
*∣
30
4.
77
42
*

Revised Version  DESY-13-075
 TUM-HEP 887/13

 FLAVOUR-(267104-)-ERC-42

ar
X

iv
:1

30
4.

77
42

v2
  [

he
p-

th
] 

 2
4 

Ju
n 

20
13

DESY-13-075TUM-HEP 887/13FLAVOUR(267104)-ERC-42
Heteroti
 non{Abelian orbifoldsMaximilian Fis
herPhysik{Department T30, Te
hnis
he Universit�at M�un
hen, James{Fran
k{Stra�e, 85748 Gar
hing,GermanySa�ul Ramos-S�an
hezDepartment of Theoreti
al Physi
s, Physi
s Institute, UNAM, Mexi
o D.F. 04510, Mexi
oPatri
k K.S. VaudrevangeDeuts
hes Elektronen{Syn
hrotron DESY, Notkestra�e 85, 22607 Hamburg, Germany

Abstra
tWe perform the �rst systemati
 analysis of parti
le spe
tra obtained from heteroti
 string
ompa
ti�
ations on non{Abelian toroidal orbifolds. After developing a new te
hnique to 
om-pute the parti
le spe
trum in the 
ase of standard embedding based on higher dimensionalsupersymmetry, we 
ompute the Hodge numbers for all re
ently 
lassi�ed 331 non{Abelianorbifold geometries whi
h yield N = 1 supersymmetry for heteroti
 
ompa
ti�
ations. Surpris-ingly, most Hodge numbers follow the empiri
 pattern h(1;1) � h(2;1) = 0 mod 6, whi
h mightbe related to the number of three standard model generations. Furthermore, we study the fun-damental groups in order to identify the possibilities for non{lo
al gauge symmetry breaking.Three examples are dis
ussed in detail: the simplest non{Abelian orbifold S3 and two moreelaborate examples, T7 and �(27), whi
h have only one untwisted K�ahler and no untwisted
omplex stru
ture modulus. Su
h models might be espe
ially interesting in the 
ontext of no{s
ale supergravity. Finally, we brie
y dis
uss the 
ase of orbifolds with vanishing Euler numbersin the 
ontext of enhan
ed (spontaneously broken) supersymmetry.
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1 Introdu
tionTen{dimensional superstring theory is perhaps the most promising 
andidate to yield an ultraviolet
ompletion of parti
le physi
s and to explain some persisting 
osmologi
al puzzles. One usefulme
hanism to over
ome the 
hallenge of redu
ing the number of dimensions while preservingN = 1supersymmetry and other phenomenologi
ally appealing features is to 
ompa
tify the six extraspatial dimensions on a toroidal orbifold.Toroidal orbifolds o�er a fairly simple geometri
al stru
ture that allows one to deal with the
ompa
ti�
ation in terms of the 
onformal{�eld framework of string theory [1, 2℄. Moreover,in re
ent years these 
onstru
tions have be
ome a fruitful sour
e of semi{realisti
 models in theheteroti
 strings1. The resulting s
enarios 
an simultaneously reprodu
e the matter spe
trum of theminimal supersymmetri
 version of the standard model [15, 16, 17, 18℄ (or its singlet extensions [19℄)and provide new approa
hes for solving puzzles su
h as the existen
e of hierar
hies [20, 21℄, familysymmetries [22℄ and proton stability [23, 24℄.Despite these en
ouraging features, not all possible toroidal orbifold geometries have been ex-plored. In the past, several e�orts have led to partial 
lassi�
ations of orbifold geometries. The�rst attempts were restri
ted to ZN orbifolds [25, 26℄. Mu
h later, Z2 � Z2 orbifolds in
ludingso{
alled roto{translations2 were su

essfully 
lassi�ed [28℄ (see also [29, 30℄). However, it is evi-dent that more general orbifolds, whi
h in
lude not only Abelian (i.e. ZN and ZM �ZN ) but alsonon{Abelian point groups (for example, Sn for n = 3; 4 and D2n for n = 2; 3), 
ould also lead toappealing physi
s. Only re
ently a full 
lassi�
ation of all (symmetri
3) toroidal orbifold geometrieswhi
h preserve N = 1 SUSY in the 
ontext of heteroti
 
ompa
ti�
ations has been a
hieved [32℄.Even though most of the N = 1 heteroti
 orbifolds of Ref. [32℄ (331 out of 469) are based on thedis
rete a
tion of non{Abelian point groups, the geometri
al aspe
ts and phenomenology of thesenon{Abelian orbifolds have been studied only in few 
ases [33, 34℄. The purpose of this paper is toprovide the �rst tools to address these questions.With this goal in mind, after a brief des
ription of orbifold 
ompa
ti�
ations of the heteroti
string, we develop a te
hnique to systemati
ally determine all twisted se
tors and their �xedpoints/tori of all toroidal orbifolds in Se
tion 2. Further, for the so{
alled standard embeddingof the orbifold a
tion into the gauge degrees of freedom, whi
h leads to an E6 gauge group, wedevelop a te
hnique based on supersymmetry in four and six dimensions to 
ompute the number of27 and 27 matter representations. This provides, as is known, the Hodge numbers h1;1 and h2;1,respe
tively. Furthermore, we determine the fundamental groups of all non{Abelian orbifolds inorder to identify the possibility of non{lo
al GUT breaking [35, 36, 37℄. Se
tion 3 is devoted to adetailed study of three sample non{Abelian orbifolds, with point groups S3, T7 and �(27), whi
hillustrate the main properties of these 
onstru
tions. Finally, we dis
uss our �ndings in Se
tion 4.Our most important results are summarized in Table 3 for a list of all non{trivial fundamentalgroups and Table 2 for a list of Hodge numbers and their geometri
al origin.1Referen
es for other su

essful 
onstru
tions are for example (see also referen
es therein): for the free fermioni

onstru
tion [3℄, for Gepner 
onstru
tions [4℄, for type II with D{branes [5, 6, 7℄, for M{theory on G2 manifolds [8℄and for Calabi{Yau spa
es [9, 10℄. For the 
onne
tion between (singular) orbifolds and (smooth) Calabi{Yau 
om-pa
ti�
ations, see e.g. [11, 12, 13, 14℄.2They are also known as shift orbifolds; see e.g. Ref. [27℄ for type IIA string theory on shift Z2 �Z2 orientifolds.3For a re
ent work on asymmetri
 orbifolds, see e.g. [31℄.1



2 Heteroti
 non{Abelian orbifoldsWe 
onsider 
ompa
ti�
ations of the ten{dimensional heteroti
 string on (symmetri
) toroidalorbifolds [1, 2℄, where points on the six{dimensional torus T 6 are identi�ed under the a
tion of theso{
alled orbifolding group G, i.e.
O = T 6=G = R6=S : (1)Equivalently, the orbifold O is de�ned as R6 with an identi�
ation of points under the a
tion ofthe so{
alled spa
e group S. An element of S 
onsists of a rotational part and a translation. Indetail, g = (#; �) 2 S a
ts on x 2 R6 as g x = # x+ � ; (2)where � is a shift of x in R6 and # 2 SU(3) � SO(6) a rotation. Then, g x � x for all g 2 S isthe equivalen
e relation that de�nes O. The pure{translational elements of S have the form (11; �),where � 
an be expanded in terms of six basis ve
tors ei as � = niei with integer 
oeÆ
ients niand summation over i = 1; : : : ; 6. Hen
e, the pure translations de�ne a latti
e � and hereby thetorus T 6 = R6=�. On the other hand, for # 6= 11 there 
an additionally be elements (#; �) 2 S with� 62 � (i.e. with fra
tional ni), whi
h are 
alled roto{translations [36℄.The rotational part # of all elements g = (#; �) 2 S forms a group, the so{
alled point groupP . We further de�ne the orbifolding group G as the group generated by all g = (#; �) 2 S, wheretwo elements that are related by a pure latti
e translation are identi�ed. Therefore, the orbifoldinggroup G is equivalent to the point group P if no roto{translations are present.The Abelian 
ase is well studied, resulting in many phenomenologi
al interesting models in, forexample, Z6-II [38, 15, 16, 17, 18℄, Z12-I [39℄, Z2�Z2 [40℄ and Z2�Z4 [41℄ (there were also earlierphenomenologi
al studies in Z3 and Z7, e.g. [42, 43℄). In this paper we deal with non{Abelianorbifolds, i.e. with orbifolds whose point groups P are non{Abelian. We 
onsider all inequivalentpoint groups (also known as Q{
lasses), all inequivalent latti
es (
alled Z{
lasses) and all roto{translations (i.e. aÆne 
lasses)4. We use these six{dimensional spa
es to 
ompa
tify the 10DE8 � E08 heteroti
 string to four dimensions.On heteroti
 orbifolds, there are two kinds of 
losed strings whi
h 
ontribute to the masslessparti
le spe
trum of the resulting four{dimensional e�e
tive theory: (i) untwisted strings that
lose already in 
at R6, and (ii) twisted strings that 
lose only on the orbifold due to a non{trivialrotation # (and possibly a translation �) in the respe
tive boundary 
ondition, e.g. a twisted stringgenerated by g = (#; �) 
loses under the boundary 
ondition X(�; �+2�) = # X(�; �)+2�� for thebosoni
 string 
oordinate. It follows that twisted strings are lo
alized at the �xed points/�xed toriof the orbifold geometry. In the 
ase of standard embedding (whi
h is a spe
i�
 
hoi
e of how theorbifold a
ts in the gauge degrees of freedom of the heteroti
 string), the matter spe
trum 
onsistsof 27{, 27{plets and singlets of the four{dimensional observable gauge group E6. As we des
ribein more detail in the next se
tion, 
ounting the numbers of the non{trivial representations of E6allows us to 
ompute the Hodge numbers of these heteroti
 
ompa
ti�
ations, whi
h is the primarypurpose of this paper.4For further details on the de�nitions of these 
lasses, we suggest Refs. [44, 45, 32℄.2



2.1 Hodge numbersThe Hodge numbers (h(1;1); h(2;1)) 
ount the K�ahler and 
omplex stru
ture moduli, respe
tively,whi
h 
orrespond to deformations (of size and shape) of the geometry. For the heteroti
 orbifoldsunder 
onsideration, we 
an split these numbers into 
ontributions from the untwisted se
tor andfrom the twisted se
tors, (h(1;1); h(2;1)) = (h(1;1)U ; h(2;1)U ) + (h(1;1)T ; h(2;1)T ) ; (3)and 
ompute them as we explain in the following.2.1.1 Contributions from the untwisted se
torsIn this se
tion, we demonstrate that the number of untwisted moduli 
an be 
omputed dire
tlyfrom the point group P using representation theory of �nite groups.The 4D untwisted K�ahler and 
omplex stru
ture moduli, 
ounted respe
tively by h(1;1)U andh(2;1)U , originate from the nine plus nine internal 
omponents of the 10D supergravity multiplet ofthe heteroti
 string, whi
h 
orrespond to the following string ex
itationsjqiR 
 ~��|�1j0iL for K�ahler moduli, (4a)jqiR 
 ~�j�1j0iL for 
omplex stru
ture moduli, (4b)where j = 1; 2; 3 and jqiR denotes the ground state of the (supersymmetri
) right{mover with(bosonized) momenta q = (0;�1; 0; 0) ; (5)where the underline denotes permutations. Furthermore, ~��|�1 or ~�j�1 ex
ites the left{moving groundstate j0iL in the j{th 
omplex plane spanned by the 
omplex 
oordinate �z�| or zj .On the orbifold only the invariant 
ombinations of these (untwisted) states survive as un�xedmoduli. As untwisted moduli are un
harged with respe
t to the gauge group, they transform onlyunder the a
tion of the point group P . From Table C.2 in Ref. [32℄ we know the expli
it form ofthe point group as a three{dimensional, in general redu
ible representation � of P , with P beinga �nite sub-group of SU(3). Under the a
tion of the point group P the right{moving ground stateand the os
illator ex
itations transform asjqiR transforms as � (6a)~��|�1 transforms as � (6b)~�j�1 transforms as � : (6
)Hen
e, using Equations (4) and (6), one 
an 
ount the number of untwisted moduli (h(1;1)U ; h(2;1)U )from the tensor produ
ts�
 � ! h(1;1)U �0 � : : : and �
 � ! h(2;1)U �0 � : : : ; (7)where �0 denotes the trivial singlet representation of P and h(1;1)U and h(2;1)U are the multipli
itiesin the respe
tive de
omposition. These multipli
ities 
an be 
omputed most easily using 
hara
ters3



(the 
hara
ter of an element g 2 P in the representation � is given by ��(g) = Tr(�(g))). Ingeneral, a de
omposition of a tensor produ
t reads �1 
 �2 = L
i=1 ni�i, where 
 is the numberof inequivalent irredu
ible representations, whi
h are denoted as �i, and ni are the 
orrespondingmultipli
ities. Then, ��1
�2(g) = P
i=1 ni��i(g) and one 
an 
ompute the multipli
ities ni usingthe orthogonality of the rows of the 
hara
ter table, see e.g. Se
tion 4.2 of Ref. [32℄.We use the software GAP [46℄ and Mathemati
a to perform these 
omputations. The resultsare listed in Table 1. Note that there are many 
ases with only one untwisted K�ahler modulus (i.e.only the overall volume of O is un�xed) and no 
omplex stru
ture modulus (for example P = T7,see Se
tion 3.2), whi
h might be espe
ially interesting in the 
ontext of no{s
ale supergravity [47,48, 49, 50℄. This is in 
ontrast to orbifolds with Abelian point groups where always at least thethree K�ahler moduli (asso
iated with the sizes of the 
ompa
t spa
e split in three 
omplex planes)survive the orbifold proje
tion (see e.g. [51℄).untwisted moduli(h(1;1)U ; h(2;1)U ) non{Abelian point groups(2,2) S3, D4, D6(2,1) QD16, (Z4 �Z2)oZ2, Z4 � S3, (Z6 �Z2)oZ2,GL(2; 3), SL(2; 3) oZ2(2,0) Z8 oZ2, Z3 � S3, Z3 oZ8, SL(2; 3)�I, Z3 �D4,
Z3 �Q8, (Z4 �Z4)oZ2, Z3 � (Z3 oZ4), Z6 � S3,
Z3 � SL(2; 3), Z3 � ((Z6 �Z2)oZ2), SL(2; 3) oZ4(1,1) A4, S4(1,0) T7, �(27), Z3 �A4, �(48), �(54), Z3 � S4, �(96),�(36�), �(108), PSL(3; 2), �(72�), �(216)Table 1: List of non{Abelian point groups with spe
i�ed number of untwisted moduli (h(1;1)U ; h(2;1)U ).For example, orbifolds with point group S3, D4 and D6 have two untwisted K�ahler moduli and twountwisted 
omplex stru
ture moduli, i.e. (h(1;1)U ; h(2;1)U ) = (2; 2).2.1.2 Contributions from the twisted se
torsThe twisted se
tors of the orbifold yield some twisted K�ahler moduli (also known as blow{upmodes) and twisted 
omplex stru
ture moduli (whi
h des
ribe the shapes of unorbifolded �xedtori, as explained in more detail later).In order to determine their numbers, we analyze the standard embedding of the E8�E08 heteroti
string, whi
h results in a four{dimensionalN = 1 theory with E6�E08 gauge group [34℄ (for Abelianpoint groups, the gauge group in
ludes additional model{dependent gauge fa
tors, su
h as U(1)2,SU(2) � U(1) or SU(3)). Due to the (2,2) world{sheet supersymmetry, the number of twisted27{plets 
orresponds to h(1;1)T and the number of twisted 27{plets gives h(2;1)T [52, 53℄. In order toidentify the number of twisted 27{ and 27{plets we �rst have to 
onsider the orbifold �xed pointsand �xed tori in some detail, with a spe
ial fo
us on four{ and six{dimensional supersymmetry(see also Ref. [54℄ for a related dis
ussion). 4



Twisted se
tors. In Abelian orbifolds, the twisted se
tors are labeled by their point groupelements, e.g. for a ZM�ZN point group with generators # and ! we use Tk;`, with k = 0; : : : ;M�1and ` = 0; : : : ; N � 1, to denote the (twisted) se
tor produ
ed by #k!` 2 P . In 
ontrast, for non{Abelian orbifolds a twisted se
tor is 
hara
terized by a 
onjugation 
lass [#℄ for # 2 P and hen
eit is denoted as T[#℄.Fixed points/tori. For a given twisted se
tor T[#℄, a spa
e group element g = (#; �) 2 S with# 6= 11 is 
alled a 
onstru
ting element of a massless string if the �xed point equation asso
iatedwith g, g f = f , # f + � = f for f 2 R6 ; (8)has a zero{ or a two{dimensional solution f . In the former 
ase, f is 
alled a �xed point, while inthe latter it is 
alled a �xed torus.Equivalen
e of �xed points/tori. Di�erent solutions f 
an be geometri
ally equivalent in the
ompa
t spa
e due to the symmetries indu
ed by the 
ompa
ti�
ation. Equivalen
es between thesolutions are easily identi�ed via their 
orresponding 
onstru
ting elements. We distinguish twodi�erent kinds of equivalen
es:(i) Equivalen
e on the torus. Take two 
onstru
ting elements of massless strings with thesame point group element, i.e. g1 = (#; �1) 2 S and g2 = (#; �2) 2 S. They are saidto be equivalent on the torus if g1 and g2 are in the same 
onjuga
y 
lass with respe
t totranslations, i.e. g1 = hg2h�1 for some h = (11; �) 2 S : (9)In other words, g1 � g2 on the torus if � 2 � exists su
h that �1� �2 = (11� #) �. Then, the
orresponding �xed points/tori di�er by a latti
e ve
tor. Using this de�nition of equivalen
eone 
an determine for ea
h twisted se
tor T[#℄ all inequivalent 
onstru
ting elements on thetorus.(ii) Equivalen
e on the orbifold. Fixed points/tori that are inequivalent on the torus 
an beequivalent on the orbifold, i.e. �xed points/tori of a given twisted se
tor 
an be identi�edby a further orbifold a
tion. Again, this equivalen
e 
an be determined using the 
on
ept of
onjuga
y 
lasses, now allowing for general h 2 S, i.e.g1 � g2 if g1; g2 2 [g℄ = fhgh�1 for all h 2 Sg : (10)Fixed points/tori asso
iated with elements of the same 
onjuga
y 
lass are identi�ed on theorbifold. In more detail, take g1; g2 2 [g℄ withg1 f1 = f1 and g2 f2 = f2 ; (11)where f1; f2 2 R6 denote the �xed points/tori. As g1; g2 2 [g℄ there exists an elementh 2 S su
h that g2 = hg1h�1. Then, �h�1f2� = �h�1g2� f2 = �g1h�1� f2 = g1 �h�1f2�.Consequently, f1 = h�1f2 and we see that the �xed points/tori f1 and f2 are identi�ed onthe orbifold. 5



