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tIn our previous paper (Nu
l. Phys. B 870 (2013) 243) we showed that multi-fold Mellin-Barnes (MB) transforms of the Usyukina-Davydy
hev (UD) fun
tions may be redu
ed to two-fold MB transforms. The MB transforms were written there as polynomials of logarithms ofratios of squares of the external momenta with 
ertain 
oeÆ
ients. We also showed that these
oeÆ
ients have a 
ombinatori
 origin. In this paper we present an expli
it formula for these
oeÆ
ients. The pro
edure of re
overing the 
oeÆ
ients is based on taking the double uni-formlimit in 
ertain series of smooth fun
tions of two variables whi
h is 
onstru
ted a

ording to apre-determined iterative way. The result is obtained by using basi
 methods of mathemati
alanalysis. We observe that the �niteness of the limit of this iterative 
hain of smooth fun
tionsshould re
e
t itself in other mathemati
al 
onstru
tions, too, sin
e it is not related in any wayto the expli
it form of the MB transforms.Keywords: Bethe-Salpeter equation; Mellin-Barnes transform; Usyukina-Davydy
hev fun
tionsPACS: 02.30.Gp, 02.30.Nw, 02.30.Uu, 11.10.St

http://arxiv.org/abs/1304.3004v1


1 Introdu
tionMellin-Barnes transformation is an eÆ
ient method for 
al
ulation of Feynman diagrams [1, 2, 3℄.This method played important role in multi-loop 
al
ulations for the maximally supersymmetri
Yang-Mills theory [4, 5℄ in whi
h the 
lass of 
ontributing master integrals for the Feynman diagramsis redu
ed to the integrals 
orresponding to s
alar ladder diagrams [4℄ at least at the level of the�rst three loops in momentum spa
e.The s
alar ladder diagrams at any order in loops in d = 4 spa
e-time dimensions have beenstudied for the �rst time in Refs. [6, 7, 8℄ in momentum spa
e. The result of 
al
ulation ofthe momentum integrals are UD fun
tions [7, 8℄. Their MB transforms have been investigated inRefs. [9, 10℄. These fun
tions have remarkable properties, in parti
ular they possess invarian
ewith respe
t to Fourier transformation [11, 12℄. Later, this property has been generalized to anythree point Green's fun
tion in the massless theory via MB transform for an arbitrary spa
etimedimension [9, 13℄. Due to this invarian
e with respe
t to Fourier transformation the UD fun
tionsappear in the results of 
al
ulation of the Green fun
tions in position spa
e [14, 15, 16, 17, 18, 19, 20℄.In Ref.[10℄ the multi-fold MB transforms of UD fun
tions have been redu
ed to the two-foldMB transforms. This result allows us to simplify the analysis of the re
ursive property of the MBtransforms of the UD fun
tions to the analysis of the re
ursive property for the smooth fun
tionsthat appear in the integrand of the MB transformation [10℄. The MB transform of the UD fun
tionwith number n turns out to be a linear 
ombination of three MB transforms of the UD fun
tionwith number n� 1 where ea
h of these three MB transforms depends on two independent variables"1; "2 in its proper well-de�ned manner. The 
oeÆ
ients in front of these 
ombinations of the MBtransforms with lower indi
es are singular in these two independent variables in the limit in whi
hthese variables vanish. However, these singularities 
an
el ea
h other and the double uniform limitalways exists and is �nite for ea
h number n:This limit is a sum of powers of logarithms of 
ertain arguments multiplied by derivatives ofthe Euler �-fun
tion 
onstru
ted in a su
h way that the sum of the power of logarithm and of thederivative order is a �xed number whi
h depends on the number of the 
orresponding UD fun
tionwhi
h in turn 
oin
ides with number of the rungs in the given ladder diagram. We have 
onstru
tedthe re
ursive pro
edure but have not 
onsidered the MB transforms of the higher UD fun
tions inRef. [10℄. In the present paper we �nd the expli
it form of the MB transforms of the higher UDfun
tions by establishing the 
oeÆ
ients in front of the powers of logarithms. The arguments oflogarithms are ratios of squares of the external in
oming momenta of the ladder diagrams. As wehave mentioned in Ref. [10℄ the 
oeÆ
ients have an origin in the 
ombinatori
s and are 
ertain
ombinations of the 
ombinatori
 numbers Cnm:2 Re
ursive relations for MB transformsIn Ref. [10℄ the MB transform of the se
ond UD fun
tion has been found in terms of the doubleMB transform, IC du dv xu yvM (u;v)2 ("1; "2; "3) =J2 IC du dv xu yv �a("1)"2"3 y"2 [x"1�(�u� "1)�(�v + "1) + y"1�(�u+ "1)�(�v � "1)℄1



