume8 � and orresponding K�ahler modulus T = �+i ,suh that V � �T + T�3=2, one �nds [93℄f = p34�� : (18)More generally one has again f . 1=4� up to someO(1) fators, where equality applies at the point wherethe relevant Einstein frame four-yle volume is one. Inthe example of a ompati�ation on a square (T 2)3 andfor gs = 1 this orresponds to the self-dual point. Ifone instead evaluates f at the point where instanton or-retions � e�2�� beome important, the bound on f isgenerally weakened by a fator of 2�.Note that for f = 1=4� and dnS=d lnk = 0:01 onehas � = 4:5 � 10�4 whih mathes e�2�� ���=1 up to anO(1) fator. This is in very good agreement with ourexpetation that osillatory potentials like (4) arise frominstanton e�ets.9IV. CONCLUSIONSWe have analyzed models representing a ross betweenaxioni and hybrid ination. As a result of an approxi-mate shift symmetry, they naturally produe a suÆientamount of e-foldings within a small �eld range of the in-aton. Moreover, the typial axioni modulation of theat tree-level potential leads to a orresponding varia-tion of �. This permits the generation of a signi�ant

tensor-mode ontribution (up to r � 10�3) in early ina-tion, where � is sizable. At the same time, the requirednumber of e-foldings is aumulated later on, when � ap-proahes zero. Obviously, the magnitude of urvatureperturbations grows at high `. It would be interesting tolook for observable onsequenes of this e�et, e.g. alongthe lines of [94{97℄. Also, a more detailed analysis ofthe relevant stringy onstrution is learly neessary andin progress [79℄. Finally, it would be interesting to seewhether an even larger value of r an be obtained in aombination of axioni hybrid ination and the urvatonmehanism [98{100℄. This might be possible beause, inour analysis above, the main onstraint on r omes fromthe running of the spetral index. If the CMB spetrumomes from the urvaton, one thus gains more freedom inthe axioni hybrid ination model. The role of the ur-vaton ould be played by a further axion, as in [101, 102℄.ACKNOWLEDGMENTSWe would like to thank Stefan Sj�ors and TimoWeigandfor helpful disussions. This work was supported in partby the Impuls und Vernetzungsfond of the Helmholtz As-soiation of German Researh Centres under grant HZ-NG-603, by the Transregio TR33 \The Dark Universe",and by the National Siene Foundation under Grant No.NSF PHY11-25915.
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