Massless twisted matter. After obtaining all inequivalent 
onstru
ting elements on the orbifoldwe start with the determination of the asso
iated twisted matter spe
trum. Ea
h 
onstru
tingelement g = (#; �) 2 S de�nes a boundary 
ondition for a 
losed string on the orbifold, i.e.Z(�; � + 2�) = g Z(�; �) = # Z(�; �) + 2�� : (12)For ea
h twisted se
tor one 
an 
hoose a basis of the three 
ompa
ti�ed 
omplex 
oordinates Zisu
h that the twist # 2 SU(3) be
omes diagonal. Using this basis, the twist 
an be expressed bythe so-
alled twist ve
tor v = (v1; v2; v3), whose 
omponents are the rotational phases in units of2�. These twist ve
tors are analogous to the well{known ones for the 
ase of Abelian point groups(see e.g. Table 1 in Ref. [2℄ and Table 5.2 in Ref. [32℄). Furthermore, the gauge embedding 
anbe diagonalized su
h that its a
tion is parametrized by a shift, similarly as in the Abelian 
ase.For the standard embedding, we 
hoose V = (v1; v2; v3; 05)(08). In order to 
ompute the twistedmatter, one may need a basis 
hange for ea
h twisted se
tor of a non{Abelian orbifold. However,for ea
h individual se
tor one 
an use the standard tools and the intuition developed from thewell{known Abelian 
ase, su
h as the usual masslessness equations for left{ and right{movers andtheir solutions.Invarian
e of twisted matter. In this way one 
an 
onstru
t the Hilbert spa
e H[g℄ of masslesstwisted strings with 
onstru
ting element g. However, not all states from H[g℄ are ne
essarilyinvariant under the full orbifold a
tion. One has to 
onsider proje
tions, i.e. one has to proje
tthe Hilbert spa
e H[g℄ of massless strings to the invariant subspa
e with respe
t to all spa
e groupelements h that 
ommute with the 
onstru
ting element g, gh = hg. The set of 
ommuting elementsis 
alled the 
entralizer of g. It is important to note that the rotational part of g and h and theirgauge embeddings 
an be diagonalized simultaneously, as they 
ommute.For ea
h 
onstru
ting element g 2 [g℄ one distinguishes two 
ases:1. In the �rst 
ase, g is related to a �xed point (not a �xed torus). Then, ten{dimensionalN = 1supersymmetry is broken down to N = 1 in four dimensions at the �xed point of g, and theHilbert spa
e H[g℄ only respe
ts 4D N = 1. Fixed points with these properties 
ontributeonly one twisted 27{plet, whi
h 
an be related to one twisted K�ahler modulus (i.e. blow{upmode), but no 27{plet and therefore no twisted 
omplex stru
ture modulus. In other words,the 
onstru
ting element g yields a 
ontribution (1; 0) to the Hodge numbers (h(1;1)T ; h(2;1)T ).Let us point out that H[g℄ and H[g�1℄ are not independent, sin
e H[g�1℄ 
ontains the CPT
onjugate partners of H[g℄. Thus, it suÆ
es to 
onsider only H[g℄ in the 
omputations.2. In the se
ond 
ase, g has a �xed torus. Considering only the a
tion of g (and g�1) on theinternal spa
e, the theory on this �xed torus has N = 1 in six dimensions (i.e. 4D N = 2)with E7 observable gauge group and a twisted 56 hypermultiplet (or half{hypermultiplet). Interms of 4D N = 1 this twisted 56{plet originates from the se
tor g 
ontributing a left{
hiralsuper�eld, whi
h transforms as 56 of E7, and from the se
tor g�1 
ontributing another left{
hiral super�eld, whi
h transforms in the 
omplex 
onjugate representation, e.g. as a 56{pletwith negative U(1) 
harge. However, in the 
ase g = g�1 (or [g℄ = [g�1℄) the twisted 56{pletis real, e.g. a 56{plet with zero U(1) 
harge. Hen
e, it transforms as a half{hypermultiplet.6



From the full 4D perspe
tive the E7 is broken to E6 and the left{
hiral 56{plet from g bran
hesinto 27�27 plus two singlets. Thus, 4D matter originates from N = 2 (half{)hypermultipletsand in terms of 4D N = 1 a 
onstru
ting element g with �xed torus 
ontributes both, onetwisted 27{plet and one twisted 27{plet, to the Hilbert spa
e H[g℄. This would result in onetwisted K�ahler modulus and one twisted 
omplex stru
ture modulus per �xed torus.However, in the whole orbifold one has to perform the proje
tion on invariant states: if thereis (at least) one element in the 
entralizer of g whi
h breaks N = 1 in six dimensions toN = 1 in four dimensions, the twisted 27{plet is removed from H[g℄ and, 
onsequently, thetwisted 
omplex stru
ture modulus of this orbifolded �xed torus is proje
ted out. Then, the�xed torus of g 
ontributes (1; 0) to the Hodge numbers. On the other hand, if all elementsof the 
entralizer keep N = 1 in six dimensions, the twisted 27{ and 27{plet and hen
ethe respe
tive moduli survive this proje
tion. In this 
ase, the �xed torus is not orbifoldedfurther by the a
tion of the 
entralizer and the twisted 
omplex stru
ture modulus des
ribesthe shape of this torus. Then, the �xed torus of g 
ontributes (1; 1) to the Hodge numbers.Based on these observations, we noti
e that it is enough to know the geometri
al aspe
ts (spa
egroup, 
onstru
ting elements, et
.) of the orbifold and not the details of the gauge embedding inorder to arrive at the Hodge numbers. As a test, we have �rst used this pro
edure to 
orroboratethe Hodge numbers for all 138 orbifolds with Abelian point groups of Ref. [32℄ (originally obtainedusing the orbifolder [55℄). Then, we applied this pro
edure to the 331 orbifolds with non{Abelianpoint groups. The results are listed in Table 2 of Appendix A. We dis
uss three examples in detailin Se
tion 3. It is interesting to note that, like in the Abelian 
ase of Ref. [32℄, also the Hodgenumbers of most non{Abelian 
ases satisfy the empiri
 ruleh(1;1) � h(2;1) = 0 mod 6 ; (13)for whi
h we have not found an explanation yet (see also Ref. [26℄). In the 
ases where Equation (13)is satis�ed and the Euler number � = 2(h(1;1) � h(2;1)) does not vanish, it seems 
on
eivable thatthe addition of dis
rete Wilson lines [2, 56℄ 
an lead to 
andidate models with three generations ofstandard model parti
les.2.2 Fundamental groupThe fundamental group �1 of a toroidal orbifold is given by the following quotient group [1, 57℄�1 = S=hF i ; (14)where S is the spa
e group that de�nes the orbifold, F is the set of all 
onstru
ting elements andhF i is the group generated by the elements of F .There are two possible origins for a generator of �1: either it arises from a roto{translation(i.e. from the orbifolding group G) or from a pure translation (i.e. from the latti
e �). In orderto identify this, we 
ompute in addition to �1 = S=hF i also G=GF and �=�F , where GF � G isgenerated by the roto{translations of hF i and �F � � is the latti
e of hF i.In total we �nd that 38 out of 331 orbifolds with non{Abelian point group and N = 1 have anon{trivial fundamental group, for example �1 = Z2, Z3, Z2 � Z2 and Z3 � Z3. They are listed7



in Table 3 of Appendix A. In the next se
tion we dis
uss one of them in detail. Combined withthe results of [32℄ we have a 
omplete list of (toroidal, N = 1) orbifold geometries whi
h o�er anon{trivial fundamental group: there are 69 
ases out of 469. These 
ases are of spe
ial interestfor phenomenology as they may allow for non{lo
al GUT breaking [35, 36, 37℄. Therefore, thegauge embeddings of the (freely{a
ting) elements of the fundamental group and the 
onditionsfrom modular invarian
e must be analyzed, 
f. [11℄.Example: D4 orbifold. Let us dis
uss the 
ase D4{1{5 (i.e. Z{
lass #1, aÆne 
lass #5) withHodge numbers (6; 6) in detail. D4 is generated by # and ! ful�lling #2 = !2 = (#!)4 = 11. In the
ase (1{5) the spa
e group S is generated by g1 = (#; 12e1 + 14e5) and g2 = (!; 0), where#e = 0BBBBBB� 1 0 0 0 0 00 0 0 �1 0 00 0 �1 0 0 00 �1 0 0 0 00 0 0 0 �1 00 0 0 0 0 �1
1CCCCCCA and !e = 0BBBBBB� 0 0 1 0 0 00 1 0 0 0 01 0 0 0 0 00 0 0 �1 0 00 0 0 0 �1 00 0 0 0 0 �1

1CCCCCCA ; (15)and by the latti
e � = fe1; : : : ; e6g.On the other hand, the group hF i is generated by two roto{translations5h1 = (!; 0) and h2 = g1g2g1 = (#!#; 12(e1 + e3 + e5)) (16)and six translations (11; ei) for i = 2; 4; 5; 6, (11; e1 + e3) and (11;�e1 + e3), whi
h de�ne a (six{dimensional) sublatti
e �F � �.As a subgroup of G the roto{translations h1 and h2 generate GF = Z2 �Z2 and one 
an showthat D4= (Z2 �Z2) = Z2, whi
h is generated by g1 using g21 = (11; e1) � (11; 0) in the orbifoldinggroup. Furthermore, one 
an take the quotient of the respe
tive latti
es and obtains �=�F = Z2,whi
h is generated by (11; e3) using (11; e3)(11; e3) = (11; 2e3) � (11; 0) (or equivalently generated by(11; e1) using (11; e1)(11; e1) = (11; 2e1) � (11; 0)).The full fundamental group �1 = S=hF i of the orbifold D4{1{5 is generated by g1. Then,g21 = (11; e1) (not identi�ed with (11; 0) in �1), g31 = (#; 32e1+ 14e5) and g41 = (11; 2e1) � (11; 0). Thus,we �nd �1 = Z4, see Table 3.3 ExamplesIn this se
tion we dis
uss three examples of orbifolds with non{Abelian point group in detail. The�rst example in Se
tion 3.1 
onsiders S3 [34℄, the easiest non{Abelian 
ase, whi
h unfortunatelyyields only non{
hiral spe
tra. Then, in Se
tion 3.2 we dis
uss a T7 orbifold whi
h yields 
hirality.Furthermore, this model has the interesting property of having just one untwisted K�ahler modulusand no untwisted 
omplex stru
ture modulus. Last, in Se
tion 3.3 we des
ribe a �(27) orbifoldwhi
h possesses a non{trivial fundamental group and gives 
hirality.5Note that ! and #!# belong to the same 
onjuga
y 
lass of D4.8



3.1 The heteroti
 S3 orbifoldThe symmetri
 group S3 is generated by two generators # and ! of orders 2 and 3, i.e. #2 = !3 = 11.They ful�ll the relation #!# = !2. S3 has 3! = 6 elements whi
h split into three 
onjuga
y 
lassesas follows: [11℄ = f11g ; v[11℄ = (0; 0; 0) ;[!℄ = f!; !2g ; v[!℄ = �13 ;�13 ; 0� ;[#℄ = f#; #!; #!2g ; v[#℄ = �12 ;�12 ; 0� ; (17)where we listed for later use the 
orresponding twist ve
tors related to the 
orresponding SU(3){
ompatible point{group generators given below in Equation (19) (obtained by 
hoosing appropriatebases that diagonalize the respe
tive rotation matri
es).From 
rystallography [45, 32℄, we know that for this Q{
lass (i.e. point group P = S3), there aresix Z{
lasses (i.e. inequivalent latti
es) and in total eleven aÆne 
lasses (i.e. for ea
h latti
e ex
eptfor latti
e #6 there are two aÆne 
lasses: �rst the trivial aÆne 
lass without roto{translations anda se
ond aÆne 
lass where g! is a roto{translation), see Table 2.Let us dis
uss the �rst aÆne 
lass, i.e. S3{1{1. In this 
ase the generators of the S3 orbifoldinggroup are g# = (#; 0) and g! = (!; 0), where#e = 0BBBBBB� 1 �1 0 0 0 00 �1 0 0 0 00 0 0 �1 0 00 0 �1 0 0 00 0 0 0 �1 00 0 0 0 0 �1
1CCCCCCA and !e = 0BBBBBB� �1 1 0 0 0 0�1 0 0 0 0 00 0 0 1 0 00 0 �1 �1 0 00 0 0 0 1 00 0 0 0 0 1

1CCCCCCA ; (18)given in the latti
e basis as matri
es from GL(6;Z), for example, #ee1 = e1. One 
an go to theSO(6) form by a basis 
hange # = Be #eB�1
e

and ! = Be !eB�1
e
, where the 
olumns of Be are thebasis ve
tors ei, i = 1; : : : ; 6. In the SU(3) basis these generators read (see Table C.2 of [32℄)#(3) = 0� �1 0 00 0 10 1 0 1A and !(3) = 0B� 1 0 00 e�2� i 13 00 0 e2� i 13 1CA : (19)These matri
es generate a redu
ible three{dimensional representation 3 of S3, whi
h de
omposesinto irredu
ible representations as 3 = 2� 10. Furthermore, there exists one additional irredu
iblerepresentation of S3: 1, the trivial singlet.As dis
ussed in Se
tion 2.1, the number of untwisted K�ahler and 
omplex stru
ture moduli isdetermined by the tensor produ
ts of the three{dimensional representation of Equation (19), i.e.3
 3 = �2� 10�
 �2� 10� ! 2� 2� 2� 10 � 1� 1 ; (20a)3
 3 = �2� 10�
 �2� 10� ! 2� 2� 2� 10 � 1� 1 : (20b)Sin
e Equation (20a) 
ontains two trivial singlets 1, there are two orbifold{invariant untwistedK�ahler moduli from the states given in Equation (4a). Further, also Equation (20b) 
ontains two9



singlets 1 and hen
e there are also two orbifold{invariant untwisted 
omplex stru
ture moduli fromEquation (4b). In total, we �nd (h(1;1)U ; h(2;1)U ) = (2; 2) : (21)Next, we dis
uss the 
ontributions from the two twisted se
tors of the S3 orbifold, spe
i�edby the inequivalent 
onjuga
y 
lasses given in Equation (17). The [!℄ twisted se
tor has nineinequivalent 
onstru
ting elements g(i) 2 S, i = 1; : : : ; 9 on the torus,g(1) = (!; 0) ; g(2) = (!; e4) ; g(3) = (!; 2e4) ;g(4) = (!; e2) ; g(5) = (!; e2 + e4) ; g(6) = (!; e2 + 2e4) ;g(7) = (!; e1 + e2) ; g(8) = (!; e1 + e2 + e4) ; g(9) = (!; e1 + e2 + 2e4) : (22)These 
onstru
ting elements by themselves lead to a six{dimensionalN = 1 supersymmetri
 theory,where the six dimensions in
lude the un
ompa
ti�ed 4D spa
e along with the two{torus de�ned bythe basis ve
tors e5 and e6.Finally, the [#℄ se
tor has four inequivalent 
onstru
ting elements on the torus,(#; n5e5 + n6e6) with n5; n6 = 0; 1 ; (23)whi
h are also inequivalent on the orbifold. As the [!℄ se
tor, the [#℄ twisted se
tor yields an N = 1supersymmetri
 theory in the six dimensions 
omposed of the un
ompa
ti�ed 4D spa
e and thetwo{torus de�ned by the basis ve
tors e1 and e4 � e3.The 
entralizer elements of the 
onstru
ting elements of both twisted se
tors do not furtherbreak supersymmetry in their respe
tive six{dimensional N = 1 theories. Therefore, all 9+ 4 �xedtori are endowed with both a 27{ and a 27{plet in four dimensions, 
ontributing with as manytwisted K�ahler and 
omplex{stru
ture moduli as the number of inequivalent 
onstru
ting elements.In summary, the Hodge numbers are (h(1;1); h(2;1)) = (15; 15) arising from the various se
tors as(2; 2)U + (9; 9)T[!℄ + (4; 4)T[#℄ ; (24)
on�rming the results of [34℄. Unfortunately, in the standard heteroti
 CFT des
ription the S3orbifold ne
essarily leads to a non{
hiral spe
trum in 4D, as we 
an see from the Hodge numbersh(1;1) = h(2;1). Hen
e, the S3 orbifold seems phenomenologi
ally not promising. It might be possibleto 
ir
umvent this by introdu
ing magnetized tori [54℄.3.2 The heteroti
 T7 orbifoldThe Frobenius group T7 is generated by two generators # and ! of orders 3 and 7, i.e. #3 = !7 = 11.They ful�ll the relation !# = #!2. T7 has 21 elements, they split into �ve 
onjuga
y 
lasses, i.e.[11℄ = f11g ; v[11℄ = (0; 0; 0) ;[!℄ = f!; !2; !4g ; v[!℄ = �17 ; 27 ;�37� ;�!3� = f!3; !5; !6g ; v[!3℄ = ��17 ;�27 ; 37� ;[#℄ = f#; #!; #!2; #!3; #!4; #!5; #!6g ; v[#℄ = �13 ;�13 ; 0� ;�#2� = f#2; #2!; #2!2; #2!3; #2!4; #2!5; #2!6g ; v[#2℄ = �13 ;�13 ; 0� : (25)
10



where, as in the S3 example, we provide for later use the 
orresponding twist ve
tors asso
iatedwith Equation (27).From 
rystallography [45, 32℄ we know that for this Q{
lass (i.e. point group P = T7), thereare three Z{
lasses (i.e. inequivalent latti
es) and in total three aÆne 
lasses (i.e. for ea
h latti
ethere is only the trivial aÆne 
lass without roto{translations), see Table 2.Let us dis
uss the �rst Z{
lass, i.e. T7{1{1. In this 
ase the generators of the T7 orbifoldinggroup are g# = (#; 0) and g! = (!; 0), where#e = 0BBBBBB� 0 �1 0 0 �1 00 �1 0 1 �1 00 1 0 �1 1 �1�1 0 0 0 0 �10 0 �1 0 1 01 0 0 0 1 0
1CCCCCCA and !e = 0BBBBBB� 0 �1 0 0 0 �11 �1 0 0 0 �1�1 1 0 0 �1 11 0 1 0 �1 0�1 1 0 0 0 0�1 1 0 �1 0 0