+a("3)"1"2 �x�"3�(�u+ "3)�(�v � "3) + y�"3�(�u� "3)�(�v + "3)�+a("2)"1"3 x"1 [x"2�(�u� "2)�(�v + "2) + y"2�(�u+ "2)�(�v � "2)℄����(�u)�(�v)�2(1 + u+ v); (1)where the de�nition a(") = [�(1� ")�(1 + ")℄�1 ; a(n)0 = (a("))(n)"=0has been introdu
ed. In the limit of vanishing "i whi
h always are subje
t to the 
ondition"1 + "2 + "3 = 0;we may write lim"2!0;"1!0 IC du dv xu yvM (u;v)2 ("1; "2; "3) =IC du dv xu yv�(�u)�(�v)�2(1 + u+ v) �32 (a(")�(�u� ")�(�v + "))(2)0 +32 ln xy (a(")�(�u� ")�(�v + "))00 + 14 ln2 xy�(�u)�(�v)� : (2)As we 
an see, a �nite limit exists. This is expe
table, sin
e this expression has been 
onstru
tedfrom another expression for whi
h a �nite limit exists.To be more 
on
ise, we introdu
e another notationM (u;v)1 (") � 12 [x"a(")�(�u� ")�(�v + ") + y"a(�")�(�u+ ")�(�v � ")℄��(�u)�(�v)�2(1 + u+ v):With this notation, we write instead of the previous integral relation the following relationIC du dv xu yvM (u;v)2 ("1; "2; "3) =J IC du dv xu yv � 1"2"3 y"2M (u;v)1 ("1) + 1"1"2M (u;v)1 (�"3) + 1"1"3x"1M (u;v)1 ("2)� :The formula of Ref.[10℄, relating the MB transformations of the third and the se
ond UDfun
tions is IC du dv xu yvM (u;v)3 ("1; "2; "3) =IC du dv xu yv � 1"1"2x�"1y�"2M (u;v)2 ("1; "2; "3) + J"2"3x�"1M (u;v)2 ("1) + J"1"3 y�"2M (u;v)2 ("2)� ; (3)in whi
h we use the de�nitions of Ref.[10℄. The �nite limit of vanishing "i exists and is given bylim"2!0;"1!0 IC du dv xu yvM (u;v)3 ("1; "2; "3) =2



IC du dv xu yv�(�u)�(�v)�2(1 + u+ v) � 512 (a(")�(�u� ")�(�v + "))(4)0 +56 ln xy (a(")�(�u� ")�(�v + "))(3)0 + 12 ln2 xy (a(")�(�u� ")�(�v + "))(2)0+ 112 ln3 xy (a(")�(�u� ")�(�v + "))00� : (4)This limit should be taken after substituting the expression for M2 of Eq.(1) into the expressionfor M3 of Eq. (3). The 
oeÆ
ient J is de�ned in Ref.[10℄ asJ = �(1� "1)�(1� "2)�(1� "3)�(1 + "1)�(1 + "2)�(1 + "3) : (5)A

