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1 Introduction

This paper describes a major extension of HYPERDIRE [1,2], which is a set of Mathematica-
based [3] program packages for manipulations involving Horn-type hypergeometric func-
tions [4-7] on the basis of differential equations [8]. The creation of these program packages
is motivated by the importance of Horn-type hypergeometric functions for analytical eval-
uations of Feynman diagrams, especially at the one-loop level [9]. Possible applications of
the differential-reduction algorithm to Feynman diagrams beyond the one-loop level were
discussed in Ref. [10].

The aim of this paper is to present a new version of HYPERDIRE, which includes the
full set of Horn-type hypergeometric functions of two variables. Specifically, these are the 30
functions listed in Table 1. For completeness, we present also the full list of inverse operators
for the differential reduction, in Appendix A.

2 Differential reduction

Let us consider the hypergeometric function H (J_’7 Z) depending on a set of contiguous vari-
ables, z1, -+ , 2k, and a set of discrete variables, Ji,--- , J,., and satisfying the following two
additional conditions:

e There are linear differential operators which shift the values of the integer parameters
Ja, by £1 (step-up and step-down operators):

o~ . B}
Ra[?a—»H(Jla"' >Ja—1>Jana+1>"' >Jr;z) = H(Jb aJa—lat]aj: 1>Ja+1a"' >JT;Z) )
0z
) (1)
1 O _' . .
where g—; = % and R, (%) are rational functions.
21" -0z )

e The function H (f7 ) satisfies the following homogeneous linear system of partial dif-
ferential equations (PDEs):

or o
Pﬁﬁ_ZH(J; Z)=0, (2)

where Pr(Z) are polynomial functions.

We assume that Eq. (2) may be converted to the Pfaff form,
ZPf_k(c?; E)ﬁ—F(c?; 2)=0 = {dkwi(i) = O (Dw;(Ddz, ,  dy [dewi(2)] = 0} . (3)
; 2

Then, the differential operators inverse with respect to those defined by Eq. (1) may be
constructed according to Ref. [8].



For certain values of the parameters, the coefficients entering the differential operators
may be equal to zero or infinity. In this case, the result of the differential reduction may be
expressed in terms of a simpler hypergeometric function. In Table 2, the sets of exceptional
parameters are listed for all the Horn-type hypergeometric functions considered here.

Applying the direct and inverse differential operators to the hypergeometric function
H (J Z), the values of the parameters J can be shifted by arbitrary integers as

QEAH(J +1m;2) =Y Qp(# a—ZH(f; 7, (4)

where m is a set of integers, Q(Z) and @ 7(%) are polynomials, and 7 is the holonomic rank
of the homogeneous linear system of PDEs in Eq. (2).

Let us recall that, for a Horn-type hypergeometric function, the homogeneous linear
system of PDEs can be derived from the coefficients of the series expansion about 7= 0,3

HZCZ’”?L

In this case, the ratio of two coefficients may be represented as a ratio of two polynomials,
C(m+e;)  Pj(m)

C(m)  Q;(m)’

where & = (0,---,0,1,0,---,0) denotes the unit vector with unity in its j™ component,

so that the Horn-type hypergeometric function satisfies the following homogeneous linear
system of PDEs:

(5)

: o\ 1 . 0 o
[Qj (;Zkf%);j—Pj (Z:Zka)] H( 72)—0> (6)
where j =1,...,7.

3 Horn-type hypergeometric functions of two variables

The Horn-type hypergeometric function H (J_: 21, 72) of two variables has the following series
representation about z; = 25 = 0:

—

H(7;5;21,Z2):

s (Hfzor (Mga)ml + ,Uga)m2 + %) P_l(%)>

k. r ( (b)ml + I/é )mg + 0b> (o)

m1,m2=0

3Under special conditions depending on the values of the parameters, also the Mellin-Barnes integral may
be used for obtaining the homogeneous linear system of PDEs [11,12].



where ,ug»a)

,V]gb) € Z and v;, 01, € C. The sequences ¥ = (y1,--- ,7x) and & = (01, ,01)
are called upper and lower parameters, respectively. The function H (J_: 21, 72) satisfies the

following homogeneous linear system of PDEs of second order:

%H@a::{%@%+H@m+g@%+%@}mﬁa,

00 H(J:Z) = {R0(5)912 + Ri(2)61 + Ry (2)02 + R3(Z)}H(j: Z), (8)

where 2 = (21, 22) accommodates the two variables, {P;, R;} are rational functions, 6; =
0., with j = 1,2, and 6;,..;, = 0;,---0;,. It is well known [4] that, under the condition
1 — Py(2)Ro(Z) = 0, Eq. (8) can be reduced to the Pfaff system in Eq. (3) of three PDEs

df = Rf , 9)

where f = (H ( (J:2),0,H(J;2), 0, H(J: Z)) . In this case, Eq. (8) has three solutions, and
Eq. (4) takes the following form:

QR H(J +17; 2) = Qo(D)H(J; 2) + Qu(D)0 H(T; 2) + Qa(2)0: H (T 7) (10)

Z
where i is a set of integers and Q(2), Qo(2), @1(Z), and Q2(Z) are polynomials.
In the case 1—Py(2)Ry(Z) = 0, Eq. (8) has four independent solutions and may be reduced

to the Pfaff system of four PDEs in Eq. (9) with f = ( (J:2),0,H(J; 2),0,H(J:; Z), 012 H(J: z)) :
In this case, Eq. (4) has the following form:

(%@Hu+ﬁﬁa:Qd@HUiWH%@WJHL@+Qﬂ@%HUﬁ3+QM@&ﬁUﬁ?3
where 7 is a set of integers and Q(2), Qo(2), @1(2), @2(Z), and @Q12(Z) are polynomials. In
both cases, Egs. (10) and (11), the construction of the inverse differential operators reduces to
the construction of some inverse matrices, of the 3 x 3 and 4 x 4 types, respectively, with non-
zero determinants. However, as was shown in Ref. [13], for some Horn-type hypergeometric
functions, one of the four particular solutions under the condition 1 — Py(2)Ry(2) = 0 is
a Puiseux monomial in the neighborhood of the point z; = 2z, = 0. Examples include
the functions G3, Hs, Hg, Hg (confluent), and Hg (confluent). More details may be found
in Ref. [5]. In applications to Feynman diagrams, such solutions correspond to diagrams
which are exactly expressible in terms of Gamma functions and are typically associated
with tadpoles [12]. In this case, the determinant of the corresponding matrix is equal to
zero, and the differential reduction has the form of Eq. (10). To complete the differential
reduction in this case, it is necessary to generate one PDE in addition to Eq. (8). A detailed
analysis of such systems of PDEs for Horn-type hypergeometric functions of two variables
was performed in Ref. [14]. The most systematic analysis of the criteria for the existence of
such types of solutions for A-hypergeometric systems [7] was presented in Ref. [15].

In Table 3, the locus of singularities of the homogeneous linear system of PDEs of second
order with two variables defined by Eq. (8) is specified for each of the Horn-type hypergeo-
metric functions considered here.



4 HornFunctions — Mathematica-based program for
the differential reduction of 30 Horn-type hypergeo-
metric functions

In this section, we present the Mathematica-based? program package HornFunctions for
the differential reduction of the 30 Horn-type hypergeometric functions of two variables.
They are listed in Table 1. The differential reduction of the Appell functions, namely F7,
F,, F3, and F), was implemented in the program package AppellF1F4 [2].

For the Horn-type hypergeometric functions defined in Eq. (7), the direct differential
operators for the upper and lower parameters were constructed in Ref. [16]. For the upper
parameters, they have the following form:

o o o 1 a a o
H(Y+éy0;7) = ~ <,u§ )91+,u§ )92+%) H(7;5;2) . (12)

a

Similar relations also exist for the lower parameters:

s oo 1 .
H(v;0 —e;2) = p— (V%b)91+l/§b)92+ab - 1) H(7;5;2) . (13)

The program package HornFunctions allows one to automatically perform the differential
reduction in accordance with Eq. (4). It is freely available from Ref. [17]. Its current version,
1.0, only handles non-exceptional values of the parameters.

4.1 Input format
The program may be loaded in the standard way:
<< "HornFunctions.m”
It includes the following basic routine for each Horn-type hypergeometric function:
{HornName }IndexChange [changing Vector, parameter Vector], (14)

where {HornName }IndexChange defines the name of the Horn-type hypergeometric func-
tion to be modified, e.g. HlIndexChange for the function H;(«,/3,7,9, 21, 29),
“parameterVector” defines the list of parameters of that function, and “changingVector”
defines the set of integers by which the values of these parameters are to be shifted, i.e. the
vector m in Eq. (4). For example, the operator

HlIndeXChange[{17 _17 07 0}7 {OK, 67 e 57 <1, Z2}] (15)

shifts the arguments of the function H;(«, 3,7,0, 21, 22) so as to generate Hy(a + 1,5 —
1,7,6, 21, 22).

41t was tested using Mathematica 8.0.



4.2 QOutput format

The output structure of all the operators of the program package HornFunctions in Eq. (14)
is as follows:

{{Qo, @1, Q2, Q12}, {parameterVectorNew } }, (16)

where “parameterVectorNew” is the new set of parameters, J -+m, of the function HornName
and @, @1, @2, and Q)12 are the rational coefficient functions of the differential operator in
Eq. (11),

HornFunct(oldparam) = (Qo + Q161 + Q202 + Q126,02)HornFunct(newparam) (17)

In the case of three PDEs, which corresponds to Eq. (10), the last coefficient, @12, is identi-
cally zero.