1CCCCCCA ; (26)given in the latti
e basis as matri
es from GL(6;Z), for example, #ee1 = �e4 + e6. One 
an go tothe SO(6) form by a basis 
hange # = Be #eB�1
e

and ! = Be !eB�1
e
, where the 
olumns of Be arethe basis ve
tors ei, i = 1; : : : ; 6. In the SU(3) basis these generators read (see Table C.2 of [32℄)#(3) = 0� 0 1 00 0 11 0 0 1A and !(3) = 0B� e2� i 47 0 00 e2� i 27 00 0 e2� i 17 1CA : (27)These matri
es generate an irredu
ible three{dimensional representation 3 of T7. Furthermore,there exist four additional irredu
ible representations of T7: 3 is the 
omplex 
onjugate of 3, 10and its 
omplex 
onjugate 10 are two non{trivial one{dimensional representations and, �nally, 1 isthe trivial singlet.One 
an think of the T7 orbifold as a standard Z7 orbifold generated by ! with an additional,non{freely a
ting Z3 generated by # that permutes the three 
omplex planes (z1; z2; z3) as z1 7!z3 7! z2 7! z1.As dis
ussed in Se
tion 2.1, the number of untwisted K�ahler and 
omplex stru
ture moduli isdetermined by the tensor produ
ts of the three{dimensional representation of Equation (27), i.e.3
 3 ! 3� 3� 1� 10 � 10 ; (28a)3
 3 ! �3� 3�s � 3a ; (28b)where s and a denotes the symmetri
 and anti{symmetri
 part, respe
tively. As Equation (28a)
ontains one singlet 1, there is one orbifold{invariant untwisted K�ahler modulus from Equation (4a).Furthermore, Equation (28b) does not 
ontain the singlet 1 and hen
e there is no orbifold{invariantuntwisted 
omplex stru
ture modulus from Equation (4b). In summary, we �nd(h(1;1)U ; h(2;1)U ) = (1; 0) : (29)Next, we study the 
ontributions from the four twisted se
tors of the T7 orbifold arising from its
onjuga
y 
lasses (see Equation (25)). The [!℄ twisted se
tor has seven inequivalent 
onstru
ting11



elements g(i) 2 S, i = 1; : : : ; 7, on the torus:g(1) = (!; 0) ; g(2) = (!; e1 + e2) ;g(3) = (!; e1 + e2 + e6) ; g(4) = (!; e1 + e3 + e5 + e6) ;g(5) = (!; 2e1 + 2e2 + e6) ; g(6) = (!; 2e1 + e2 + e3 + e5 + e6) ;g(7) = (!; 2e1 + e2 + e3 + e5 + 2e6) : (30)They are also inequivalent on the orbifold. The 
orresponding �xed points are given in the e� basisby f (i) = 17 f̂ (i)� e�, i = 1; : : : ; 7, withf̂ (1) = (0; 0; 0; 0; 0; 0) ; f̂ (2) = (2; 4; 1; 1; 2; 1) ; f̂ (3) = (1; 2; 4; 4; 1; 4) ;f̂ (4) = (4; 1; 2; 2; 4; 2) ; f̂ (5) = (3; 6; 5; 5; 3; 5) ; f̂ (6) = (6; 5; 3; 3; 6; 3) ;f̂ (7) = (5; 3; 6; 6; 5; 6) : (31)As these are �xed points (and not tori) and the 
entralizers of gi are trivial, the [!℄ twisted se
tor
ombines with the inverse twisted se
tor [!6℄ = [!3℄ and gives seven left{
hiral 27{plets plus theirCPT 
onjugate partners. Hen
e, this se
tor 
ontributes with (7; 0) to the Hodge numbers.The [#℄ twisted se
tor has one inequivalent 
onstru
ting element with asso
iated �xed torus,(#; 0) with f = (f1; f2; 0;�f1 + f2;�f1 � f2;�f2) ; (32)where the torus is parametrized by f1; f2 2 R. As the 
entralizer of this se
tor is trivial, the [#℄twisted se
tor feels the full N = 1 in six dimensions and hen
e 
ontributes (1; 1) to the Hodgenumbers.Finally, the [#2℄ is very similar to the [#℄ twisted se
tor. It has one inequivalent 
onstru
tingelement with asso
iated �xed torus,�#2; 0� with f = (f1; f2; 0;�f1 + f2;�f1 � f2;�f2) ; (33)where the torus is parametrized by f1; f2 2 R. Again, as the 
entralizer is trivial, it gives rise toone twisted K�ahler and one twisted 
omplex stru
ture modulus and therefore 
ontributes (1; 1) tothe Hodge numbers.In summary, the Hodge numbers are (h(1;1); h(2;1)) = (10; 2), distributed in the various se
torsa

ording to (1; 0)U + (7; 0)T[!℄ + (1; 1)T[#℄ + (1; 1)T[#2℄ : (34)

12



3.3 The heteroti
 �(27) orbifoldThe group �(27) is generated by two generators # and ! both of order 3, i.e. su
h that #3 = !3 = 11.�(27) has 27 elements, they split into the following eleven 
onjuga
y 
lasses[11℄ = f11g ; v[11℄ = (0; 0; 0) ;[!℄ = f!; #!#2; #!2#2!2g ; v[!℄ = �13 ;�13 ; 0� ;�!2� = f!2; #!2#2; #!#2!g ; v[!2℄ = �13 ;�13 ; 0� ;[#℄ = f#; !#!2; !2#!g ; v[#℄ = �13 ;�13 ; 0� ;�#2� = f#2; !2#2!; !#2!2g ; v[#2℄ = �13 ;�13 ; 0� ;[!#℄ = f!#; !2#!2; #!g ; v[!#℄ = �13 ;�13 ; 0� ;�!#2� = f!#2; #2!; !2#2!2g ; v[!#2℄ = �13 ;�13 ; 0� ;�!2#� = f!2#; #!2; !#!g ; v[!2#℄ = �13 ;�13 ; 0� ;�!2#2� = f!2#2; !#2!; #2!2g ; v[!2#2℄ = �13 ;�13 ; 0� ;�#!#2!2� = f#!#2!2g ; v[#!#2!2℄ = �13 ; 13 ;�23� ;�#!2#2!� = f#!2#2!g ; v[#!2#2!℄ = �13 ; 13 ;�23� ;
(35)

where we also give the 
orresponding twist ve
tors obtained, as before, by 
hoosing bases in whi
hthe rotation matri
es are diagonal, as in Equation (37).On
e again, it is known that there are three latti
es and a total of ten aÆne 
lasses (threeorbifolding groups without roto{translations and seven ones whi
h in
lude them) for the pointgroup P = �(27).Let us dis
uss the fourth aÆne 
lass of the �rst Z{
lass, i.e. �(27){1{4, see Table 2. In this
ase the generators of the �(27) orbifolding group are g# = (#; 13(2e2+e3+2e5)) and g! = (!; 13e1),where#e = 0BBBBBB� 0 1 0 0 1 00 0 0 0 0 10 1 0 �1 2 10 0 1 �1 1 10 0 0 0 1 01 0 0 0 �1 0
1CCCCCCA and !e = 0BBBBBB� 1 1 �1 0 0 �10 �1 1 �1 0 10 0 0 �1 0 �10 0 0 0 �1 �10 1 0 0 0 �10 �1 0 1 �1 0

1CCCCCCA ; (36)given in the latti
e basis as matri
es from GL(6;Z), for example, #ee1 = e6. One 
an go to theSO(6) form by a basis 
hange # = Be #eB�1
e

and ! = Be !eB�1
e
, where the 
olumns of Be are thebasis ve
tors ei, i = 1; : : : ; 6. In the SU(3) basis these generators read (see Table C.2 of [32℄)#(3) = 0� 0 1 00 0 11 0 0 1A and !(3) = 0B� 1 0 00 e2� i 13 00 0 e2� i 23 1CA ; (37)whi
h generate an irredu
ible three{dimensional representation 3 of �(27).The number of untwisted moduli 
orresponds to the number of invariant singlets within thetensor produ
ts of the three{dimensional representation and its 
onjugate:3
 3 ! 10 � 11 � 12 � 13 � 14 � 15 � 16 � 17 � 18 ; (38a)3
 3 ! 3� 3� 3 ; (38b)13



where only 10 in Equation (38a) denotes a �(27){invariant singlet. Therefore, by using Equa-tion (7), we 
on
lude that there is only one orbifold{invariant untwisted K�ahler modulus and noorbifold{invariant untwisted 
omplex{stru
ture modulus, i.e.(h(1;1)U ; h(2;1)U ) = (1; 0) : (39)The only nonvanishing 
ontributions to the Hodge numbers from the twisted se
tors arise fromthe 27 �xed points of the T[#!#2!2℄ se
tor, whi
h are inequivalent on the torus. The 
onstru
tingelements asso
iated to these �xed points are g(i) = �#!#2!2; �(i)� with:�(1) = 13 (�2e1 + 5e2 + e3 � e4 � e5 + 5e6) ; �(2) = 13 (�2e1 + 5e2 + e3 + 2e4 � e5 + 5e6) ;�(3) = 13 (e1 + 2e2 + e3 � e4 � e5 + 2e6) ; �(4) = 13 (e1 + 2e2 + e3 + 2e4 � e5 + 2e6) ;�(5) = 13 (e1 + 2e2 + e3 + 5e4 � e5 + 2e6) ; �(6) = 13 (e1 + 5e2 + e3 � e4 � e5 + 2e6) ;�(7) = 13 (e1 + 5e2 + e3 + 2e4 � e5 + 2e6) ; �(8) = 13 (e1 + 5e2 + e3 + 5e4 � e5 + 2e6) ;�(9) = 13 (�2e1 + 5e2 � 2e3 � e4 � 4e5 + 5e6) ; �(10) = 13 (�2e1 + 5e2 � 2e3 � e4 � e5 + 5e6) ;�(11) = 13 (�2e1 + 5e2 + e3 � e4 � 4e5 + 5e6) ; �(12) = 13 (�2e1 + 5e2 + e3 + 2e4 � 4e5 + 5e6) ;�(13) = 13 (�2e1 + 8e2 � 2e3 � e4 � 4e5 + 5e6) ; �(14) = 13 (�2e1 + 8e2 + e3 � e4 � 4e5 + 5e6) ;�(15) = 13 (�2e1 + 8e2 + e3 + 2e4 � 4e5 + 5e6) ; �(16) = 13 (e1 + 2e2 � 2e3 � e4 � 4e5 + 5e6) ;�(17) = 13 (e1 + 2e2 � 2e3 + 2e4 � 4e5 + 5e6) ; �(18) = 13 (e1 + 2e2 + e3 + 2e4 � 4e5 + 5e6) ;�(19) = 13 (e1 + 5e2 � 2e3 � e4 � 4e5 + 5e6) ; �(20) = 13 (e1 + 5e2 � 2e3 + 2e4 � 4e5 + 5e6) ;�(21) = 13 (e1 + 5e2 + e3 � e4 � 4e5 + 2e6) ; �(22) = 13 (e1 + 5e2 + e3 + 2e4 � 4e5 + 2e6) ;�(23) = 13 (e1 + 5e2 + e3 + 2e4 � 4e5 + 5e6) ; �(24) = 13 (e1 + 5e2 + e3 + 5e4 � 4e5 + 2e6) ;�(25) = 13 (e1 + 8e2 � 2e3 � e4 � 4e5 + 5e6) ; �(26) = 13 (e1 + 8e2 � 2e3 + 2e4 � 4e5 + 5e6) ;�(27) = 13 (e1 + 8e2 + e3 + 2e4 � 4e5 + 5e6) :
(40)

Out of these 27 
onstru
ting elements, only three are inequivalent on the orbifold. We 
hooseg(1); g(2) and g(3). The 
orresponding �xed points are lo
alized at f (i) = 19 f̂ (i)� e�, i = 1; 2; 3, withf̂ (1) = (1; 1; 6; 5; 6; 7) ; f̂ (2) = (1; 1; 3; 8; 6; 7) ; f̂ (3) = (4; 1; 6; 2; 3; 1) : (41)Sin
e these are �xed points (and not tori) and the 
entralizers of g(i) are trivial, the T[#!#2!2℄twisted se
tor 
ombines with the inverse twisted se
tor T[#!2#2!℄ yielding three left{
hiral 27{pletsplus their CPT 
onjugate partners. Hen
e, the only twisted 
ontribution to the Hodge numbers is(3; 0).In summary, the Hodge numbers are (h(1;1); h(2;1)) = (4; 0) originating from the various se
torsas (1; 0)U + (3; 0)T[#!#2!2℄ : (42)The main feature that distinguishes this 
ase from the previous examples is the existen
e ofa non{trivial fundamental group �1 = S=hF i. The group hF i generated by the set F of the
onstru
ting elements listed in Equation (40) 
ontains the full latti
e � of the spa
e group S anda (normal subgroup) Z3 � �(27) generated by #!#2!2. Thus, we identify the fundamental groupof the �(27){1{4 orbifold as�1 = S=hF i = �(27)=Z3 = Z3 �Z3 : (43)14



4 Summary and Dis
ussionWe have 
omputed systemati
ally the number of (untwisted and twisted) moduli and fundamentalgroups of all 331 re
ently 
lassi�ed [32℄ N = 1 non{Abelian (symmetri
) orbifold 
ompa
ti�
a-tions of the E8 � E08 heteroti
 string with standard gauge embedding. We have developed thetools that allow us to determine the number of K�ahler and 
omplex{stru
ture moduli by usinggroup{theoreti
al and geometri
al properties of the orbifolds rather than by dire
t 
omputation.Our results are presented in Table 2, where the Hodge numbers, 
lassi�ed by se
tor, are displayed.Furthermore, we list all 38 non{trivial fundamental groups in Table 3. Further details (su
h as orb-ifold generators, 
onstru
ting elements, non{trivial 
entralizer elements, 
ompa
ti�
ation latti
es,et
.) are made available athttp://einri
htungen.physik.tu-muen
hen.de/T30e/
odes/NonAbelianOrbifolds/in a Mathemati
a{
ompatible format.Most of the fundamental groups (35 out of 38) are Abelian (see Table 3), su
h as Z2, Z3, Z4 and
Z2�Z26. In 14 
ases the fundamental group is generated by translations, in 16 
ases all generatorsare rotations and in the remaining 8 
ases the fundamental group is generated by translationsand rotations. From a phenomenologi
al point of view, orbifolds with non{trivial fundamentalgroups are very interesting as they may allow for non{lo
al GUT breaking, whi
h 
an improvegauge 
oupling uni�
ation. Furthermore, it would be interesting to study the 
onne
tion of theseorbifolds to smooth Calabi{Yau spa
es [40, 11℄, sin
e the standard model gauge group (espe
iallythe hyper
harge) 
an survive a full blow{up of the orbifold to a smooth Calabi{Yau when thefundamental group of the orbifold is non{trivial and the gauge group is broken non{lo
ally.Besides the fa
t that, like almost all Abelian 
ases, most non{Abelian orbifold geometriessatisfy the relation � = 0 mod 12, for whi
h we have no explanation, we observe that, in 
ontrastto Abelian orbifolds, there is a large number of geometries (and a greater number of models) withthe overall volume modulus as the only untwisted modulus available. These models should befurther analyzed in the 
ontext of no{s
ale supergravity. Note also that this might be a positivefeature for moduli stabilization, although unfortunately it prevents anisotropi
 
ompa
ti�
ations,whi
h are desirable to solve the tension between the string s
ale and the GUT s
ale [60, 36℄.An interesting observation is that 42 out of the 331 orbifold geometries have vanishing Eulernumbers � (i.e. h(1;1) = h(2;1)). In these 
ases we note that we have h(1;1)U = h(2;1)U and h(1;1)T = h(2;1)T ,independently. The latter, h(1;1)T = h(2;1)T , is related to higher{dimensional supersymmetry. Hen
e,4D 
hiral spe
tra 
an never be obtained in these 
ases using standard heteroti
 orbifold CFTte
hniques alone. The in
lusion of magnetized tori [61, 54℄ may o�er a plausible way to 
ir
umventthis hurdle. However, their des
ription is only known in blow{up, but not on the singular orbifold.Furthermore, it would be interesting to analyze the 
ases of vanishing Euler numbers in the
ontext of [62℄, whi
h states that type II string theory 
ompa
ti�ed on Calabi{Yau threefoldswith vanishing Euler numbers leads to N = 4 enhan
ed supersymmetry (spontaneously broken toN = 2). Translated to the 
ase of heteroti
 orbifolds with standard embedding and vanishing Eulernumbers, one might expe
t N = 2 enhan
ed supersymmetry (spontaneously broken to N = 1). Inaddition, we �nd 
ases where h(1;1)T = h(2;1)T = 0, for example, D4� 1� 6 has only untwisted Hodge6This is in 
ontrast to smooth Calabi{Yau spa
es, whi
h have a mu
h wider variety of fundamental groups, seee.g. [58, 59℄ for fundamental groups of 
omplete interse
tion Calabi{Yau threefolds.15
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numbers (2; 2) (see Table 2) and there are few other similar 
ases in Abelian orbifolds [32℄. Onemight 
onje
ture that these 
ases give even higher enhan
ed supersymmetry, i.e. (spontaneouslybroken) N = 4. On the other hand, there are 
ases of orbifolds with vanishing Euler numbers wherethe orbifold intuition naively 
ontradi
ts the general results of [62℄: e.g. 
onsider the �rst 
ase ofTable 2, S3{1{1, with Hodge numbers (15; 15) de
omposed as (2; 2)U + (4; 4)T[#℄ + (9; 9)T[!℄. Inthis 
ase, the two twisted se
tors T[#℄ and T[!℄ both feel N = 2 supersymmetry, while the untwistedse
tor U is N = 1 in four dimensions. However, T[#℄ has di�erent N = 2 than T[!℄, as one 
aneasily verify by noti
ing that the generators # and ! leave untou
hed di�erent two{tori. Thisimplies that the full a
tion of the orbifold breaks expli
itly (not spontaneously) N = 2 to N = 1supersymmetry, even though � = 0.In addition, we have presented the details of three sample models with the point groups S3(
on�rming the results of Ref. [34℄), T7 and �(27). We have 
hosen these point groups be
ausethey illustrate the main properties of non{Abelian orbifold 
ompa
ti�
ations and be
ause of theirrelevan
e in parti
le physi
s, for example in the 
ontext of neutrino mixing and family symmetries(see e.g. [63, 64, 65℄). As in the Abelian 
ase, we expe
t the (non{Abelian) point group of theorbifold to be in 
lose 
onne
tion with the family symmetry of the 4D e�e
tive theory via string{sele
tion rules [22℄. If this was the 
ase, our examples would be of phenomenologi
al interest. Yetthe spe
i�
s of the string sele
tion rules for non{Abelian orbifolds should still be worked out.The results of this work lay the foundation stone of future phenomenologi
al studies based onnon{Abelian orbifolds and 
an be extended in various ways. Parti
ularly, it would be interesting toextend this study to type IIA strings on orientifolds [66, 67, 27℄, where appealing phenomenology
an also emerge. Likewise, it might be desirable to apply our te
hniques to 
ompa
ti�
ations ofthe heteroti
 strings on four{dimensional orbifolds, in order to reveal further 
onne
tions to K3manifolds [68, 69℄. Finally, one is now in position to ta
kle the te
hni
al details of the gaugeembedding in order to possibly arrive at promising 
onstru
tions. In this respe
t, it is phenomeno-logi
ally relevant to emphasize that in general the rank of the gauge group shall be redu
ed fornon{Abelian orbifolds, whi
h is in 
ontrast to the situation in Abelian orbifolds, where the rank isalways 16 after 
ompa
ti�
ation. This 
an help avoiding multiple Higgs me
hanisms to arrive atphenomenologi
ally viable 
onstru
tions from string theory.A
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A ResultsIn this appendix we list the generators of the orbifolding group, the total Hodge numbers, their 
ontributions from thevarious twisted and untwisted se
tors and the me
hanism of higher{dimensional gauge group breaking (lo
al or non{lo
al,see Table 3) for all 331 orbifolds with non{Abelian point group. For example, 
onsider the S3 point group with Z{
lass #6 and aÆne 
lass # 1 (i.e. no roto{translations and the orbifolding group is generated by (#; 0) and (!; 0)). The higher{dimensional gauge group is broken lo
ally in higher dimensions, whi
h 
orresponds to a trivial fundamental group. TheHodge numbers are (7; 7), where (2; 2) originate from the untwisted se
tor U , (4; 4) from the twisted se
tor T[#℄ and, �nally,(1; 1) from T[!℄.

Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))S3 1 1 (#; 0); (!; 0)[6; 1℄ lo
al (2; 2)U + (4; 4)T[#℄ + (9; 9)T[!℄ (15; 15)2262 2 (#; 0); (!; 13e5)non{lo
al (2; 2)U + (4; 4)T[#℄ (6; 6)2 1 (#; 0); (!; 0)lo
al (2; 2)U + (4; 4)T[#℄ + (9; 9)T[!℄ (15; 15)2 (#; 0); (!; 13e5)non{lo
al (2; 2)U + (4; 4)T[#℄ (6; 6)3 1 (#; 0); (!; 0)lo
al (2; 2)U + (4; 4)T[#℄ + (3; 3)T[!℄ (9; 9)2 (#; 0); (!; 13e1)non{lo
al (2; 2)U + (4; 4)T[#℄ (6; 6)4 1 (#; 0); (!; 0)lo
al (2; 2)U + (4; 4)T[#℄ + (9; 9)T[!℄ (15; 15)2 (#; 0); (!; 13e5)lo
al (2; 2)U + (4; 4)T[#℄ (6; 6)5 1 (#; 0); (!; 0)lo
al (2; 2)U + (4; 4)T[#℄ + (3; 3)T[!℄ (9; 9)2 (#; 0); (!; 13e1)lo
al (2; 2)U + (4; 4)T[#℄ (6; 6)6 1 (#; 0); (!; 0)lo
al (2; 2)U + (4; 4)T[#℄ + (1; 1)T[!℄ (7; 7)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))D4 1 1 (#; 0); (!; 0)[8; 3℄ lo
al (2; 2)U + (8; 0)T[#℄ + (8; 0)T[!℄ + (4; 4)T[#!℄ + (9; 1)T[#!#!℄ (31; 7)4682 2 (#; 12 e1); (!; 0)lo
al (2; 2)U + (8; 0)T[!℄ + (4; 4)T[#!℄ + (7; 3)T[#!#!℄ (21; 9)3 (#; 12 e1); (!; 12 e2)non{lo
al (2; 2)U + (4; 4)T[#!℄ + (5; 5)T[#!#!℄ (11; 11)4 (#; 14 e5); (!; 0)lo
al (2; 2)U + (4; 4)T[#℄ + (4; 4)T[!℄ (10; 10)5 (#; 12 e1 + 14e5); (!; 0)non{lo
al (2; 2)U + (4; 4)T[!℄ (6; 6)6 (#; 12 e1 + 14e5); (!; 12e2)non{lo
al (2; 2)U (2; 2)7 (#; 12 e5); (!; 0)lo
al (2; 2)U + (8; 0)T[#℄ + (8; 0)T[!℄ + (9; 1)T[#!#!℄ (27; 3)8 (#; 12 (e1 + e5)); (!; 0)non{lo
al (2; 2)U + (8; 0)T[!℄ + (7; 3)T[#!#!℄ (17; 5)9 (#; 12 (e1 + e5)); (!; 12 e2)non{lo
al (2; 2)U + (5; 5)T[#!#!℄ (7; 7)2 1 (#; 0); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (8; 0)T[!℄ + (2; 2)T[#!℄ + (6; 0)T[#!#!℄ (22; 4)2 (#; 12 e5); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (4; 4)T[!℄ + (3; 1)T[#!#!℄ (13; 7)3 (#; 0); (!; 12e1)lo
al (2; 2)U + (4; 0)T[#℄ + (2; 2)T[#!℄ + (4; 2)T[#!#!℄ (12; 6)4 (#; 12 e5); (!; 12 e1)non{lo
al (2; 2)U + (4; 0)T[#℄ + (3; 1)T[#!#!℄ (9; 3)5 (#; 14 e3); (!; 0)lo
al (2; 2)U + (2; 2)T[#℄ + (4; 4)T[!℄ (8; 8)6 (#; 14 e3); (!; 12 e1)non{lo
al (2; 2)U + (2; 2)T[#℄ (4; 4)7 (#; 12 e3); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (8; 0)T[!℄ + (6; 0)T[#!#!℄ (20; 2)8 (#; 12 e3); (!; 12 e1)non{lo
al (2; 2)U + (4; 0)T[#℄ + (4; 2)T[#!#!℄ (10; 4)3 1 (#; 0); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (2; 2)T[#!℄ + (5; 1)T[#!#!℄ (17; 5)2 (#; 12 e3); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (4; 0)T[#!#!℄ (14; 2)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))3 (#; 14 e1); (!; 0)lo
al (2; 2)U + (2; 2)T[#℄ + (2; 2)T[!℄ (6; 6)4 (#; 12 e1); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (5; 1)T[#!#!℄ (15; 3)4 1 (#; 0); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (1; 1)T[#!℄ + (4; 0)T[#!#!℄ (15; 3)2 (#; 12 e3); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (2; 2)T[!℄ + (2; 0)T[#!#!℄ (10; 4)3 (#; 12 e3); (!; 12 e4)lo
al (2; 2)U + (2; 2)T[#℄ + (2; 2)T[!℄ + (1; 1)T[#!#!℄ (7; 7)5 1 (#; 0); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (16; 0)T[!℄ + (4; 4)T[#!℄ + (10; 0)T[#!#!℄ (36; 6)2 (#; 0); (!; 12e1)lo
al (2; 2)U + (4; 0)T[#℄ + (4; 4)T[#!℄ + (6; 4)T[#!#!℄ (16; 10)3 (#; 14 e5); (!; 0)lo
al (2; 2)U + (2; 2)T[#℄ + (8; 8)T[!℄ (12; 12)4 (#; 14 e5); (!; 12 e1)non{lo
al (2; 2)U + (2; 2)T[#℄ (4; 4)5 (#; 12 e5); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (16; 0)T[!℄ + (10; 0)T[#!#!℄ (32; 2)6 (#; 12 e5); (!; 12 e1)non{lo
al (2; 2)U + (4; 0)T[#℄ + (6; 4)T[#!#!℄ (12; 6)6 1 (#; 0); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (8; 0)T[!℄ + (2; 2)T[#!℄ + (6; 0)T[#!#!℄ (22; 4)2 (#; 0); (!; 12e4)lo
al (2; 2)U + (2; 2)T[#℄ + (8; 0)T[!℄ + (4; 0)T[#!#!℄ (16; 4)3 (#; 0); (!; 12e1)non{lo
al (2; 2)U + (4; 0)T[#℄ + (2; 2)T[#!℄ + (4; 2)T[#!#!℄ (12; 6)4 (#; 0); (!; 12 (e1 + e4))non{lo
al (2; 2)U + (2; 2)T[#℄ + (2; 2)T[#!#!℄ (6; 6)5 (#; 14 e3); (!; 0)lo
al (2; 2)U + (2; 2)T[#℄ + (4; 4)T[!℄ (8; 8)6 (#; 14 e3); (!; 12 e1)non{lo
al (2; 2)U + (2; 2)T[#℄ (4; 4)7 (#; 12 e3); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (8; 0)T[!℄ + (6; 0)T[#!#!℄ (20; 2)8 (#; 12 e3); (!; 12 e1)non{lo
al (2; 2)U + (4; 0)T[#℄ + (4; 2)T[#!#!℄ (10; 4)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))7 1 (#; 0); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (1; 1)T[#!℄ + (4; 0)T[#!#!℄ (15; 3)2 (#; 0); (!; 12e4)lo
al (2; 2)U + (2; 2)T[#℄ + (4; 0)T[!℄ + (2; 0)T[#!#!℄ (10; 4)8 1 (#; 0); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (4; 4)T[#!℄ + (7; 3)T[#!#!℄ (21; 9)2 (#; 14 e5); (!; 0)non{lo
al (2; 2)U + (2; 2)T[#℄ + (2; 2)T[!℄ (6; 6)3 (#; 12 e5); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (7; 3)T[#!#!℄ (17; 5)9 1 (#; 0); (!; 0)non{lo
al (2; 2)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (2; 2)T[#!℄ + (5; 1)T[#!#!℄ (17; 5)2 (#; 14 e1); (!; 0)non{lo
al (2; 2)U + (2; 2)T[#℄ + (2; 2)T[!℄ (6; 6)3 (#; 12 e1); (!; 0)non{lo
al (2; 2)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (5; 1)T[#!#!℄ (15; 3)4 (#; 0); (!; 12 (e2 + 12 e3 + e5))lo
al (2; 2)U + (2; 2)T[#℄ + (2; 2)T[!℄ + (2; 2)T[#!#!℄ (8; 8)5 (#; 0); (!; 12e3)lo
al (2; 2)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (2; 2)T[#!℄ + (5; 1)T[#!#!℄ (17; 5)A4 1 1 (#; 0); (!; 0)[12; 3℄ lo
al (1; 1)U + (1; 1)T[#℄ + (3; 1)T[!℄ + (1; 1)T[#2℄ (6; 4)4893 2 1 (#; 0); (!; 0)non{lo
al (1; 1)U + (1; 1)T[#℄ + (8; 0)T[!℄ + (1; 1)T[#2℄ (11; 3)2 (#; 0); (!; 12 (e1 + e2))non{lo
al (1; 1)U + (1; 1)T[#℄ + (1; 1)T[#2℄ (3; 3)3 (#; 0); (!; 12 (e1 + e3))lo
al (1; 1)U + (1; 1)T[#℄ + (4; 4)T[!℄ + (1; 1)T[#2℄ (7; 7)3 1 (#; 0); (!; 0)lo
al (1; 1)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (1; 1)T[#2℄ (7; 3)4 1 (#; 0); (!; 0)non{lo
al (1; 1)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (1; 1)T[#2℄ (7; 3)2 (#; 0); (!; 12 (e1 + e3))non{lo
al (1; 1)U + (1; 1)T[#℄ + (2; 2)T[!℄ + (1; 1)T[#2℄ (5; 5)5 1 (#; 0); (!; 0)non{lo
al (1; 1)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (1; 1)T[#2℄ (7; 3)2 (#; 12 (e1 + e5)); (!; 12 (e2 + e5))lo
al (1; 1)U + (1; 1)T[#℄ + (2; 2)T[!℄ + (1; 1)T[#2℄ (5; 5)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))6 1 (#; 0); (!; 0)lo
al (1; 1)U + (1; 1)T[#℄ + (16; 0)T[!℄ + (1; 1)T[#2℄ (19; 3)2 (#; 0); (!; 12 (e2 + e4))non{lo
al (1; 1)U + (1; 1)T[#℄ + (1; 1)T[#2℄ (3; 3)7 1 (#; 0); (!; 0)lo
al (1; 1)U + (1; 1)T[#℄ + (8; 0)T[!℄ + (1; 1)T[#2℄ (11; 3)2 (#; 12 (e1 + e3 + e5)); (!; 12 (e1 + e2))lo
al (1; 1)U + (1; 1)T[#℄ + (1; 1)T[#2℄ (3; 3)8 1 (#; 0); (!; 0)lo
al (1; 1)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (1; 1)T[#2℄ (7; 3)9 1 (#; 0); (!; 0)lo
al (1; 1)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (1; 1)T[#2℄ (7; 3)D6 1 1 (#; 0); (!; 0)[12; 4℄ lo
al (2; 2)U + (4; 0)T[#℄ + (1; 1)T[!℄ + (4; 0)T[#!℄ + (5; 5)T[!2℄ + (5; 1)T[!3℄ (21; 9)2258 2 (#; 0); (!; 16e5)lo
al (2; 2)U + (2; 2)T[#℄ + (2; 2)T[#!℄ (6; 6)3 (#; 0); (!; 13e5)lo
al (2; 2)U + (4; 0)T[#℄ + (4; 0)T[#!℄ + (5; 1)T[!3℄ (15; 3)4 (#; 0); (!; 12e5)lo
al (2; 2)U + (2; 2)T[#℄ + (2; 2)T[#!℄ + (5; 5)T[!2℄ (11; 11)2 1 (#; 0); (!; 0)lo
al (2; 2)U + (4; 0)T[#℄ + (1; 1)T[!℄ + (4; 0)T[#!℄ + (5; 5)T[!2℄ + (5; 1)T[!3℄ (21; 9)2 (#; 0); (!; 16e5)lo
al (2; 2)U + (2; 2)T[#℄ + (2; 2)T[#!℄ (6; 6)3 (#; 0); (!; 13e5)lo
al (2; 2)U + (4; 0)T[#℄ + (4; 0)T[#!℄ + (5; 1)T[!3℄ (15; 3)4 (#; 0); (!; 12e5)lo
al (2; 2)U + (2; 2)T[#℄ + (2; 2)T[#!℄ + (5; 5)T[!2℄ (11; 11)

