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We present a 2+1–flavor lattice QCD calculation of the electromagnetic Dirac and Pauli form
factors of the octet baryons. The magnetic Sachs form factor is extrapolated at six fixed values
of Q2 to physical pseudoscalar masses and infinite volume using a formulation based on heavy
baryon chiral perturbation theory with finite-range regularization. We properly account for omitted
disconnected quark contractions using a partially-quenched effective field theory formalism. The
results compare well with the experimental form factors of the nucleon and the magnetic moments
of the octet baryons.
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I. INTRODUCTION

The ability to accurately reproduce the experimentally
determined baryon electromagnetic form factors stands
as a fundamental test for any theoretical description of
baryon structure. This is a test which quantum chromo-
dynamics (QCD), our theory of the strong interactions,
has not yet definitively passed [1].

In particular, with ever-improving experimental deter-
minations of the form factors revealing slight deviations
from the phenomenological dipole form [2–5], a precise
determination of these and related quantities from first-
principles QCD is essential. Lattice simulation remains
the only rigorous method to quantitatively probe the
non-perturbative domain of QCD. As well as facilitating
a comparison of theory with experimental data, lattice
simulations provide a great deal of physical insight and
valuable information for model building by revealing the
dependence of hadron properties on quark mass [6–8].

Recent years have seen a progression from quenched

to fully dynamical lattice QCD studies of the electro-
magnetic form factors. Despite this significant advance,
operator self-contractions (disconnected quark diagrams)
are still often omitted from simulations as they are noto-
riously noisy and expensive to calculate. While in gen-
eral this omission produces a systematic effect (shown
to be small in Ref. [9]), exact results may be obtained
for isovector quantities, where contributions from discon-
nected loops cancel.

We present new dynamical 2 + 1−flavor lattice QCD
simulation results for the electromagnetic form factors
of the octet baryons. This data set includes results for
GE/M for all outer-ring octet baryons at a range of dis-

crete Q2 values up to 1.3 GeV2. As chiral extrapolations
are different for the electric and magnetic form factors,
we present here an analysis of the magnetic form factor
only. GE will be considered in future work.

We extrapolate the lattice results for GM , at each
value of Q2, as a function of quark mass to the physi-
cal point. As the lattice simulations neglect disconnected
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TABLE I. Simulation details for the ensembles used here,
with β = 5.50 corresponding to a = 0.074(2) fm. The scale is
set using various singlet quantities [13–15]. L3×T = 323×64
for all ensembles. The parameter κ0 denotes the value of
κl = κs at the SU(3) symmetric point.

κ0 κl κs mπ (MeV) mK (MeV) mπL
1 0.120900 0.120900 0.120900 465 465 5.6
2 0.121040 0.120620 360 505 4.3
3 0.121095 0.120512 310 520 3.7
4 0.120920 0.120920 0.120920 440 440 5.3
5 0.120950 0.120950 0.120950 400 400 4.8
6 0.121040 0.120770 330 435 4.0

quark contractions, this extrapolation is performed using
a variation of partially-quenched chiral perturbation the-
ory. The distinguishing feature of this formalism is that
valence and sea quarks are treated separately. For exam-
ple, one may set the electric charge of the sea quarks to
zero, removing the same disconnected quark contractions
omitted in the lattice simulations [10–12]. This is termed
‘connected chiral perturbation theory’. Finite-volume ef-
fects are estimated by using the leading one-loop results
of the chiral effective field theory.

By carrying out the lattice simulations over a range
of light and strange quark masses it is possible to tightly
constrain the chiral extrapolation on the relevant param-
eter space and obtain surprisingly accurate results for the
form factors at the physical point. Those results compare
quite favourably with the experimental values.

The details of the lattice simulation are given in Sec. II,
while Sec. III presents the effective field theory formal-
ism. Fits to the lattice simulation results are described
in Sec. IV, followed by results for the magnetic isovec-
tor form factors, octet baryon magnetic moments and
magnetic radii in Sec. V. The appendices provide further
details, including tables of lattice results and functional
forms for the chiral expansions.