4.3 Examples

Example 1:° Reduction of the Horn-type hypergeometric function Gy (a, by, ba, 21, 22).
GlIndexChange[{—1,—1,0},{a,b1,b2,21,22}]

bl(zl4+1)4+ (b2 —1)z21 =1 —a+z1(bl+b2—-1)+1 a+blzl +bl +b2z1 +b2 — 21 —2
(bl —1)(z14+224+1) “(a—1)Mbl—-1)(=zl+22+1)" (a—1)(bl—1)(z1 +2z2+1) [’
{a—1,b1 —1,b2,21,22}}

As the function Gi(a, by, ba, 21, 29) only satisfies three independent PDEs, it may be written
without the mixed derivative 6;6,, as:
Gl (a7 b17 627 21, Z2) =

(62—1)21+b(21+1)—1 —a+(b+bg—1)zl+1
(b—1)(z1 + 22+ 1) (a—1)(b—=1)(z1 +20+1) '

a+bzy +bozy +b+by — 2y — 2

0D mtarn 2@l bh—Lbizz) (18)

Using Ref. [17], Eq. (18) may be checked numerically in specific examples.
Example 2: Reduction of the Horn-type hypergeometric function Hi(a,b,c,d, z1, z9).
H1IndexChange[{—1,0,0,1}, {a,b,c,d,z1,22}]

5All functions in the program package HYPERDIRE generate output without additional simplification
for maximum efficiency of the algorithm. To get the output in a simpler form, we recommend to use the
command Simplify in addition.



{{ (a—=1)d(z1 —1)(z2+1) —bzl(az2 + a+cz2 — 22 — 1) —a(z2+ 1) —bz1(22 + 1) — cz122 + dzlz2 + dz1 + 22 + 1

(@ —1)d(z1 —1)(22 + 1) ' (a —1)d(z1 — 1)(z2 + 1)
z21(b—2z2(a+c—1)) —d(zl —1)(z2+ 1) —22122 + 22 + 1
(@ —1)d(zl — D=2 + 1) (a—Dd(zl — 1)(z2 + 1) } {a=1bed+ 1’21’22}}

This corresponds to the following mathematical formula:

Hl(a7 b7 ¢, d7 Z17Z2) =

(a—1)d(z1 — 1) (22+ 1) — bz (aze +a+czg — 290 — 1)
(a—1)d(z —1)(20+1)
+_a(22+1) —b(ze+1) 2 —cz2z1+dz1—|—dzgzl+22—|—19
(a—1)d (21— 1) (22 + 1) :
21 (b—zm(a+c—1)—d(z —1)(22+1)
(a—1)d(z1 —1) (22 4+ 1)
—2z129+ 20+ 1

0105 Hy(a — 1,b 1,d; . 1
oDl ) (@) il Lher Ldza) 19

02

Example 3: Reduction of the confluent Horn-type hypergeometric function Hy(a, b, ¢, 21, ).
H1cIndexChange[{0,1,1},{a,b,c,z1,22}]

a?(—z1) — abzl + ac + bc + 2bz122 — cz2 + 22122 a(—2z1) +a — bzl + b+ 22122 — 22 zl(a + b+ 222) — ¢ 1
ac + be ’ ac + be ’ c(a+b) " ac+bc)’
{a,b+ 1,c+1,21,22}}

This corresponds to the following mathematical formula:

a® (—z1) — abzy + ac + be + 2bz1 2o — ¢z + 22129

Hi(a,b,c; 21, 20) = [

ac + be ’
a(—z1)+a—bz+b+22120 — 20 z1(a+b+22z)—c
ac + be ’ c(a+b) ’
1
e Hi(a,b+1,c+1; 21, 29). (20)




5 Conclusions

The differential-reduction algorithm [8] allows one to relate Horn-type hypergeometric func-
tions with parameters whose values differ by integers. In this paper, we presented an ex-
tended version of the Mathematica-based program package HYPERDIRE [1,2] for the dif-
ferential reduction of generalized hypergeometric functions of Horn type with two variables
to a set of basis functions.
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A Inverse differential operators

In this appendix, we present the full list of differential operators inverse to those defined
by Egs. (12) and (13), which shift the upper and lower parameters of the Horn-type hyper-
geometric functions, respectively. The corresponding results for the Appell hypergeometric
functions, Fy, Fy, F3, and Fy, were presented in Ref. [2]. The sets of upper and lower pa-
rameters are uniquely defined by the series representation of the Horn-type hypergeometric
function in Eq. (7). In the remainder of this paper, we adopt the following notations. For
each parameter a; of the Horn-type hypergeometric function Fj, we denote the four coeffi-
cient functions appearing in the differential operators inverse to those defined by Eqs. (12)
and (13) by A, 5, Ba, Fps Cas B and Dy, g,. Specifically, we have

Fk( ey Q.. ) = (Atli,Fk + Bai,erl + Cai’erg + Dai’erleg)Fk(. 73 + 1, .. ) (21)

for upper and lower parameters, respectively. When only three non-trivial solutions exist,
we put explicitly D,, r, = 0. In the special cases when one of the four solutions is a Puiseux
monomial, we also present the extra PDE.

A.1 Non-confluent Horn-type hypergeometric functions

A.1.1 Function Gl(a, bl,bz,Zl,Zz)

@)nytns (01),,, . (b2),
Gi(a,bi, by, 21, 22) = Z (@) ena ;z)rfn 7‘”( 2 22 2t 2R (22)
1'Mo!

ni,n2



The additional PDE reads:
(21 + 20+ 1) (42120 — 1)

z1%2

(—a*z — a?

9192G1(7; 21,2’2) =

+(—3az; — azy — 2a — byzy + br2o + 2b12129
—|—2b22122 — bg — 21 — k2 — 1) «92)G1(ﬂ7, 21, 22).

(@4 b2) (@ —bez1 +b1) + 22 (2(a+ 1)z (2a + by + b2) — by (a+ 1))

Aa,G1 -

(a+by)(a+bs)

29 (221 (2a4+ by +bo) +a+ b)) — (21 + 1) (a+ ba)

Ba,G1 =

(a+by) (a+ by) ’
z1 (222 (2a+bg) +Cl+b2) —CI,(ZQ + 1) +b1 ((221 - ].) Z9 — ].)

Ca7G1 =
Da,G1 = 07

Abl ,G1

By, 6,

Cbl,Gl

Db1,G1

Abz,Gl
By, ¢

Cb2,Gl
Dbz,Gl

(a+by)(a+be) ’

by (—2azy + a + by + bs)
(bl +bg) (a+b1) ’
by (z1 (1 —229) + 1)
(b1 + D) 21 (a+by)
by (222 + 1)
(b1 + b)) (a+b1)’
0,

Abl,Gl(Zl > 29,b1 < 52)7
Ch 61 (21 > 29,01 < by),
Bbl,Gl<Zl > 29,b1 < b2)7
0.

A.1.2 Function Gz(ai,az, by, bs, 21, 22)

a a
G2 (afl,a2,bl’b2jzljz2) — Z ( l)nl( 2)TL2

(b1>n2—n1 (b2)n1 —n2 Z’nl an

nllng! L
ni,n2
The additional PDE reads:
. 1022122 (22129 a12122 .
‘9192G2(7§U; 21722) = (_ - - 92)G2(7§U; 21722)-
2129 — 1 2129 — 1 2179 —

10

29 — a® 4 abyzy + abyzo + 2aby 2129 + 2aboz1 29 — azy — aze — a)
+ (—CL,Zl - 3&22 —2a + b221 — blZQ + 2b12122 + 2b22122 - bl — 21 — Ry — 1) 91

Y



<1 (a2z2 - bz)
ai + bl
21+ 1
ap + bl’
21 (22 + 1)
a, + bl

Agpcy = Aay,co(21 & 22,01 < az, b1 < by),
Bayco = Cayy(21 ¢ 22,01 > ag, by < by),
Caz,Gz = Ba1,G2(Zl “ 29,01 < Az, by < 52),
Dy, = 0,
Aoy = by (—agza + ay + by + 52)7
7 (b1 + ba) (a1 + by)
by (z1+ 1)
By.c, = ,
’ (by + b2) 21 (a1 + by)
by (22 + 1)
Chg, = — :
(by + by) (a1 + by)
Dy, c, = 0,
Ay, = Abco(z1 & 29,01 < ag, by < by),
By, = Ch.c,(21 < 22,a1 < az,b1 < by),
Chpco = B go(21 < 22,01 < ag, by < by),
Dy, = 0.
A.1.3 Function Gs(ai,az, z1, 22)

a a
G3 (a17a2721’z2) _ Z ( 1)2n2—n1( 2)2n1—n2 Z{LIZSZ.

The additional PDE reads:

s !n2 !
ni,n2

( —  a1G92129 + (&2212’2 — 2&12’122 )91 + (22’122 )912

+ (CLlZlZQ — 2@22122 )‘92 -+ (22122 )‘922 + (1 — 52122 )91‘92)G3(”7, 21, 22) =0.

