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Abstract: We apply the numerical bootstrap program to chiral operators in four-dimensional N = 2

SCFTs. In the first part of this work we study four-point functions in which all fields have the

same conformal dimension. We give special emphasis to bootstrapping a specific theory: the simplest

Argyres-Douglas fixed point with no flavor symmetry. In the second part we generalize our setup and

consider correlators of fields with unequal dimension. This is an example of a mixed correlator and

allows us to probe new regions in the parameter space of N = 2 SCFTs. In particular, our results put

constraints on relations in the Coulomb branch chiral ring and on the curvature of the Zamolodchikov

metric.

Keywords: conformal field theory, supersymmetry, conformal bootstrap

ar
X

iv
:1

51
0.

03
86

6v
2 

 [
he

p-
th

] 
 1

1 
D

ec
 2

01
5

mailto:madalena.lemos@desy.de
mailto:pliendo@physik.hu-berlin.de


Contents

1 Introduction 1

2 The chiral four point functions 3

2.1 Chiral fields 3

2.2 The OPE and superconformal blocks 6

2.3 Crossing equations 8

2.4 Numerical Implementation 10

3 Results for the single correlator bootstrap 12

3.1 Bounds on C OPE coefficients 13

3.2 Dimension bounds for the chiral channel 14

3.3 The rank one H0 theory 15

4 Results for the mixed correlator bootstrap 18

4.1 Central charge bounds 19

4.2 Bounds on the Er1+r2 OPE coefficient 21

4.3 More bounds on OPE coefficients 23

4.4 Dimension bounds for the non-chiral channel 24

5 Conclusions 25

A Unitary representations of the N = 2 superconformal algebra 27

B Superconformal blocks 28

C Crossing equations 30

1 Introduction

The “bootstrap” is the idea that basic consistency requirements should be enough to fix the dynamical

information of a theory. It has seen renewed interest in CFTs in d > 2 thanks to the work of [1], where

numerical tools were developed that allow to put constraints on the CFT data. These constraints are

numerical bounds on the conformal dimensions and OPE coefficients, obtained by starting from the

four-point function of identical scalars, and imposing unitarity and crossing symmetry.

Apart from numerical bounds constraining the theory space, the modern bootstrap can sometimes

be used to solve specific theories. The most successful example being the critical 3d Ising model,

where the the low-lying spectrum was obtained in [2, 3] by studying the four-point function of the spin

operator. In addition, the original approach of [4] has been generalized from correlators of identical

operators to mixed correlators, in which not all fields are identical. This has lead to important new

insights. In particular, it was shown in [5] that the Ising model is restricted to lie in a tiny island in

the parameter space of CFTs. The size of this island has been used to estimate the critical exponents

of the Ising universality class to remarkable precision [6].



The original bootstrap setup has been adapted to study CFTs with supersymmetry, where the

conformal algebra is enhanced to the superconformal algebra. The superconformal bootstrap has been

implemented in different dimensions with different amounts of supersymmetry, see [7–20]. Here we

will be concerned with 4d N = 2 SCFTs. This program was initiated in [11], and this paper is a

natural continuation of that work.

The are several motivations for bootstrapping N = 2 SCFTs. Since the remarkable paper [21], a

vast number of N = 2 SCFTs have been discovered, many of them lacking a Lagrangian description.

Having such a landscape one may ask what are the underlying principles that characterize N = 2

theories, and whether a classification program is possible. The bootstrap philosophy, being based

only on the operator algebra with no reference to a Lagrangian, is a natural framework in which such

questions can be explored. A second motivation is to attempt to solve specific N = 2 SCFTs. Many

of the known interacting N = 2 theories are strongly coupled and standard perturbative techniques

cannot be applied. Some protected data is known, but the bootstrap seems to be the only tool available

for the study of quantities not protected by supersymmetry.

In this work, we will study the bootstrap for correlators of chiral multiplets. These multiplets

are built by the action of supercharges of the same chirality on a scalar superconformal primary φ.

More specifically, we will bootstrap correlators of the scalar φ. Our setup will consider correlators

of operators with identical conformal dimensions, but also the more general case of two unequal

dimensions. It is therefore the first attempt at bootstrapping mixed correlators in four dimensions.

On the single correlator front, namely, the bootstrap for identical operators, we will complement

the analysis of [11] by presenting additional bounds. We will also attempt to corner a particular

theory: the simplest Argyres-Douglas fixed point [22, 23], which is sometimes denoted by H0. As we

will review in section 3, there are several features that make this theory an interesting candidate for

the bootstrap.

The H0 theory is interesting enough to justify a bootstrap analysis, but we would also like to use

it as a proof of principle, to test how practical the bootstrap is for theories that are not naturally

selected by the numerics. The best understood example so far, the 3d Ising case, relies on the fact that

the theory appears as a “kink” saturating one of the numerical bounds. Only a handful of theories

have been bootstrapped in this way, and it is not clear how to proceed for generic CFTs. The H0

theory does not have an associated kink, and in order to corner it we will have to resort to several

tricks, using known data like its central charge and the dimension of φ.

In the mixed correlator system, bootstrapping fields that have unequal dimensions allows us to

probe regions of the parameter space that are inaccessible with the single correlator bootstrap. In

particular, we will be able to test relations in the Coulomb branch chiral ring. It is believed that

this ring is freely generated, and we will be able to check this numerically for small values of the

conformal dimension. Also, the OPE coefficient of one of the multiplets appearing in our equations

can be related to the curvature of the Zamolodchikov metric of conformal manifolds. The bootstrap

then, will translate into geometric constraints for N = 2 theories with relevant deformations.

The outline of the paper is as follows. In section 2 we will review aspects of chiral fields in N = 2

theories and write the crossing equations. Section 3 presents our results for the single correlator system

with special emphasis on the H0 theory. Finally, section 4 deals with the mixed correlator system,

and discusses its implications for the Coulomb branch and the Zamolodchikov metric.
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2 The chiral four point functions

In this section we will set up the crossing symmetry equation for N = 2 chiral correlators of unequal

dimension. This is an example of a mixed correlator, and will allow us to explore regions inaccessible

with the single correlator bootstrap. The bootstrap program for mixed correlators was developed in [5]

for the 3d Ising model, and extended in [24] for the more general O(N) models. The remarkable success

of the mixed correlator bootstrap in three dimensions is one of the main motivations for considering

mixed correlators in N = 2 SCFTs.

We start with a brief introduction to chiral operators, and then proceed to study the multiplets

being exchanged in the OPE, as well as the superconformal blocks that capture the contributions of

each superconformal family to the four-point function. Chiral correlators for identical operators were

studied in [7, 8] and in [11] for four-dimensional N = 1 and N = 2 theories respectively. The bootstrap

for chiral correlators in three dimensions was studied in [18, 19].

2.1 Chiral fields

The N = 2 superconformal algebra consists of the conformal generators {Pαα̇, Kαα̇,M β
α , M̄α̇

β̇
, D},

the R-symmetry SU(2)R × U(1)r generators {Rij , r}, and the fermionic Poincaré and conformal su-

percharges {Qiα, Q̄i α̇,Sαi , S̄i α̇}. Lorentz indices are denoted by α = ± and α̇ = ±̇, while SU(2)R
indices are i = 1, 2. Each multiplet consists of a superconformal primary annihilated by the super-

charges S and S̄, together with superconformal descendants obtained by repeated application of the

supercharges Q and Q̄. Apart from generic long representations in which the highest weight is uncon-

strained, there are several possible shortening conditions consistent with the superconformal algebra.

Multiplets are then labeled by the type of shortening condition they obey, together with the quantum

numbers of the superconformal primary (∆, j, ̄, R, r). We review these conditions and list all possible

unitary multiplets in appendix A.

In this work we are interested in chiral multiplets. These are shortened multiplets which can be

built starting from a superconformal scalar field φr that satisfies the chirality condition

[Q̄α̇ i, φr(0)] = 0 , (2.1)

where r is the U(1)r charge. Chiral multiplets satisfy ∆ = r while for antichiral multiplets we have

∆ = −r, with unitarity requiring r > 1 and −r > 1 respectively.1 The complete multiplet is obtained

by repeated action of the chiral supercharges Qiα and hence its name. Following the conventions of

[25] (reviewed in appendix A) we denote chiral multiplets as follows:

Chiral multiplet: Er ∆ = r . (2.2)

Antichiral multiplet: Ē−r ∆ = −r . (2.3)

And label their superconformal primaries by φr and φ̄−r respectively. As already stated, in this work

we will be concerned with four-point functions of superconformal primaries,

〈φr1(x1)φ̄−r1(x2)φr2(x3)φ̄−r2(x4)〉 , (2.4)

where φr1 and φr2 are not necessarily equal.
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G H0 H1 H2 D4 E6 E7 E8

c 11
30

1
2

2
3

7
6

13
6

19
6

31
6

r0
6
5

4
3

3
2 2 3 4 6

Table 1. Properties of the canonical rank one SCFTs associated to maximal mass deformations of the Kodaira
singularities [26–28]. We list the values of the c anomaly coefficients, and the U(1)r charge r0 of the generator
of the Coulomb branch chiral ring.

G USp(4)× U(1) USp(6)× SU(2) USp(10)

c 19
12

29
12

49
12

r0 3 4 6

Table 2. Properties of some of the “new” rank one SCFTs [29–33]. We list the flavor symmtry group G, the
values of the c anomaly coefficients, and the U(1)r charge r0 of the generator of the Coulomb branch chiral
ring. Unlike the rank one theories given in Tab. 1 these theories also have a mixed branch.

The Coulomb branch

Chiral multiplets are particularly relevant because of their relation to Coulomb branch physics. The

Coulomb branch of the moduli space of vacua of an N = 2 supersymmetric theory is parametrized by

the vacuum expectation value of chiral multiplets: 〈φr0〉, and the operators themselves belong to the

Coulomb branch chiral ring. The rank of an N = 2 theory is defined as the complex dimension of its

Coulomb branch, as given by the number of generators. For Lagrangian theories the rank coincides

with the rank of the gauge group, but the concept applies to non-Lagrangian theories as well.

Organizing N = 2 theories by its rank is a natural way to start a classification program for N = 2

SCFTs. A systematic study of rank one SCFTs was undertaken in [29, 30] using Seiberg-Witten

technology. The low-energy dynamics of the Coulomb branch is encoded in a family of elliptic curves

(the Seiberg-Witten curve) and in a one-form differential subject to some consistency conditions.

SCFTs are associated with scale-invariant singularities of the Seiberg-Witten curve, and it is known

that they coincide with a subset of Kodaira’s classification of degenerations of elliptic curves over one

holomorphic variable. From these singularities it is possible to construct a “canonical” set of solutions

corresponding to maximal mass deformations, which we list in Tab. 1. We also list in Tab. 2 some of

the “new” rank one theories obtained by submaximal deformations [29–33]. A scale-invariant solution

of the Seiberg-Witten curve does not guarantee the existence of an actual SCFT, however, for the list

presented in Tab. 1 there is an independent construction. This set of theories appears as the low-energy

description of a single D3 brane probing an F -theory singularity where the dilaton is constant [34].

