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Abstract

Lattice QCD simulations are now reaching a precision wheosgin breaking féects
become important. Previously, we have developed a progoasgdtematically investigate
the pattern of flavor symmetry beaking within QCD and sudcdigsapplied it to meson
and baryon masses involving up, down and strange quarkshidrietter we extend the
calculations to QCD+ QED and present our first results on isospin splittings inpbeu-
doscalar meson and baryon octets. In particular, we oldigin- M 4.60(20) MeV and
Mp — Mp = 1.35(18) MeV.
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1 Introduction and general strategy

Isospin breaking féects are crucial for the existence of our Universe. Our Usiavould not
exist in the present form if the— p mass diference would only be slightly fierent. If it would
be larger than the binding energy of the deuteron, no fusionlavtake place. If it would be
a little smaller, all hydrogen would have been burned. Isobpeaking in hadron masses has
two sources, the massfiirence of up and down quarks, and electromagnetic interectBoth
effects are of the same order of magnitude and cannot be separaebiguously due to the
nonperturbative nature of the strong interactions. Thikena direct calculation from QCB
QED necessary [1].

In [2, 3] we have outlined a program to systematically inigggte the pattern of flavor sym-
metry breaking in three-flavor lattice QCD for Wilson-typarhions. Our strategy was to start
from the SU(3) symmetric point with all three quark massesagqn, = my = mg, and ex-
trapolate towards the physical point keeping the averag@sark massn = (m, + mg + ms) /3
constant. For this trajectory to reach the physical quarksesm s tuned to the physical value
of the average pseudoscalar meson m¥éss: (Mﬁo + MZ. +2MZ, - Mﬁ) /3. We denote the
distance froommby

dmy=my-m, qg=u,d,s. (1)

This impliesém, + dmy + dms = 0 on our quark mass trajectory. To describe how physical
guantities depend on the quark masses, we Taylor expand #itgosymmetric point [3]. This
results in polynomials imandémy, which we classify into representations of the SU(3) apd S
flavor groups. As we keem constant and change only the octet part of the mass mattrixsto
order insmy flavor symmetry is broken by an SU(3) octet, leading to Gedlid—Okubo mass
relations. We follow a similar approach here with QED add§d [

The symmetry of the electromagnetic current is similar ® skimmetry of the quark mass
matrix. The simplifications that come frofm,+dmy+dms = 0 in the mass case are analogous to
the simplifications we get from the identigy+e4+es = 0. A difference between quark mass and
electromagnetic expansions is that in the mass expansi@amwkave both odd and even powers
of 6my, whereas only even powers of the quark chaegese allowed. We consider contributions
of O(eg) only. Hence, QED corrections can be simply refidrom the mass expansion presented
in [3], dropping the linear terms and changing masses taelsar

For the masses of octet mesons with the flavor struabyeand all annihilation diagrams
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Figure 1: Examples of Feynman diagrams contributing to tesan electromagnetic mass to
O(eg). Wavy lines are photons, curly lines are gluons.



turned dt, we find toO(6m,)

M2(ab) = MZ + @ (5, + 6my) + S5V (2 + & + €) + BT (€& + &) + 5™ (ea — &)?
+ 76" (€50my + €56my + €20my) + y1" (oM, + €fomy,)
+ Y5 (€2 — &) (6Ma + 6M) + Y5V (€4 — €0) (5ma — omb)
+75" (6 + € + €) (5 + 6my) + 5" (€a + &) (Eu6M, + oMy + €M) .

Several of the cd@cients in [2) can be matched up withféirent classes of Feynman diagrams
shown in Fig[L. The first diagram, with both ends of the phattiached to the same valence
quark, contributes to3f™ + g5M). The second diagram, with the photon crossing between the
valence lines, contributes g5". The last diagram, with the photon being attached to the sea
quarks, is an example of a diagram contributing3§¥. It would be missed out if the elec-
tromagnetic field was quenched instead of dynamical. Siradgignments hold for the mixed
(charge squared times mass) terms. For a single choice ofusel masses, thg§™ andy5
terms can be absorbed into the constdgtand thex term. However, for a combined fit of both
QCD and QCD+ QED data we will need these déieients. Similarly, for octet baryons with the
flavor structureaab we find

M?(aab) = M3 + a1 (26m, + Smy) + @ (6My — M)
+B5" (66 + & + &) + BTV (265 + €) + B3 (ea— &) + B5" (& - €).