11



2a1 (2a1 + 2a5 + 1)
(2&1 + ag) (2&1 + as + 1)
3aizs ((a1 + 1) (5ag + 4as +2) — 3as (2a1 + ag + 1) 1)
a (2ay + az) (2a1 + as + 1) (aq + 2as)
B _m (a1 4 2a2) (421 + 1) + 32122 (6 (2a1 + az + 1) 21 + bay + 4as + 2)) (57)
a1,G3 (2a1 + az) (2a1 + as + 1) (a1 + 2a9) ’
a; (=322 (3 (2a1 + as + 1) 21 + 10a; + 8as + 4) — 8ay — Tas — 3)

Aal ,Gs  —

: (56)

C, = , 28
1,Gs (2&1 + 0,2) (20,1 + (45} + 1) (0,1 + 2&2) ( )
Da1,G3 = 0, (59)
Aa27G3 = AahGg(Zl 29,01 a2)> (60)
Bu, g = Bayos(21 < 22,01 < ag), (61)
Cazcs = Cuoygs(21 & 22,01 © ag), (62)
Dag,Gg = 0. (63)
A.1.4 Function Hy(a,b,c,d, 21, z2)
(@)ny—ns (B)na+ns(ny s
Hl (aaba(:)dazla 22) = T;;Q n1?n2'(d)nj : 2112227 (64)
4 ~abz (@®+2a(b+3c—d+1)+ 0> +2b(c—d+ 1) +4dc(c—d+ 1))
eth = (zo+1) (a+b)(a+c)(at+b—2d+2)(a+c—d+1)
N abzy z ala+b+c) | (65)
(2 +1)(a+c)latec—d+1)  (a+b)(atc)
a(a* —2d(a+ b+ c) + 2ab+ 3ac + 2a + b* + be + 2(b + ¢) + 2¢%)
Ba H == —
’ (a+b)(at+c)a+b—2d+2)(a+c—d+1)
az1 (a®+2a(b+3c—d+ 1)+ +2b(c —d+ 1) + 4c(c —d+ 1))
(2+1)(a+b)(a+c)a+b—2d+2)(a+c—d+1)
az129
+ : 66
(2+1)(a+c)atc—d+1) (66)
o az1 (7a® + 2a(5b + 5¢ — 3d 4 6) + 3b* + b(6c — 6d + 8) + 4(c + 1)(c —d + 1))
a,Hi —

(2+1)(a+b)(a+c)a+b—2d+2)(a+c—d+1)
a(z+1) n azezy
zla+b)lat+ec) (2+1)(a+c)la+c—d+1)
a(z (421 +22+2)+ 1) (3a+b+2c—2d + 2)

Dot = = G N (at Wlat atb—2d+2(ate—d+1)] o

(67)

12



Ch,m,

Bc,Hl
C’c,Hl

Dc,Hl

2129 (@® + a(b(b—2(c+d — 1)) —2¢) — 2(b+ 1)c(3b — 2d + 2))
(zo+ 1) (a+b)(b—d+1)(a+b—2d+2)

n 2022, 29 _ Cx n azy

(zo+1)(a+b)(a+b—2d+2) a+b (2+1)(b—d+1)

22 (@ +2a(b—c—d+1)+0* —2b(3c+d — 1) + 4e(d — 1))
(zo+ 1) (a+b)(b—d+1)(a+b—2d+2)

N czo(a+ 3b—2d + 2) N 2 B 1

(a+b)(b—d+1)(a+b—2d+2) (204+1)(b—d+1) b—d+1’

221 (3a* +2a(5b + ¢ — 3d + 4) + 7b* + 6b(c — d + 2) — 4(c+ 1)(d — 1))

a (zo4+ 1) (a+b)(b—d+1)(a+b—2d+2)

2z +1 21

Catb (1) (b—d+1) (71)

(20 (=421 +20+2)+ 1) (a+3b—2d + 2)

(o + 1) (a+b)(b—d+1)(a+b—2d+2)

+1, (69

(70)

(72)

z((a+c—d+1)(a—bzy—b+c)+ bz (22(a—b+2c+1)+a—-b—1))

(20+1)(a+c)atc—d+1)
1

+22—|—1’ (73)
2o (z1(2ze(a—b+2c+1)+a—-b—1)—(z22+1)(a—b+c)) (74)
(z2+1)(a+c)atc—d+1) ’
z122 (p(a—b+2c+1)—a—-3b—1) 2+l (75)

(ze+1)(a+c)a+c—d+1) a+c’
z9 (—421 +22+2)+1 (76)

(zo+1)(a+c)a+c—d+1)

13



Ad,Hl

Bd,Hl

Dd7H1

A.1.5

(d—1)(—4d(b+ c) + b(b+ 4c+ 5) + 6¢ + 4d* — 10d + 6)
S (m+D(a+b—2d+2)(a+b—2d+3)(a+c—d+1)
(d—1)
(2a+1)(b—d+1)(a+b—2d+2)(a+b—2d+3)(a+c—d+1)
x (a® +a*(3b+c—5d+ 6) + 2 (a® + a®(3b+ ¢ — 5d + 6) + a (—2d(5b + 2c)
+b(3b + ¢+ 12) + 5¢ + 84 — 19d + 11) + b° + b*(2c — 5d + 6)
+b (—4ed — 2(c — 3)c+ 8d* — 19d + 11) + 2(d — 1)(2d — 3)(c — d + 1))
+a (—2d(5b + 2¢) + 3b(b+ ¢+ 4) + 5e+ 84> — 19d + 11) ), (77)
(d—1)
(2+1)(b—d+1)(a+b—2d+2)(a+b—2d+3)(a+c—d+1)
X (22 (a® + a(2b — ¢ — 4d + 5) 4+ b* + b(c — 4d + 5) — 2¢* + ¢ + 4d* — 10d + 6)
+a® +a(2b+ ¢ —4d +5) — 4d(b+ c) + b(b + 3c + 5) + 5¢ + 4d* — 10d + 6)
(d=1)(a®* 4+ a(2b+c—4d+5) — d(4b+ 3c+10) + (b + 2)(b+ 2¢ + 3) + 4d?)
z21(b—d+1)(a+b—2d+2)(a+b—2d+3)(a+c—d+1)
c(d— 1)z

Czb—d+D(a+b—2d+2)(a+b—2d+3)’ (78)
(d—1)2z2 (3a* + a(2b + 5¢c — 4d + 5) — b* + b(3c — 1) + ¢(2c — 4d + 5))
(22 +1)(b—d+1)(a+b—2d+2)(a+b—2d+3)(a+c—d+1)
(d—1)(a* +a(—2b+c+1) —b(3b+ ¢ — 4d +5) + ¢)
. )
(2+1)(b—d+1)(a+b—2d+2)(a+b—2d+3)(a+c—d+1)
(d=1)(z (=421 + 2+ 2)+ 1) (—nla+c—d+1)+b—d+1) (80)
2129 (z0+ 1) (b—d+1)(a+b—2d+2)(a+b—2d+3)(a+c—d+1)
Function Hy(a,b,c,d,e, z, z3)
Hg(a,b,C,d,e,Zl,Zg) _ Z (CL)m—nz(b)nl (C)nz(d>n2 2?1232’ (81)

I,
1o nl.ng.(e)nl

14



Aa,H2

BCL,H2

Ca,Hz

Da7H2

abzy (a®> —e(a+c+d) + 2ac+ 2ad + a+ * + cd + ¢+ d* + d)

(a+c)a+d)(a+c—e+1)(a+d—e+1)

ala+c+d)
(a+c)(a+d)’

a(z1—1)(a* —e(a+c+d)+2ac+2ad+a+  +cd+c+ d* +d)

(a+c)la+d)(a+c—e+1)(a+d—e+1)

abz1(2a+c+d—e+1)

(a+c)a+d)(a+c—e+1)(a+d—e+1)
a(z+1)

z(a+c)(a+d)’
a((z1—=1)z—1)2a+c+d—e+1)

znla+c)a+d)(a+c—e+1)(a+d—e+1)

A67H2
BC7H2
CC7H2

Dc,Hz

_an
b—e+1
21—1
b—e+1’
21
b—e+1’

L,

= 0,

_dZQ(a+b21+C_6+1)

1

(a+c)la+c—e+1)

)

d(Zl — 1) z9

(a+c)latc—e+1)

z(a+bn+c—e+l)+a+c—e+1

(a+c)la+c—e+1)

1—(2’1—1)2’2

(a+c)latc—e+1)

15
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L (e—1)

e b—e+)(a+c—e+D(a+d—e+1)

x(@®+alb+c+d—2e+2)+blc+d—e+1)+(c—e+1)(d—e+1))(98)

B (e—1)(z1—1)(a+c+d—e+1)

znb—e+1)(a+c—e+1)(a+d—e+1)
b — be

Cett = b—e+1)(a+c—e+1)(a+d—e+1) (100)

(e—=1)((z1 = 1) 29— 1)

= — : 101
De.tr znzmb—e+1)(a+c—e+1)(a+d—e+1) (101)

Be,Hz (99>

A.1.6 Function Hjs(a,b,c, z1, 2z2)

niTrn2 bnz ny . n
Hs(a,b,c,z1,20) = Z lelzz? (102)

na s n1!n2!()ny 4y

The additional PDE reads:

(b2’291 — a2192 — 2195 + (22 — 221)9192)[’[3(’7; 6; 21, 2’2) = 0. (103)

2@+ Dzn(2a+b—2c+2)+(a+b—2c+2) (a+bzp—c+1)
Avm, = . (104)
’ (a—c+1)(a+b—2c+2)
(421 —1)(2a+b—2c+2)
_ 105
By (a—c+1)(a+b—2c+2) (105)

(22— 1) 2z9(a+b—2c+2)+ 21 (220(2a+ b —2c+ 2) — a)

_ , 106
Catt z(a—c+1)(a+b—2c+2) (106)
Dyn, = 0, (107)
2az9

Apg, = ————— +1 108
b.Hs a+b—2c+2+ ’ (108)

(421 — 1) Z9
Byy, = 109
bHs z21(a+b—2c+2) (109)

22’2 —1

, = ——————— 110
C.trs a+b—2c+2’ (110)
Dy, = 0, (111)

16



A, = oD (Ea(e +a@—8ct10)+ b2+ (b= 20+3) - 20bz) ),
cHy = z(a—c+1)(a+b—2c+2)(a+b—2c+3)

(c—1)(4z1 — 1) (22(a —c+ 1) + bz)

Ben, = Camla—ct+1)(a+b—2c+2)(a+b—2c+3) e
oo (c—1)
o T Ba—ctD(atb—2c+2)(a+b—2c+3)

X (22 (—2(Ba+b—4c+5)+2a+b—3c+4) — 2z (a+2bz — 2c+ 3)) (114)
Dom - 0 (115)

A.1.7 Function Hy(a,b,c,d, 21, z2)

n T b n n n
Hilabeda, ) = 3 Al . (116)

s nl!ngl(c)nl(d)m L=z

4(a+1)zez (@*+2a(b—c—d+2)— (b—d+1)(2c+ d — 3))