These theories are often labeled by the type of singularity, given by G in Tab. 1, which corresponds

to the flavor symmetry of the theory, with Hi → Ai (the H0 theory has no flavor symmetry). Seeing

that understanding the rank one case is already a significant challenge, our hope is that the bootstrap

philosophy will work as a complementary approach by finding extra consistency conditions.2

Our setup for the four-point function of φr will be quite general, allowing for unequal chiral fields.

Thanks to the mixed correlator system we will be able to explore SCFTs of rank two, which could only

be studied indirectly with the single correlator system, by looking at the generators one at a time. The

1We follow the r charge normalizations of [25].
2We point out that a rank N version of the theories in Tab. 1 is obtained by having N D3 branes probing the

singularity [34], in this case the Coulomb branch generators have dimensions given by r0 , 2r0 , . . . , Nr0.
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mixed correlator bootstrap opens the possibility of varying r1 and r2 independently, probing regions

of the parameter space which were inaccessible with the single correlator bootstrap.

For example, we will be able to test numerically, for a range of r, if the Coulomb branch chiral

ring is freely generated. In particular, we will be able to check whether relations of the form

φr1 × φr2 ∼ 0 , (2.5)

are allowed. Relations of this type are not believed to exist [35], however, there is no rigorous proof

yet. In [11] absence of chiral ring relations was checked numerically for the case φr1 = φr2 for small

values of r, and now we will be able to extend these results for the case φr1 6= φr2 .

The systematic study of rank two theories was started in [36, 37], but it is substantially more

involved than the rank one case. Nevertheless, there is a large list of known rank two (and higher)

theories, see e.g., [35, 38–47], some of which could be accessible by the numerical techniques pursued

here.

The Zamolodchikov metric

Our results will also put constraints on the geometry of conformal manifolds ofN = 2 SCFTs. Consider

a moduli space M of exactly marginal deformations; the deformations sit in chiral multiplets of the

type E2 and Ē2. Indeed, one can check that the lowest component of this type of multiplet has the

appropriate quantum numbers to be added to a Lagrangian. The concept however is more general,

and we define the dimension of the conformal manifold as the number of E2 multiplets present in a

theory. If we have m such multiplets, we label their respective superconformal primaries as φa with

a = 1, . . . ,m, where m = dimCM is the complex dimension of the manifold. The Zamolodchikov

metric is defined through the two-point function,

〈φa(x)φ̄b̄(0)〉 =
gab̄
x4

. (2.6)

Choosing local holomorphic coordinates it is possible to set gab̄ = δab̄, which implies that the only

vanishing four-point function is,

〈φa(x1)φb(x2)φ̄c̄(x3)φ̄d̄(x4)〉 . (2.7)

The OPE on the φr1 × φr2 channel contains an E4 multiplet, following [48, 49] we write its associated

three-point coupling in terms of the Riemann tensor for the Zamolodchikov metric,

λ2
E4 ac̄bd̄ = −Rac̄bd̄ + δac̄δad̄ + δbc̄δad̄ . (2.8)

The bootstrap set up allows to put upper and lower bounds on the coefficient λ2
E4 , and thanks to

equation (2.8) they translate into constraints on the geometry of the conformal manifold.3 In [11],

using the single correlator setup it was possible to bound the diagonal component of the Riemann

tensor Raāaā (no summation), which for one-dimensional manifolds implies bounds on the curvature

scalar. Thanks to the mixed correlator bootstrap we will be able to explore non-diagonal components

Raābb̄ as well.

3Note that if the S4 partition function of a given SCFT is known, then the prescription of [50] allows the computation
of the Zamolodchikov metric.

– 5 –



2.2 The OPE and superconformal blocks

As a first step toward obtaining the superconformal blocks we must obtain the selection rules for the

various channels relevant for the double OPE of

〈φr1(x1)φ̄−r1(x2)φr2(x3)φ̄−r2(x4)〉 . (2.9)

We can take the OPE in three different ways: the chiral-chiral channel φr1 × φr2 , the antichiral-

chiral channel of equal dimensions φr1 × φ̄−r1 , and the antichiral-chiral channel of unequal dimensions

φr1 × φ̄−r2 . The multiplets appearing in the expansions are given by,

φr1 × φ̄−r1 ∼ 1 + Ĉ0(j,j) +A∆>`+2
R=0,r=0(j,j) ,

φr1 × φ̄−r2 ∼

{
Er1−r2 + Cr1−r2(j,j) +A∆>`+2+r1−r2

0,r1−r2(j,j) if r1 > r2

Ēr1−r2 + C̄r1−r2(j,j) +A∆>`+2+r2−r1
0,r1−r2(j,j) if r1 < r2

,

φr1 × φr2 ∼ Er1+r2 + B1,r1+r2−1(0,0) + C 1
2 ,r1+r2− 3

2 (j− 1
2 ,j)

+ B 1
2 ,r1+r2− 1

2 (0, 12 ) + C0,r1+r2−1(j−1,j) +A0,r1+r2−2(j,j) .

(2.10)

Note that unitarity requires the multiplet Er1−r2 to have r1 − r2 > 1, if not, the multiplet is absent.

Similarly, Ēr1−r2 only appears if r2− r1 > 1. In the above OPE the E multiplets are not the only ones

with a clear physical meaning. The Ĉ0(j,j) multiplets include conserved currents of spin 2j + 2, with

the j = 0 multiplet containing the stress tensor, while the B1,r1+r2−1(0,0) multiplet may be identified

with a mixed branch chiral ring operator (see e.g., [11, 30]). Note also that if the Er1−r2 multiplet is

present in the OPE, then Er1 must be a composite operator. These selection rules are a generalization

of the single correlator case, and reduce to those if one sets r1 = r2 and imposes Bose symmetry.

For the chiral-antichiral channels one can show, e.g., by a superspace calculation, or as sketched in

appendix B of [11], that multiplets can appear in the OPE if and only if their superconformal primary

also appears. Then the OPE follows from listing all the multiplets whose superconformal primaries

have the right quantum numbers, namely j1 = j2 = j and obey the SU(2)R and U(1)r selection rules.

For the φr1 × φr2 channel each superconformal multiplet contributes with a single conformal family.

The selection rules are obtained simply by enumerating all superconformal multiplets that contain a

conformal descendant with the appropriate quantum numbers, which is also annihilated by Q̄ and S̄
(see appendix B of [11]).

The φr1 × φr2 channel

Since in the φr1 ×φr2 channel each multiplet contributes with a single conformal family the blocks are

simply the conformal blocks of that family. The conformal blocks that contribute in this channel are

then as follows:

A0,r1+r2−2(j,j) : (−1)`g∆,` , ∆ > 2 + r1 + r2 + ` ,

B1,r1+r2−1(0,0) : g∆=r1+r2+2,`=0 ,

C 1
2 ,r1+r2−

3
2 (j− 1

2 ,j)
: (−1)`g∆=r1+r2+`+2,` , ` > 1 ,

Er1+r2 : g∆=r1+r2,`=0 ,

B 1
2 ,r1+r2− 1

2 (0, 12 ) : − g∆=r1+r2+1,`=1 ,

C0,r1+r2−1(j−1,j) : (−1)`g∆=r1+r2+`,` , ` > 2 ,

(2.11)
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where ` = 2j and the blocks g∆,` are given in (B.13). These reduce to the selection rules of [11] when

r1 = r2 after imposing Bose symmetry. Note that the first two classes of short representations lie at

the unitarity bound for long multiplets, and their blocks are simply the specializations of the long

multiplet block to appropriate values of ∆ and `. This follows directly from the decomposition of the

long multiplet at the unitarity bound given in (A.4) and (A.6). On the other hand, the last three

classes of short representations are separated from the continuous spectrum of long multiplets by a

gap. Whenever r1 6= r2 (or if r1 = r2 but the two operators are different) both even and odd spins

can appear.

There are additional short multiplets allowed when r1 = r2 = 1:

D1(0,0) , Ĉ 1
2 (j− 1

2 ,j)
, D 1

2 (0, 12 ) , Ĉ0(j−1,j) . (2.12)

The conformal blocks for these representations are g∆=4,`=0, g∆=`+4,` with ` > 1, g∆=3,`=1 and

g∆=`+2,` with ` > 2, respectively. These blocks are actually identical to some of those appearing in

(2.11). This means their contributions are indistinguishable from the blocks we already have and we

can therefore ignore them.

The φr1 × φ̄−r2 channel

As stated above, there are several channels in which the OPE decomposition can be implemented.

However, the chiral-antichiral channel φr1×φ̄−r2 is the only one that has an associated superconformal

block. That is, a block that can be written as a finite sum of bosonic blocks with the coefficients fixed

by supersymmetry. The superconformal block for the φr1 × φ̄−r1 channel was computed in [51], and

while the one for the φr1 × φ̄−r2 channel is not in the literature, it can be obtained using the same

techniques. We now give an outline of this calculation and refer the reader to appendix B for more

details. The most efficient way to do this calculation is using the embedding space techniques of

[51], where the block is obtained by solving an eigenvalue equation for the Casimir operator of the

superconformal group. For chiral multiplets with unequal dimensions we expect an expansion of the

form

〈φr1(x1)φ̄−r2(x2)φr2(x3)φ̄−r1(x4)〉 =

1

|x12|∆1+∆2 |x34|∆1+∆2

∣∣∣∣x24

x14

∣∣∣∣∆12
∣∣∣∣x14

x13

∣∣∣∣−∆12 ∑
O

(−1)`λ12̄Ōλ21̄OG∆12
(u, v) , (2.13)

where ∆ij = ∆i −∆j . Acting with the Casimir

L2G(u, v) = Cr,∆,` Gr(u, v) , (2.14)

where r = ∆12 and Cr,∆,` is the eigenvalue of a multiplet with labels (∆, `, R = 0, r):

Cr,∆,` = `(`+ 2) + ∆2 − r2 . (2.15)

The solution to this differential equation can be obtained by writing the Casimir in the embedding

space where the superconformal generators are linear operators. The key observation of [51] is that the

Ward identities constrain this correlator to be a function of two superconformal invariants, which are

supersymmetric versions of the standard u and v cross-ratios. Once a differential equation is obtained,

it is easy to project to four dimensions and the resulting differential operator can be identified with

the one studied by Dolan and Osborn in [52]. The calculation then mimics the purely bosonic case

– 7 –



and the answer is a bosonic block with shifted arguments:

Gr(u, v) =
zz̄

z − z̄
(k∆+`(z)k∆−`−2(z̄)− z ↔ z̄) ,

kβ(z) = z
β
2 2F1

(
β − r

2
,
β − r + 4

2
, β + 2; z

)
.

(2.16)

As a first consistency check, it is easy to see that for r = 0 this expression reduces to the superconformal

block obtained in [51]. For this function to describe a superconformal block one should also be able to

decompose it as a finite sum of bosonic blocks, this is indeed possible and we present the expansion in

appendix B. The above superconformal block therefore encodes the contribution of all the conformal

families belonging to theA∆>`+2+r1−r2
0,r1−r2(j,j) multiplet contributing to the four-point function at hand. Note

that the superconformal blocks for the Cr1−r2(j,j) representation are obtained by simply specializing

(2.16) to the case ∆ = r1 − r2 + ` + 2 (as follows from (A.4)), while the block for Er1−r2 is obtained

when setting ∆ = r1 − r2 and ` = 0. For r = 0 the superconformal block encodes the contribution of

the A∆>`+2
R=0,r=0(j,j) multiplet, and specializing to ∆ = ` + 2 one obtains a Ĉ0(j,j) multiplet, as follows

from the decomposition given in (A.3). In the case r = 0 the identity multiplet also appears, and it

contributes with a constant block set to one (which can also be found from the superblock by taking

the limit ∆ = ` = 0). All in all, expression (2.16) encodes the blocks for all the multiplets being

exchanged in the φr1 × φr2 channel.