This excludes the case of baryons with threffedéent quarks, as in the” — A system([5]. Again,
the5™ term can be absorbed into the mass tégh

Our goal is to compute the mass splittings of pseudoscalaonseand octet baryons at the
physical point for QCD+ QED. This amounts to determining the @idgientsa, 5™ andy®M
in @) and [(B). It greatly helps to vary valence and sea quaaks®es independently! [3], which
is referred to as partial quenching (PQ). In this case thegsegk masses remain constrained

by m = constant, while the valence quark masggsuy andus are unconstrained. Defining
Suq = g — M, the resulting mass formula for PQ octet mesons is

M?(ab) = M + @ (Jpta + Guv) + S5 (€ + € + €) + BT (€ + ) + 85" (€a — &)’

+75" (f6my + €40y + €26Ms) + T (E6ka + E6u)

+ 75" (€a — @)? (Spta + Sup) + 75" (€5 — €) (Stta — Sun)

+7a" (€] + € + €) (Guta + Stp) + V5" (€a + &) (BUOM, + €30My + €55M5) .
For octet baryons the result is

M?(aab) = M§ + a1 (2044 + 6p) + @2 (Spta — Optp)
+ 85" (€ + € + €) + BT (265 + &) + 55" (e — &) + 5" (€ — &) -

The codficientsa, S5 andy® in @) and [%) are identical to those i (2) and (3). Hence, PQ
calculations ffer a computationally cheaper way of obtaining them.

In QCD + QED there is some ambiguity in the definition of the symmetomt. The defi-
nition we have chosen is that the electrically neutral pssadlar mesons have the same masses,

(2)

3)

(4)

(5)

M?(ud) = M2(dd) = M%(s5) = M¥(ds) = M%(sd) = M?(nn), (6)
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wheren s a fictitious electrically neutral quark. As annihilatidiagrams are neglected fidirent
neutral mesons do not mix. We denote the Wilson hopping petexm (defined in [(10) below)
marking the symmetric point lig. We then have

oMy = (My — M) = 1/2¢%%— 1/2ky, g = (g — M) = 1/ 2" — 1/2xq. (7)

It should be noted that even when all three quark masses aet wg do not have full SU(3)
symmetry. Due to the éiierent charges, the quark is always distinguishable from tdeand s
quark.

2 Lattice matters

The action we are using is
S=Sg+Sa+SE+Sd+SE. (8)

HereSg is the tree-level Symanzik improved SU(3) gauge action,3nid the noncompact U(1)
gauge action [6,17] of the photon,

2

Sa= 5 O (A0 + ALCH )~ A+ ) - A) ©)

X<V

The fermion action for each flavor is

59 =3 (3 210, - De A0, (9a0¢+ ) -~ T + DETAIT(x - A)a(x— )

X u

308 ~ oo 3L AROLFu(RAR). (10

whereOH is a single iterated mild stout smeared link [3]. The cloveglicient csy has been
computed nonperturbatively|[8]. The quark chargesare- 2/3 andey = e, = —-1/3. We
presently neglect EM modifications to the clover term. Thil ave us with corrections of
O(aewm @), Which are presumably smaller than @&?) corrections from QCD.

The action[(8) is invariant under U(1) gauge transformation

A =AM+, a(x), q(x) — %M qx). (11)

This is not the case for propagators of charged particlegshwdemands fixing the gauge, as in
perturbation theory. We choose the Landau gauge, whicHiisedEby the condition

A,A,() = 0. (12)

4, (Z#) is the forward (backward) lattice derivative. The Landawge does not eliminate all
gauge degrees of freedom, but allows for shifts(x) of the photon field with([[7]

A2a(X) =0, (13)



wheres? = A#Z#. To maintain (anti-)periodicity of the quark fields(x) must be of the form
2n
eqa(X) = ZH: L—#nﬂxﬂ, nezZ,
whereL, is the extent of the lattice in direction. This gauge field redundancy can be eliminated

by adding multiples of 2/e,L, to A,(X), such that

T

|&lLy

Takinge, = —1/3 in (14) serves both charges. This procedure leaves Palya&ps and fermion
determinants unchanged for all quarks.
In a constant background fieR), the correlator of a single hadrdth becomes[7]

<Bﬂs|eq%, B#:%ZA,(X). (14)

(OH®OH(0)0) = [Z4[2 & VMa+(Pren8)'t grieat (15)

whereMy, p andey are mass, three-momentum and electric charge of the hatihisxamounts

to a shift of the rest mass of the charged hadrtfs,— M2 +¢? B2 The BMW collaboration[9]
puts 3w A,(X, Xs) = O for all x4, [10], which would mean that valence and sea quarks feel
different U(1) fields.

The strategy is to simulate at an artificial coupligfg= 1.25, and then interpolate between
this point and pure QCD to the physical fine structure corista = 1/137. This value is
chosen so that electromagnetiteets can be easily seen, but is still small enough @(af)
effects are negligible. The strong coupling constant is chtseers = 5.50, where we have our
largest sample of dynamical QCD configurations [11].