Aans = (20— 1)(a—2c+2)(a—d+1)(a—2c—d+3)
bzs d(a+ 1)z
— 1 117
+a—d—l—l (,22—1)(a—2c—|—2)jL ’ (117)
B L 2n(An(@®+2ab—c—d+2)—(b—d+1)(2c+d—3)) —ab(z —1))
ofts (20 —1)(a—2c+2)(a—d+1)(a—2c—d+3)
(a—2c+2)(a—d+1) (20—1)(a—2c¢+2) a—2c+2
C 4z (m(a+20—2d+2)+a+2c—d+1)
o T G = D) (a—d+1)(a—2c—d+3)
4202 —d — 1) (z(b—d+ 1) +2c—1)
(za—1)(a—2c+2)(a—d+1)(a—2c—d+3)
22—1
_ 119
+a—d—|—1’ (119)
2((zp —1)2 —42) (2a — 2¢ — d + 3)
= — 120
Dot (20 —1)(a—2c+2)(a—d+1)(a—2c—d+3)’ (120)
azy
= —= 41 121
vt b_dr1 " (121)
222
B, - 2 122
b,H4 b_d—‘—]_’ ( )
22—1
= - - 123
Cb,H4 b_d—‘—]_’ ( )
Dy, = 0, (124)



Ac,H4 =

BC,H4 -

CC,H4 -

2(0 — 1)2’2

(z2—1)(a—2c+2)(a—2c+3)(a—2c—d+3)(a—2c—d+4)
x (—2a® — a®(b—

+a(2(b(c—1) —
+abze(—b+d—1)+

+

+z1(a —2c+2)(a—2c+3)
2(c—1) (z2(a —2b+ 1) 4 2d)

10¢ — 4d + 17)

2(c — 1)(2a — 2¢ + 3)

(20 — 1) (a —2c+2)(a —2c+ 3)’

dc—1)z(a+b—2c—d+4)

(n—1)(a—2c+2)(a—2c+3)(a—2c—d+4)
bc— 1)z (22(—a+b+2c—3)+3a—23c+d—5))

(2c¢+ d)(4c + d)) + 54c + 20d — 45)
(2¢—=3)(2c+d—4)(2c+d—3))

4b(C — 1)22 (Zg(b d + 1) + d — 1)

z1(a—2c+2)(a—2c+3)(a—2c—d+3)(a—2c—d+4)

(za—1)(a—2c+2)(a—2c+3)(a—2c—d+3)

c—1

4(c—1

—2c—d+4)

(
)
)

(20— 1)(a—2c+2)(a—2c—d+3)(a—2c—d+4)

(20 — 1) (@ — 2¢+2)(a — 2¢+ 3)’

2(c—1) (d — bzs) (2a(b— d + 1) + 2c — 3)

T —D(a—2c12)(a—2c43)(a—2c—d+3)(a—2c—d+4)
B 4(a+1)(c—1)
(2o —1)(a—2c+2)(a—2c—d+3)(a—2c—d+4)’

(c=1((z=2—1)?

—4z1) (22(—a+b+2c—3)+2a — 4c— d+6)

z1(za—1)(a—2¢+2)(a—2c+3)(a—2c—d+3)(a—2c—d+4)

(d—1)(— (22— 1) (a+b—d+1)(a—2—d+3) — dabz)

(2a—1)(a—d+1)(b—d+1)(a—2c—d+3) ’

2b(d —

1) (421 — 25 + 1)

(2—1)(a—d+1)(=b+d—1)(a—2c—d+3)’

_ (d—1)(4z (a

‘l‘ng —

d+2)+ (22— 1)%(a—2c—d+3))

(20 —1)2z9(a —d+1)(—=b+d—1)(a—2c—d+3)

2(d—1)((z2 — 1)2 — 42)

(20— 1)29(a—d+1)(=b+d—1)(a—2c—d+3)’

A.1.8 Function Hs(a,b,c, z1, 22)

H5(a,b,c,21, Z2) =

>

ni,n2

(a)2m+n2(b)m ni ST 2

nllngl(c)
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(125)

(126)

(127)

(128)

(129)
(130)
(131)

(132)

(133)



ACL,H5

» 115

1
(294 21 (620 —4) — 1) (a + 2b)(a — ¢+ 1)(a + 20 — 3¢ + 3)
X2z (4(a+ 1)z (2(a — ¢+ 1)(a+ 2b — 3¢ + 3)
—25 (7a® + a(16b — 15¢ + 23) + (2b — 3¢ + 3)(2b — 3¢+ 5)))
+25 (13a® + a*(4b — 13c + 47)
—325 (4a® — 3a®*(b+ ¢ — 5) + a(—2b(3b — 3¢ + 2) — 9c + 17)
— (20" + b —2) (2b — 3¢+ 3)) + a(b(20 — 14c) + ¢(3c — 25) + 46)
—2(2b — 3¢+ 3)(b(2b + 3¢ — 2) — ¢ — 2)))
(22— 1)(a+bzg —c+1)
(20 + 21 (620 —4)—1)(a—c+1)

Tt 6n DDt ) (134)
22’12’2
(224 21 (62 —4) — 1) (a+ 2b)(a — ¢+ 1)(a + 2b — 3¢ + 3)
x (821 (7Ta® 4+ a(16b — 15¢ + 23) + (2b — 3¢+ 3)(2b — 3¢ + 5))
+325 (21a® + 2a(15b — 9c + 23) + (6b + 7)(2b — 3¢ + 3)) — 48a°
+8a(—8b+c—11) —2(2b — 3¢+ 3)(8b+ 5¢ + 5))
(22 — 1) (22(a+2b) +2(a — c+ 1))
(2 + 21 (622 —4) — 1) (a+2b)(a—c+ 1)
162 (22, + 1)
R R ) (135)
(294 21 (620 —4) — 1) (a + 2b)(a — ¢+ 1)(a + 2b — 3¢ + 3)
x (=827 (22 (Ta® 4+ a(16b — 15¢ + 23) + (2b — 3¢+ 3)(2b — 3¢ + 5))
+2a(3a — 3¢+ 7) +4b — 6¢+ 6)
—221 (22 (322 (3a® + a(8 — 6b) — (3b— 2)(2b — 3¢ + 3)) — 17a®
+a(20b + 7c — 43) + (2b — 3¢ + 3)(12b + ¢ — 10)) + 4a® — 8a(b — 1)
—2(2b — 1)(2b — 3¢ + 3)))
(22 —1)°
T m-D)-Da—cti) (136)
C2(—2 2 (1621 + 922 (320 —4) +8) + 1) (4a+2b — 3c + 3) (137)

(29 + 21 (620 —4) — 1) (a + 2b)(a — c+ 1)(a+ 2b— 3¢+ 3) ’

19



Bb7H5

b
(20421 (622 —4) — 1) (a+2b)(a +2b+1)(a+2b—3c+3)(a+ 2b—3c+4)
x (221 (622 (a® 4 2a*(3b — 3¢+ 5) + a (12b* — 24(b + 2)c + 36b + 18¢° + 31)
+(2b+ 1)(2b — 3¢ + 3)(2b — 3¢+ 4)) + 27az3(a + 2b+ 1)(a + 2b — 3¢ + 4)
—4(2a 420+ 1)(a+2b — 3¢+ 3)(a + 2b — 3¢ + 4))
+25 (—23a” + 9az; (3a® — 3c(2a + b+ 1) + 6ab + 9a + 6b + 4)
+a*(—40b + 30c — 57) + 2a (106° + b(7 — 18¢) + 6¢(3c — 5) + 7)
+2(20+1)(2b — 3¢+ 3)(2b — 3¢+ 4)))
B 2b(2a + 2b + 1) (138)

(20421 (620 —4) — 1) (a + 2b)(a + 20+ 1)’
—3b(3¢c — 2)2 (329(6b — 15¢ + 7) — 2(8b — 21c + 9) — 24(c — 1)z1)
(20421 (622 —4) — 1) (a+2b)(a +2b+1)(a+2b—3c+ 3)(a+ 2b— 3c+4)
108b2; 23

Tt 2 (65 —4) —1) (at20)(a+2b—3c+3)

bzo (2722(4a + 4b + 5c + 2) — 4(23a + 22b + 39¢ + 5) + 4821)
(224 21 (629 —4) — 1) (a + 2b)(a + 2b+ 1)(a + 2b — 3c + 4)
16027 + 8bz

21 (29 + 21 (620 —4) — 1) (a + 2b)(a + 2b+ 1)
N b(ze— 1)

21 (20 + 21 (629 —4) — 1) (a +2b)(a + 2b+ 1)’

b
(20421 (622 —4) — 1) (a+2b)(a +2b+1)(a+2b—3c+3)(a+ 2b— 3c+4)
x (—z (1221 (3a® 4+ a(12b — 9c + 13) + 6(2 — 3b)c + 2b(6b + 13) — 9¢*) + 494
—3c(35a + 28b + 25) + 112ab + 157a + 28b* + 146b + 9¢* + 84)
+9z5 (3a® — 3c(2a + b+ 1) + 6ab + 9a + 6b + 4)
+2 (421 + 1) (8a” + 2a(10b — 9c + 13) + (2b + 1)(4b — 9c + 12)))
54bz 22

(139)

140
+(22+21(622—4)—1)(a+26)(a—|—2b—3c+3)’ (140)
3b(—z2+ 21 (1621 + 922 (320 — 4) + 8) + 1) (2a + 4b — 3¢ + 4)
z1(a+2b)(a+2b+1)(a+2b—3c+3)(a+2b—3c+4)
! (141)

X
(224 21 (622 — 4) — 1)’

20



» 115

DC,H5

" s+ 21 (62 —4) — 1) (2 (

S (a—c+1)(a+20—3c+3)(a+2b—3c+4)(a+2b—3c+5)

a(c—1)

(a—c+1)(a+2b—3c+3)(a+2b—3c+4)(a+2b—3c+5)

1
2 (9a® — 9c(4a + Tb + 17) + 17ab + 54a + 20b°

+87b + 54¢” + 105) + 22 (322 (4a® + a(18b — 27¢ + 38) + 6(2b — 3¢)*
+94b — 144c + 94) — 2 (2a® + a(14b — 23¢ + 31) + 24b° — 70(b + 2)c
+90b + 54¢” + 89)) — 9a® — 18a(b — 2¢ + 3) + 64be — 4b(5b + 22)
—54¢* + 3(51c — 35))