It will be useful for later to work out the superconformal block with a different ordering of the

fields,

〈φ̄−r2(x1)φr1(x2)φr2(x3)φ̄−r1(x4)〉 =

1

|x12|∆1+∆2 |x34|∆1+∆2

∣∣∣∣x24

x14

∣∣∣∣−∆12
∣∣∣∣x14

x13

∣∣∣∣−∆12 ∑
O

(−1)`λ2̄1Ōλ21̄OG̃∆12
(u, v) . (2.17)

In this case the superconformal blocks are

G̃r(u, v) =
zz̄

z − z̄

[
k̃∆+`(z)k̃∆−`−2(z̄)− z ↔ z̄

]
,

k̃β = z
β
2 2F1

(
β + r

2
,
β − r

2
;β + 2; z

)
.

(2.18)

2.3 Crossing equations

We are finally ready to write down the system of crossing equations. As shown in [5], in order

to have positivity (in the sense described in the following subsection) in the (〈φr1(x1)φ̄−r1(x2)) →
(φr2(x3)φ̄−r2(x4)) channel of the double OPE, we must also consider the crossing equations for the

〈φ̄iφiφ̄iφi〉 correlator, with i = 1, 2. These were derived in [11], and for convenience are reproduced in

(C.3). (Note that all of the mixed correlator crossing equations obtained in this subsection reduce to

the three crossing equations for a single correlator if we take the dimensions to be equal.)

We now focus on obtaining the crossing equations for the mixed correlator. For that we must take

all possible double OPE limits, corresponding to the different orderings of the operators. To easily

obtain all the different orderings, we write the correlator with all dimensions arbitrary, constrained

only by −∆4 + ∆3 + ∆1 −∆2 = 0, and then set the dimensions equal pairwise in different ways. As a
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result we only need to consider the following two orderings of the operators:

〈φ̄2(x1)φ1(x2)φ3(x3)φ̄4(x4)〉

=
1

x∆1+∆2
12 x∆3+∆4

34

(
x24

x14

)−∆12
(
x14

x13

)∆34 ∑
O∈φ̄2φ1,O∈φ3φ̄4

(−1)`λφ̄2φ1Oλφ3φ̄4OG̃
−∆12,∆34(u, v)

=
1

x∆2+∆4
14 x∆1+∆3

23

(
x24

x12

)∆24
(
x12

x13

)−∆13 ∑
Ō∈φ̄2φ̄4,O∈φ3φ1

(−1)`λφ3φ1Oλφ̄2φ̄4Ōg
∆24,−∆13(v, u) ,

(2.19)

and

〈φ1(x1)φ̄2(x2)φ3(x3)φ̄4(x4)〉

=
1

x∆1+∆2
12 x∆3+∆4

34

(
x24

x14

)∆12
(
x14

x13

)∆34 ∑
O∈φ1φ̄2,O∈φ3φ̄4

λφ1φ̄2Oλφ3φ̄4O(−1)`G∆12,∆34(u, v)

=
1

x∆1+∆4
14 x∆2+∆3

23

(
x24

x12

)∆14
(
x12

x13

)−∆23 ∑
O∈φ1φ̄4,O∈φ3φ̄2

λφ1φ̄4Oλφ3φ̄2Ō(−1)`G∆14,−∆23(v, u) .

(2.20)

Here the superconformal blocks are defined as in (2.16) and in (2.18), with the addition that we

keep track of the external dimensions, but once these are set equal pairwise, all the blocks reduce

to the ones obtained in the previous subsection. We recall that in the chiral-chiral channel each

superconformal multiplet contributes with a single conformal primary, and the superconformal blocks

are simply conformal blocks.

To get the first set of equations we take ∆1 = ∆4 and ∆2 = ∆3, and find the following two crossing

equations:

u
∆1+∆2

2

∑
λφ2φ1Oλφ̄2φ̄1Ō(−1)`g−∆12,−∆12(v, u) = v

∆1+∆2
2

∑
λφ̄2φ1Oλφ2φ̄1O(−1)`G̃−∆12,−∆12(u, v) ,

(2.21)

v∆2

∑
λφ1φ̄2Oλφ2φ̄1O(−1)`G∆12,−∆12(u, v) = u

∆1+∆2
2

∑
λφ1φ̄1Oλφ2φ̄2O(−1)`G0,0(v, u) . (2.22)

Note that we have left the OPE coefficients as they came out of (2.19) and (2.20), but we know how to

re-order the fields using braiding: λ12O = (−1)`λ21O. (We take λ123 real for real fields, which implies

λ∗123 = λ1̄2̄3̄ for complex fields.) The superblocks G0,0 is simply (2.16) with r = 0, i.e., the same block

as for the correlator of identical fields.

If we instead take ∆1 = ∆2 and ∆3 = ∆4 (and rename ∆3 → ∆2) we find:

u∆2

∑
λφ2φ1Oλφ̄1φ̄2Ō(−1)`g∆12,−∆12(v, u) = v

∆1+∆2
2

∑
λφ̄1φ1Oλφ2φ̄2O(−1)`G̃0,0(u, v) , (2.23)

v
∆1+∆2

2

∑
λφ1φ̄1Oλφ2φ̄2O(−1)`G0,0(u, v) = u∆2

∑
λφ1φ̄2Oλφ2φ̄1O(−1)`G∆12,−∆12(v, u) . (2.24)

Note that Eq. (2.22) and (2.23) are the same, up to u ↔ v. All in all, the full set of crossing

symmetry equations for the mixed correlator consists of (2.21), (2.22) and (2.23), together with the

same equations with u↔ v.
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Combining these equations with the crossing equations for a single correlator (C.3) we get a system

of 12 crossing equations, given explicitly in (C.7), in which positivity is manifest in all channels. This

is the final system of crossing equations that is ready to be analysed numerically, with the methods

reviewed in the following subsection.

As a final note we point out that in the double OPEs that include the exchange of the identity

operator we fix its OPE coefficient to one, thereby fixing the two point functions to have unit normal-

ization, as is conventional. As a result of this normalization the OPE coefficient of the stress tensor

is related to the c central charge of the theory. Making use of the decomposition of the stress tensor

superconformal block in conformal blocks (given in (B.16)), which relates the OPE coefficient of the

stress tensor to that of its superconformal primary, we fix the OPE coefficient of the stress tensor

multiplet in terms of the central charge. In the end one finds that the Ĉ0,(0,0) block contributes to the

crossing equations as:

λφiφ̄iO∆=2,`=0
λφj φ̄jO∆=2,`=0

=
∆i∆j

6c
. (2.25)

Moreover, since we are interested in interacting theories, we can set to zero the OPE coefficient of the

Ĉ0,(j,j) multiplets with j > 0, as these include conserved currents of spin greater than two [53, 54]. In

practice this is tricky to achieve if we make no assumptions about the spectrum of long operators with

spin j, as a long multiplet arbitrarily close to the unitarity bound mimics precisely these multiplets

due to the decomposition (A.3).

2.4 Numerical Implementation

To constrain the CFT data featuring in the crossing equation (C.7) we proceed numerically. In this

section we simply provide a short summary of how this is accomplished, and refer the reader to [5]

where the numerical bootstrap techniques for mixed correlators were first developed. Schematically,

the crossing equation takes the following form

∑
i

∑
Oi

|λOi |2
−→
V i,Oi(z, z̄) +

∑
O

(λ∗1O λ∗2O)
−→
MO(z, z̄)

(
λ1O
λ2O

)
= −
−→
V fixed(z, z̄) , (2.26)

where i runs over the four different channels comprised in the first the two lines of (C.7), and Oi
denotes the operators exchanged in channel i. Here

−→
V i,Oi are 12−dimensional vectors, and

−→
MO a

12−dimensional vector of 2 × 2 matrices. When considering a single correlator only the first type of

terms appear. The contributions to
−→
V fixed, given in (C.8), come from the identity operator and from

the stress tensor multiplet, if the central charge is being fixed.

Then the idea, pioneered in [1], is to rule out a trial CFT data by showing the the crossing

equations can never be satisfied. In the original work the crossing equation was analysed using linear

programming techniques, and as shown in [5], a crossing equations of the form (2.26) can be studied

using semi-definite programming. An ansatz about the spectrum of operators can be ruled out if we

can find a non-trivial linear functional such that

−→
Φ ·
−→
V i,Oi(z, z̄) > 0 , for all Oi in the trial spectrum ,

−→
Φ ·
−→
MO(z, z̄) < 0 , for all O in the trial spectrum ,

−→
Φ ·
−→
V fixed(z, z̄) = 1 , (2.27)

where the functional acts on each entry of the matrix
−→
M , and < means the resulting matrix is positive

semi-definite. If such a functional exists we have reached a contradiction: all the terms on the left
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hand side of (2.26) are non-negative, while the right hand side is negative.

Similarly we can obtain bounds on OPE coefficients of the operator O? contributing to the crossing

equations as
−→
V O?(z, z̄) by performing the following optimization:

Maximize
−→
Φ ·
−→
V fixed(z, z̄) , subject to: ,

−→
Φ ·
−→
V i,Oi(z, z̄) > 0 , for all Oi 6= O? in the trial spectrum ,

−→
Φ ·
−→
MO(z, z̄) < 0 , for all O in the trial spectrum ,

−→
Φ ·
−→
V O?(z, z̄) = 1 . (2.28)

Denoting the maximum of
−→
Φ ·
−→
V fixed(z, z̄) by M , and pulling the operator O? out of the sums in

(2.26), we find

λ2
O? 6 −M . (2.29)

In particular this allows us to obtain bounds on the central charge, by taking O? to be the stress

tensor multiplet, in which case
−→
V O? is given by the c−dependent part of (C.8), and we remove its

contribution from
−→
V fixed. Since the OPE coefficient of the stress tensor multiplet depends on 1/c the

upper bound on the OPE coefficient translates into a lower bound on the central charge. Note that if

M is positive the above bound is in contradiction with unitarity and the trial spectrum is ruled out.

To obtain a lower bound on a OPE coefficient we have to demand
−→
Φ ·
−→
V O?(z, z̄) = −1, with the

same optimization problem as before yielding

λ2
O? >M . (2.30)

However this problem is only solvable if we can consistently impose the functional to be negative on−→
V O?(z, z̄) and positive on everything else listed in (2.28), i.e., if the block corresponding to O? is

isolated from the rest of the blocks.

The search space of functionals is made finite by picking a basis of derivatives with respect to z

and z̄, evaluated at the crossing symmetric point (z = z̄ = 1
2 ), and truncating it as

−→
Φ =

n+m6Λ∑
n,m

Φm,n∂
m
z ∂

n
z̄ |z=z̄= 1

2
. (2.31)

A further truncation that must be made is in the sum over the spectrum of operators. The selection

rules include multiplets of arbitrarily large spin, which must be truncated at some maximum spin `max..