Z8 oZ2 1 1 (#; 0); (!; 0)[16; 6℄ lo
al (2; 0)U + (4; 0)T[#℄ + (8; 0)T[!℄ + (10; 0)T[#2℄ + (4; 0)T[#!℄ + (4; 0)T[#2!℄ + (5; 1)T[#4℄ (37; 1)6222 2 (#; 12 (e2 + e4)); (!; 12 (e1 + e2 + e3 + e4))lo
al (2; 0)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (6; 0)T[#2℄ + (4; 0)T[#!℄ + (2; 2)T[#2!℄ + (5; 1)T[#4℄ (27; 3)3 (#; 0); (!; 12 (e5 + e6))lo
al (2; 0)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (6; 0)T[#2℄ + (4; 0)T[#!℄ + (5; 1)T[#4℄ (25; 1)4 (#; 12 (e2 + e4)); (!; 12 (e1 + e2 + e3 + e4 + e5 + e6))lo
al (2; 0)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (6; 0)T[#2℄ + (4; 0)T[#!℄ + (5; 1)T[#4℄ (25; 1)2 1 (#; 0); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (6; 0)T[!℄ + (8; 0)T[#2℄ + (4; 0)T[#!℄ + (2; 0)T[#2!℄ + (4; 0)T[#4℄ (30; 0)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))2 (#; 12 (e2 + e4 + e5)); (!; 12 (e2 + e3 + e4 + e6))lo
al (2; 0)U + (4; 0)T[#℄ + (2; 2)T[!℄ + (6; 0)T[#2℄ + (4; 0)T[#!℄ + (3; 1)T[#4℄ (21; 3)3 (#; 0); (!; 12 (e1 + e3))lo
al (2; 0)U + (4; 0)T[#℄ + (6; 0)T[!℄ + (8; 0)T[#2℄ + (4; 0)T[#!℄ + (2; 0)T[#2!℄ + (4; 0)T[#4℄ (30; 0)3 1 (#; 0); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (3; 0)T[!℄ + (7; 0)T[#2℄ + (4; 0)T[#!℄ + (1; 0)T[#2!℄ + (3; 0)T[#4℄ (24; 0)2 (#; 12 e1); (!; 12 (e1 + e3 + e4 + e6))lo
al (2; 0)U + (4; 0)T[#℄ + (1; 1)T[!℄ + (6; 0)T[#2℄ + (4; 0)T[#!℄ + (2; 0)T[#4℄ (19; 1)4 1 (#; 0); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (12; 0)T[!℄ + (10; 0)T[#2℄ + (4; 0)T[#!℄ + (4; 0)T[#2!℄ + (6; 0)T[#4℄ (42; 0)2 (#; 12 (e3 + e4)); (!; 12 (e1 + e2 + e3 + e4))lo
al (2; 0)U + (4; 0)T[#℄ + (6; 0)T[#2℄ + (4; 0)T[#!℄ + (2; 2)T[#2!℄ + (4; 2)T[#4℄ (22; 4)3 (#; 0); (!; 12 (e5 + e6))lo
al (2; 0)U + (4; 0)T[#℄ + (8; 0)T[!℄ + (6; 0)T[#2℄ + (4; 0)T[#!℄ + (6; 0)T[#4℄ (30; 0)4 (#; 12 (e3 + e4)); (!; 12 (e1 + e2 + e3 + e4 + e5 + e6))lo
al (2; 0)U + (4; 0)T[#℄ + (6; 0)T[#2℄ + (4; 0)T[#!℄ + (4; 2)T[#4℄ (20; 2)5 1 (#; 0); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (6; 0)T[!℄ + (8; 0)T[#2℄ + (4; 0)T[#!℄ + (2; 0)T[#2!℄ + (4; 0)T[#4℄ (30; 0)2 (#; 12 (e1 + e2 + e3 + e4)); (!; 12 (e1 + e6))lo
al (2; 0)U + (4; 0)T[#℄ + (6; 0)T[!℄ + (8; 0)T[#2℄ + (4; 0)T[#!℄ + (2; 0)T[#2!℄ + (4; 0)T[#4℄ (30; 0)3 (#; 12 (e1 + e2)); (!; 12 (e1 + e2 + e3 + e4 + e5))lo
al (2; 0)U + (4; 0)T[#℄ + (6; 0)T[#2℄ + (4; 0)T[#!℄ + (3; 1)T[#4℄ (19; 1)6 1 (#; 0); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (4; 1)T[!℄ + (7; 0)T[#2℄ + (4; 0)T[#!℄ + (1; 0)T[#2!℄ + (3; 0)T[#4℄ (25; 1)2 (#; 12 (e1 + e2 + e4)); (!; 12 (e1 + e4 + e5 + e6))lo
al (2; 0)U + (4; 0)T[#℄ + (6; 0)T[#2℄ + (4; 0)T[#!℄ + (2; 0)T[#4℄ (18; 0)QD16 1 1 (#; 0); (!; 0)[16; 8℄ lo
al (2; 1)U + (4; 4)T[#℄ + (4; 0)T[!℄ + (5; 2)T[#2℄ + (8; 0)T[#!℄ + (3; 1)T[#!#!℄ (26; 8)5650 2 (#; 12 e6); (!; 0)lo
al (2; 1)U + (4; 0)T[!℄ + (5; 2)T[#2℄ + (8; 0)T[#!℄ + (3; 1)T[#!#!℄ (22; 4)3 (#; 12 e1); (!; 0)lo
al (2; 1)U + (4; 4)T[#℄ + (4; 0)T[!℄ + (5; 2)T[#2℄ + (8; 0)T[#!℄ + (3; 1)T[#!#!℄ (26; 8)4 (#; 12 (e1 + e6)); (!; 0)lo
al (2; 1)U + (4; 0)T[!℄ + (5; 2)T[#2℄ + (8; 0)T[#!℄ + (3; 1)T[#!#!℄ (22; 4)2 1 (#; 0); (!; 0)lo
al (2; 1)U + (2; 2)T[#℄ + (4; 0)T[!℄ + (4; 1)T[#2℄ + (8; 0)T[#!℄ + (2; 0)T[#!#!℄ (22; 4)2 (#; 12 e1); (!; 0)lo
al (2; 1)U + (4; 0)T[!℄ + (4; 1)T[#2℄ + (8; 0)T[#!℄ + (2; 0)T[#!#!℄ (20; 2)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))3 (#; 12 (e2 + e3 + e6)); (!; 0)lo
al (2; 1)U + (4; 0)T[!℄ + (3; 0)T[#2℄ + (8; 0)T[#!℄ + (2; 0)T[#!#!℄ (19; 1)3 1 (#; 0); (!; 0)lo
al (2; 1)U + (4; 4)T[#℄ + (8; 0)T[!℄ + (6; 1)T[#2℄ + (8; 0)T[#!℄ + (3; 1)T[#!#!℄ (31; 7)2 (#; 12 e6); (!; 0)lo
al (2; 1)U + (8; 0)T[!℄ + (6; 1)T[#2℄ + (8; 0)T[#!℄ + (3; 1)T[#!#!℄ (27; 3)3 (#; 12 (e1 + e2)); (!; 12 e1)lo
al (2; 1)U + (4; 4)T[#℄ + (4; 3)T[#2℄ + (8; 0)T[#!℄ + (3; 1)T[#!#!℄ (21; 9)4 (#; 12 (e1 + e2 + e6)); (!; 12 e1)non{lo
al (2; 1)U + (4; 3)T[#2℄ + (8; 0)T[#!℄ + (3; 1)T[#!#!℄ (17; 5)4 1 (#; 0); (!; 0)lo
al (2; 1)U + (2; 2)T[#℄ + (4; 0)T[!℄ + (4; 1)T[#2℄ + (8; 0)T[#!℄ + (2; 0)T[#!#!℄ (22; 4)2 (#; 12 e1); (!; 0)lo
al (2; 1)U + (4; 0)T[!℄ + (4; 1)T[#2℄ + (8; 0)T[#!℄ + (2; 0)T[#!#!℄ (20; 2)3 (#; 12 (e2 + e6)); (!; 0)lo
al (2; 1)U + (2; 2)T[#℄ + (4; 0)T[!℄ + (4; 1)T[#2℄ + (8; 0)T[#!℄ + (2; 0)T[#!#!℄ (22; 4)(Z4 �Z2)oZ2 1 1 (#; 0); (!; 0); (�; 0)[16; 13℄ lo
al (2; 1)U + (8; 0)T[#℄ + (8; 0)T[!℄ + (16; 0)T[�℄ + (4; 0)T[#!℄ + (4; 0)T[#�℄ + (4; 0)T[!�℄5645 +(8; 0)T[#!�3℄ + (7; 0)T[�2℄ (61; 1)2 (#; 12 e5); (!; 0); (�; 12 e5)lo
al (2; 1)U + (8; 0)T[#℄ + (4; 0)T[!℄ + (8; 0)T[�℄ + (4; 0)T[#�℄ + (4; 0)T[#!�3℄ + (7; 0)T[�2℄ (37; 1)3 (#; 12 (e1 + e3)); (!; 0); (�; 12 (e1 + e3))lo
al (2; 1)U + (8; 0)T[!℄ + (8; 0)T[�℄ + (2; 2)T[#!℄ + (2; 2)T[#�℄ + (4; 0)T[!�℄ + (4; 0)T[#!�3℄+(6; 1)T[�2℄ (36; 6)4 (#; 12 (e1 + e3 + e5)); (!; 0); (�; 12 (e1 + e3 + e5))lo
al (2; 1)U + (4; 0)T[!℄ + (4; 0)T[�℄ + (2; 2)T[#�℄ + (4; 0)T[#!�3℄ + (6; 1)T[�2℄ (22; 4)5 (#; 12 e1); (!; 0); (�; 12 (e1 + e4))lo
al (2; 1)U + (8; 0)T[!℄ + (8; 0)T[�℄ + (2; 2)T[#!℄ + (2; 2)T[#�℄ + (4; 0)T[!�℄ + (5; 2)T[�2℄ (31; 7)6 (#; 12 (e1 + e5)); (!; 0); (�; 12 (e1 + e4 + e5))lo
al (2; 1)U + (4; 0)T[!℄ + (4; 0)T[�℄ + (2; 2)T[#�℄ + (5; 2)T[�2℄ (17; 5)7 (#; 12 (e3 + e5)); (!; 0); (�; 12 (e3 + e4 + e5))lo
al (2; 1)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (4; 0)T[�℄ + (2; 2)T[#�℄ + (6; 1)T[�2℄ (22; 4)8 (#; 12 e6); (!; 0); (�; 12 (e5 + e6))lo
al (2; 1)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (4; 0)T[�℄ + (4; 0)T[#!�3℄ + (7; 0)T[�2℄ (25; 1)9 (#; 12 (e1 + e3 + e5)); (!; 0); (�; 12 (e1 + e3))lo
al (2; 1)U + (8; 0)T[!℄ + (8; 0)T[�℄ + (4; 0)T[!�℄ + (4; 0)T[#!�3℄ + (6; 1)T[�2℄ (32; 2)10 (#; 12 (e1 + e3 + e6)); (!; 0); (�; 12 (e1 + e3 + e5 + e6))lo
al (2; 1)U + (4; 0)T[!℄ + (4; 0)T[�℄ + (4; 0)T[#!�3℄ + (6; 1)T[�2℄ (20; 2)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))11 (#; 12 (e1 + e5)); (!; 0); (�; 12 (e1 + e4))non{lo
al (2; 1)U + (8; 0)T[!℄ + (8; 0)T[�℄ + (4; 0)T[!�℄ + (5; 2)T[�2℄ (27; 3)12 (#; 12 (e1 + e6)); (!; 0); (�; 12 (e1 + e4 + e5 + e6))non{lo
al (2; 1)U + (4; 0)T[!℄ + (4; 0)T[�℄ + (5; 2)T[�2℄ (15; 3)13 (#; 12 (e2 + e4)); (!; 0); (�; 12 (e2 + e4))lo
al (2; 1)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (4; 0)T[�℄ + (2; 2)T[#!℄ + (2; 2)T[#�℄ + (2; 2)T[!�℄+(4; 0)T[#!�3℄ + (7; 0)T[�2℄ (31; 7)14 (#; 12 (e2 + e4 + e5)); (!; 0); (�; 12 (e2 + e4 + e5))lo
al (2; 1)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (4; 0)T[�℄ + (2; 2)T[#�℄ + (4; 0)T[#!�3℄ + (7; 0)T[�2℄ (27; 3)15 (#; 12 (e1 + e2 + e4)); (!; 0); (�; 12 (e1 + e2))lo
al (2; 1)U + (4; 0)T[!℄ + (4; 0)T[�℄ + (2; 2)T[#!℄ + (2; 2)T[#�℄ + (2; 2)T[!�℄ + (5; 2)T[�2℄ (21; 9)16 (#; 12 (e1 + e2 + e4 + e5)); (!; 0); (�; 12 (e1 + e2 + e5))lo
al (2; 1)U + (4; 0)T[!℄ + (4; 0)T[�℄ + (2; 2)T[#�℄ + (5; 2)T[�2℄ (17; 5)17 (#; 12 (e2 + e4 + e6)); (!; 0); (�; 12 (e2 + e4 + e5 + e6))lo
al (2; 1)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (4; 0)T[�℄ + (4; 0)T[#!�3℄ + (7; 0)T[�2℄ (25; 1)18 (#; 12 (e1 + e2 + e4 + e5)); (!; 0); (�; 12 (e1 + e2))non{lo
al (2; 1)U + (4; 0)T[!℄ + (4; 0)T[�℄ + (2; 2)T[!�℄ + (5; 2)T[�2℄ (17; 5)19 (#; 12 (e1 + e2 + e4 + e6)); (!; 0); (�; 12 (e1 + e2 + e5 + e6))non{lo
al (2; 1)U + (4; 0)T[!℄ + (4; 0)T[�℄ + (5; 2)T[�2℄ (15; 3)20 (#; 12 e1); (!; 12 (e1 + e4)); (�; 12 e4)lo
al (2; 1)U + (4; 0)T[�℄ + (2; 2)T[#!℄ + (2; 2)T[#�℄ + (2; 2)T[!�℄ + (4; 3)T[�2℄ (16; 10)21 (#; 12 (e1 + e5)); (!; 12 (e1 + e4)); (�; 12 (e4 + e5))non{lo
al (2; 1)U + (4; 0)T[�℄ + (2; 2)T[#�℄ + (4; 3)T[�2℄ (12; 6)22 (#; 12 (e1 + e6)); (!; 12 (e1 + e4)); (�; 12 (e4 + e5 + e6))non{lo
al (2; 1)U + (4; 0)T[�℄ + (4; 3)T[�2℄ (10; 4)2 1 (#; 0); (!; 0); (�; 0)lo
al (2; 1)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (10; 0)T[�℄ + (2; 0)T[#!℄ + (2; 0)T[#�℄ + (2; 0)T[!�℄+(6; 0)T[#!�3℄ + (5; 0)T[�2℄ (37; 1)2 (#; 12 e6); (!; 0); (�; 12 (e5 + e6))lo
al (2; 1)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (6; 0)T[�℄ + (2; 0)T[#�℄ + (3; 0)T[�2℄ (19; 1)3 (#; 0); (!; 0); (�; 12e1)lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (6; 0)T[�℄ + (2; 0)T[#!℄ + (6; 0)T[#!�3℄ + (5; 0)T[�2℄ (25; 1)4 (#; 12 e6); (!; 0); (�; 12 (e1 + e5 + e6))lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (4; 0)T[�℄ + (3; 0)T[�2℄ (13; 1)5 (#; 12 e6); (!; 12 (e2 + e6)); (�; 12 e5)lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (4; 0)T[�℄ + (1; 1)T[#!℄ + (2; 2)T[#!�3℄ + (3; 0)T[�2℄ (16; 4)6 (#; 12 e1); (!; 0); (�; 12 e1)lo
al (2; 1)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (6; 0)T[�℄ + (2; 0)T[#�℄ + (4; 0)T[#!�3℄ + (5; 0)T[�2℄ (25; 1)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))7 (#; 12 (e1 + e6)); (!; 12 (e2 + e6)); (�; 12 (e1 + e5))lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (4; 0)T[�℄ + (2; 2)T[#!�3℄ + (3; 0)T[�2℄ (15; 3)3 1 (#; 0); (!; 0); (�; 0)lo
al (2; 1)U + (3; 0)T[#℄ + (3; 0)T[!℄ + (7; 0)T[�℄ + (1; 0)T[#!℄ + (1; 0)T[#�℄ + (1; 0)T[!�℄+(3; 0)T[#!�3℄ + (4; 0)T[�2℄ (25; 1)2 (#; 12 (e2 + e6)); (!; 0); (�; 12 (e2 + e6))lo
al (2; 1)U + (3; 0)T[#℄ + (3; 0)T[!℄ + (7; 0)T[�℄ + (1; 0)T[#!℄ + (1; 0)T[#�℄ + (1; 0)T[!�℄+(3; 0)T[#!�3℄ + (4; 0)T[�2℄ (25; 1)3 (#; 14 (e1 + 2e2 + 2e3 + 3e4 + 3e5 + 3e6)); (!; 0);lo
al (�; 14 (e1 + 3e2 + e3 + 2e4 + 3e6))(2; 1)U + (1; 1)T[#℄ + (1; 1)T[!℄ + (4; 0)T[�℄ + (1; 1)T[#!�3℄ + (1; 0)T[�2℄ (10; 4)4 (#; 12 (e1 + e4 + e5 + e6)); (!; 0); (�; 12 (e1 + e2 + e3 + e6))lo
al (2; 1)U + (3; 0)T[#℄ + (3; 0)T[!℄ + (7; 0)T[�℄ + (1; 0)T[#!℄ + (1; 0)T[#�℄ + (1; 0)T[!�℄+(3; 0)T[#!�3℄ + (4; 0)T[�2℄ (25; 1)4 1 (#; 0); (!; 0); (�; 0)lo
al (2; 1)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (12; 0)T[�℄ + (4; 0)T[#!℄ + (3; 1)T[#�℄ + (3; 1)T[!�℄+(12; 0)T[#!�3℄ + (7; 0)T[�2℄ (51; 3)2 (#; 12 (e1 + e2)); (!; 0); (�; 12 (e1 + e4))lo
al (2; 1)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (8; 0)T[�℄ + (2; 2)T[#!℄ + (3; 1)T[#�℄ + (3; 1)T[!�℄+(5; 2)T[�2℄ (31; 7)3 (#; 0); (!; 0); (�; 12e5)lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (8; 0)T[�℄ + (4; 0)T[#!℄ + (12; 0)T[#!�3℄ + (7; 0)T[�2℄ (37; 1)4 (#; 12 (e1 + e2)); (!; 0); (�; 12 (e1 + e4 + e5))lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (4; 0)T[�℄ + (2; 2)T[#!℄ + (5; 2)T[�2℄ (17; 5)5 (#; 12 e6); (!; 0); (�; 12 e6)lo
al (2; 1)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (6; 0)T[�℄ + (3; 1)T[#�℄ + (8; 0)T[#!�3℄ + (7; 0)T[�2℄ (32; 2)6 (#; 12 (e1 + e2 + e6)); (!; 0); (�; 12 (e1 + e4 + e6))lo
al (2; 1)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (6; 0)T[�℄ + (3; 1)T[#�℄ + (5; 2)T[�2℄ (22; 4)7 (#; 12 e6); (!; 0); (�; 12 (e5 + e6))lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (4; 0)T[�℄ + (8; 0)T[#!�3℄ + (7; 0)T[�2℄ (25; 1)8 (#; 12 (e1 + e2 + e6)); (!; 0); (�; 12 (e1 + e4 + e5 + e6))lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (4; 0)T[�℄ + (5; 2)T[�2℄ (15; 3)5 1 (#; 0); (!; 0); (�; 0)lo
al (2; 1)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (10; 0)T[�℄ + (2; 0)T[#!℄ + (2; 0)T[#�℄ + (2; 0)T[!�℄+(6; 0)T[#!�3℄ + (5; 0)T[�2℄ (37; 1)2 (#; 12 e1); (!; 0); (�; 12 e1)lo
al (2; 1)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (6; 0)T[�℄ + (2; 0)T[#�℄ + (4; 0)T[#!�3℄ + (5; 0)T[�2℄ (25; 1)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))3 (#; 12 (e2 + e3 + e4 + e5)); (!; 0); (�; 12 (e2 + e3 + e4 + e5))lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (6; 0)T[�℄ + (2; 0)T[#!℄ + (1; 1)T[#�℄ + (1; 1)T[!�℄+(6; 0)T[#!�3℄ + (5; 0)T[�2℄ (27; 3)4 (#; 12 (e1 + e2 + e3 + e4 + e5)); (!; 0); (�; 12 (e1 + e2 + e3 + e4 + e5))lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (4; 0)T[�℄ + (1; 1)T[#�℄ + (4; 0)T[#!�3℄ + (5; 0)T[�2℄ (20; 2)5 (#; 12 (e3 + e4)); (!; 0); (�; 12 (e2 + e3))lo
al (2; 1)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (6; 0)T[�℄ + (1; 1)T[#!℄ + (2; 0)T[#�℄ + (1; 1)T[!�℄+(4; 1)T[�2℄ (22; 4)6 (#; 12 (e1 + e3 + e4)); (!; 0); (�; 12 (e1 + e2 + e3))lo
al (2; 1)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (6; 0)T[�℄ + (2; 0)T[#�℄ + (4; 1)T[�2℄ (20; 2)7 (#; 12 (e1 + e2 + e5)); (!; 0); (�; 12 (e1 + e4 + e5))lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (4; 0)T[�℄ + (1; 1)T[#�℄ + (4; 1)T[�2℄ (15; 3)8 (#; 12 (e2 + e6)); (!; 0); (�; 12 (e2 + e6))lo
al (2; 1)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (8; 0)T[�℄ + (2; 0)T[#!℄ + (2; 0)T[#�℄ + (1; 1)T[!�℄+(6; 0)T[#!�3℄ + (5; 0)T[�2℄ (32; 2)9 (#; 12 (e2 + e3 + e4 + e6)); (!; 0); (�; 12 (e3 + e6))lo
al (2; 1)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (8; 0)T[�℄ + (1; 1)T[#!℄ + (2; 0)T[#�℄ + (2; 0)T[!�℄+(4; 1)T[�2℄ (27; 3)10 (#; 12 (e5 + e6)); (!; 0); (�; 12 (e2 + e4 + e5 + e6))lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (4; 0)T[�℄ + (1; 1)T[#!℄ + (1; 1)T[#�℄ + (1; 1)T[!�℄+(4; 1)T[�2℄ (17; 5)11 (#; 0); (!; 0); (�; 12e1)lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (6; 0)T[�℄ + (2; 0)T[#!℄ + (6; 0)T[#!�3℄ + (5; 0)T[�2℄ (25; 1)12 (#; 12 (e3 + e4)); (!; 0); (�; 12 (e1 + e2 + e3))lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (4; 0)T[�℄ + (1; 1)T[#!℄ + (4; 1)T[�2℄ (15; 3)13 (#; 12 (e2 + e6)); (!; 0); (�; 12 (e1 + e2 + e6))lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (6; 0)T[�℄ + (2; 0)T[#!℄ + (6; 0)T[#!�3℄ + (5; 0)T[�2℄ (25; 1)14 (#; 12 (e2 + e3 + e4 + e6)); (!; 0); (�; 12 (e1 + e3 + e6))lo
al (2; 1)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (4; 0)T[�℄ + (1; 1)T[#!℄ + (4; 1)T[�2℄ (15; 3)