16a(c — 1)z3(a + 20+ 1)

Tt (6m—4)—D(a—ct)a+2b—3c13)at2b—3c15)

(¢ —1)(2b — 3¢+ 3)(2b — 3¢ + 4)(2b — 3¢ + 5)

(142)
(c—1)

(a—c+1)(a+2b—3c+3)(a+2b—3c+4)(a+2b—3c+5)

1
2 (9a® + 42 (4 2% +1 o — 3t 4
X(Z2+Zl(6zz—4)—1)( (90 + 42, (421 (a4 2b+ 1)(a + 2b — 3¢+ 4)

+c(16a + 260 + 13) — 2(a + 2b+ 1)(3a + 4b + 9)) + a(8b — 13¢ + 19)

—2(b+1)(2b + 1)) + 22 (122 (3a® + a(12b — 9c + 13)

+(2b + 1)(6b — 9¢ + 13)) — 194*

+a(—16b + 27c — 39) + 4(b+ 1)(2b+ 1)) , (143)
(c—1)

(@a—c+1)(a+2b—3c+3)(a+2b—3c+4)(a+2b—3c+5)
A P, (612’2 —4)—1) (5 (= (621 (307 + 20(6b = 9c + 13
+3(2b — 3¢)® + 46b — 72c + 47) + 8a® — 27c(a + b+ 3) + 11ab + 42a
+8b 4 39b + 27¢* 4 58))
+25 (421 (40 4+ 4z1(a+ 20+ 1)(a + 2b — 3c + 4)
+a(20b — 32¢ + 46) — T0bc + 6b(4b + 15) + 54¢* — 143¢ + 93)
+15a* + a(24b — 53¢ + 81) + 2 (—28bc + 8b(b + 5) + 27¢* — 80c + 57))
+2 (42 + 1) (=3a® + 4z1(a — ¢+ 2)(a + 2b — 3¢ + 4) — 6a(b — 2c + 3)
+14bc — 4b(b + 5) — 13¢* 4 38¢ — 27)) (144)
(c=1) (=22 + 21 (1621 + 922 (320 — 4) +8) + 1)
(a—c+1)(a+2b—3c+3)(a+2b—3c+4)(a+2b—3c+5)
X(4zl(a+26—30+4)—a+c—1)
2129 (22 + 21 (629 —4) — 1)

(145)
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A.1.9 Function Hg(a,b,c, z1, 22)

ni—n b na2—ni T n n
Hg (a,b, ¢, 21, 22) = E ()2, ;(,Zl 2, 9 a1ty (146)
1-Nog-
ni,n2

The additional PDE reads:

(CLCZlZQ + 20212291 + (azlzg — 0212’2)92 — 212’2922 + (22’122 — 1)9192)H6(’7, 21, 2’2) =0. (147)

a(z(ez(a+c)—2(a+1)(2(a+b)+c¢))+ (a+2b)(a+b+c))

Auts = @t b)(at2b)(ato » (148)
o a@xn+1)(2a+b) +o)

Bore = Bt o)t (149)
_a(z(zn (4(a+b) 4+ 2(a+c) +2c) +a+2b) +a+ 2b)

Copts = (@t b)(a+2b)ato) ’ (150)

Dyns = 0, (151)

beza (21 (22(a+2b—c+ 1) +2a) —2a — 30— 1)
(a+0b)(a+2b)(a+2b+1)
2b(2a + 2b + 1)
(a+2b)(a+2b+1)
b(4z1 + 1) (a+ b+ cz129)
Butia = z1(a+b)(a+2b)(a+ 20+ 1)’ (153)
b(zo (21 (22(a+2b—c+1)—2¢)—2a—3b—1)—3a—4b—1)

(152)

_ 154
C.ti (a+b)(a+ 2b)(a+2b+1) » (154)
Dy, = 0, (155)

29 (2az1 — b)
= — - 41 156
AC,HS a+c + ) ( )

(421 + 1) 2o
B = 77 157
c,Hg a+c 5 ( )
22’122 + z9 + 1

= —-— 158
C'c,H(; a+c ) ( )
Dy, = 0. (159)
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A.1.10 Function Hy(a,b,c,d, z1, z2)

Aa,H7 =

Ba,H7 -

CCL,H'? =

(@)2n1—ns (0)ny (€)n nin
H7(a,b,c,d,zl,z2) = nlznz 2n1'n22'(d); 2’Zl 2227 (160)
ala+b+c) daz

(a+b)a+c) (n+1)(a+b)(a+c)(a+b—2d+2)(a+c—2d+2)
x ((a+1)(a®>+2a(b+c—d+1)+b*+b(c — 2d + 2) + c(c — 2d + 2))
+25 (a® + a®(2b + 2¢ — 2d + 3)

+a (0* —2d(b+c+1) +3bc+ b+ +4c+2) + b*(c + 1)
+b(c+1)(c—2d+2) + c(c — 2d + 2))), (161)
2a (42 — 1) (@* +2a(b+c—d+ 1)+ b* + (b+¢)(c — 2d + 2))

(@40 (ato)atb2d+2)(atc—2d+2) ’ (162)
(za+1)(a+b)(a+c)a+b—2d+2)(a+c—2d+2)
X (4z129(c(a+b) +ala+b+2)+b+c—2d+2)
—42 (a® +2a(b+c—d+1) + b + b(c — 2d + 2) + c(c — 2d + 2)))
a(ze+2) a
(zo+ 1) (a+b)(a+c) (25+2)(a+b)(atc) (163)
20 (29 (421 — 1) 20 —2) = 1) (2a+ b+ c—2d + 2) (164)
2 (224 1) (a+b)(a+c)(a+b—2d+2)(a+c—2d+2)’
dezzg (2(a+b+1) +a) 2y (a+b—czg — ) 1
Tmr Dt tr-20+0 T (miD@try Tnir U6
B 2¢(1 —4z) 29
(@ D(atb—2d0+2) (166)
dazm(z(etb+l)—c)ta+b—2d+2  z(22+2) (167)
(2 +1)(a+b)(a+b—2d+2) (z2a+1)(a+0b)’
B (2 —821) 25 + 429 + 2
(atD(a+b(atb—2d+2) (168)
Ac,H7 = A@H?(b(—)C), (169)
Bc,H7 = Bb7H7(b<—>C), (170)
Cc,H7 = Cb7H7(b<—>C), (171)
Dc,H7 = Db7H7(b<—>C), (172)
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2(d— 1)
(4 Dla+b—2d+2)(a+b—2d+3)(a+c—2d+2)(a+c—2d+3)
x (—abe + 2 (22 + 1) (20 4+ a (2 (b* — 6d(b + ¢) + 2bc + 8b + ¢* + 8d°)
+16¢ — 42d + 27) + b*(c — 2d + 3) + b (—8cd + c(c + 11) + 8d* — 22d + 15)))
2a%(d — 1)(4b + 4c — 10d + 13)
(a+b—2d+2)(a+b—2d+3)(a+c—2d+2)(a+c—2d+3)
2bc(d — 1)z (2a+b+c—2d+2)
(o+1)(a+b—2d+2)(a+b—2d+3)(a+c—2d+2)(a+c—2d+3)
2(d —1)(2d — 3) (¢ + ¢(5 — 4d) + 4d*> — 10d + 6)
(a+b—2d+2)(a+b—2d+3)(a+c—2d+2)(a+c—2d+3)
(d—1) (42 - 1)
Czz(a+b—2d+2)(a+b—2d+3)(a+c—2d+2)(a+c—2d+3)
X (22 (a® + a(2b+ 2¢c — 4d + 5) + b* + b(c — 4d + 5)
+(c—2d+2)(c—2d+3)) — be), (174)
2(d— 1)
29(z2+1)(a+b—2d+2)(a+b—2d+3)(a+c—2d+2)(a+c—2d+ 3)
x (=bc — 2 (a® = 2(a+1)d + 4a — b* + bc+ b — * + ¢ + 3)
+25 (— (2a® + 2a(b+ ¢ — 2d +3) — 2d(b+ ¢ + 1) 4+ 2bc + 3b+ 3c + 3))) , (175)
(d—1) (2 (42, — 1) 2 —2) — 1)
(a+b—2d+3)(a+c—2d+2)(a+c—2d+3)
><(z2(2a+b+c—4d+5)+a—2d+3)
2125 (29 + 1) (a+b—2d+2) '

Ad,H7

(173)

Bin, =

Com, =

Dd,H7 = -

(176)

A.2 Confluent Horn-type hypergeometric functions
A.2.1 Function ®,(a,b,c, 21, z3)

n n b n
4 (a,b,c,21, 29) = Z Mz{”zé‘?. (177)

L= nol(C)n g,

The additional PDE reads:

9192(1)1(7% 7; 21722) = (—91 - 592)(1)1(?% 7; 21722)- (178)

24



Aa,fbl
Ba,cbl

Ca,q)l
Da,cbl

Ac,<I>1
Bc,<I>1
Cc,q)l
Dc,<I>1

A.2.2 Function ®5(by,bs,c, 21, 22)

q)2 (b17 b2,C7Z17 Z2) =

The additional PDE reads:

bzy + 29
a—c—+1
21—1

a—c+1’

—a+c—1

(01)p, 02)y 0 s
Z —_— 2 2

| | 1 2
= n1!m21(C)ny s

L. byz b1z L.
016292(; 7 21, 22) = (21 2_22291 4 1_1Z292)(I)2(7§U; 21, 22).
<1

A = 1

b1,%2 b1—|—b2—0+1+ ’

1

B = -

b1,®2 b1—|—b2—0+1’

<1

Cooy = — :

b1,%2 Z9 (bl + bg —c+ 1)
Dbl,cbz = 07

25

(191)

(192)

(193)
(194)

(195)
(196)



AC7(I)2
BC7(I)2

Cc,cbz
Dc7<I>2

A.2.3 Function ®3(b,c, 21, 25)

@3(b,0,2’1, 22) = Z

ni,n2

The additional PDE reads:

- — zZ - —
010,P3(7; 75 21, 20) = (2—291 — bO,)®3(7; 05 21, 22).
1

Ay, 0, (b1 = b2, 21 = 2),
Cbl,cbz([h by, 2 22)7
Bb1,61>2(b1 > by, 21 22),
= 0,

1—-c

b1+b2—0+1’

1—-c

z

1([)1—}—[)2—04—1)7

1—-c

22

= 0.