In practice, the choice of this cutoff depends on the truncation Λ, and we have checked that our choices

do not affect significantly the results. A careful examination of the dependence on this truncation has

been performed in [55]. To deal with arbitrary continuous dimensions, ∆, of the superconformal blocks

we follow the approach originally developed in [8] of approximating the conformal blocks by positive

functions times polynomials in ∆, reducing the problem of finding the functionals to a semi-definite

programming problem. To obtain this polynomial approximation we series expand the blocks using

the radial coordinates of [56]. All in all, the problem of finding functionals satisfying the various

requirements has been reduced to a semi-definite programming problem, for which we use the SDPB

arbitrary precision solver of [6].

By finding a functional
−→
Φ with cutoff Λ we are effectively showing that there is no solution to

the Taylor expansion of the crossing equations, evaluated at the crossing symmetric point, to order
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Λ. Therefore, at each order Λ we find valid bounds on the CFT data, that improve as Λ is increased.

Moreover, while inside the allowed region there can be multiple solutions to the truncated crossing

equations, when the numerical bounds are saturated there is a unique solution. This was first observed

in [7, 57], and has been used extensively in [3] when solving the three-dimensional Ising model, and

when studying the six-dimensional (2, 0) A1 theory in [20]. This unique solution can be reconstructed

by analysing the functional
−→
Φ , at each order Λ, providing an approximate solution to the full crossing

symmetry equations.

3 Results for the single correlator bootstrap

We start by taking a closer look at the bootstrap for a single four-point function. This correlator

was studied in [11] where the focus was mostly on the φr1 × φ̄−r1 OPE. From (2.10), after imposing

the absence of higher-spin currents, the only unknown information in this channel corresponds to

the OPE coefficient of the stress-tensor multiplet – related to the central charge – and the scaling

dimensions and OPE coefficients of the unprotected long multiplets A∆
0,0,(j,j). In [11], the CFT data

was constrained by obtaining an upper bound on the dimension of the first unprotected long scalar

operator, and a lower bound on the central charge. While for large external dimension the central

charge bound are relatively weak, for small external dimension they become stronger, with the central

charge of the H0 theory of Tab. 1 appearing relatively close to the numerically excluded region. This

left open the possibility that, as Λ→∞, the bound might converge to c > 11
30 for r1 = 6

5 .

For the φr1 × φr1 OPE the analysis of [11] only considered the coefficient of the E2r1 multiplet, in

this work we will further explore this channel. For identical scalars the last line of (2.10) becomes,

φr1 × φr1 ∼ E2r1 + B1,2r1−1(0,0) + C0 2r1−1(j−1,j) + C 1
2 ,2r1−

3
2 (j− 1

2 ,j)
+A0,2r1−2(j,j) , (3.1)

where now by Bose symmetry only operators with even spin ` = 2j can appear. The unknown

information probed by this OPE amounts to the following quantities:

• OPE coefficients of the short multiplets E2r1 and C0,2r1−1(j−1,j). The dimensions of these multi-

plets are isolated from the continuum of long multiplets by a gap.

• OPE coefficients of the short multiplets B1,2r1−1(0,0) and C 1
2 ,2r1−

3
2 (j− 1

2 ,j)
. These multiplets sit

at the beginning of the continuum of long multiplets.

• Dimensions and OPE coefficients of the long A0,2r1−2(j,j) multiplets.

Unlike in the φr1 × φ̄−r1 channel, we now have a larger number of short multiplets. It is useful to

understand either by physical motivations or the bootstrap itself, which of these short multiplets are

present. While the physical interpretation of most of these multiplets is not immediately obvious, the

E2r1 and B1,2r1−1(0,0) multiplets may be identified respectively with Coulomb and mixed branch chiral

ring operators (see for example [11, 30, 35]) making them an interesting target for the bootstrap.4

A noteworthy difference between these two multiplets is that, as stated above, E2r1 is isolated by a

gap from the spectrum of unprotected long multiplets, while B1,2r1−1(0,0) sits precisely at the long

multiplet unitarity bound. As such, both upper and lower bounds on the OPE coefficient of E2r1
can be obtained, while only upper bounds can be obtained for B1,2r1−1(0,0). Note that for theories

without a mixed branch, as is the case for the canonical rank one theories of Tab. 1, B1,2r1−1(0,0) must

4This identification is conjectural, and it might happen that these multiplets are present without corresponding to
flat directions.
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be absent, and therefore one should not expect to obtain a (non-trivial) lower bound on the OPE

coefficient of this multiplet. On the other hand, one can hope to single out theories without a mixed

branch by imposing the absence of this multiplet. This is explored in section 3.3 when we focus on

the rank one H0 theory.

3.1 Bounds on C OPE coefficients

From [11] we know that the lower and upper bounds on λ2
E2r1

are very close for small values of r1,

restricting the OPE coefficient to lie in a small range. Similarly, the family of multiplets C0,2r1−1(j−1,j)

is separated from the continuum of long operators by a gap, and their OPE coefficients are also

constrained to a range. In this section we will concentrate on C0,2r1−1(0,1), the first multiplet of this

family. The bounds can be obtained for arbitrary central charge c, but one can also fix it to some

particular value in order to bootstrap a specific theory. We present our results in Fig. 1 for the

arbitrary c case, and they will be compared in section 3.3 with the ones for c = 11
30 , which corresponds

to the H0 theory.

1.0 1.5 2.0 2.5 3.0
-1

0

1

2

3

4

r1

λ
2

1.190 1.195 1.200 1.205 1.210
0.455

0.460

0.465

0.470

0.475

0.480

r1

λ
2

Figure 1. Upper and lower bound on C0,2r1−1(0,1) for Λ = 12, 16, 20. The panel on the right zooms in the
region around r1 = 6

5
in order to single out the H0 family.

The figure shows upper and lower bounds for a range of r. Simple extrapolation seems to imply

that both upper and lower bound will converge to the same number for r = 1, namely, λ2
C = 1

3 which

corresponds to free field theory.5

Is also interesting to look at the value r = 6
5 which corresponds to the H0 family of theories. We

have zoomed in this region on the right figure. Both upper and lower bounds appear to be close to

their optimal values, and it seems that they will not converge to the same line; there will be a range of

allowed values for this coefficient. To understand this, let us recall that an infinite number of theories

fall within that range: all the rank N H0 theories. They are characterized by a lowest dimensional

generator of dimension r = 6
5 and, in the single correlator setup, can be distinguished by their central

charge c. In Fig. 1 we have been agnostic about the value of c, and it is therefore not surprising that

the bound at r = 6
5 allows for a range. To recap, we have proved numerically that the coefficient λ2

C
is constrained to lie in the range

0.465 < λ2
C < 0.470 for all rank N H0 theories. (3.2)

5Our numerics became unstable for r = 1, so we plotted starting from r = 1.01 instead.
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By fixing r = 6
5 in the crossing equations we have bootstrapped the λ2

C coefficient for all the rank N

theories to ∼ 0.5% precision. This coefficient is not protected by supersymmetry, and because there is

no Lagrangian description for the H0 family, the bootstrap is the only tool available for the calculation

of this quantity.

The end point of the lower bound in Fig. 1 is also of interest. One of the lessons the numerical

bootstrap has taught us is that kinks are associated with the vanishing of OPE coefficients. The

3d Ising model kink can be identified in this way as shown in [3]. The same phenomenon was also

observed in the supersymmetric Ising model [18, 19], and in 4d N = 1 theories in [7, 10]. From Fig. 1

however, there does not seem to be a fixed point where the lower bound converges. The spacing of the

lines is diminishing, but this seems to be associated with the derivative expansion: higher derivative

terms correspond to smaller corrections. No special value of r1 is being singled out, and therefore we

do not expect a kink associated with the vanishing of the C0,2r1−1(0,1) multiplet.

3.2 Dimension bounds for the chiral channel

We now turn to the unprotected multiplets A∆primary

0,2r1−2(j,j). We will focus only on spin zero operators,

and on their dimensions, leaving the study of the respective OPE coefficients for future work. Unitarity

requires the dimension of the superconformal primary of this multiplet obeys ∆primary > 2 r1 + 2j,

with the superconformal descendant contributing to the correlator having dimension ∆descendant =

∆primary + 2. Thus, numerical bounds on the descendant can be easily translated to bounds on the

superconformal primary. In what follows we present bounds on the dimension of the descendant. As

found in the previous subsection, the short multiplet C0,2r1−1(0,1) must necessarily be present (at least

for external dimensions smaller than ∼ 2.8) and we therefore include it in the expansion. Similarly,

the higher spin C0,2r1−1(j−1,j) multiplets are expected to have lower bounds analogous to the one in

Fig. 1, and should be included in the analysis, at least for small values of r1.

Now, the B1,2r1−1(0,0) multiplet lies precisely at the unitarity bound of A∆primary

0,2r0−2(0,0), and its

inclusion or exclusion can be physically motivated, depending on whether we are interested in theories

with or without a mixed branch. In what follows we explore both possibilities. For the remaining

short multiplets at the unitarity bound, the C 1
2 ,2r1−

3
2 (j− 1

2 ,j)
family for j ≥ 1, there is no such physical

interpretation. However, since no gap is being imposed in the spinning channels, and a long multiplet

at the bound precisely mimics the presence of a C 1
2 ,2r1−

3
2 (j− 1

2 ,j)
multiplet, their presence or absence

makes no difference for the numerical implementation. In what follows the central charge is also left

unfixed.

The upper bound on the dimension ∆descendant is shown in Fig. 2 both allowing (solid) and

disallowing (dashed) for the B1,2r1−1(0,0) multiplet. Different ranges of the external dimension are

shown on the left and right. The right plot shows only the Λ = 20 curves. We have also marked with

black dots the external dimensions of known theories (see Tabs. 1 and 2), taking into account whether

they have a mixed branch. These dots provide an upper bound for the operators in said theories.

While the bounds obtained allowing for the presence of the B1,2r1−1(0,0) are very slow in conver-

gence, if one aims to bootstrap theories for which this multiplet is not present convergence is much

better, especially for small external dimensions. This is particularly relevant for the bootstrap of the

H0 theory discussed in the next subsection. It is interesting to note that for external dimensions either

smaller than ∼ 2.4 or larger than ∼ 2.6 (for Λ = 20) the bound with the short multiplet removed is

stronger. This is expected because disallowing the B1,2r1−1(0,0) multiplet means there are less positiv-

ity conditions on the functional. There is a range around ∼ 2.5 in which the solid bound approaches

the dashed one. In the grid we are plotting they seem to coincide, although this might change with
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Figure 2. Bound on the dimension of the first unprotected scalar in the chiral channel for Λ = 12, 16, 20.
The solid (dashed) line allows (disallows) the short B1,2r1−1(0,0) multiplet. The dimensions shown correspond
to the superconformal descendant that makes an appearance in the OPE. The black dots mark the external
dimension corresponding to known theories listed in Tabs. 1 and 2, and they are drawn on the bounds allowing
or disallowing for the short multiplet according to whether or not these theories have a mixed branch.

better tolerance. It would be interesting to understand what drives the solid bound and why it looses

strength compared to the dashed one in that range.