ording to formulae of Se
tion 4.4 of Ref.[10℄, we have the expression for the MB transformM4 of the fourth UD fun
tion in terms of the MB transform M3 of the third UD fun
tion asIC du dv xu yvM (u;v)4 ("1; "2; "3) = IC du dv xu yv J"2"3M (u;v)3 ("1)+ IC du dv xu yv 1"1"2M (u;v)3 ("1; "2; "3) + IC du dv xu yv J"1"3M (u;v)3 ("2) =IC du dv xu yv � J"2"3M (u;v)3 ("1) + 1"1"2M (u;v)3 ("1; "2; "3) + J"1"3M (u;v)3 ("2)� : (6)By going further a

ording to the 
onstru
tion des
ribed in Ref.[10℄ for the higher UD fun
tionswith number n > 4 we may writeIC du dv xu yvM (u;v)n ("1; "2; "3) = IC du dv xu yv J"2"3M (u;v)n�1 ("1)+ IC du dv xu yv 1"1"2M (u;v)n�1 ("1; "2; "3) + IC du dv xu yv J"1"3M (u;v)n�1 ("2)= IC du dv xu yv � J"2"3M (u;v)n�1 ("1) + 1"1"2M (u;v)n�1 ("1; "2; "3) + J"1"3M (u;v)n�1 ("2)� : (7)To simplify the presentation in the previous ladder 
onstru
tion for higher UD fun
tions wede�ne f(") = 12a(")�(�u� ")�(�v + ")�(�u)�(�v)�2(1 + u+ v): (8)Sin
e the 
ontour of integration in the MB transformations of UD fun
tions in Eqs.(1),(3) and(7) passes between the leftmost of the right poles and the rightmost of the left poles in the planes of
omplex variables u and v whi
h are variables of integration, we may work with the limits in Eqs.(2) and (4) at the level of integrands. The dependen
e on the integration variables u and v may beomitted to simplify the analysis sin
e this dependen
e on u and v follows from the dependen
e ofM1 on them for the higher number of n in Mn: Due to this observation it is 
onvenient to establisha new notation M (u;v)n ("1; "2; "3) � �n("1; "2; "3):3



We may analyse fun
tions �n("1; "2; "3) as 
ertain fun
tions of three variables and representthe ladder relations of Eqs.(6) and (7) in the form �1(") = x"f(") + y"f(�")�2("1; "2; "3) = J � 1"2"3 y"2�1("1) + 1"1"2�1(�"3) + 1"1"3x"1�1("2)��3("1; "2; "3) = 1"1"2 y�"2x�"1�2("1; "2; "3) + J"2"3x�"1�2("1) + J"1"3 y�"2�2("2)�4("1; "2; "3) = J"2"3�3("1) + 1"1"2�3("1; "2; "3) + J"1"3�3("2): (9)For an arbitrary number n > 4 we may write�n("1; "2; "3) = J"2"3�n�1("1) + 1"1"2�n�1("1; "2; "3) + J"1"3�n�1("2):In the next se
tion we 
al
ulate the values �n(0) of the �nite uniform double limit�n(0) = lim"1!0;"2!0�n("1; "2; "3):These values will 
orrespond to the representation of the MB transformations of UD fun
tionsdes
ribed in Con
lusion of Ref.[10℄.3 �n(0) in terms of di�erential operatorA

ording to Eq. (9), the expression for �2 may expli
itly be written asJ�1�2("1; "2; "3) = 1"2"3 y"2 [x"1f("1) + y"1f(�"1)℄ + 1"1"2 �x�"3f(�"3) + y�"3f("3)�+ 1"1"3x"1 [x"2f("2) + y"2f(�"2)℄ :To simplify the analysis, we introdu
e a notation ~�2("1; "2; "3) � y�"2x�"1�2("1; "2; "3): For thisquantity we may writeJ�1 ~�2("1; "2; "3) = 1"2"3 �f("1) + !�"1f(�"1)�+ 1"1"2 �!"2f("1 + "2) + !�"1f(�"1 � "2)�+ 1"1"3 [!"2f("2) + f(�"2)℄ ;where we have de�ned ! � x=y: For the future use, it is more 
onvenient to represent ~�2("1; "2; "3)in the formJ�1 ~�2("1; "2; "3) = !�"1"1 !"1+"2f("1 + "2)� !"1f("1)"2 + !�"1"1 f(�"1 � "2)� f(�"1)"2+ 1"1("1 + "2) �!�"1f(�"1) + f("1)� !"2f("2)� f(�"2)� :4