Ab7¢3
By ¢,

Ch.as
Db7¢3

AC?¢3
Bc,cbg

CC?¢3
Dc,cbg

nl!n?l(c)m-i-nz

(bl+b2—c—|—1)’

(b)nl Z’nl ZTLQ

1 ~2 -

26

(205)



A.2.4 Function ¥,(a,b,cy,ca, 21, 22)

a b
\Ijl(aabaclch,Zlazé) = Z ( )"1+"2( )"1 Z?lzgza

Aa,\Iﬁ -

Ba,\Ill =

Ca,\lll =

'Da7\1[l =

Acl,‘l’l =
Bcl,\lfl -
001,\111 -

Dcl,‘l’l =

A027‘If1
B027‘1’1
C’627‘1’1

D027‘If1

1o nllngl (Cl)n1 (Cg)nz
bZl Z9

a—cl—|—1+a—02—|—1
z2(—2a+c14c2—2)

+1,

(a—ca+1)(a—c1—c2+2) +z—1
a— |+ 1 ’
bz1(—2a+ci1+c2—2) 1
(a—c1+1)(a—c1—ca2+2)
a— Cy + 1 ’

(z1—1)(2a — 1 — ¢ + 2)
(a—c1+1)(a—ca+1)(a—c1—ca+2)

azq
Ay, = —2 g
b b+l
21—1
Bo — 171
et b—c + 1’
21
e S
b b—c 41
Dyy, = 0,

(=1 (a+b—c1+1)

(a—cl—i-l)(—b—i-cl—l)’
(ci—1)((z1—=1)(a—c1 —ca+2) — 29)

zna—c+1)(a—c1—ca+2)(=b+c—1)
b(Cl—l)

(—a+c—1)(—a+ci+c—2)(b—ci +1)
(Cl — 1) (21 — 1)

na—ca+D)(a—cg—ca+2)(b—c+1)

_ e
—a+02—1
02—1
(—a+02—1)(—a+01+02—2)’
(co—1)(a+bzy —c1 — o+ 2)
zma—c+1)(a—c —ca+2)
(02— 1) (Zl — 1)
2(—a+c—1)(—a+c+c—2)

27

(215)

(216)

(217)

(218)

(219)

(220)

(221)

(222)
(223)

(224)
(225)
(226)

(227)

(228)
(229)
(230)

(231)



A.2.5 Function ¥y(a,cy, 2, 21, 22)

U a,C1,C2.21,22) = T anzn27
2(ac1, 02,21, 22) nlzv;g mlna! (1), (e2),, "
21 <2
Auw, = b
W2 a—C1+1+Cl—C2+1+
z(Z20teiter=2) 4
B, _ (a—c2H1)(a—c1—c2+2)
a,¥y — ’
a—c+1
z1(“2ateiter=2) 4
C _  (a—atD(a—ci—c2+2)
a, Vo a— Ccy + 1 ’
—2(a+1)+eci+ e
Da,‘I/2 = = |
(a—cr+1)(a—co+1)(a—c1—cr+2)
a
A, = — . —+1L
1,V2 —a+c¢ —1 i
s (e Deo-ntnt))
oy = zna—c+1)(a—cp —ca+2)
C1 — 1
Corwy = ’
LUy (_a+cl_1)(—a+01+02—2)
cr — 1
Dcl,\I’Z = B 1

Zl<—a+01—1)(—a+01+02—2)7

ACz,‘Ifz
BC2,‘1’2
002,‘112
DC2,‘1/2

c1 %(Cl — C,21 < 22),

= cl \112(01 — C2,21 22)7
= 01 \1/2(01 — Co, 21 < 2’2),
( )

= c1\I!2 Cl <> C2,21 <7 22).

A.2.6 Function O;(ai,as,b,c, 21, 22)

@1 (alu CLQ,b,C,Zl, Z2) =

Aa1,91
Ba1,91
Cal ,01

Da1,91

Z (al)m (a2)n2 (b)"l ni n2
ni1!ns!(c) 2
ni,nz 1R25 " nytmy

b
- “ +1,
ar+ay—c+1
1—2’1
a+as—c+1’
bZl
22(a1+a2—0+1)7
<1

2 (a1 +ag —c+1)
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(232)

(233)

(234)

(235)

(236)

(246)
(247)
(248)

(249)



Aa2,91

Ba2,91
Caz,@l

Daz,@l

(as+b—c+1)(—as+c—2zm—1)—a(as+b—c+ 20+ 1)
(a1+a2—c+1)(a2+b—c—|—1)
(21— 1) 29
z(a+as—c+1)(ag+b—c+1)
a1+a2+b—c+1
(a1+a2—c+1)(a2+b—c+1)’
1
(a1+a2—c+1)(a2+b—c+1)’

Y

aiz
A = — 41
5,01 a2+b—c+1jL ’
Zl—]_
B = -
5,01 g +b—c+1’
a1z
Cho, = — ,
b1 2 (ag+b—c+1)
VA
Db,@1 = - .

z(ag+b—c+1)

(c=1)(a1+as+b—c+1)
(a1 +ag—c+1)(ag+b—c+1)
B - _ (=D -1)
o zi(a1+ag—c+1)(ag+b—c+1)
(c—l)(a1+a2+b—c+1)
22(a1+a2—c+1)(a2+b—c+1)’
c—1
22(a1+a2—c+1)(a2+b—c+1)'

Ac,®1 - -

Cc,®1 =

Dc,®1 =

A.2.7 Function Oy(a,b,c, 2z, 22)

(CL)nl (b>n1 ny _no

ol (Qnyny 0

92(avb7c7zlu Z2) = Z

ni,n2

Aa,@g - 1a

Ba,@g = 07
bZl

Ca,@g = - )
)
21

Da,@g = T
Z2

(250)
(251)
(252)

(253)

(254)

(255)
(256)

(257)

(258)
(259)
(260)

(261)

(262)

(263)
(264)

(265)

(266)



Byo, = 0, (268)
az

Cho: = —— - (269)

Dyo, = —§, (270)
2

Ac,@g - Oa (271)

Bc,@g - Oa (272)
c—1

Cc,@g - % 5 (273)

D.o, = 0. (274)

A.2.8 Function I‘l(a, bl,bz,zl,Z2)

(a)nl (bl)TLQ—nl (b2)n1—n2 niy n2

I'i(aby, by, 21, 29) = 111;2 Tl 21t 22 (275)
The additional PDE reads:
010211 (F; 21, 22) = (az122 + 2122011 (7; 21, 22). (276)
Agr, = %_blbﬁ +1, (277)
Bur, = —= : bi’ (278)
Cor, = %lbl’ (279)
D,r, = 0, (280)

bl(a+b1—|—b2—22)

A : 281
bl (by + ba) (a + by) (281)
b1 (Zl -+ 1)
B : 282
PR (bt by) 2 (atby) (282)
by
C, = — : 283
b1 (by + bo) (a + by) (283)
Dy r, = 0, (284)

30



A = — 285

b27F1 bl _'_ bz? ( )

By,r, = 0, (286)
by

C = , 287

b2.T1 (bl + bg) z9 ( )

Dy,r, = 0 (288)

A.2.9 Function Fz(bl, bz, Z1, Z2)

(bl)ng—rn (bQ)nl—ng ni no

FZ (b17b27’z1722> = Z n1!n2! SRS (289>
ni,n2
The additional PDE reads:
010212(; 21, 22) = z212212(7; 21, 22). (290)
by
A = — 291
b17r2 bl _'_ bz? ( )
by
B, = — 292
bl,Fz (bl +b2) Zl? ( )
Chpry, = 0, (293)
Dbhp2 = 0, (294)
Abzfz = Ab17F2(b1 ~ b2> z21 = 22)7 (295)
By,r, = 0, (296)
Chory = Bpr,(by < by, 21 & 22), (297)
Dy,r, = 0. (298)
A.2.10 Function Hy(a,b,c, 21, 22)
(a)n —-n (b)n n2 _nin
Hl (a‘7b7c7217 Z2) = Z ni'n;(c)nl:r : Zl 2227 (299)

ni,n2
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Ac,Hf
Bc,Hf
Cc,ch

Dc,ch

Aa,ch

Ba,ch

Ca,Hf

Da,ch

a(a+4bzy +b—2c+2)

(a+b)a+b—2c+2)"
2a (227 — 1)

(a+b)(a+b—2c+2)

4z

1
a <a+b—2c+2 + zz)

a-+b ’

2a

2(a+b)(a+b—2c+2)

2(b+1)z221(a+ 3b — 2¢ + 2)

az

a—l—b—22

(a+b)(b—c+1)(a+b—2c+2)

(221—1)z2(a+3b—2c+2)

(@tb)(atb—2e42) T #1

-1

b—c+1

(a+b—2c+2)(z1(a+b)+b—c+1)+22z129(a+ 3b — 2c+ 2)

)

b—c+1

a+b

Y

(a+b)(b—c+1)(a+b—2c+2)
a+3b—2c+2

(a+b)(b—c+1)(a+b—2c+2)

(c—1)(a®* +a(3b—4c+5)+2(20 — 2¢ + 3)(b— c+ 1) — 2bzy)

(b—c+1)(a+b—2c+2)(a+b—2c+ 3)

(c—=1)(=z1(a+3b—4c—22+5)+a+2b—3c— 25+ 4)

z21b—c+1)(a+b—2c+2)(a+b—2c+3)
(c—=1D(a—b+22+1)

b—c+1)la+b—2c+2)(a+b—2c+3)
(c=1)(b—c—2z+1)

z129(b—c+1)(a+b—2c+2)(a+b—2c+3)