3.3 The rank one H0 theory

Until this point we have avoided making assumptions that are not shared by all N = 2 SCFTs, since

our goal so far has been to obtain generic constraints on the CFT data. In this subsection we will

change gears and focus on a specific theory instead. A natural candidate for this analysis is the rank

one H0 theory, which is the simplest of the canonical rank one N = 2 theories listed in Tab. 1. It

corresponds to the N = 1 case in the (A1, A2N ) family of Argyres-Douglas theories, and it also appears

as the low-energy description of a single D3-brane probing an F -theory singularity of type H0 [34].

It has been conjectured that the H0 theory has a closed subsector of operators described by the

two-dimensional Yang-Lee minimal model [58]. It is a noteworthy fact that the 2d theory associated

to H0 can be identified as a minimal model. This conjecture is part of the more general construction

of [59], where it was observed that any N = 2 SCFT has a subset of operators described by a 2d chiral

algebra. The central charge of this 2d chiral algebra matches the one of the Yang-Lee minimal model,

and the Schur index of the 4d theory seems to match the 2d vacuum character of the minimal model

[60]. Moreover, using the 2d chiral algebra construction, it was shown in [61] that H0 has the lowest

possible value of the central charge c among interacting N = 2 SCFTs.

It seems that the H0 theory sits in a special place in the landscape of N = 2 SCFTs. It minimizes

the central charge and does not have flavor symmetries, which simplifies its operator content. It is also

suggestive that it has a subsector described by the Yang-Lee model, which is one of the paradigmatic

examples of a solvable model. A further piece of information is that it does not have a mixed branch,

and therefore the B1,2r1−1(0,0) multiplet is absent from the φr1 × φr1 OPE. Finally, crucial CFT data

like the external dimension r = 6
5 and the central charge c = 11

30 are known. Altogether, this makes the

bootstrap program more likely to succeed for this theory, and we will try to leverage this information

in order to corner H0 and make specific statements about its operator spectrum.

This subsection is divided in two parts. In the first part we obtain upper bounds for operator

dimensions, and speculate where inside the bound H0 sits. To make definite statements, we will work
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under the hypothesis that the numerical minimum of the central charge will converge to 11
30 for Λ→∞.

In the second part we constrain the OPE coefficients of the E2r1 and C0,2r1−1(0,1) multiplets for the

rank one H0 theory, now setting c = 11
30 by hand. The allowed ranges for the last of these coefficients

is significantly reduced when compared to the C0,2r1−1(0,1) range of section 3.2. The improvement is a

consequence that the central charge is now fixed, instead of being arbitrary.

Let us start by asking what characterizes the solution with the minimum central charge (for

r1 = 6
5 ), and if its features are consistent with the H0 theory. Because H0 does not have a mixed
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Figure 3. Left: Upper bound on the OPE coefficient of the BR=1,r=2r1−1(0,0) multiplet, for external dimension
r1 = 6

5
, as a function of the central charge at Λ = 12. The vertical dashed line corresponds to the minimum

central charge allowed numerically with Λ = 12. Right: Minimum allowed central charge for varying Λ, the
dashed horizontal line marks the central charge of the rank one H0 theory. The middle orange line shows a
linear fit to all the data points, while the top and bottom blue lines show fits to different subsets of the points.

branch, we actually know where to look. In Fig. 3 we present an upper bound on the OPE coefficient

of the B1,2r1−1(0,0) multiplet as a function of the central charge, keeping the external dimension fixed

at r1 = 6
5 . Unitarity, which requires λ2

B > 0, combined with the numerical upper bound restricts the

coefficient to lie in the unshaded region. The upper bound, plotted for Λ = 12, crosses zero precisely

at the numerical central charge lower bound, cmin, for the same Λ. The bound becomes negative to

the left of this point, implying that there is no unitary solution to crossing symmetry for c < cmin.

The simplest interpretation is that the vanishing of this OPE coefficient is responsible for the central

charge bound. This is reminiscent of what happens with the six-dimensional A1 theory studied in

[20]. The hypothesis then is that when Λ → ∞, cmin → 11
30 , and at that point there will be a unique

solution to crossing, as discussed in section 2.4. This solution will have r1 = 6
5 , c = 11

30 , and λ2
B = 0,

and should therefore correspond to the H0 theory.

3.3.1 Scalar bound for H0

The dashed curve bound in Fig. 2 for r1 = 6
5 implies the dimension of the first long scalar operator

in the φr1 × φr1 channel must obey 4.4 ≤ ∆0 . 4.92, where the lower end follows from the unitarity

bound for this multiplet. As in the previous subsection we present the dimension of the superconformal

descendant that appears in the OPE. We now want to understand which solution to crossing symmetry

saturates the bound, and if it corresponds to the H0 theory. For that we assume the first long scalar

∆0 has a given dimension, lying in the allowed range, and ask what is the bound on the second long

scalar ∆′0. This is shown in Fig. 4 in black and blue.
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Figure 4. Left: Bound on the dimension of the second long scalar ∆′0 in the φφ channel as a function of the
dimension of the first long scalar ∆0, for external dimension r1 = 6

5
. The central charge is left arbitrary and

Λ = 14, 16, 18, 20. The black curve corresponds to the region where the short multiplet is required to have
a positive OPE coefficient. The shaded black region is always excluded, and the shaded blue region only if
one demands the absence of the B1,2r1−1(0,0) short multiplet. Right: Upper and lower bounds on the OPE
coefficient of the B1,2r1−1(0,0) multiplet, as a function of the dimension of the first long scalar ∆0.

The figure has a characteristic kink which signals the transition between two regimes. To the right

of the kink (black curve), the B1,2r1−1(0,0) multiplet is always present, because for ∆0 & 4.92, its OPE

coefficient is required to be positive, as it must lie in the unshaded region of the plot on the right side

of Fig. 4.6 To the left of the kink (blue curve), the lower bound for B1,2r1−1(0,0) disappears and the

multiplet can be safely removed. This in an example of what we discussed in section 3.1: a kink in a

scalar bound is a consequence of the vanishing of an OPE coefficient.

The results so far do not clarify where inside the bound the H0 theory sits. Let us repeat the

analysis, but now fixing the central charge to several values. In Fig. 5 we show the same arbitrary

central charge bound (at Λ = 16) overlapped with curves in red, yellow and green obtained by fixing

c to 3
10 , 11

30 , and 17
12 . The first of these values is close the numerical central charge bound at Λ = 16

(∼ 0.275), while the last two correspond to the rank one and rank two H0 theories respectively. Because

the long multiplet A∆
0,0(0,0) mimics the contribution of the stress-tensor multiplet when ∆ ∼ 2, the

lines in Fig. 5 should be interpreted as representing a range of central charges: c 6 3
10 , c 6 11

30 , and

c 6 17
12 .

One conclusion that can be immediately drawn from these results is that the bound for arbitrary

central charge to the left of the kink (in blue) is being controlled by the large central charges. At the

minimum allowed numerical central charge, a big portion to the left of the kink is ruled out. Reducing

the central charge has the effect of carving the allowed region away from the kink, while keeping the

region near the kink untouched. Recalling that for the minimum numerical central charge there is a

unique solution to the truncated crossing equations, and that, from Fig. 3, the B1,2r1−1(0,0) multiplet

should be absent in said solution, this suggests the position of the kink corresponds to the minimum

central charge theory. If the minimum central charge reaches 11
30 as Λ → ∞, then this last statement

applies to the rank one H0 theory, implying that the theory is the unique solution to the crossing

equations for r1 = 6
5 and c = 11

30 , with the position of the kink giving an estimate on the dimension of

the two lowest operators in the chiral channel. Altogether, the possibility that the H0 theory saturates

6With a gap of ∆0 being imposed we can obtain both lower and upper bounds on the B1,2r1−1(0,0) OPE coefficient.
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Figure 5. Bound on the dimension of the second long scalar ∆′0 in the φr1 × φr1 channel as a function of
the dimension of the first long scalar ∆0, for external dimension r1 = 6

5
with Λ = 16. The different colors

correspond to different central charges.

the numerical bound of ∆ . 4.92 seems plausible, and at the least it warrants further investigation.

3.3.2 OPE bounds for H0

We now turn to bounding the OPE coefficients of the isolated short multiplets, where lower and upper

bounds can be obtained. These OPE coefficients are bounded to very narrow ranges, confirming once

again the usefulness of the numerical bootstrap program. In this section we set the central charge

to c = 11
30 and the results do not rely on any assumption regarding the Λ → ∞ limit. The bounds

obtained here are rigorous, and can only improve for higher Λ.

The E2r1 multiplet was bounded in Fig. 24 of [11] for various central charges and external dimen-

sions. We now provide in Fig. 6 a slice of that plot with the central charge constrained to c ≤ 11
30 (recall

the discussion of the previous section regarding the inequality), and with the external dimension close

to r1 = 6
5 . This implies the following bound:

2.13 < λ2
E2×6/5

< 2.20 for the rank one H0 theory. (3.3)

The situation gets better if one looks at the OPE coefficient of the C0 2r1−1(0,1) multiplet, which in

Fig. 1 had already been constrained to lie in a very narrow interval. If in addition we require c 6 11
30 ,

this range gets reduced further:

0.467 < λ2 < 0.470 for the rank one H0 theory. (3.4)

All other C0,2r1−1(j−1,j) multiplets can be bootstrapped in a similar manner, and it seems plausible

that they will lead to strong bounds as well. Finally, we note that if the speculations of the previous

subsection prove to be true, the ranges provided here will shrink to a point for Λ→∞, as there will

be a unique solution to crossing symmetry at c = 11
30 , r1 = 6

5 .

4 Results for the mixed correlator bootstrap

We now turn to a mixed system of correlators, considering all possible four-point functions involving

two N = 2 chiral operators of dimensions r1 and r2, which we denote by φr1 and φr2 . Since the setup
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Figure 6. Upper and lower bound on the E2r1 (left) and CR=0 r=2r1−1(0,1) (right) OPE coefficients for c 6 11
30

,
with various derivatives Λ = 12, 16, 20. The dashed black lines indicate the position of the bounds at Λ = 20
with arbitrary central charge.

is symmetric we will assume, with no loss of generality, that φr2 is the lowest dimension operator, and

consider only the case r2 6 r1.

As described in section 2, we would like these two operators to be generators of the Coulomb

branch chiral ring, meaning they cannot be written as composites, allowing us to study theories with

Coulomb branches of dimension two or higher. However, with our methods it is hard to distinguish

Coulomb branch generators from more generic operators. If their dimensions are strictly smaller

than two, then unitarity forces them to be generators. If not, demanding the absence of the Er1−r2
multiplet imposes φr1 is not of the form φr2φr1−r2 , but it does not rule out the possibility that it is a

different type of composite. In what follows we consider both the cases: with and without the Er2−r1
multiplet. In particular, if we wish to study rank one theories, the setup must be such that r2 = 2r1

and φr1−r2 = φr2 . It is clear that for r1 = 2r2 the bounds must be at least as strong as the single

correlator bounds, as the crossing equations for that system are a subset of the ones considered here.