Z3 � S3 1 1 (#; 0); (!; 0)[18; 3℄ lo
al (2; 0)U + (9; 0)T[#℄ + (3; 0)T[!℄ + (15; 0)T[!2℄ + (9; 0)T[#2!2℄ + (2; 1)T[!3℄ + (9; 0)T[#2!4℄ (49; 1)4235 2 (#; 0); (!; 13 (e3 + e4))lo
al (2; 0)U + (3; 3)T[#℄ + (3; 0)T[!℄ + (6; 0)T[!2℄ + (2; 1)T[!3℄ (16; 4)3 (#; 13 (e5 + e6)); (!; 0)lo
al (2; 0)U + (3; 0)T[!℄ + (6; 0)T[!2℄ + (3; 3)T[#2!2℄ + (2; 1)T[!3℄ + (3; 3)T[#2!4℄ (19; 7)4 (#; 13 (e5 + e6)); (!; 13 (e3 + e4))lo
al (2; 0)U + (3; 0)T[!℄ + (6; 0)T[!2℄ + (2; 1)T[!3℄ (13; 1)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))2 1 (#; 0); (!; 0)lo
al (2; 0)U + (3; 0)T[#℄ + (3; 0)T[!℄ + (9; 0)T[!2℄ + (3; 0)T[#2!2℄ + (2; 1)T[!3℄ + (3; 0)T[#2!4℄ (25; 1)2 (#; 13 (2e1 + e5)); (!; 13 (2e2 + e3))lo
al (2; 0)U + (3; 0)T[!℄ + (6; 0)T[!2℄ + (2; 1)T[!3℄ (13; 1)3 1 (#; 0); (!; 0)lo
al (2; 0)U + (5; 2)T[#℄ + (3; 0)T[!℄ + (9; 0)T[!2℄ + (3; 0)T[#2!2℄ + (2; 1)T[!3℄ + (3; 0)T[#2!4℄ (27; 3)2 (#; 0); (!; 13 (e1 + e3))lo
al (2; 0)U + (3; 3)T[#℄ + (3; 0)T[!℄ + (6; 0)T[!2℄ + (2; 1)T[!3℄ (16; 4)3 (#; 13 (2e5 + e6)); (!; 0)lo
al (2; 0)U + (3; 0)T[!℄ + (6; 0)T[!2℄ + (1; 1)T[#2!2℄ + (2; 1)T[!3℄ + (1; 1)T[#2!4℄ (15; 3)4 (#; 13 (2e5 + e6)); (!; 13 (e1 + e3))lo
al (2; 0)U + (3; 0)T[!℄ + (6; 0)T[!2℄ + (2; 1)T[!3℄ (13; 1)4 1 (#; 0); (!; 0)lo
al (2; 0)U + (3; 0)T[#℄ + (3; 0)T[!℄ + (9; 0)T[!2℄ + (3; 0)T[#2!2℄ + (2; 1)T[!3℄ + (3; 0)T[#2!4℄ (25; 1)2 (#; 0); (!; 13 (e2 + e4))lo
al (2; 0)U + (1; 1)T[#℄ + (3; 0)T[!℄ + (6; 0)T[!2℄ + (1; 1)T[#2!2℄ + (2; 1)T[!3℄ + (1; 1)T[#2!4℄ (16; 4)3 (#; 13 (e5 + e6)); (!; 13 (e1 + e2))lo
al (2; 0)U + (3; 0)T[!℄ + (6; 0)T[!2℄ + (2; 1)T[!3℄ (13; 1)5 1 (#; 0); (!; 0)lo
al (2; 0)U + (1; 0)T[#℄ + (3; 0)T[!℄ + (7; 0)T[!2℄ + (1; 0)T[#2!2℄ + (2; 1)T[!3℄ + (1; 0)T[#2!4℄ (17; 1)6 1 (#; 0); (!; 0)lo
al (2; 0)U + (5; 2)T[#℄ + (3; 0)T[!℄ + (9; 0)T[!2℄ + (3; 0)T[#2!2℄ + (2; 1)T[!3℄ + (3; 0)T[#2!4℄ (27; 3)2 (#; 13 (2e5 + e6)); (!; 0)lo
al (2; 0)U + (3; 0)T[!℄ + (6; 0)T[!2℄ + (1; 1)T[#2!2℄ + (2; 1)T[!3℄ + (1; 1)T[#2!4℄ (15; 3)Frobenius T7 1 1 (#; 0); (!; 0)[21; 1℄ lo
al (1; 0)U + (1; 1)T[#℄ + (7; 0)T[!℄ + (1; 1)T[#2℄ (10; 2)2935 2 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 1)T[#℄ + (7; 0)T[!℄ + (1; 1)T[#2℄ (10; 2)3 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 1)T[#℄ + (7; 0)T[!℄ + (1; 1)T[#2℄ (10; 2)

Z3 oZ8 1 1 (#; 0); (!; 0)[24; 1℄ lo
al (2; 0)U + (4; 0)T[#℄ + (3; 2)T[!℄ + (6; 0)T[#2℄ + (4; 0)T[#3℄ + (4; 0)T[#2!℄ + (3; 1)T[#4℄6266 +(1; 0)T[#4!℄ (27; 3)SL(2; 3)�I 1 1 (#; 0); (!; 0)[24; 3℄ lo
al (2; 0)U + (3; 0)T[#℄ + (4; 4)T[!℄ + (3; 0)T[#2℄ + (12; 0)T[#2!℄ + (5; 1)T[!2℄ (29; 5)6743 2 (#; 0); (!; 12e5)lo
al (2; 0)U + (3; 0)T[#℄ + (3; 0)T[#2℄ + (12; 0)T[#2!℄ + (5; 1)T[!2℄ (25; 1)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))2 1 (#; 0); (!; 0)lo
al (2; 0)U + (3; 0)T[#℄ + (4; 4)T[!℄ + (3; 0)T[#2℄ + (12; 0)T[#2!℄ + (5; 1)T[!2℄ (29; 5)2 (#; 0); (!; 12e5)lo
al (2; 0)U + (3; 0)T[#℄ + (3; 0)T[#2℄ + (12; 0)T[#2!℄ + (5; 1)T[!2℄ (25; 1)3 1 (#; 0); (!; 0)lo
al (2; 0)U + (3; 0)T[#℄ + (4; 4)T[!℄ + (3; 0)T[#2℄ + (12; 0)T[#2!℄ + (5; 1)T[!2℄ (29; 5)2 (#; 0); (!; 12e5)lo
al (2; 0)U + (3; 0)T[#℄ + (3; 0)T[#2℄ + (12; 0)T[#2!℄ + (5; 1)T[!2℄ (25; 1)4 1 (#; 0); (!; 0)lo
al (2; 0)U + (3; 0)T[#℄ + (1; 1)T[!℄ + (3; 0)T[#2℄ + (12; 0)T[#2!℄ + (4; 0)T[!2℄ (25; 1)
Z4 � S3 1 1 (#; 0); (!; 0)[24; 5℄ lo
al (2; 1)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (3; 1)T[#!℄ + (1; 0)T[!2℄ + (4; 0)T[#!6℄ + (8; 0)T[!3℄3414 +(3; 1)T[#!11℄ + (3; 2)T[!4℄ + (4; 1)T[!6℄ (36; 6)2 (#; 0); (!; 12e5)lo
al (2; 1)U + (2; 0)T[#℄ + (4; 0)T[!℄ + (1; 0)T[!2℄ + (2; 0)T[#!6℄ + (4; 0)T[!3℄ + (3; 2)T[!4℄+(4; 1)T[!6℄ (22; 4)(Z6 �Z2)oZ2 1 1 (#; 0); (!; 0)[24; 8℄ lo
al (2; 1)U + (4; 0)T[#℄ + (8; 0)T[!℄ + (4; 4)T[#!℄ + (4; 1)T[!2℄ + (4; 0)T[!3℄ + (4; 1)T[#!#!℄3408 +(1; 0)T[#!#!5℄ (31; 7)2 (#; 0); (!; 14e5)lo
al (2; 1)U + (2; 2)T[#℄ + (6; 0)T[!℄ + (4; 1)T[!2℄ + (2; 0)T[!3℄ (16; 4)3 (#; 0); (!; 12e5)lo
al (2; 1)U + (4; 0)T[#℄ + (8; 0)T[!℄ + (4; 1)T[!2℄ + (4; 0)T[!3℄ + (4; 1)T[#!#!℄ + (1; 0)T[#!#!5℄ (27; 3)2 1 (#; 0); (!; 0)lo
al (2; 1)U + (4; 0)T[#℄ + (8; 0)T[!℄ + (4; 4)T[#!℄ + (4; 1)T[!2℄ + (8; 0)T[!3℄ + (5; 0)T[#!#!℄+(1; 0)T[#!#!5℄ (36; 6)2 (#; 0); (!; 14e5)lo
al (2; 1)U + (2; 2)T[#℄ + (6; 0)T[!℄ + (4; 1)T[!2℄ + (4; 2)T[!3℄ (18; 6)3 (#; 0); (!; 12e5)lo
al (2; 1)U + (4; 0)T[#℄ + (8; 0)T[!℄ + (4; 1)T[!2℄ + (8; 0)T[!3℄ + (5; 0)T[#!#!℄ + (1; 0)T[#!#!5℄ (32; 2)

Z3 �D4 1 1 (#; 0); (!; 0)[24; 10℄ lo
al (2; 0)U + (6; 0)T[#℄ + (2; 0)T[!℄ + (3; 0)T[#!℄ + (6; 0)T[!2℄ + (2; 0)T[!#!℄ + (2; 0)T[!3℄4326 +(2; 1)T[#!3℄ + (2; 0)T[#!#!℄ + (4; 0)T[#!#!5℄ (31; 1)2 1 (#; 0); (!; 0)lo
al (2; 0)U + (2; 0)T[#℄ + (2; 0)T[!℄ + (3; 0)T[#!℄ + (6; 0)T[!2℄ + (2; 0)T[!#!℄ + (2; 0)T[!3℄+(1; 0)T[#!3℄ + (2; 0)T[#!#!℄ + (2; 0)T[#!#!5℄ (24; 0)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))
Z3 �Q8 1 1 (#; 0); (!; 0)[24; 11℄ lo
al (2; 0)U + (2; 1)T[#℄ + (3; 0)T[!℄ + (3; 2)T[!6℄ + (3; 0)T[#!℄ + (3; 0)T[!2℄ + (3; 0)T[#!8℄6735 +(6; 0)T[!8℄ + (2; 1)T[!3℄ + (2; 1)T[#!3℄ (29; 5)2 1 (#; 0); (!; 0)lo
al (2; 0)U + (1; 0)T[#℄ + (3; 0)T[!℄ + (2; 1)T[!6℄ + (3; 0)T[#!℄ + (3; 0)T[!2℄ + (3; 0)T[#!8℄+(6; 0)T[!8℄ + (1; 0)T[!3℄ + (1; 0)T[#!3℄ (25; 1)S4 1 1 (#; 0); (!; 0)[24; 12℄ lo
al (1; 1)U + (1; 1)T[#℄ + (4; 4)T[!℄ + (4; 0)T[#!℄ + (10; 0)T[!2℄ (20; 6)4895 2 (#; 14 (e1 + e3)); (!; 14 (e1 + 3e2))lo
al (1; 1)U + (1; 1)T[#℄ + (2; 2)T[#!℄ (4; 4)3 (#; 12 (e1 + e3)); (!; 12 (e1 + e2))lo
al (1; 1)U + (1; 1)T[#℄ + (4; 0)T[#!℄ + (10; 0)T[!2℄ (16; 2)2 1 (#; 0); (!; 0)lo
al (1; 1)U + (1; 1)T[#℄ + (2; 2)T[!℄ + (4; 0)T[#!℄ + (6; 0)T[!2℄ (14; 4)2 (#; 0); (!; 12e5)lo
al (1; 1)U + (1; 1)T[#℄ + (4; 0)T[#!℄ + (3; 1)T[!2℄ (9; 3)3 (#; 14 (e1 + e2)); (!; 14 (e2 + 3e3))lo
al (1; 1)U + (1; 1)T[#℄ + (2; 2)T[#!℄ (4; 4)4 (#; 12 (e1 + e2)); (!; 12 (e2 + e3))lo
al (1; 1)U + (1; 1)T[#℄ + (4; 0)T[#!℄ + (6; 0)T[!2℄ (12; 2)3 1 (#; 0); (!; 0)lo
al (1; 1)U + (1; 1)T[#℄ + (2; 2)T[!℄ + (4; 0)T[#!℄ + (6; 0)T[!2℄ (14; 4)2 (#; 12 e4); (!; 12 (e5 + e6))lo
al (1; 1)U + (1; 1)T[#℄ + (2; 2)T[#!℄ + (4; 0)T[!2℄ (8; 4)3 (#; 14 (e1 + e2)); (!; 14 (e2 + 3e3))lo
al (1; 1)U + (1; 1)T[#℄ + (2; 2)T[#!℄ (4; 4)4 (#; 12 (e1 + e2)); (!; 12 (e2 + e3))lo
al (1; 1)U + (1; 1)T[#℄ + (4; 0)T[#!℄ + (6; 0)T[!2℄ (12; 2)4 1 (#; 0); (!; 0)lo
al (1; 1)U + (1; 1)T[#℄ + (1; 1)T[!℄ + (4; 0)T[#!℄ + (4; 0)T[!2℄ (11; 3)2 (#; 0); (!; 12e4)lo
al (1; 1)U + (1; 1)T[#℄ + (4; 0)T[#!℄ + (2; 0)T[!2℄ (8; 2)5 1 (#; 0); (!; 0)lo
al (1; 1)U + (1; 1)T[#℄ + (1; 1)T[!℄ + (4; 0)T[#!℄ + (4; 0)T[!2℄ (11; 3)2 (#; 12 e2); (!; 12 e1)lo
al (1; 1)U + (1; 1)T[#℄ + (2; 2)T[#!℄ + (2; 0)T[!2℄ (6; 4)3 (#; 12 (e4 + e5)); (!; 12 e4)lo
al (1; 1)U + (1; 1)T[#℄ + (4; 0)T[#!℄ + (2; 0)T[!2℄ (8; 2)
ontinued . . .