A.2.11 Function Hy(a,b,c,d, z1, z2)

H2(a,b,c,d,z1, Z2) = Z

ni,n2

(a)m—nz(b)m(c)nz ni _ng

32

nllngl(d)nl

1

2

Y

)

Y

(300)

(301)

(302)

(303)

(304)

(305)
(306)

(307)

(308)
(309)
(310)

(311)

(312)



Aa,H§

Ba HS
1o
C’a,HzC

Da,H§

Ac HS
1o
BC,H§

CC,H§

DC,HZC

a(a+bxn+c—d+1)
(a+c)a+c—d+1)’
a(z —1)

(a+c)la+ec—d+1)

z(a+c)’

a

z(a+c)a+c—d+1)

azy 4
R b—d+1
21 — 1
T b—d+ 1
21
e b—d+1’
Dy s = 0,

L,

z(a+bxn+c—d+1)
(a+c)a+c—d+1)’
(z1 — 1) 29
(a+c)la+c—d+1)
1
Catc

- 1

1
(a+c)a+c—d+1)

(d—1)(a+b+c—d+1)
b—d+)a+c—d+1)
(d—1) (a1 = 1)

d—1

Cab—d+Dat+c—d+1)
= 0,

212(b—d+1D)(a+c—d+1)

A.2.12 Function Hjs(a,b,c, 21, 22)

H3(a7b7C7217 ZQ) = Z (a)nl_nz (b)nl 2’{”2527

!
= ni!ns!(c)n,

33

(313)

(314)
(315)

(316)

(317)
(318)

(319)
(320)

(321)
(322)

(323)

(324)

(325)

(326)
(327)
(328)

(329)



Ac,Hg

Bc,Hg
Cc,Hg

Dc,Hg

Aa,Hg Oa
Ba,Hg - 07
a
Comg = N
7H3 2,2
Da,Hg = Oa
azy
= 1
b—c+1jL ’
. 21—1
 b—c+ 1
 b—c+ 1’
= 0,
b
= 1
—b+c—1+ ’
= 0,
= 0,
c—1

A.2.13 Function Hy(a,b,c, 21, 22)

H4(a,b,C,Zl, 22)

Aa,Hfi
Ba,Hj
Ca,Hj

Da,Hfi

-5

ni,m2

ala+b—c+z+1)

(@)1~ (D)ny n1_no

n1!ne! (),

1

(a+b)(a+b—c+1)

a

(a+b)(a+b—c+1)

a

ZQ(CL + b)’

a

2

Czm(a+b)(a+b—c+1)

34

(342)

(343)
(344)
(345)

(346)



Ac,Hj

Bc,Hfi

Cc,Hji
Dc,Hj

z(a+b—c+2z +1)
C(a+b)(a+b—c+1)’
<2
(a+b)la+b—c+1)
1
a+b

)

1
(a+b)la+b—c+1)

1—c¢
a+b—c+1’

c—1
zla+b—c+1)
— (]7

c—1
2122(a—|—b—c—|—1)'

A.2.14 Function Hs(a,b, z1, 22)

Hs(a,b,z1, 22) = Z (D 211252,

Imo!
nyme nl.ng.(b)m
Aa,Hg = 07
Ba,Hg - Oa
a
C1(1,H5C =
<2
Da,Hg = 07
Apge = 0,
Bb,Hg = 07
C1b,H§ - 07
b—1
Dy e =
? 2122
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(347)
(348)
(349)

(350)

(351)

(352)
(353)
(354)



A.2.15 Function Hg(a,b, z1, 22)

H6 (CL, b7 21, 22) = Z (a)2n1+n2 Z{Ll 232 . (364>

S nq !n2 ' (b)nl +no

The additional PDE reads:

(—2291 + &2192 + 2’1922 + 2219192)1{6(’7; 0_"; 21, 2’2) = 0. (365)

20a+1)z1+a—b+ 2+ 1

c = 366
Aot a—b+1 ’ (366)
42’1 -1
¢ = — 367
Ba.ug a—b+1’ (367)
21 (a — 22’2) + 29
c = — 368
Cati z(a—b+1) (368)
Doy = 0. (369)

(b—1) (2az1 + 22)

c = 370
Ab7H6 ZQ(—CE + b _ 1) ) ( )
(b—1) (421 —1)
e = — 371
Bb,H6 Zg(a —b + 1) ) ( )
(b—1) (22 — 21 (a—2b+ 225+ 3))
¢ = 372
Dyu: = 0. (373)

A.2.16 Function Hy(a,c,d, z1, z2)

(a’)2n n ni_n
H7(&,C,d,21,2’2) = Z n1!n2!(c)1;(2d)n2 211222> (374)

ni,n2

36



Aa,H?

Ba,H? -

Ca,H? -

Da,H?

4(a+1)z921(—2a + 2c +d — 3) N 4a+ 1)z

(a—2c+2)(a—d+1)(a—2c—d+3) a—2c+2

a—d+z+1
a—d+1

(4z141)2z2(2a—2c—d+3)
2 (_ (a1—d+1§(a—2c—d+3) +dz — 1)

a—2c+2
4z1 (20(—2a+2c+d—3)+a(—a+d—3)+2c+d—3)
(a—2c+2)(a—d+1)(a—2c—d+3)
1
E—
2(4z —1)(2a —2c —d + 3)
(a—2c+2)(a—d+1)(a—2c—d+3)’

Y

Y

+

2a(c — 1)z9 (a4 — 2¢ + 25 + 2)

Ac,H?

(a—2c+2)(a—2c+3)(a—2c—d+3)(a—2c—d+4)

2(c—1)(2a — 2¢ + 3)
(a—2c+2)(a—2c+3)
4(6— 1)2’2

Bc,H?

(a—2c+3)(a—2c—d+3)(a—2c—d+4)

(c—=1)2(3a—2(3c+d—5) + (421 + 1) 29)

z1(a—2c+2)(a—2c+3)(a—2c—d+3)(a—2c—d+4)
(c—1)(4z — 1)
z1(a —2¢+2)(a —2¢c+ 3)’
4(a+1)(c—1)

C'c,Hg =

(a—2c+2)(a—2c—d+3)(a—2c—d+4)

2(c—1)(d— 22) (2a — 2c + 22 + 3)
(a—2c+2)(a—2c+3)(a—2c—d+3)(a—2c—d+4)’
(c—1)(4z; — 1) (2a —4c — d + 25 + 6)

Dc,H? =

z

1la—2c+2)(a—2c+3)(a—2c—d+3)(a—2c—d+4)

(d—1)(4az —a+2c+d—3)
(a—d+1)(a—2c—d+3) ’

2(d—1) (42 + 1)
(a—d+1)(a—2c—d+3)’
(d=1)4zn(a—d+2+2)+a—2c—d+3)

z(a—d+1)(a—2c—d+3) ’

2(d—1) (42 — 1)
2(a—d+1)(a—2c—d+3)
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(375)

(376)

(377)

(378)

(379)

(380)

(381)

(382)

(383)
(384)
(385)

(386)



A.2.17 Function Hg(a,b, z1, 22)

ny—mn b no—n
H8 (CL, b7 Z1722) = Z (a>2 - 2< ) : 12?1232' (387>

n1!n2!

ni,n2

The additional PDE reads:

(—CL2122 — 2212291 + 212292 + 9192)[{8(’77 21, ZQ) = 0 (388)

a(z(z2—2(a+1))+a+2b)

A c =
o1 (a+ b)(a + 2b) ’ (389)
. a (421 + 1)
Bons = i p@t o) (390)
a(a+2b+ 2z 2)
a,HS — y 1
Dons = 0, (392)

b(2(a+b)(2a+2b+ 1) — 22 (21 (22 — 2a) + 2a + 3b+ 1))

Ay e = 393

b A5 (a+b)(a+2b)(a+2b+1) ’ (393)
b(4z + 1 b

Byue — (4z1+ 1) (a+ b+ z122) (304)

8 z1(a+b)(a+2b)(a+2b+1)
b(3a+4b+ 22125+ 1)

Come = — : 395
b5 (a+b)(a+2b)(a+2b+1) (395)
Dyys = 0. (396)

A.2.18 Function Hy(a,b,c, 21, 22)

nyi—n b n
Hy(a,b,c,21, 20) = Z MZ{“Z;Qa (397)

sl
= n1!ne! (),

a(d(a+1)z1+a+b—2c+2)
A c e
. H (@tb)atb—2052) (398)

2a (427 — 1)
B c e
“HS = b atb—2012) (399)

()
22 a+b—2c+2
Coms = ) ; (400)
2a
Da c = —_— 3 40]_
3 zo(a+b)(a+b—2c+2) (401)

38



2 (dazm ta+b—2c+2)

Avrts = (@a+b)(atb—20+2) (402)
Boms = % z2))<(1a_+i21—) T %) (403)
Cuts = (T a b s (109
Do = wipa +2b "2t 2) (405)

2(c—1) (ab— 2z2(2a 4+ b —2c+ 3))
e = 406
e z(a+b—2c+2)(a+b—2c+3)’ (406)

(c—1)(4z1 — 1) (b— 22)
e = 407
Be.t zzo(a+b—2c+2)(a+b—2c+3)’ (407)

2(c—1)(b— z)
c = — 408
Ce,Hg z(a+b—2c+2)(a+b—2c+3) (408)

(c—1)(a—2c+ 20+ 3)
DC c = . 409
5 z122(a+b—2c+2)(a+b—2c+3) (409)

A.2.19 Function Hy(a,c, 21, 22)

a ni—n ny . n
Hig(a,c,z1, 22) = Z %2112227 (410)
i 1112:(C)ny
Agmg, = 0, (411)
Bong, = 0, (412)
a
Comgy = —» (413)
22
Dype, = 0, (414)
2a(c —1
Acge, = 7(22 ), (415)
c—1)(4z — 1)
e (416)
2—-2c
Cc,HfO = % ) (417)
(c—1)(a—2c+3)
Dchfo = le% : (418)
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A.2.20