Note that when r1 = r2, the middle selection rule in (2.10) reduces to the top one, with the

exception that the identity operator is absent (the E multiplet in the middle selection rule is not

present if |r1 − r2| < 1). The absence of the identity imposes the two operators to be distinct, even if

r1 = r2.7

The amount of unfixed information in this system is much larger than in the single correlator case,

and so in this work we focus on a few relevant quantities: the central charge c, the OPE coefficients

of the multiplets Er1±r2 , B 1
2 ,r1+r2− 1

2 (0, 12 ), and scalar bounds on the first non-protected scalar in the

φr1 × φ̄−r2 channel.

4.1 Central charge bounds

The three parameters we can tune to zoom in on different theories are the two external dimensions

(r1, r2) and the central charge c of the theory. Our first goal is to find which values of these parameters

are allowed by crossing symmetry. Recall that any local interacting N = 2 SCFT must obey [61],

c ≥ 11

30
. (4.1)

7For distinct operators one should also impose that the stress-tensor multiplet is absent. However, similarly to what
happens with the higher spin currents, if no gap is imposed in this channel a scalar long multiplet with ∆ ∼ 2 mimics
the stress-tensor multiplet.
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Moreover, combining the Shapere-Tachikawa sum rule [62] with the Hofman-Maldacena bound [63]

gives the following central charge bound for a theory with a freely generated Coulomb branch chiral

ring, with N generators of dimension r1, . . . rN :

c >
1

6

N∑
i=1

(2ri − 1) . (4.2)

We show in Fig. 7 the minimal allowed central charge for Λ = 18, for small external dimensions

(r1, r2). In this region the bound is comparable to the aforementioned analytic bounds. Recall that

we can interpret the slice r2 = 2r1 as a bound for the single correlator system for rank one theories.

As already quoted, the lowest possible value for the central charge is c = 11
30 and the mixed correlator

plot of Fig. 7 does not improve on the single correlator bound. If r2 is independent from r1, we can

use our results to bound higher rank theories. The lowest possible value for rank two theories, to

the best of our knowledge, is the (A1, A4) Argyres-Douglas SCFT, whose generators have dimensions

(r1, r2) = ( 8
7 ,

10
7 ) and its central charge is c = 17

21 [44, 45]. Although not shown, convergence is

comparable to that of the single correlator bound of [11], and it does not seem likely that our bound

will reach the (A1, A4) theory.

The panel on the right shows the numerical central charge bound overlapped with the analytic

bounds (4.1) in red, and (4.2) in blue. The numerical bound shown here has not converged yet, and

with improved numerics, it will get stronger than the analytic bounds in a wider range.

Figure 7. Central charge bound at Λ = 18. On the right side the red surface corresponds to the analytic
bound (4.1), and the blue surface to (4.2).

Turning to larger values of the external dimension, we show the bound for a smaller number

of derivatives on the left side of Fig. 8. The bound gets substantially weaker and it asymptotes to

the numerical central charge bound obtained from a single correlator in [11]. In particular, for r2

small, and r1 large the bound is approximately the single correlator bound for external dimension r2,

explaining its relatively flat behavior.8

Another feature of the bound shown on the right side of Fig. 8 is its the sudden jump at the

vertical green wall, which is a purely kinematical effect. As discussed below (2.10), when |r1− r2| > 1

a Er1−r2 multiplet is allowed in the selection rules, with this sudden change being responsible for the

8We should point out that our bound seems to rule out the free field theory value c = 1
6

. However, central charge
bounds usually have a sharp drop close to r = 1, presumably the same phenomenon happens here, but our three-
dimensional grid is too rough to see it.
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Figure 8. Central charge bound at Λ = 14 for a wider range of external dimensions. The Er1−r2 is allowed
by the selection rules when |r1 − r2| > 1 (the green vertical wall) leading to the discontinuity in the bound.
The red patch on the right plot shows the bound if the short Er1−r2 multiplet is not included.

jump in the bound.9 If this multiplet is disallowed in the selection rules, e.g., if we want φr2 not be

the composite φr2−r1φr1 , the bound becomes smooth at this point, as shown by the red patch on the

right side of Fig. 8. As the values of the external dimension increase, the bounds with and without

this multiplet asymptote to each other.

4.2 Bounds on the Er1+r2 OPE coefficient

In the φr1 × φr2 OPE it is natural to bound the multiplet Er1+r2 , as the bound has clear physical

consequences. Its associated conformal block is always separated by a gap in dimensions from the

conformal blocks associated with all the other multiplets (see (2.11)). Thus, we can obtain both lower

and upper bounds on its OPE coefficient. In what follows we are interested in obtaining generic

constraints, shared by many theories, and thus choose to let the central charge arbitrary.

Figure 9. Upper and lower bound on the OPE coefficient of Er1+r2 with Λ = 18. On the left plot the vertical
green wall marks the point at which the selection rules change due to the appearance of the Er1−r2 multiplet.
Beyond this wall there are two upper bounds shown, with the weakest one obtained allowing for the presence
of said multiplet, and the strongest one forbidding its presence. The right plot shows a zoom for small external
dimension.

The OPE coefficient of Er1+r2 must lie between the two surfaces shown in Fig. 9. On the right

side of the plot we show a zoom for small external dimensions, where the allowed range becomes more

narrow.

9One could hope that fixing the OPE coefficient of Er1−r2 equal to that of Er2 would give a stronger bound, allowing
us to focus on rank one theories, with a generator of dimension r1. Unfortunately from our investigations this did not
appear to affect the c bound.
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As in the central charge bound, the discontinuity along the green wall (r1 − r2 = 1) is caused by

the drastic change in the selection rules (2.10). If the multiplet Er1−r2 is disallowed, then the upper

bound is continuous, signalling that the discontinuity is purely a kinematical effect. The upper bound

gets substantially weaker if φr2 is allowed to be a composite (by allowing the appearance of Er1−r2).

The lower bound seems insensitive to the presence or absence of this multiplet.

Coulomb branch relations: In the region where the lower bound is strictly positive we rigorously

ruled out chiral ring relations of the type φr1φr2 ∼ 0. A projection to the (r1, r2) plane is shown

in Fig. 10. This region is still increasing, as the bounds have not converged, but with the current

numerical results (Λ = 18) we can rule out these relations for the shaded region. We do not show

surfaces for smaller Λ in Fig. 9 in order to avoid cluttering, however, we do show the locus where the

upper bound is lost for several Λ in Fig. 10. One question that deserves further exploration is whether

the numerical bound will always cross the horizontal axis as in Fig. 10. For the the low values of Λ

considered here this is the case, however, if one hopes to rule out chiral ring relations for the whole

(r1, r2) plane this is not good enough. It might be useful then to explore the large r2 region, and

study crossing in the limit in which r1 and r2 are widely separated. Conformal blocks for disparate

dimensions were studied in [64], where it was shown that the equations simplify significantly. Another

exciting possibility is to rule out chiral ring relations analytically, at least in some approximation

scheme. Apart from the highly disparate limit, crossing symmetry has been studied in several regimes

(see for example [65–74] ) and maybe some, or a combination of them, are relevant for the problem at

hand.
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Figure 10. Projection to the (r1, r2) plane of the bound on Fig. 9, for Λ = 10, 14, 18. Coulomb branch
relations of the form φr1φr2 ∼ 0 are ruled out in the shaded region.

Zamolodchikov metric: One final piece of information that can be extracted from Fig. 9 is a

bound on the curvature of the conformal manifold M. As reviewed in section 2, the coefficient of the

E4 multiplet can be identified with a component of the Riemann tensor of the Zamolodchikov metric.

For rank one theories this translated into constraints on the scalar curvature R as shown in [11]; here

we have access to the extra component Raābb̄. The r1 = r2 slice of the plot in Fig. 9 is shown in

Fig. 11. This slice describes operators that have the same conformal dimension, but whose OPE in

(2.10) does not have the identity operator, which implies the two operators are not the same. They

can therefore be interpreted as two different relevant deformations. For r1 = r2 = 2 the actual bound
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Figure 11. The r1 = r2 = r slice of the bound on Fig. 9, for Λ = 10, 14, 18. The vertical dashed line
corresponds to the marginal deformation multiplet E2.

is

− 3.5 . Raābb̄ . 0.6 . (4.3)

Our setup is not restricted to conformal manifolds of dimension two, and therefore this bound is valid

for any two pair of marginal deformations. In [11], using the single correlator bootstrap an analogous

bound was obtained for the Raāaā component of the curvature. We quote that bound for Λ = 18:10

− 6.3 . Raāaā . 0.3 . (4.4)

As before, this result holds for any deformation and in these coordinates the two components we

studied tend to negative values. It would be interesting to use the prescription of [50] in order to check

how our bound fares with known theories, although our results are far from their optimal values (see

also [75] for a recent discussion on the geometry and topology of M).

4.3 More bounds on OPE coefficients

In this section we present further bounds for OPE coefficients. Let us start with the B 1
2 ,r1+r2− 1

2 (0, 12 )

multiplet. Because it contributes to the φr1 × φr2 channel with an odd spin conformal block, this

multiplet was not allowed in the OPE of two identical operators studied in [11]. In the mixed correlator

system, it appears separated by a gap from the continuum of unprotected multiplets, like the Er1+r2

multiplet above, and we can again obtain upper and lower bounds for its OPE coefficient. For small

external dimension there is a narrow region between the two surfaces shown on the left side of Fig. 12,

in which the coefficient is constrained to lie. As usual, although not shown, convergence is very good

for small r. Unlike in the previous OPE coefficients it is the lower bound that features a dependence

on the presence of the Er1−r2 , which as before is allowed by the kinematics for r1 − r2 > 1 (marked

by the green wall in the figure). The lower bound becomes negative slightly before the multiplet is

allowed. In fact, we observed that this multiplet was absent in the generalized free field theory cases

we considered with φ1 = φ2
2, therefore a positive lower bound cannot be possible as it would rule out

a known solution. On the other hand, this multiplet was present in the generalized free field theory

10In [11] an analytic bound was given, assuming that the numerics will converge to known solutions to crossing. In
order to have a fair comparison between single and mixed correlator results, here we have opted for the numerical result
for the same Λ.
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solutions we examined for φ1 and φ2 independent. This is consistent with the finding that the lower

bound is strictly positive after removing Er1−r2 .

Figure 12. Left: Upper bound on the OPE coefficient of Er1−r2 with Λ = 10. The green wall marks the
appearance of the short Er1−r2 multiplet, and the green surface shows the lower bound with this multiplet
removed. Right: Upper and lower bound on the OPE coefficient of B 1

2
,r1+r2− 1

2
(0, 1

2
) with Λ = 10.

Now we turn to the Er1−r2 multiplet. It is easy to anticipate that the lower bound must be either

negative or zero, as any theory for which Er1 and Er2 are generators will not have this multiplet in

the OPE under consideration. Indeed, we find that the bound is always negative, and we show only

the upper bound on this multiplet on the right side of Fig. 12. The OPE coefficient is only strictly

positive if Er1 is a composite, appearing in a theory which must include the Er1−r2 and Er2 multiplets

as generators.