We 
an take the limit with respe
t to the se
ond variables "2 and the result is~�2("1) = lim"2!0 ~�2("1; "2; "3) = 1"1!�"1 (!"1f("1) + f(�"1))0+ 1"21 �f("1) + !�"1f(�"1)� 2f(0)� : (10)The quantity�2(0) = ~�2(0) = lim"2!0;"1!0 ~�2("1; "2; "3) = 12 ln2 !f(0) + 3 ln!f (1)(0) + 3f (2)(0) (11)may be written in another form�2(0) = 12 h2f (2)(0) + 2 ln!f (1)(0) + ln2 !f(0)i+ 2f (2)(0) + 2 ln!f (1)(0)= 12 hf (2)(") + !�" ln2 !f(�") + 2!�" ln!f (1)(�") + !�"f (2)(�")i"=0+ hln!f (1)(") + f (2)(") + !�" ln!f (1)(�") + !�"f (2)(�")i"=0= 12 ��2"!�"(!"f(") + f(�"))�"=0 + ��"!�"�"(!"f(") + f(�"))�"=0= 12 ��"[�"!�" + 2!�"�"℄(!"f(") + f(�"))�"=0 : (12)Neither this formula nor Eq. (11) play any important role in the further 
onstru
tion. However,representation (12) is ne
essary to observe that it is a parti
ular 
ase of the general formula for anarbitrary number n of �n(0):The next step is to do the following operationlim"2!0 �"2J�1 ~�2("1; "2; "3) = 12"1!�"1�2"1(!"1f("1) + f(�"1))� 1"31 (!�"1f(�"1) + f("1)� 2f(0))� 1"21 lim"2!0 �"2(!"2f("2) + f(�"2)): (13)As may be seen from Eq. (11), the value ~�2["1; "2; "3℄ does not have any singularity in variables "1and "2: The same statement is true for its derivative with respe
t to the variable "2:The operation (13) is ne
essary to �nd a value of the following term in the 
hain of fun
tions�n(0): Indeed, for �3 we may write�3("1; "2; "3) = 1"1"2 � ~�2("1; "2; "3)� J ~�2("1)�+ 1"1("1 + "2) �J ~�2("1)� J ~�2("2)� :Taking into a

ount Eq.(13), we may write�3("1) = lim"2!0 J�1�3("1; "2; "3) = 12"21!�"1�2"1(!"1f("1) + f(�"1))� 1"41 (!�"1f(�"1) + f("1)� 2f(0))� 1"31 lim"2!0 �"2(!"2f("2) + f(�"2))+ 1"21 � ~�2("1)� ~�2(0)� : (14)5



This quantity by 
onstru
tion does not have any singularity in the variable "1: The 
onstantslike ~�2(0) and lim"2!0 �"2(!"2f("2) + f(�"2)) are multiplied by the negative powers of "1 andshould disappear in Eq. (14) at the end. From Eq. (10) we 
on
lude that the se
ond term inEq.(14) will be 
an
eled by the 
orresponding term in ~�2("1) and we 
on
lude from Eq. (14) that�3(0) = lim"2!0;"1!0 J�1�3("1; "2; "3) = lim"1!0 � 12"21!�"1�2"1(!"1f("1) + f(�"1))+ 1"31!�"1�"1 (!"1f("1) + f(�"1))� 1"31 lim"2!0 �"2(!"2f("2) + f(�"2))� 1"21 ~�2(0)� =lim"!0 14!�2" [4�"!�"�" + 6!�"�2" ℄(!"f(") + f(�")):As we 
an see, the result has a similar stru
ture to Eq. (12), that is a di�erential operator of
ertain stru
ture a
ting on !"f(") + f(�"): We will show that su
h a stru
ture survives in more
ompli
ated 
ases.Repeating for quantity �3("1; "2; "3) steps whi
h we did for ~�2("1; "2; "3) we may writelim"2!0 �"2J�1�3("1; "2; "3) = 16"21!�"1�3"1(!"1f("1) + f(�"1))+ 1"51 (!�"1f(�"1) + f("1)� 2f(0)) + 1"41 lim"2!0 �"2(!"2f("2) + f(�"2))� 12"31 lim"2!0 �2"2(!"2f("2) + f(�"2))� 1"31 � ~�2("1)� ~�2(0)�� 1"21 lim"2!0 �"2 ~�2("2): (15)Then, for �4 we obtain�4("1; "2; "3) = 1"1"2 (�3("1; "2; "3)� J�3("1)) + 1"1("1 + "2) (J�3("1)� J�3("2)) :Taking into a