Hll(a,b,c,d,zl, ZQ) = Z

Aa,H

c
11

Ba,Hf1 —

Ca H -

c
11

Da,chl —

Function H,;(a,b,c,d, z1, z2)

(@)ny—ns (0) s (€)ny i ne

nllngl(d)m

1 ~2 >

z(@®+alb+2c—d+1)+ce(-b+c—d+1))

(a+c)la+b—d+1)(a+c—d+1)

bezy(b—c+d—1)

T et le+b—d+Date—d+0)

ala+b+c)
(a+0b)(a+c)

b

a <(a+b)(aib—d+1) ~ (ato)

(a+c—d+1)

)

b—rc

Y

azn(2a+b+c—d+1)

(a+b)a+c)la+b—d+1)(a+c—d+1)

a(ze+1)

zo(a+b)(a+c)’
a(ze+1)2a+b+c—d+1)

Cma+b)(a+)a+b—d+1)(a+c—d+1)

cz(a+b—d+z+1)

 (a+b)(a+b—d+1)"

(a+b)(a+b—d+1)

zmlatb—d+zn+l)+tat+tb-—d+1

(a+b)(a+b—d+1)

Ac,Hfl
Bc,Hf1
C(c,Hfl

D(:,Hf1
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(a+b)(a+b—d+1) ’
22—|—1

(419)

(420)

(421)

(422)

(423)



(d—1)(a+b+c—d+1)

Agge, = — 432
iy (a+b—d+1)(atc—d+1) (432)
(d=1)(a+b+c—d+1)
Bane = 4
1y ala+b—d+1)(a+c—d+1) (433)
1-d

.= 434
R (a+b—d+1)(a+c—d+1) (434)
Dupe = (d—1)(z+1) (435)

1 znz(a+b—d+1)(a+c—d+1)
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Table 1: List of Horn-type hypergeometric functions implemented in the program package
HornFunctions and their respective operators.

Horn-type function HYPERDIRE
Gl(a,bl,bg,zl,ZQ) GlIndexChange[...]
Gg(al,ag,bl,bg,zl,ZQ) GQIndexChange[...]
Gg(al,ag,zl,ZQ) G3IndexChange[...]
H; (a,b,c,d,z1,22) H1IndexChange]...]
Hy(a,b,c,d,e,z1,20) H2IndexChange]...]
Hs(a,b,c,z1,22) H3IndexChange]...]
Hy(a,b,c,d,z1,25) H4IndexChange]...]
Hs(a,b,c,z1,22) H5IndexChange]...]
He(a,b,c,z1,22) H6IndexChange]...]
H(a,b,c,d,z;1,22) H7IndexChange]...]
confluent series:
4 (a,b,c,21,29) PhillndexChange]...]
®y(by,b2,71,22) Phi2IndexChange]...]
5 (b,c,21,22) Phi3IndexChange]...]
U, (a,b,c1,09,21,22) PsilIndexChange]...]
Uy (a,b,c,z1,29) Psi2IndexChange]...]
©1(a1,a9,b,c,21,2) ThetallndexChange]...]
Oy(a,b,c,z1,22) Theta2IndexChange]...]
I'y(a,by,ba,c,21,22) | GammallndexChange]...]
Iy(by,ba,c,21,22) Gamma2IndexChange]...]
Hi(a,b,c,z1,29) HlcIndexChange]...]
Hs(a,b,c,d,z1,25) H2cIndexChange]...]
Hs(a,b,c,z1,22) H3cIndexChangel]...]
Hy(a,c,d,z1,22) H4cIndexChangel]...|
Hs(a,b,z1,29) H5cIndexChangel]...|
Hg(a,c,21,22) H6cIndexChange]...]
H-(a,c,d,z1,22) H7cIndexChange]...]
Hg(a,b,z1,25) H8cIndexChange]...]
Hy(a,b,c,z1,22) H9cIndexChangel]...]
Hio(a,b,z1,22) H10cIndexChange]...]
Hyi(a,b,c,d,z1,2) H1lcIndexChange]...]
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Table 2: Sets of exceptional parameters for the Horn-type hypergeometrc functions imple-
mented in the program package HornFunctions.

Horn-type function set of exceptional parameters
Gl(a,bl,bg,zl,ZQ) {a, a+ bi, b1 + bg} €7
Gg(al,ag,bl,bg,zl,ZQ) {ai, a; + bi, b1 + bg} €7
Gs(ay,a9,21,22) {2a1 + as,2as + a1} € Z
H; (a,b,c,d,z1,22) {b,c,a+ba+c,a+b—2d,a+c—d,b—d} €Z
Hy(a,b,c,dez1,20) | {b,c,d;a+c,a+da+c—e,a+d—eb—e} €Z
Hs(a,b,c,z1,22) {a,b,a —c,a+b—2c} € Z
Hy(a,b,c,d,z1,25) {a,b,a —2c,a —d,a —2c—d,b—d} € Z
Hs(a,b,c,z1,22) {a,a+2b,a — c,a+2b—3c} € Z
Hg(a,b,c,z1,22) {c,a+ba+c,a+2b} €Z
H;(a,b,c,d,z1,22) {b,c,a+ba+c,a+b—2d,a+c—2d} €Z
confluent series:
®4(a,b,c,21,22) {a,b,a —c} € Z
q)g(bl,bQ,Zl,Zg) {bz, b1 + by — C} €7
(I)g(b,C,Zl,ZQ) {b} S/
U, (a,b,cy,c9,21,22) {a,bja —ci,a—cy —co,b—c1} €Z
Uy (a,b,c,z1,22) {a,a —¢ci,a—cy —c} €7
O1(ay,a9,b,c,21,29) {a;,ba1 +as —c,b+ay —c} €Z
@2(&,b,C,Z1,Z2) {a, b} ez
Fl(a,bl,bg,c,zl,z2) {a, a+ bl, bl + bQ} S/
Fg(bl,bQ,C,Zl,Zg) {bl + bQ} €7
H;(a,b,c,z1,22) {ba+ba+b—2c,b—c} €Z
Hs(a,b,c,d,z1,25) {b,c,a+c,a+c—d,b—d} €Z
H3(&,b,C,Z1,Z2) {b, b— C} S/
Hy(a,c,d,z1,22) {ba+ba+b—c} €Z
H5(&,b,Z1,Z2)
Hg(a,c,21,22) {a,a —b} € Z
H;(a,c,d,z1,22) {a,a —d,a —2c,a—2c—d} € Z
Hg(a,b,Zl,Zg) {a + b, a+ 26} €7
Hy(a,b,c,z1,22) {ba+ba+b—2c} €Z
H10<a,b,Z1,Z2)
Hii(a,b,c,d,zq,20) {b,c,a+ba+c,a+b—d,a+c—d} €L
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Table 3: Loci of singularities of the homogeneous linear systems of PDEs of second order
with two variables for the Horn-type hypergeometric functions implemented in the program
package HornFunctions.

singularity surfaces
U?Zl{zi = 0} U {1 + 21+ 20 = 0} U {4212’2 = 1}
Uii{z =0 UL {1+ 2 =0t U{z2 =1}
UL {zi =0 U{—1—4z; —4zy — 18212 + 272722 = 0}
U{zi =0} U {1 -2 =0} U{l+2 =0}
UL i{zi =0} U{l =21 =0} U{l + 2 =0}
UL {2z =0 U{l —42 =0} U{2 — 20+ 22 =0}
UL {zi =0 U{=1+ 2 + 21(—4+ 623) =0}
UL {2 = 0} U{l+421 =0} U{l+ 2 — 2125 = 0}
Ui {zi =0} U{-1+42 =0} U{l +2 =0}

Horn-type function
Gl (a,bl ,bg \Z1 ,Zg)
Gg(al ,a9 ,bl ,bQ,Zl ,ZQ)
Gg(al,ag,zl,ZQ)
H1<a,b,C,d,Z1,Z2)
Hy(a,b,c,d,e,z1,29)
Hs(a,b,c,z1,22)
H4(a,b,c,d,zl ,Zg)
Hs(a,b,c,z1,22)
Hﬁ(a,b,c,zl,ZQ)
H;(a,b,c,d,z1,22)

confluent series:

(I)l (a,b,c,21 ,ZQ)
Dy (b1 ;D271 ,Zz)
(I)g(b,C,Zl,ZQ)
\Ill (a,b,cl ,Co,71 ,ZQ)
Uy (a,b,c,z1,29)
@1 (al ,ag,b,C,Zl ,Zg)
©y(a,b,c,z1,22)
Fl (a,bl,bg,c,zl,ZQ)
FQ (bl ,bQ,C,Zl ,ZQ)
H;(a,b,c,z1,22)
Hg(a,b,C,d,Zl ,Zg)
Hg(a,b,C,Zl,Z2>
H4(&,C,d,Z1,Z2)
Hs(a,b,z1,22)
Hg(a,c,21,22)
H7(&,C,d,21,22)
Hg(a,b,Zl,Zg)
Hg(a,b,C,Zl,Z2>
Hlo(a,b,Zl,Zg)
Hll (a,b,c,d,zl ,ZQ)

UL {z =0 U{-1+2z =0}
U?Zl{zi = 0} U {Zl — 29 = 0}

U?:l{zi = 0}
U2 {zi=0}Uu{-1+2 =0}
U?:l{zi = 0}

U {zi =0} U{-1+2 =0}
UL {zi =0} U{-1+2 =0}
Ui {zi =0} U{l +2z =0}
Ui {zi = 0}

U {zi =0} U{-1+2 =0}
U {zi =0} U{-1+2 =0}
UL {z =0 Uu{-1+2z =0}
Ui {zi =0}

Ui {z = 0}

UL {z =0 u{-1+4z =0}
UL {z =0 u{-1+4z =0}
UL {2 =0} U{l +42 =0}
UL {z =0} U{-1+4z =0}
UL {z =0} U{-1+4z =0}
UL {zi=0}U{l+2 =0}
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