29



Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))4 (#; 12 (e2 + e4 + e5)); (!; 12 (e1 + e4))lo
al (1; 1)U + (1; 1)T[#℄ + (2; 2)T[#!℄ + (1; 1)T[!2℄ (5; 5)6 1 (#; 0); (!; 0)lo
al (1; 1)U + (1; 1)T[#℄ + (1; 1)T[!℄ + (4; 0)T[#!℄ + (4; 0)T[!2℄ (11; 3)2 (#; 12 e4); (!; 12 e3)lo
al (1; 1)U + (1; 1)T[#℄ + (2; 2)T[#!℄ + (2; 0)T[!2℄ (6; 4)�(27) 1 1 (#; 0); (!; 0)[27; 3℄ lo
al (1; 0)U + (3; 0)T[#℄ + (3; 0)T[!℄ + (3; 0)T[#2℄ + (3; 0)T[#!℄ + (3; 0)T[#2!℄ + (3; 0)T[!2℄2864 +(3; 0)T[!#!℄ + (3; 0)T[!#2!℄ + (11; 0)T[#!#2!2℄ (36; 0)2 (#; 13 (e2 + e5)); (!; 0)lo
al (1; 0)U + (1; 1)T[!℄ + (1; 1)T[#!℄ + (1; 1)T[!2℄ + (1; 1)T[!#2!℄ + (3; 0)T[#!#2!2℄ (8; 4)3 (#; 13 (2e1 + 2e2 + e5)); (!; 13 e1)non{lo
al (1; 0)U + (3; 0)T[#!℄ + (3; 0)T[!#2!℄ + (5; 0)T[#!#2!2℄ (12; 0)4 (#; 13 (2e2 + e3 + 2e5)); (!; 13 e1)non{lo
al (1; 0)U + (3; 0)T[#!#2!2℄ (4; 0)2 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 0)T[#℄ + (9; 0)T[!℄ + (1; 0)T[#2℄ + (1; 0)T[#!℄ + (1; 0)T[#2!℄ + (9; 0)T[!2℄+(1; 0)T[!#!℄ + (1; 0)T[!#2!℄ + (11; 0)T[#!#2!2℄ (36; 0)2 (#; 13 (2e3 + e4)); (!; 13 (e1 + e4))lo
al (1; 0)U + (1; 0)T[#℄ + (1; 0)T[#2℄ + (1; 0)T[#!℄ + (1; 0)T[#2!℄ + (1; 0)T[!#!℄ + (1; 0)T[!#2!℄+(5; 0)T[#!#2!2℄ (12; 0)3 1 (#; 0); (!; 0)lo
al (1; 0)U + (3; 0)T[#℄ + (3; 0)T[!℄ + (3; 0)T[#2℄ + (3; 0)T[#!℄ + (3; 0)T[#2!℄ + (3; 0)T[!2℄+(3; 0)T[!#!℄ + (3; 0)T[!#2!℄ + (11; 0)T[#!#2!2℄ (36; 0)2 (#; 13 (e2 + e4 + e6)); (!; 0)lo
al (1; 0)U + (3; 0)T[#℄ + (3; 0)T[!℄ + (3; 0)T[#2℄ + (3; 0)T[!2℄ + (7; 0)T[#!#2!2℄ (20; 0)3 (#; 13 (2e2 + 2e4 + e5 + e6)); (!; 0)non{lo
al (1; 0)U + (3; 0)T[!℄ + (3; 0)T[!2℄ + (5; 0)T[#!#2!2℄ (12; 0)4 (#; 13 (e2 + e4 + e5)); (!; 13 (e1 + e3))non{lo
al (1; 0)U + (3; 0)T[#!#2!2℄ (4; 0)(Z4 �Z4)oZ2 1 1 (#; 0); (!; 0)[32; 11℄ lo
al (2; 0)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (9; 0)T[#2℄ + (4; 0)T[#!℄ + (3; 1)T[#2!℄ + (6; 0)T[#4℄6337 +(12; 0)T[#3!℄ + (4; 0)T[#7!℄ + (9; 0)T[#!#!℄ + (4; 0)T[#!#3!℄ (61; 1)2 (#; 12 e6); (!; 12 e5)lo
al (2; 0)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (3; 0)T[#2℄ + (2; 0)T[#!℄ + (6; 0)T[#4℄ + (8; 0)T[#3!℄+(2; 0)T[#7!℄ + (7; 0)T[#!#!℄ (36; 0)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))3 (#; 12 (e1 + e3)); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (7; 0)T[#2℄ + (3; 1)T[#2!℄ + (4; 0)T[#4℄ + (4; 0)T[#3!℄+(7; 0)T[#!#!℄ + (2; 0)T[#!#3!℄ (37; 1)4 (#; 12 (e1 + e3 + e6)); (!; 12 e5)lo
al (2; 0)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (3; 0)T[#2℄ + (4; 0)T[#4℄ + (4; 0)T[#3!℄ + (5; 0)T[#!#!℄ (24; 0)5 (#; 12 e5); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (7; 0)T[#2℄ + (4; 0)T[#!℄ + (6; 0)T[#4℄ + (12; 0)T[#3!℄+(4; 0)T[#7!℄ + (9; 0)T[#!#!℄ + (4; 0)T[#!#3!℄ (54; 0)6 (#; 12 (e1 + e3 + e5)); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (5; 0)T[#2℄ + (4; 0)T[#4℄ + (4; 0)T[#3!℄ + (7; 0)T[#!#!℄+(2; 0)T[#!#3!℄ (30; 0)2 1 (#; 0); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (7; 0)T[#2℄ + (2; 0)T[#!℄ + (2; 0)T[#2!℄ + (4; 0)T[#4℄+(8; 0)T[#3!℄ + (2; 0)T[#7!℄ + (5; 0)T[#!#!℄ + (2; 0)T[#!#3!℄ (42; 0)2 (#; 12 e5); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (5; 0)T[#2℄ + (2; 0)T[#!℄ + (1; 1)T[#2!℄ + (4; 0)T[#4℄+(8; 0)T[#3!℄ + (2; 0)T[#7!℄ + (5; 0)T[#!#!℄ + (2; 0)T[#!#3!℄ (37; 1)3 (#; 12 e2); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (5; 0)T[#2℄ + (2; 0)T[#!℄ + (4; 0)T[#4℄ + (8; 0)T[#3!℄+(2; 0)T[#7!℄ + (5; 0)T[#!#!℄ + (2; 0)T[#!#3!℄ (36; 0)4 (#; 12 (e1 + e3)); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (4; 0)T[#2℄ + (1; 1)T[#2!℄ + (3; 0)T[#4℄ + (4; 0)T[#3!℄+(4; 0)T[#!#!℄ + (1; 0)T[#!#3!℄ (25; 1)5 (#; 12 (e1 + e3 + e5)); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (6; 0)T[#2℄ + (2; 0)T[#2!℄ + (3; 0)T[#4℄ + (4; 0)T[#3!℄+(4; 0)T[#!#!℄ + (1; 0)T[#!#3!℄ (30; 0)6 (#; 12 (e1 + e2 + e3)); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (4; 0)T[#2℄ + (3; 0)T[#4℄ + (4; 0)T[#3!℄ + (4; 0)T[#!#!℄+(1; 0)T[#!#3!℄ (24; 0)3 1 (#; 0); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (8; 0)T[!℄ + (10; 0)T[#2℄ + (2; 0)T[#!℄ + (4; 0)T[#2!℄ + (5; 0)T[#4℄+(8; 0)T[#3!℄ + (2; 0)T[#7!℄ + (6; 0)T[#!#!℄ + (3; 0)T[#!#3!℄ (54; 0)2 (#; 12 e5); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (6; 0)T[#2℄ + (2; 0)T[#!℄ + (5; 0)T[#4℄ + (8; 0)T[#3!℄+(2; 0)T[#7!℄ + (6; 0)T[#!#!℄ + (3; 0)T[#!#3!℄ (42; 0)3 (#; 12 e6); (!; 12 e5)lo
al (2; 0)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (3; 0)T[#2℄ + (1; 0)T[#!℄ + (5; 0)T[#4℄ + (6; 0)T[#3!℄+(1; 0)T[#7!℄ + (4; 0)T[#!#!℄ (30; 0)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))4 (#; 12 (e1 + e3)); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (3; 0)T[#2℄ + (2; 2)T[#2!℄ + (4; 0)T[#4℄ + (4; 0)T[#3!℄+(3; 0)T[#!#!℄ + (1; 1)T[#!#3!℄ (27; 3)5 (#; 12 (e1 + e3 + e5)); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (3; 0)T[#2℄ + (4; 0)T[#4℄ + (4; 0)T[#3!℄ + (3; 0)T[#!#!℄+(1; 1)T[#!#3!℄ (25; 1)6 (#; 12 (e1 + e3 + e6)); (!; 12 e5)lo
al (2; 0)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (3; 0)T[#2℄ + (4; 0)T[#4℄ + (4; 0)T[#3!℄ + (3; 0)T[#!#!℄ (24; 0)7 (#; 12 e4); (!; 12 (e1 + e2))lo
al (2; 0)U + (4; 0)T[#℄ + (6; 0)T[#2℄ + (2; 0)T[#!℄ + (2; 2)T[#2!℄ + (4; 1)T[#4℄ + (8; 0)T[#3!℄+(2; 0)T[#7!℄ + (6; 0)T[#!#!℄ + (3; 0)T[#!#3!℄ (39; 3)8 (#; 12 (e4 + e5)); (!; 12 (e1 + e2))lo
al (2; 0)U + (4; 0)T[#℄ + (6; 0)T[#2℄ + (2; 0)T[#!℄ + (4; 1)T[#4℄ + (8; 0)T[#3!℄ + (2; 0)T[#7!℄+(6; 0)T[#!#!℄ + (3; 0)T[#!#3!℄ (37; 1)9 (#; 12 (e4 + e6)); (!; 12 (e1 + e2 + e5))lo
al (2; 0)U + (4; 0)T[#℄ + (3; 0)T[#2℄ + (1; 0)T[#!℄ + (4; 1)T[#4℄ + (6; 0)T[#3!℄ + (1; 0)T[#7!℄+(4; 0)T[#!#!℄ (25; 1)10 (#; 12 (e1 + e3 + e4)); (!; 12 (e1 + e2))lo
al (2; 0)U + (4; 0)T[#℄ + (3; 0)T[#2℄ + (2; 2)T[#2!℄ + (3; 1)T[#4℄ + (4; 0)T[#3!℄ + (3; 0)T[#!#!℄+(1; 1)T[#!#3!℄ (22; 4)11 (#; 12 (e1 + e3 + e4 + e5)); (!; 12 (e1 + e2))lo
al (2; 0)U + (4; 0)T[#℄ + (3; 0)T[#2℄ + (3; 1)T[#4℄ + (4; 0)T[#3!℄ + (3; 0)T[#!#!℄ + (1; 1)T[#!#3!℄ (20; 2)12 (#; 12 (e1 + e3 + e4 + e6)); (!; 12 (e1 + e2 + e5))lo
al (2; 0)U + (4; 0)T[#℄ + (3; 0)T[#2℄ + (3; 1)T[#4℄ + (4; 0)T[#3!℄ + (3; 0)T[#!#!℄ (19; 1)4 1 (#; 0); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (7; 0)T[#2℄ + (2; 0)T[#!℄ + (2; 0)T[#2!℄ + (4; 0)T[#4℄+(8; 0)T[#3!℄ + (2; 0)T[#7!℄ + (5; 0)T[#!#!℄ + (2; 0)T[#!#3!℄ (42; 0)2 (#; 12 (e2 + e3 + e4 + e5 + e6)); (!; 12 (e1 + e2 + e4))lo
al (2; 0)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (3; 0)T[#2℄ + (2; 0)T[#4℄ + (4; 0)T[#3!℄ + (2; 1)T[#!#!℄ (19; 1)3 (#; 12 e3); (!; 12 e2)lo
al (2; 0)U + (4; 0)T[#℄ + (2; 0)T[!℄ + (4; 0)T[#2℄ + (1; 0)T[#!℄ + (4; 0)T[#4℄ + (6; 0)T[#3!℄+(1; 0)T[#7!℄ + (5; 0)T[#!#!℄ + (1; 0)T[#!#3!℄ (30; 0)5 1 (#; 0); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (3; 0)T[!℄ + (5; 0)T[#2℄ + (1; 0)T[#!℄ + (1; 0)T[#2!℄ + (3; 0)T[#4℄+(6; 0)T[#3!℄ + (1; 0)T[#7!℄ + (3; 0)T[#!#!℄ + (1; 0)T[#!#3!℄ (30; 0)2 (#; 12 (e1 + e2) + 14 (e3 + 3e4)); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (1; 1)T[!℄ + (3; 0)T[#2℄ + (1; 0)T[#4℄ + (4; 0)T[#3!℄ + (1; 0)T[#!#!℄ (16; 1)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))3 (#; 12 (e3 + e4)); (!; 0)lo
al (2; 0)U + (4; 0)T[#℄ + (3; 0)T[!℄ + (5; 0)T[#2℄ + (1; 0)T[#!℄ + (1; 0)T[#2!℄ + (3; 0)T[#4℄+(6; 0)T[#3!℄ + (1; 0)T[#7!℄ + (3; 0)T[#!#!℄ + (1; 0)T[#!#3!℄ (30; 0)
Z3 � (Z3 oZ4) 1 1 (#; 0); (!; 0)[36; 6℄ lo
al (2; 0)U + (5; 0)T[#℄ + (3; 0)T[!℄ + (3; 0)T[!2℄ + (6; 0)T[#2!2℄ + (2; 1)T[!3℄ + (9; 0)T[!4℄4353 +(6; 0)T[#2!4℄ + (3; 0)T[!5℄ + (3; 1)T[!6℄ + (1; 0)T[#2!6℄ + (6; 0)T[#2!8℄ + (2; 1)T[!9℄ (51; 3)

Z3 �A4 1 1 (#; 0); (!; 0)[36; 11℄ lo
al (1; 0)U + (1; 0)T[#℄ + (2; 0)T[!℄ + (1; 0)T[#2℄ + (1; 0)T[#!℄ + (1; 0)T[#2!℄ + (5; 0)T[!2℄2875 +(1; 0)T[!#!℄ + (1; 0)T[!#2!℄ + (6; 0)T[!3℄ (20; 0)2 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 0)T[#℄ + (2; 0)T[!℄ + (1; 0)T[#2℄ + (1; 0)T[#!℄ + (1; 0)T[#2!℄ + (5; 0)T[!2℄+(1; 0)T[!#!℄ + (1; 0)T[!#2!℄ + (2; 0)T[!3℄ (16; 0)3 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 0)T[#℄ + (2; 0)T[!℄ + (1; 0)T[#2℄ + (1; 0)T[#!℄ + (1; 0)T[#2!℄ + (5; 0)T[!2℄+(1; 0)T[!#!℄ + (1; 0)T[!#2!℄ + (2; 0)T[!3℄ (16; 0)

Z6 � S3 1 1 (#; 0); (!; 0)[36; 12℄ lo
al (2; 0)U + (2; 0)T[#℄ + (1; 0)T[!℄ + (9; 0)T[#2℄ + (2; 0)T[#!℄ + (2; 0)T[#3℄ + (6; 0)T[#2!℄4356 +(2; 0)T[#3!℄ + (5; 0)T[!2℄ + (6; 0)T[#2!2℄ + (6; 0)T[#4!2℄ + (3; 0)T[!3℄ + (2; 0)T[#2!3℄ (48; 0)2 (#; 0); (!; 13 (e5 + e6))lo
al (2; 0)U + (2; 0)T[#℄ + (4; 0)T[#2℄ + (2; 0)T[#!℄ + (2; 0)T[#3℄ + (4; 0)T[#2!℄ + (2; 0)T[#3!℄+(2; 1)T[#2!2℄ + (2; 1)T[#4!2℄ + (3; 0)T[!3℄ + (1; 0)T[#2!3℄ (26; 2)2 1 (#; 0); (!; 0)lo
al (2; 0)U + (2; 0)T[#℄ + (1; 0)T[!℄ + (6; 0)T[#2℄ + (2; 0)T[#!℄ + (2; 0)T[#3℄ + (6; 0)T[#2!℄+(2; 0)T[#3!℄ + (3; 1)T[!2℄ + (3; 0)T[#2!2℄ + (3; 0)T[#4!2℄ + (3; 0)T[!3℄ + (2; 0)T[#2!3℄ (37; 1)2 (#; 0); (!; 13 (2e5 + e6))lo
al (2; 0)U + (2; 0)T[#℄ + (4; 0)T[#2℄ + (2; 0)T[#!℄ + (2; 0)T[#3℄ + (4; 0)T[#2!℄ + (2; 0)T[#3!℄+(1; 0)T[#2!2℄ + (1; 0)T[#4!2℄ + (3; 0)T[!3℄ + (1; 0)T[#2!3℄ (24; 0)�(48) 1 1 (#; 0); (!; 0)[48; 3℄ lo
al (1; 0)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (1; 1)T[#2℄ + (9; 0)T[!2℄ + (4; 0)T[!3℄ + (12; 0)T[#!2#2!3℄ (32; 2)2774 2 (#; 12 (e1 + e2)); (!; 12 (e1 + e3))lo
al (1; 0)U + (1; 1)T[#℄ + (1; 1)T[#2℄ + (5; 0)T[!2℄ + (4; 0)T[#!2#2!3℄ (12; 2)2 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 1)T[#℄ + (2; 0)T[!℄ + (1; 1)T[#2℄ + (5; 0)T[!2℄ + (2; 0)T[!3℄ + (8; 0)T[#!2#2!3℄ (20; 2)2 (#; 0); (!; 12 (e1 + e3))lo
al (1; 0)U + (1; 1)T[#℄ + (1; 1)T[#2℄ + (2; 1)T[!2℄ + (4; 0)T[#!2#2!3℄ (9; 3)3 (#; 12 (e1 + e3)); (!; 0)lo
al (1; 0)U + (1; 1)T[#℄ + (1; 0)T[!℄ + (1; 1)T[#2℄ + (5; 0)T[!2℄ + (1; 0)T[!3℄ + (6; 0)T[#!2#2!3℄ (16; 2)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))3 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 1)T[#℄ + (2; 0)T[!℄ + (1; 1)T[#2℄ + (5; 0)T[!2℄ + (2; 0)T[!3℄ + (8; 0)T[#!2#2!3℄ (20; 2)4 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 1)T[#℄ + (1; 0)T[!℄ + (1; 1)T[#2℄ + (3; 0)T[!2℄ + (1; 0)T[!3℄ + (6; 0)T[#!2#2!3℄ (14; 2)2 (#; 12 (e1 + e3)); (!; 12 (e1 + e2))lo
al (1; 0)U + (1; 1)T[#℄ + (1; 1)T[#2℄ + (1; 0)T[!2℄ + (4; 0)T[#!2#2!3℄ (8; 2)GL(2; 3) 1 1 (#; 0); (!; 0)[48; 29℄ lo
al (2; 1)U + (5; 5)T[#℄ + (8; 0)T[!℄ + (4; 0)T[#!℄ + (3; 1)T[!2℄ + (1; 1)T[!#2!℄ + (3; 0)T[!4℄ (26; 8)5713 2 (#; 13 e6); (!; 13 e6)lo
al (2; 1)U + (8; 0)T[!℄ + (4; 0)T[#!℄ + (3; 1)T[!2℄ + (3; 0)T[!4℄ (20; 2)3 (#; 12 e2 + 23e5); (!; 12e2 + 23 e5)lo
al (2; 1)U + (8; 0)T[!℄ + (4; 0)T[#!℄ + (3; 1)T[!2℄ + (3; 0)T[!4℄ (20; 2)4 (#; 12 e2); (!; 12 e2)lo
al (2; 1)U + (5; 5)T[#℄ + (8; 0)T[!℄ + (4; 0)T[#!℄ + (3; 1)T[!2℄ + (1; 1)T[!#2!℄ + (3; 0)T[!4℄ (26; 8)SL(2; 3)o Z2 1 1 (#; 0); (!; 0)[48; 33℄ lo
al (2; 1)U + (4; 0)T[#℄ + (4; 0)T[!℄ + (3; 0)T[!6℄ + (4; 0)T[!7℄ + (1; 0)T[!2℄ + (3; 2)T[!#!℄5712 +(8; 0)T[!3℄ + (8; 0)T[!2#!℄ + (3; 2)T[!4℄ + (1; 0)T[!10℄ (41; 5)2 (#; 12 (e1 + e3)); (!; 12 (e1 + e3))lo
al (2; 1)U + (2; 2)T[#℄ + (4; 0)T[!℄ + (2; 1)T[!6℄ + (4; 0)T[!7℄ + (1; 0)T[!2℄ + (3; 2)T[!#!℄+(4; 0)T[!3℄ + (3; 2)T[!4℄ + (1; 0)T[!10℄ (26; 8)3 (#; 12 (e1 + e2 + e3 + e4)); (!; 12 (e1 + e2 + e3 + e4))lo
al (2; 1)U + (2; 2)T[#℄ + (4; 0)T[!℄ + (3; 0)T[!6℄ + (4; 0)T[!7℄ + (1; 0)T[!2℄ + (3; 2)T[!#!℄+(4; 0)T[!3℄ + (4; 0)T[!2#!℄ + (3; 2)T[!4℄ + (1; 0)T[!10℄ (31; 7)�(54) 1 1 (#; 0); (!; 0); (�; 0)[54; 8℄ lo
al (1; 0)U + (2; 1)T[#℄ + (9; 0)T[!℄ + (1; 0)T[�℄ + (3; 0)T[#�℄ + (1; 0)T[!�℄ + (1; 0)T[!2�℄2897 +(7; 0)T[!�2!2�℄ (25; 1)2 (#; 0); (!; 13 (e1 + e2 + 2e3 + 2e4 + e5 + e6));lo
al (�; 13 (e1 + e2 + 2e3 + 2e4 + e5 + e6))(1; 0)U + (2; 1)T[#℄ + (1; 0)T[�℄ + (3; 0)T[#�℄ + (1; 0)T[!�℄ + (1; 0)T[!2�℄ + (4; 0)T[!�2!2�℄ (13; 1)2 1 (#; 0); (!; 0); (�; 0)lo
al (1; 0)U + (2; 1)T[#℄ + (3; 0)T[!℄ + (3; 0)T[�℄ + (3; 0)T[#�℄ + (3; 0)T[!�℄ + (3; 0)T[!2�℄+(7; 0)T[!�2!2�℄ (25; 1)2 (#; 13 (2e1 + e2 + e3 + 2e5)); (!; 23 (e1 + e3 + e4));lo
al (�; 23 (e1 + e3 + e4))(1; 0)U + (2; 1)T[#℄ + (3; 0)T[�℄ + (3; 0)T[#�℄ + (3; 0)T[!2�℄ + (5; 0)T[!�2!2�℄ (17; 1)3 (#; 13 (2e1 + 2e3 + e4 + 2e5 + e6)); (!; 13 (2e2 + 2e3 + e6));lo
al (�; 13 (2e2 + 2e3 + e6))(1; 0)U + (2; 1)T[#℄ + (3; 0)T[#�℄ + (3; 0)T[!2�℄ + (4; 0)T[!�2!2�℄ (13; 1)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))4 (#; 0); (!; 13 (e2 + e3 + e4)); (�; 13 (e2 + e5 + 2e6))lo
al (1; 0)U + (2; 1)T[#℄ + (3; 0)T[#�℄ + (3; 0)T[!�2!2�℄ (9; 1)3 1 (#; 0); (!; 0); (�; 0)lo
al (1; 0)U + (2; 1)T[#℄ + (3; 0)T[!℄ + (3; 0)T[�℄ + (3; 0)T[#�℄ + (3; 0)T[!�℄ + (3; 0)T[!2�℄+(7; 0)T[!�2!2�℄ (25; 1)2 (#; 13 (2e1 + e3 + e4 + 2e6)); (!; 13 (2e1 + 2e3 + e4));lo
al (�; 13 (2e1 + 2e3 + e4))(1; 0)U + (2; 1)T[#℄ + (1; 1)T[�℄ + (3; 0)T[#�℄ + (1; 1)T[!2�℄ + (3; 0)T[!�2!2�℄ (11; 3)3 (#; 13 (e2 + e5)); (!; 13 (e2 + 2e3)); (�; 13 (e2 + 2e3))lo
al (1; 0)U + (2; 1)T[#℄ + (3; 0)T[#�℄ + (3; 0)T[!2�℄ + (4; 0)T[!�2!2�℄ (13; 1)4 (#; 13 (e1 + e2 + e3 + e4 + 2e6)); (!; 13 (2e1 + e2 + 2e3 + e4));lo
al (�; 13 (e1 + 2e3 + 2e4 + 2e5 + e6))(1; 0)U + (2; 1)T[#℄ + (3; 0)T[#�℄ + (3; 0)T[!�2!2�℄ (9; 1)
Z3 � SL(2; 3) 1 1 (#; 0); (!; 0)[72; 25℄ lo
al (2; 0)U + (3; 0)T[#℄ + (3; 0)T[!℄ + (3; 0)T[#2℄ + (3; 1)T[#!℄ + (6; 0)T[#2!℄ + (3; 0)T[!2℄6988 +(1; 0)T[!#2!℄ + (2; 1)T[!3℄ + (6; 0)T[#!3℄ + (6; 0)T[!4℄ + (3; 0)T[!#2!3℄ + (3; 0)T[#!5℄+(3; 0)T[!6℄ + (1; 0)T[#!7℄ + (3; 1)T[!#2!7℄ (51; 3)2 (#; 13 (e5 + e6)); (!; 13 (e5 + e6))lo
al (2; 0)U + (1; 0)T[#℄ + (3; 0)T[!℄ + (1; 0)T[#2℄ + (4; 0)T[#2!℄ + (1; 0)T[!2℄ + (2; 1)T[!3℄+(4; 0)T[#!3℄ + (2; 0)T[!4℄ + (1; 0)T[!#2!3℄ + (1; 0)T[#!5℄ + (3; 0)T[!6℄ (25; 1)