ount Eq. (15) we may write an analog of Eq.(14) for �3 as�4("1) = lim"2!0 J�1�4("1; "2; "3) = 16"31!�"1�3"1(!"1f("1) + f(�"1))+ 1"61 (!�"1f(�"1) + f("1)� 2f(0)) + 1"51 lim"2!0 �"2(!"2f("2) + f(�"2))� 12"41 lim"2!0 �2"2(!"2f("2) + f(�"2))� 1"41 � ~�2("1)� ~�2(0)�� 1"31 lim"2!0 �"2 ~�2("2) + 1"21 (�3("1)��3(0)) : (16)This quantity by 
onstru
tion does not have any singularity in the variable "1: The 
onstants like~�2(0); �3(0); lim"2!0 �"2(!"2f("2) + f(�"2)) and lim"2!0 �2"2(!"2f("2) + f(�"2)) are multipliedby the negative powers of "1 and should �nally disappear in Eq. (16). From Eq. (14) we 
on
ludethat the se
ond term on the r.h.s. of Eq. (16) will be 
an
eled by the 
orresponding term in �3("1);6



while the �rst term in the last line of Eq. (16) will be 
an
eled by another term in �3("1): We
on
lude from Eq. (16) that�4(0) = lim"2!0;"1!0 J�1�4("1; "2; "3) = lim"1!0 � 16"31!�"1�3"1(!"1f("1) + f(�"1))+ 12"41!�"1�2"1 (!"1f("1) + f(�"1))� 12"41 lim"2!0 �2"2(!"2f("2) + f(�"2))� 1"31 lim"2!0 �"2 ~�2("2)� 1"21�3(0)� == lim"!0 16!�3" (15�"!�"�2" + 20!�"�3" )(!"f(") + f(�")):We may pro
eed further for the higher number n and �nd the following relations~�2(0) = lim"!0 12!�" �C02�"!�"�0" + C12!�"�"� (!"f(") + f(�"))�3(0) = lim"!0 14!�2" �C14�"!�"�" + C24!�"�2" � (!"f(") + f(�"))�4(0) = lim"!0 16!�3" �C26�"!�"�2" + C36!�"�3" � (!"f(") + f(�")):The result for an arbitrary n > 4 is�n(0) = lim"!0 1(2(n� 1))!�n�1" hCn�22(n�1)�"!�"�n�2" + Cn�12(n�1)!�"�n�1" i (!"f(") + f(�")):4 Con
lusionThe expli
it form of the 
oeÆ
ients found in the present paper allows us on one hand, to write asum of all the ladder diagrams whi
h presents the solution to the Bethe-Salpeter equation in 
ase iff is 
hosen to be Euler � fun
tion as in Ref. [21℄, and on the other hand, to write the expli
it formof the integration formulae derived in Ref. [10℄. All the values �n(0) have been found in the formof the di�erential operators a
ting on the �rst term of the 
hain of MB transforms. It is plausiblethat for other fun
tions f distin
t from � fun
tion, these re
ursive relations may be mapped tore
ursive relations of other integrable systems in quantum me
hani
s or 
ondensed matter theory.As the 
onsequen
e of the main result of the paper, we 
on
lude that the higher UD fun
tions 
anbe obtained via appli
ation of 
ertain di�erential operator to a simple generalization of the �rstUD fun
tion.A
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