We also plotted the upper and lower bounds for the E2r1 and E2r2 multiplets but they turned out

to be simple translations, along r2 and r1 respectively, of the bound obtained from the single correlator

system. We noticed this phenomenon several times: the mixed correlator bootstrap cannot always

improve on the single correlator bootstrap. The mixed system is of course bigger, but the functional

that we obtain is the same as the single correlator functional, with zeroes in the extra channels. This

was also observed for mixed correlators in the Ising model [5].

4.4 Dimension bounds for the non-chiral channel

The final quantity we study is the scaling dimension of the first non-protected scalar appearing in

the φr1 × φ̄−r2 OPE. The analogous single correlator bound was analyzed in [11] leaving the central

charge unfixed, and also fixing it to selected values. In the mixed correlator system, scaling dimension

bounds are computationally intensive, unlike OPE coefficients, several searches (in the sense described

in section 2.4) are needed in order to locate the bound. Because of this, we present only one plot with

unfixed central and for low Λ. We obtained an upper bound for the lowest dimensional scalar long

multiplet operator appearing in the φr1 × φ̄−r2 channel as a function of r1 and r2. This is plotted

in Fig. 13, together with the bounds obtained from a single correlator in [11] shown as a red surface.

For small external dimensions the bound is stronger than the single correlator one, as can be seen on

the right side of Fig. 13. While for large external dimensions it asymptotes to the single correlator

bound. As in the previous subsections, the vertical green wall is drawn at r1 − r2 = 1, after which

the multiplet Er1−r2 is allowed, and that is responsible for the jump in the bound along this line. The

grid is rough and almost no features are discernible in this scale. Upon closer analysis the surface
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Figure 13. Upper bound on the lowest dimensional scalar long multiplet appearing in the φr1 × φ̄−r2 OPE
at Λ = 10. The vertical green wall marks the appearance of the short Er1−r2 multiplet. On the right plot we
have superimposed the bound coming from the single correlator bootstrap in red.

does seem to have some mild ripples, which might be a hint for more interesting physics. However, a

proper analysis of these features will necessitate higher Λ and a finer grid. We therefore present this

plot as a first exploratory step in the mixed correlator bootstrap of scaling dimensions, and leave a

more detailed analysis for the future.

5 Conclusions

In this work we have applied the numerical bootstrap program to the four-point function of two chiral

operators, and their conjugates, in N = 2 SCFT. We considered a general setup in which the two

chiral operators are not necessarily equal.

For the case in which the two chiral operators are equal, we have attempted to bootstrap the

rank one H0 theory with interesting results. We have argued that H0 sits at the kink appearing in

Fig. 4, which corresponds to the vanishing of the B multiplet and thus is consistent with the absence

of a mixed branch. Less speculative are our results for OPE coefficients. The dimension of the chiral

operator is very low for this theory: r = 6
5 , which means we are in the region where the numerics work

best. By fixing the central charge to c = 11
30 we were able to obtain the lowest spin C OPE coefficient

to very good precision: λ2
C = 0.469(2). For this result we used Λ = 20 and it will only improve for

higher Λ. Moreover, the whole family of C multiplets is separated by a gap, and similar results can be

obtained for their OPE coefficients.

The rank one theories whose Coulomb branches have dimensions smaller than two are also natural

candidates for the analysis of section 3.3, as with these dimensions we are guaranteed to be bootstrap-

ping a generator. While not as simple as the H0 theory, the rank one H1 and H2 theories also have

relatively low central charges, with the conjectured chiral algebras being relatively simple [59].11 While

extrapolations of the minimum central charge for the external dimension corresponding to the H1 the-

ory are not as encouraging as the ones we have presented here (and the situation gets worse for H2),

fixing the central charge to the correct value, or removing higher spin currents, making use of small

gaps in various channels might provide a way out. For these explorations an understanding of what

characterizes the central charge bound for the dimensions corresponding to these theories would be a

necessary first step.

The study of the rank N theories that have a generator of dimension r = 6
5 might be possible

even from the single correlator standpoint. We know that the left side of the kink shown in Fig. 5

11Similarly to the H0 case, the conjectured Schur index of these theories matches the vacuum character of the
conjectured chiral algebras [76].
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is dominated by large central charges, and one could single out these theories by fixing the central

charge, and imposing small gaps in the unprotected spectrum.

For the mixed correlator system we obtained mostly OPE coefficient bounds. The most interesting

turned out to be the upper and lower bounds for the Er1+r2 multiplet. The r1 = r2 = 2 point in that

plot constrains a component of the Riemann tensor of the conformal manifold, while the projection

to the (r1, r2) plane gives the region in which Coulomb branch relations are rigorously ruled out. The

next step is to bootstrap scaling dimensions. We presented some exploratory results but much remains

to be done. It would be remarkable to obtain islands in the parameter space as is the case for the O(N)

models [24]. However, a necessary assumption in order to obtain such an island is the presence of gaps

in the spectrum of operators. Their presence in the O(N) model was given a physical motivation,

based on the number of relevant operators expected for each universality class. Similar results are

harder to obtain in N = 2 SCFTs, since there is no physical motivation to justify the gaps. One could

still assume them and, if an interesting feature appears, justify them a posteriori. Nevertheless, mixed

correlator systems are demanding, and this would require significant computational resources.

Although in the mixed correlator section we considered generic bounds valid for all N = 2 SCFTs,

zooming in on specific models is an interesting future direction. A particularly appealing class is the

(A1, A2N ) family of Argyres-Douglas theories, which only have a Coulomb branch. In particular, the

rank two (A1, A4) theory has a relatively small central charge and generator dimensions: (c, r1, r2) =

( 17
21 ,

8
7 ,

10
7 ) [44, 45]. As we have seen in this paper, it has proved fruitful to combine the numerical

bounds with input from other sources, for example, input on the moduli space of vacua [77].

Another obvious continuation of this work is to study further N = 2 multiplets. An immediate

example is the four-point function of stress-tensor multiplets, whose universal character makes it a

natural target for the bootstrap. Another interesting system is all possible combinations of mixed

correlators between E and B multiplets. This will allow us to bootstrap Coulomb, Higgs and mixed

branches in one consistent scheme. However, a major obstruction in this setup is the expressions

for the superconformal blocks, which are not always known. The selection rules for the stress-tensor

multiplet were recently calculated in [61], but the blocks are still elusive. On the mixed correlator side,

this work contains the blocks for mixed Coulomb branch multiplets E , while [78, 79] contains relevant

expressions for mixed Higgs branch multiplets B. Correlators involving E and B multiplets together

have not yet been studied.

All in all, the N = 2 superconformal bootstrap is a long-term project, with many analytic chal-

lenges and interesting venues of exploration which we expect to revisit in future work.
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A Unitary representations of the N = 2 superconformal algebra

Shortening Condition Multiplet

B1 ∆ = 2R+ r , j1 = 0 BR,r(0,j2)

B̄2 ∆ = 2R− r , j2 = 0 B̄R,r(j1,0)

B1 ∩ B2 ∆ = r , R = 0 Er(0,j2)

B̄1 ∩ B̄2 ∆ = −r , R = 0 Ēr(j1,0)

B1 ∩ B̄2 ∆ = 2R , j1 = j2 = r = 0 B̂R
C1 ∆ = 2 + 2j1 + 2R+ r CR,r(j1,j2)

C̄2 ∆ = 2 + 2j2 + 2R− r C̄R,r(j1,j2)

C1 ∩ C2 ∆ = 2 + 2j1 + r , R = 0 C0,r(j1,j2)

C̄1 ∩ C̄2 ∆ = 2 + 2j2 − r , R = 0 C̄0,r(j1,j2)

C1 ∩ C̄2 ∆ = 2 + 2R+ j1 + j2 , r = j2 − j1 ĈR(j1,j2)

B1 ∩ C̄2 ∆ = 1 + 2R+ j2 , r = j2 + 1 DR(0,j2)

B̄2 ∩ C1 ∆ = 1 + 2R+ j1 , −r = j1 + 1 D̄R(j1,0)

B1 ∩ B2 ∩ C̄2 ∆ = r = 1 + j2 , r = j2 + 1 , R = 0 D0(0,j2)

C1 ∩ B̄1 ∩ B̄2 ∆ = −r = 1 + j1 , −r = j1 + 1 , R = 0 D̄0(j1,0)

Table 3. Summary of the shortening conditions of the N = 2 superconformal algebra following [25].

In this appendix we shortly recall the classification of unitary irreducible representations of the

four-dimensional N = 2 superconformal algebra [25, 80]. We refer the reader to the original papers

and to [11] for more details.

Representations are built by acting on the superconformal primary, i.e., the operator annihilated

by the S and S̄ supercharges, with all the Q, Q̄ supercharges and the SU(2)R generators. They

are labeled by the quantum numbers of the superconformal primary and by the type of shortening

condition they obey, where we follow the naming conventions of [25]. Generic long multiplets, i.e.,

multiplets that obey no shortening condition, are only constrained by unitarity to obey

A∆
R,r(j1,j2) : ∆ > Max(2 + 2j1 + 2R+ r, 2 + 2j2 + 2R− r) . (A.1)

Then there are two basic types of shortening conditions, sometimes referred to as short and semi-short

respectively:

BI : QIα|ψ〉 = 0 , for α = 1, 2

CI :

{
εαβQIα|ψ〉β = 0 ,

εαβQIαQIβ |ψ〉 = 0 ,

for j1 6= 0

for j1 = 0
(A.2)

as well as the same conditions with the opposite chirality, identified by a bar.

The various possible combinations of shortening conditions are listed in Tab. 3, together with the

quantum numbers of the superconformal primary and the name given to the multiplet.

When a long multiplet has dimension equal to the unitarity bound of (A.1) it is no longer an
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irreducible representation, and it decomposes into a sum of short multiplets according to

A∆→2R+j1+j2+2
R,j1−j2(j1,j2) ' ĈR(j1,j2) ⊕ ĈR+

1
2 (j1−

1
2 ,j2)

⊕ Ĉ
R+

1
2 (j1,j2−

1
2 )
⊕ Ĉ

R+1(j1−
1
2 ,j2−

1
2 )
, (A.3)

A∆→2R+r+2+2j1
R,r(j1,j2) ' CR,r(j1,j2) ⊕ CR+

1
2 ,r+

1
2 (j1−

1
2 ,j2)

, (A.4)

A∆→2R−r+2+2j2
R,r(j1,j2) ' C̄R,r(j1,j2) ⊕ C̄R+

1
2 ,r−

1
2 (j1,j2−

1
2 )
. (A.5)

For small spin the quantum numbers on the right side can become unphysical, and the decompositions

are altered. For example, the case relevant for our work is the identification

C
R,r(− 1

2 ,j2)
= B

R+
1
2 ,r(0,j2)

. (A.6)

We refer the reader to [25] for a full list of decompositions.