Z3 � ((Z6 �Z2)oZ2) 1 1 (#; 0); (!; 0)= Z3 �GAPID[24; 8℄ lo
al (2; 0)U + (2; 0)T[#℄ + (4; 0)T[!℄ + (6; 0)T[#2℄ + (3; 0)T[#!℄ + (2; 0)T[#3℄ + (4; 0)T[#2!℄[72; 30℄ +(2; 1)T[#3!℄ + (1; 0)T[#4!℄ + (4; 0)T[!2℄ + (4; 0)T[#2!2℄ + (4; 0)T[#4!2℄ + (4; 0)T[!3℄4533 +(2; 0)T[#2!3℄ + (1; 0)T[#2!5℄ + (2; 0)T[#!#!℄ + (3; 0)T[#!#5!℄ + (4; 0)T[#!#!5℄+(1; 0)T[#!#5!5℄ (55; 1)

Z3 � S4 1 1 (#; 0); (!; 0)[72; 42℄ lo
al (1; 0)U + (1; 0)T[#℄ + (3; 0)T[!℄ + (2; 0)T[#!℄ + (2; 0)T[!2℄ + (1; 0)T[#2!8℄ + (2; 1)T[!3℄2924 +(2; 0)T[!2#2!℄ + (4; 0)T[!4℄ + (1; 0)T[!2#2!8℄ + (4; 0)T[!6℄ (23; 1)2 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 0)T[#℄ + (3; 0)T[!℄ + (2; 0)T[#!℄ + (2; 0)T[!2℄ + (1; 0)T[#2!8℄ + (1; 0)T[!3℄+(2; 0)T[!2#2!℄ + (4; 0)T[!4℄ + (1; 0)T[!2#2!8℄ + (2; 0)T[!6℄ (20; 0)3 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 0)T[#℄ + (3; 0)T[!℄ + (2; 0)T[#!℄ + (2; 0)T[!2℄ + (1; 0)T[#2!8℄ + (1; 0)T[!3℄+(2; 0)T[!2#2!℄ + (4; 0)T[!4℄ + (1; 0)T[!2#2!8℄ + (2; 0)T[!6℄ (20; 0)�(96) 1 1 (#; 0); (!; 0)[96; 64℄ lo
al (1; 0)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (3; 1)T[#!℄ + (9; 0)T[!2℄ + (4; 0)T[!2#2!℄ + (6; 0)T[!4℄2802 +(4; 0)T[#!3#!℄ (32; 2)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))2 (#; 12 (e3 + e4)); (!; 12 (e4 + e5 + e6))lo
al (1; 0)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (3; 0)T[!2℄ + (2; 0)T[!2#2!℄ + (4; 0)T[!4℄ (15; 1)3 (#; 0); (!; 12 (e4 + e6))lo
al (1; 0)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (7; 0)T[!2℄ + (2; 0)T[!2#2!℄ + (6; 0)T[!4℄ + (4; 0)T[#!3#!℄ (25; 1)2 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (2; 0)T[#!℄ + (7; 0)T[!2℄ + (4; 0)T[!2#2!℄ + (4; 0)T[!4℄+(2; 0)T[#!3#!℄ (25; 1)2 (#; 12 (e1 + e2)); (!; 12 (e3 + e4 + e5))lo
al (1; 0)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (4; 0)T[!2℄ + (2; 0)T[!2#2!℄ + (4; 0)T[!4℄ + (1; 0)T[#!3#!℄ (17; 1)3 (#; 0); (!; 12 (e1 + e3 + e6))lo
al (1; 0)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (3; 0)T[!2℄ + (2; 0)T[!2#2!℄ + (2; 0)T[!4℄ (13; 1)3 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (2; 0)T[#!℄ + (7; 0)T[!2℄ + (4; 0)T[!2#2!℄ + (4; 0)T[!4℄+(2; 0)T[#!3#!℄ (25; 1)2 (#; 12 (e2 + e3 + e4)); (!; 12 (e4 + e5 + e6))lo
al (1; 0)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (1; 1)T[#!℄ + (5; 0)T[!2℄ + (2; 0)T[!2#2!℄ + (4; 0)T[!4℄+(2; 0)T[#!3#!℄ (20; 2)3 (#; 0); (!; 12e4)lo
al (1; 0)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (5; 0)T[!2℄ + (2; 0)T[!2#2!℄ + (4; 0)T[!4℄ + (2; 0)T[#!3#!℄ (19; 1)4 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (1; 0)T[#!℄ + (5; 0)T[!2℄ + (3; 0)T[!2#2!℄ + (3; 0)T[!4℄+(1; 0)T[#!3#!℄ (19; 1)2 (#; 14 (3e1 + 3e2 + 3e3 + e5)); (!; 14 (3e2 + e5))lo
al (1; 0)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (3; 0)T[!2℄ + (1; 1)T[!2#2!℄ + (1; 0)T[!4℄ (11; 2)3 (#; 12 (e1 + e2 + e3 + e5)); (!; 12 (e2 + e5))lo
al (1; 0)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (1; 0)T[#!℄ + (5; 0)T[!2℄ + (3; 0)T[!2#2!℄ + (3; 0)T[!4℄+(1; 0)T[#!3#!℄ (19; 1)SL(2; 3)o Z4 1 1 (#; 0); (!; 0)[96; 67℄ lo
al (2; 0)U + (3; 2)T[#℄ + (8; 0)T[!℄ + (4; 0)T[#!℄ + (2; 0)T[#2!℄ + (6; 0)T[!2℄ + (4; 0)T[!#!℄6512 +(2; 0)T[!2#!℄ + (1; 0)T[#2!3#!℄ + (3; 0)T[#2!3#2!℄ + (6; 0)T[#!#!℄ + (3; 0)T[#!#2!#!2℄ (44; 2)2 (#; 12 e1); (!; 12 (e1 + e2 + e3))lo
al (2; 0)U + (3; 2)T[#℄ + (4; 0)T[!℄ + (4; 0)T[#!℄ + (3; 0)T[!2℄ + (4; 0)T[!#!℄ + (1; 0)T[#2!3#!℄+(1; 1)T[#2!3#2!℄ + (3; 0)T[#!#!℄ + (2; 0)T[#!#2!#!2℄ (27; 3)�(36�) 1 1 (#; 0); (!; 0)[108; 15℄ lo
al (1; 0)U + (1; 0)T[#℄ + (3; 0)T[!℄ + (2; 1)T[#2℄ + (3; 0)T[#!℄ + (1; 0)T[#3℄ + (3; 0)T[#!#!℄2806 +(3; 0)T[#!#3!℄ + (3; 0)T[#!#!#3!℄ + (5; 0)T[#!#!#!#!℄ (25; 1)
ontinued . . .
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Q{
lass (P ), Z{ aÆne generators of GGAPID, 
lass 
lass,
arat index (�) breaking 
ontributions to (h(1;1); h(2;1)) from U and T se
tors (h(1;1); h(2;1))2 (#; 23 (e1 + e4)); (!; 13 (e1 + 2e2 + 2e3 + e4 + e5 + e6))lo
al (1; 0)U + (1; 0)T[#℄ + (2; 1)T[#2℄ + (3; 0)T[#!℄ + (1; 0)T[#3℄ + (3; 0)T[#!#!℄+(3; 0)T[#!#!#3!℄ + (3; 0)T[#!#!#!#!℄ (17; 1)2 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 0)T[#℄ + (3; 0)T[!℄ + (2; 1)T[#2℄ + (3; 0)T[#!℄ + (1; 0)T[#3℄ + (3; 0)T[#!#!℄+(3; 0)T[#!#3!℄ + (3; 0)T[#!#!#3!℄ + (5; 0)T[#!#!#!#!℄ (25; 1)2 (#; 13 (2e3 + e4)); (!; 13 (e1 + 2e4 + 2e5 + 2e6))lo
al (1; 0)U + (1; 0)T[#℄ + (2; 1)T[#2℄ + (3; 0)T[#!℄ + (1; 0)T[#3℄ + (3; 0)T[#!#!℄+(3; 0)T[#!#!#3!℄ + (3; 0)T[#!#!#!#!℄ (17; 1)�(108) 1 1 (#; 0); (!; 0)[108; 22℄ lo
al (1; 0)U + (1; 0)T[#℄ + (4; 0)T[!℄ + (1; 0)T[#2℄ + (1; 0)T[#!℄ + (1; 0)T[#2!℄ + (4; 0)T[!2℄2810 +(1; 0)T[!#!℄ + (1; 0)T[!#2!℄ + (4; 0)T[!3℄ + (4; 0)T[!4℄ + (2; 0)T[#!4#2!5℄+(1; 0)T[#!3#2!4℄ + (4; 0)T[#!2#2!3℄ + (1; 0)T[#!4#2!℄ + (5; 0)T[#!2#2!4℄ (36; 0)PSL(3; 2) 1 1 (#; 0); (!; 0)[168; 42℄ lo
al (1; 0)U + (1; 1)T[#℄ + (4; 0)T[!℄ + (7; 0)T[#!℄ + (1; 1)T[#2!#!℄ (14; 2)2934 2 (#; 0); (!; 12 (e3 + e6))lo
al (1; 0)U + (1; 1)T[#℄ + (1; 1)T[!℄ + (7; 0)T[#!℄ (10; 2)3 (#; 0); (!; 12 (e1 + e2 + e3 + e5))lo
al (1; 0)U + (1; 1)T[#℄ + (2; 0)T[!℄ + (7; 0)T[#!℄ (11; 1)�(72�) 1 1 (#; 0); (!; 0)[216; 88℄ lo
al (1; 0)U + (1; 0)T[#℄ + (3; 0)T[!℄ + (2; 1)T[#2℄ + (3; 0)T[#!℄ + (1; 0)T[#2!℄ + (1; 0)T[#3!℄2846 +(3; 0)T[!2℄ + (3; 0)T[!#2!℄ + (3; 0)T[!#3!℄ + (4; 0)T[!4℄ (25; 1)2 1 (#; 0); (!; 0)lo
al (1; 0)U + (1; 0)T[#℄ + (3; 0)T[!℄ + (2; 1)T[#2℄ + (3; 0)T[#!℄ + (1; 0)T[#2!℄ + (1; 0)T[#3!℄+(3; 0)T[!2℄ + (3; 0)T[!#2!℄ + (3; 0)T[!#3!℄ + (4; 0)T[!4℄ (25; 1)�(216) 1 1 (#; 0); (!; 0); (�; 0)[216; 95℄ lo
al (1; 0)U + (1; 0)T[#℄ + (2; 1)T[!℄ + (1; 0)T[�℄ + (2; 0)T[#!℄ + (1; 0)T[#�℄ + (4; 0)T[#2�℄2851 +(3; 0)T[!2℄ + (2; 0)T[!�℄ + (3; 0)T[#2!3�℄ + (1; 0)T[!�#!3�2℄ + (4; 0)T[!2�#!2�℄+(4; 0)T[!�!�℄ + (2; 0)T[!3�!3�℄ (31; 1)Table 2: Hodge numbers of heteroti
 orbifolds with non{Abelian pointgroup.
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point group P Z{ and Hodge numbers origin of �1 generators: fundamental group(Q{
lass) aÆne 
lass (h(1;1); h(2;1)) G=hGF i �=�F �1 = S=hF iS3 1{2 (6; 6) 11 Z3 �Z3 Z3 �Z32{2 (6; 6) 11 Z3 Z33{2 (6; 6) 11 Z3 Z3D4 1{3 (11; 11) Z2 Z2 Z2 nZ21{5 (6; 6) Z2 Z2 Z41{6 (2; 2) D4 Z6 S1{8 (17; 5) Z2 11 Z21{9 (7; 7) Z2 �Z2 Z2 (Z2 �Z2)nZ22{4 (9; 3) Z2 11 Z22{6 (4; 4) Z2 Z2 Z42{8 (10; 4) Z2 11 Z25{4 (4; 4) Z2 Z2 �Z2 Z4 �Z25{6 (12; 6) Z2 11 Z26{3 (12; 6) 11 Z2 Z26{4 (6; 6) Z2 11 Z26{6 (4; 4) Z2 Z2 �Z2 Z4 �Z26{8 (10; 4) Z2 Z2 Z2 �Z28{2 (6; 6) 11 Z2 Z29{1 (17; 5) 11 Z2 Z29{2 (6; 6) 11 Z2 Z29{3 (15; 3) 11 Z2 Z2A4 2{1 (11; 3) 11 Z2 Z22{2 (3; 3) 11 Z4 Z44{1 (7; 3) 11 Z2 �Z2 Z2 �Z24{2 (5; 5) 11 Z2 Z25{1 (7; 3) 11 Z2 Z26{2 (3; 3) 11 Z2 Z2QD16 3{4 (17; 5) Z2 11 Z2(Z4 �Z2)oZ2 1{11 (27; 3) Z2 11 Z21{12 (15; 3) Z2 11 Z21{18 (17; 5) Z2 11 Z21{19 (15; 3) Z2 11 Z21{21 (12; 6) Z2 11 Z21{22 (10; 4) Z2 �Z2 11 Z2 �Z2�(27) 1{3 (12; 0) Z3 11 Z31{4 (4; 0) Z3 �Z3 11 Z3 �Z33{3 (12; 0) Z3 11 Z33{4 (4; 0) Z3 �Z3 11 Z3 �Z3Table 3: List of all non{trivial fundamental groups for orbifolds with non{Abelian P . The �rst
olumn spe
i�es P and the se
ond 
olumn enumerates the respe
tive Z{ and aÆne 
lasses. Inthe third 
olumn we list the Hodge numbers in order to identify those 
ases whi
h allow for 
hiralspe
tra, 
.f. [54℄. The forth and �fth 
olumn help to identify the origin of the generators of �1from the orbifolding group G and from the latti
e �, respe
tively. Finally, the last 
olumn lists �1.
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