In this Letter we restrict ourselves to simulations at thmsyetric pointém, = 6my = émg =
0, which we define aX?/X2 = 0.126, whereX? = (M2 + M2+ M2 + M2, + M2 + M%) /6.
We may use eitheX, or Xy to set the scale. After several tuning runs carried out 6248
lattices we arrived at thevalues

ky = 0124362 kg = ks =0.121713 (16)

Our present ensembles are listed in Tdlle 1, v@R000) to O(500) trajectories. On these
ensembles we have computed PQ pseudoscalar meson andavgtat lmasses for a variety of
quark masses ranging fromes/my = 0.22 to Q5, withe; = —1/3,0 and+2/3. This gave us
about 40 pseudoscalar masses and 70 baryon masses per lengdratbaryons include several
artificial states containing the fictitiousquark and charge 2 baryons with flavor structume’.

ple]l v | & | | ks | F
550 | 1.25| 24° x 48 | 0.124362| 0.121713| 0.121713| 0.024
550 | 1.25| 32 x 64 | 0.124362| 0.121713| 0.121713| 0.0079
550 | 1.25| 48 x 96 | 0.124362| 0.121713| 0.121713| 0.000095

Table 1: Parameters of our data ensembles, together witheitieground field.

5



3 Results

In contrast to QCD, equal meson masses at the symmetricpmlohger mean equal bare quark
masses. We renormalize the quark masses to remove thid.d&fecdo so by absorbing the
QED terms of the neutral pseudoscalar mesons into the ge#rkreergies. On our symmetric
backgroundgm, = émy = dms = 0, this is achieved by replaciniy, by the ‘Dashen’ scheme

mass|[12]
Sug = 1+ (F" /@) €] Guq. (17)

Substituting[(1l7) into[{4), and absorbigf into M3 andyf™ into «, we obtain in the ‘Dashen’
scheme

M%(ab) = M3 + @ (65 + opp) + S5 (€a — &)?
+Y5M (€2 — @) (615 + o) + ¥EM (€2 — €@) (618 — oup) -

Note thatgt™ = 0 by definition, eq.[(6). We define the crtical point to be thinpwhere the
masses of the neutral pseudoscalar mesons vanish. It isdlséy seen that the ‘Dashen’ scheme
guark masses are all equal at the symmetric ppﬁﬂ; M2/2a, q = u,d, sandn. It follows that
the electromagnetic contributions to the neutral pseulaseneson massebd|,o and Myo, are
zero. To be consistent, we also expand the baryon massesis déthe ‘Dashen’ masses,

(18)

M?(aab) = M§ + a1 (20u5 + 6p) + a2 (63 — Sp)
+ BTV (265 + &) + 5" (ea — @) + S5 (€2 - ).

The background field may give rise to significant finite sizeffects, which need to be
corrected for before fitting the data. In Fig. 2 we comparedfiect with finite volume QED
corrections from fective field theory([13] on the 32 64 lattice. Both &ects turn out to be of
the same order of magnitude, but of opposite sign. Simikulte hold for the 2%x 48 lattice,
while the dfect is practically negligible on the & 96 lattice. We correct for thisfiect by
subtractings?, B2 from each lattice mass before fitting.

(19)

002} S ]
* Background field
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Figure 2: Finite volume corrections to the pion mass as atiomof M, on the 32 x 64 lattice
caused by the background field (Table 1), compared to the NNtediction of Davoudi and

Savagel[13].
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Figure 3: Fan plots of pseudoscalar meson (top) and bary@sesgbottom) on the 3& 96
lattice as a function ofuy, + dug. The baryon masses are the averages of the isospin doublets.

It turns out that thex values [(16) do not quite satisfy the constraidt (6). A moreusate
estimate can be determined from a fit to the pseudoscalanmmeasses. On the & 96 lattice
we obtain

kg = 0124382 kg = ks =0.121703 «k, =0.120814 (20)

which is only a small displacement. We shall expand abowwsghgalues in our subsequent fits.
For the total contribution of QCB QED it does not matter which scheme we use to define the
guark masses, but for the individual contributions of QCE ED it will make a diference.
The fits of [I8) and{19) to the lattice data are quite robtiging y?/dof = 0.7 — 1.2. To obtain
physical numbers we extrapolate the @méentspt™ andy to egm = 1/137 by scaling them
with a factor 10137. In our extrapolation to the physical point we keep tha sdi the quark
masses constant. We choddé andMZ, — Mz, + MZ, — M2, to determine the physicalvalues.
In Fig.[3 we show the result of the fit to the meson and baryorsasasn the 48x 96 lattice. We
obtainXZ/X2 = 0.128(3), which is to be compared with the physical valu#26. This tells us
that we have hit the symmetric point with remarkable precisiThe lattice spacing turns out to
bea = 0.068(2) fm. The baryon masses extrapolate nicely to theieexental values. Similarly
good results are found on the®32 64 lattice. Having found the values of the physical point
and the point where the ‘Dashen’ scheme masses vanish ftilcalgroint), we can determine the
quark masses. For the quark mass ratios we find on the 88 lattice in the ‘Dashen’ scheme

m, ms

p— 0.52(2), e 19.7(9). (21)