B Superconformal blocks

In this appendix we give further details of the calculation of the superconformal block for the φ × φ̄
channel. We will follow the superembedding space setup of [51, 81, 82], and obtain the superblock as

an eigenfunction of the Casimir operator. The superembedding space is defined by coordinates XAB

and X̄AB where A = (α, α̇, i); α and α̇ are Lorentz indices, and i = 1, . . . ,N is an SU(2)R index

that counts the number of supersymmetries. In this work we are interested in N = 2, but as we will

see below, the N = 1 superblock can be easily obtained with this formalism. The superembedding

coordinates satisfy,

(X, X̄) ∼ (λX, λ̄X̄) , (B.1)

XAB = −(−1)pApBXBA , pA =

{
0 if A = α

1 if A = i
. (B.2)

And also,

X̄ABXBC = 0 , X[ABXC}D = 0 , X̄ [ABX̄C}D = 0 . (B.3)

Superconformal invariants are giving by stringing products of X and X̄,

〈12̄〉 = X̄AB
2 X1BA , (B.4)

〈12̄34̄〉 = X̄AB
4 X3BCX̄

CD
2 X1DA(−1)pC . (B.5)

In terms of four-dimensional coordinates,

〈2̄1〉 = −2(x2− − x1 + + 2iθσθ̄)2 , (B.6)

which is the standard chiral two-point invariant.

Chiral fields are represented by a holomorphic function Φ(X) while antichiral fields correspond to

anti-holomorphic functions Φ(X̄). The most general four-point function consistent with superconfor-

mal invariance is,

〈Φ1(X1)Φ̄2(X̄2)Φ2(X3)Φ̄1(X̄4)〉 =
〈32̄〉

∆1−∆2
2 〈14̄〉

∆2−∆1
2

〈12̄〉
∆1+∆2

2 〈34̄〉
∆1+∆2

2

H(u, v) , (B.7)
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where u and v are two superconformal invariants

〈12̄34̄〉
〈14̄〉〈32̄〉

=
−1 + u+ v

4v
,

〈12̄〉〈34̄〉
〈14̄〉〈32̄〉

=
u

v
. (B.8)

After acting with Casimir (see [51] for details) the function H(u, v) must satisfy,

CNH(u, v) =

(
`(`+ 2) + ∆(∆− 4 + 2N )− N

2
α(∆1 −∆2)2

)
H(u, v) , (B.9)

where we have kept the number of supersymmetries N arbitrary. The standard r-charge conventions

are such that the coefficient α takes the values 2
3 and 1 for N = 1 and N = 2 theories respectively.

Projecting to four-dimensions and writing H(u, v) = v
∆2−∆1

2 G∆12
(u, v) we obtain:

DDOG(u, v) = (`(`+ 2) + ∆(∆− 4 + 2N ))G(u, v) , (B.10)

where DDO is the differential operator found by Dolan and Osborn in [52]. Following their notation,

it depends on three parameters a, b, and c which in our case take the values,

a =
∆2 −∆1

2
, b =

∆2 −∆1 + 2N
2

, c = N , (B.11)

and the solution is

G∆12
(u, v) =

zz̄

z − z̄
(k∆+`(z)k∆−`−2(z̄)− z ↔ z̄)

kβ(z) = z
β
2 2F1

(
β −∆12

2
,
β −∆12 + 2N

2
, β +N ; z

)
.

(B.12)

This solution captures the contributions of chiral fields with unequal dimensions in N = 1 and N = 2

theories, while for N = 0 reproduces the standard bosonic block:

g∆,` =
zz̄

z − z̄
(κ∆+`(z)κ∆−`−2(z̄)− z ↔ z̄) , κβ(z) = z

β
2 2F1

(
β −∆12

2
,
β −∆12

2
, β; z

)
. (B.13)

As a check on our result we can work out the expansion of the superconformal block in terms of

bosonic blocks. Indeed G can be written as

Gr(u, v) = g∆,` + a1g∆+1,`−1 + a2g∆+1,`+1 + a3g∆+2,`−2 + a4g∆+2,`

+ a5g∆+2,`+2 + a6g∆+3,`−1 + a7g∆+3,`+1 + a8g∆+4,` , (B.14)

where

a1 =
(` + 2 + r −∆)(` + 2− r −∆)

2(` + 2−∆)(`−∆)
, (B.15)

a2 =
(` + r + ∆)(` + r −∆)

2(` + 2 + ∆)(` + ∆)
,

a3 =
(` + r −∆)(` + 2 + r −∆)(−`− 2 + r + ∆)(−` + r + ∆)

16(−`− 1 + ∆)(−` + ∆)2 (−` + 1 + ∆)
,

a4 =
(`− r + ∆)(` + 2 + r −∆)(` + 2− r −∆)(` + r + ∆)

4(−`− 2 + ∆)(−` + ∆)(` + ∆)(` + 2 + ∆)
,
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a5 =
(` + 2− r + ∆)(`− r + ∆)(` + r + ∆)(` + 2 + r + ∆)

16(` + 1 + ∆)(` + 2 + ∆)2(` + 3 + ∆)
,

a6 =
(`− r + ∆)(` + r −∆)(` + 2 + r −∆)(−`− 2 + r + ∆)(−` + r + ∆)(` + r + ∆)

32(−`− 1 + ∆)(−` + ∆)2 (−` + 1 + ∆)(` + ∆)(` + 2 + ∆)
,

a7 =
(` + 2− r + ∆)(−` + r −∆)(` + 2 + r −∆)(−`− 2 + r + ∆)(` + r + ∆)(` + 2 + r + ∆)

32(−`− 2 + ∆)(−` + ∆)(` + 1 + ∆)(` + 2 + ∆)2(` + 3 + ∆)
,

a8 =
(` + 2− r + ∆)(`− r + ∆)(` + r −∆)(` + 2 + r −∆)(` + 2− r −∆)(`− r −∆)(` + r + ∆)(` + 2 + r + ∆)

256(−`− 1 + ∆)(−` + ∆)2 (−` + 1 + ∆)(` + 1 + ∆)(` + 2 + ∆)2(` + 3 + ∆)
,

and where we have used the N = 2 relation r = r1 − r2 = ∆1 − ∆2 = for the r-charge of the field

being exchanged. At the unitarity bound ∆ = `+ 2 + r, the multiplet shortens

Gr(u, v) = g`+2+r,` +
2(1 + `)(1 + r + `)

(2 + r + 2`)(4 + r + 2`)
g`+3+r,`+1

+
(1 + `)(2 + `)(1 + r + `)(2 + r + `)

(3 + r + 2`)(4 + r + 2`)2(5 + r + 2`)
g`+4+r,`+2 ,

(B.16)

and we obtain the superconformal block associated to the Cr( `2 , `2 ) multiplet. Finally, for ` = 0 and

∆ = r we obtain

Gr(u, v) = gr,0 ,

which represents the contribution of the Er multiplet. All in all, the solution (B.12) for N = 2 encodes

the superconformal block for all the multiplets contributing to the φr1 × φ̄−r2 channel.

C Crossing equations

In this section we write down the crossing equations for a single correlator used in section 3, and those

used for the system of mixed correlators considered in section 4. As explained in detail in [5], in order

to have positivity when studying a mixed correlator of the type

〈φ̄1φ1φ̄2φ2〉 , (C.1)

we must also consider the two correlators with a single type of operator,

〈φ̄iφiφ̄iφi〉 with i = 1, 2 . (C.2)

The crossing equations for a single correlator of the type 〈φ̄iφiφ̄iφi〉 were obtained in [11], and are

reproduced here for convenience:

∑
O∈φiφi

|λφiφiO|2
[
∓(−1)`F ii,ii±,∆,`(u, v)

0

]
+

∑
O∈φiφ̄i

|λφiφ̄iO|
2

[
(−1)`F̃11,11

±,∆,`
F11,11
−,∆,`

]
= 0 , (C.3)

where the first line in the equation encodes two separate crossing equations, differing only by the signs

indicated. In the above equation we have defined

F ij,kl±,∆,` ≡ v
∆k+∆j

2 g
∆ij ,∆k,l

∆,` (u, v)± u
∆k+∆j

2 g
∆ij ,∆k,l

∆,` (v, u) , (C.4)

F ij,kl±,∆,` ≡ v
∆k+∆j

2 G∆ij ,∆k,l

∆,` (u, v)± u
∆k+∆j

2 G∆ij ,∆k,l

∆,` (v, u) , (C.5)

F̃ ij,kl±,∆,` ≡ v
∆k+∆j

2 G̃∆ij ,∆k,l

∆,` (u, v)± u
∆k+∆j

2 G̃∆ij ,∆k,l

∆,` (v, u) . (C.6)

– 30 –



The full set of crossing symmetry equations for the mixed correlator system consists of (C.3) with

i = 1, 2, as well as the ones given in (2.21), (2.22), and (2.23), together with the same equations with

u↔ v. All in all, combining these equations we find (where for shortness we combine lines that differ

only by a sign in a single line)

∑
O∈φ1φ2

|λφ1φ2O|2



∓(−1)`F 21,21
±,∆,`(u, v)

0

∓F 12,21
±,∆,`(u, v)

0

0

0

0


+

∑
O∈φ1φ1

|λφ1φ1O|2



0

0

0

∓(−1)`F 11,11
±,∆,`(u, v)

0

0

0



+
∑
O∈φ2φ2

|λφ2φ2O|2



0

0

0

0

0

∓(−1)`F 22,22
±,∆,`(u, v)

0


+

∑
O∈φ1φ̄2

|λφ1φ̄2O|
2



(−1)`F̃21,21
±,∆,`(u, v)

F12,21
±,∆,`(u, v)

0

0

0

0

0



+
∑
O∈φiφ̄i

(
λ∗φ1φ̄1O λ∗φ2φ̄2O

)



(
0 0

0 0

)
(

0 ∓ 1
2F

11,22
±,∆,`(u, v)

∓ 1
2F

11,22
±,∆,`(u, v) 0

)
(

0 (−1)`

2 F̃11,22
±,∆,`(u, v)

(−1)`

2 F̃11,22
±,∆,`(u, v) 0

)
(

(−1)`F̃11,11
±,∆,` 0

0 0

)
(
F11,11
−,∆,` 0

0 0

)
(

0 0

0 (−1)`F̃22,22
±,∆,`

)
(

0 0

0 F22,22
−,∆,`

)



(
λφ1φ̄1O
λφ2φ̄2O

)
= 0 . (C.7)

In the above equation we can separate the contributions of the stress tensor multiplet and the identity,
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which give

−→
V fixed =



0

∓F1122
±,∆=0,`=0(u, v)

F̃1122
±,∆=0,`=0(u, v)

F̃1111
±,∆=0,`=0(u, v)

F1111
−,∆=0,`=0(u, v)

F̃2222
±,∆=0,`=0(u, v)

F2222
−,∆=0,`=0(u, v)


+

{
1
72 if N = 1
1
6 if N = 2

}


0

∓∆1∆2

c F
1122
±,∆=4−N ,`=2−N (u, v)

(−1)N ∆1∆2

c F̃
1122
±,∆=4−N ,`=2−N (u, v)

(−1)N
∆2

1

c F̃
1111
±,∆=4−N ,`=2−N (u, v)

∆2
1

c F
1111
−,∆=4−N ,`=2−N (u, v)

(−1)N
∆2

2

c F̃
2222
±,∆=4−N ,`=2−N (u, v)

∆2
2

c F
2222
−,∆=4−N ,`=2−N (u, v)


. (C.8)

Since the stress-tensor multiplet is at the long multiplet unitarity bound, the central charge will only

be completely fixed if we impose a gap in the appropriate channel. Similarly, demanding the absence

of higher spin currents Ĉ0,` is only relevant if we have gaps in the corresponding channels.
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