In this Letter we are primarily interested in the isospiritipgs of pseudoscalar meson and
octet baryon masses. As it is well known that QED will indudditional finite size &ects, we
present in Fig. 4 our results for the isospin splittings asrefion of lattice size. The fference
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Figure 4. Mass splittings of pseudoscalar meson (top) angbbanasses (bottom) as a function
of the spatial size of the lattice. The numbers on the largalstime have been extrapolated to
infinite volume using[13].

Myo — M- IS not expected to depend much on the volume, as it was usex tloefk values.
The curves represent the finite size corrections predigtékdochiral €fective theoryl[13]. They
have been drawn through the points on thé ¥®6 lattice. Assuming that the predictions are
valid up to this volume, we use these expressions to ex@égpolr results to the infinite volume.
The results on the smaller volumes show some convergeneedswhese curves. In Talle 2 we
give our results for the mass splittings in the infinite vokyrfor the total and the QED contri-
bution separately. The QED contribution refers to the ‘[@asischeme. The traditional way of
expressing the electromagnetic contributions is throtigh M2, — Mfo and thee parameter,

(MZ. = M2)oep — M2 + M%, = €4, (22)

On the 48 x 96 lattice we find
e = 0.49(3). (23)

In Table[2 we also quote the experimental mass splittingerevive observe good agreement
for the pion, kaon and nucleon. The mass splitting& @nd .= turn out to be somewhat lower
than experiment (in absolute terms), but still agree withie errors. Both, the total and the
electromagnetic contributions satisfy the Coleman-Giastelation [14]. So do the experimental
numbers, which a posteriori supports our andatz (19). The Qdntribution to then — p mass
splitting turns out to be significantly larger (in absolwgans) than expected from the Cottingham
formula [15].

As discussed in the introduction, the existence of the Us&as we know it is highly sen-
sitive to the size of the — p mass diference. Having an analytic expression for the nucleon
mass as a function of the quark masses@ng we can visualize the allowed region, as shown
in Fig.[3. It appears that botly and the light quark masses are finely tuned to each other. On
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AM QCD+ QED QED Experiment
M.+ — Mo 4.60(20) 4.60(20) 4.59
Mgo — Mg+ 4.09(10) | -1.66(6) 3.93

M, - M, 1.35(18) | —-2.29(21) 1.30
Ms- — Mg+ 7.60(73) | —0.63(6) 8.08
= — Mxo 6.10(57) 1.26(12) 6.85

Table 2: Mass splittings in the infinite volume, in units of Wle

the horizontal axisNI,, — Mp)ocp o (my — my). This excludesn, = my and puts a lower bound
onmy. When expressed in terms of the mass ratigmy, the allowed region translates into a
narrow band aroundy,/my = 0.5. This fits in with previous results from QCD. The region be-
tween the two vertical lines in Figl 5 is the prediction[of[1& (M, — My)ocp. The kaon mass
difference that enters the calculation has been taken from BakBomparing this result with
our present calculation, indicated by the solid circle, wel fjood agreement between the two
results, which supports a rather larger electromagnetitribmition to M,, — M, than predicted
by effective theory.

4 Conclusion and outlook

We have outlined a program to systematically investigagdldvor structure of hadrons in QCD
+ QED, and successfully computed the isospin splittings efigescalar meson and octet baryon
masses. To corroborate our results, we plan to do simukatitimg them = const line towards

N 1Byg9 ——— |

(My, — Mp)qep [MeV]

N
N
Ly
N

-3 : 1 : 1 : 1 A
1 2 3 4 5

(M — Mp)qop [MeV]

Figure 5. The mass flerence of neutron and proton divided into pure QCD and QEDRrieon
butions. The dashed line is the experimental value, thel snicle is our result. The shaded
region of ng3 decay is to the bottom left, the no fusion region to the toptrid he shaded region
between the vertical lines is the prediction of pure QCD.
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the physical point and at smaller lattice spacing in the figare.

Our results on three flerent volumes indicate that finite sizéexts cannot be accounted for
correctly by the chiral €ective theory[[18] folL < 2.5fm. This is also not to be expected, as the
zero modes are not removed completely in our case, nor cabéremoved in a gauge invariant
manner, but keep residing in the background field. An appaipdescription of finite volume
corrections in periodic QED is still missing.
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