II. LATTICE SIMULATION

Here we describe our lattice setup and summarize the
standard methods used to calculate the octet baryon elec-
tromagnetic form factors. While the nucleon form factors
have been investigated in many lattice studies [16–25], we
emphasize that the results presented here also include
values for the hyperon form factors, which have so far
received only limited attention [24, 26, 27]. These are of
significant interest both in their own right and because
they provide valuable insight into the environmental sen-
sitivity of the distribution of quarks inside a hadron. For
example, one may learn how the distribution of u quarks
in the proton differs from that in the Σ+, an effect caused
by the mass difference of the spectator d and s quarks.
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FIG. 1. Locations of lattice simulation results in the ml −
ms plane. The red star denotes the physical point and the
dashes indicate the flavor-symmetric line where ml = ms.
Our primary simulation trajectory, illustrated by the dotted
line, corresponds to the line of constant singlet quark mass
(2m2

K + m2
π) at κ0 = 0.120900 (simulations 1–3 in Table I).

The solid line indicates the physical value of the singlet mass.

A. Simulation parameters

We use gauge field configurations with Nf = 2 +
1 flavors of non-perturbatively O(a)-improved Wilson
fermions. The clover action consists of the tree-level
Symanzik improved gluon action together with a mild
‘stout’ smeared fermion action [15]. As the main aim of
the work presented here is to perform a chiral (as well
as infinite volume) extrapolation of the baryon electro-
magnetic form factors at fixed values of Q2, we restrict
ourselves to a single lattice volume of L3×T = 323× 64.
The lattice scale a = 0.074(2) fm is set using various sin-
glet quantities [13–15]. The lightest pion mass is about
310 MeV. A summary of the simulation parameters is
given in Table I.

A particular feature of the gauge configurations is that
the primary simulation trajectory in quark-mass space,
illustrated in Fig. 1, follows a line of constant singlet
mass mq = (mu +md +ms)/3 = (2ml +ms)/3. This is
achieved by first finding the SU(3) flavor-symmetric point
where flavor singlet quantities take on their physical val-
ues, then varying the individual quark masses about that
point [14, 15].

It is clear from Fig. 1 that this primary trajectory at
κ0 = 0.120900 (where κ0 denotes the value of κl = κs
at the SU(3) symmetric point) does not quite match the
physical singlet mass line [14]. Extrapolation to the phys-
ical point thus requires a shift not only along the simula-
tion trajectory but in a direction perpendicular to it. To
constrain the quark-mass dependence in this perpendic-
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ular direction we include additional lattice simulations at
several singlet masses (i.e., values of κ0). These are listed
as simulations 4− 6 in Table I and are shown in Fig. 1.

B. Electromagnetic form factors

The Dirac and Pauli form factors F1(Q2) and F2(Q2)
are obtained from the standard decomposition of the ma-
trix elements of the electromagnetic current jµ:

〈B(p′, s′)|jµ(q)|B(p, s)〉 =

u(p′, s′)

[
γµF1(Q2) +

iσµνq
ν

2mB
F2(Q2)

]
u(p, s), (1)

where u(p, s) is a Dirac spinor with momentum p and
spin polarization s, q = p′−p is the momentum transfer,
Q2 = −q2 and mB is the mass of the baryon B.

The left hand side of Eq. (1) is calculated on the lattice
in the usual way from the ratio of three- and two-point
correlation functions:

R(t, τ ; ~p ′~p) =
C3pt(t, τ ; ~p ′~p)

C2pt(t, ~p ′)

×
[
C2pt(τ, ~p

′)C2pt(τ, ~p
′)C2pt(t− τ, ~p)

C2pt(τ, ~p)C2pt(t, ~p)C2pt(t− τ, ~p ′)

]1/2

,

(2)

where t denotes the Euclidean time position of the sink
and τ the operator insertion time. In order to ensure that
excited state contributions to the correlation functions
are suppressed, we employ quark smearing at the source
and sink and use a generous source-sink separation of
1− 1.15 fm. This has been shown to be sufficient [25].

The two- and three-point functions are given, as in
Ref. [25], by

C2pt(τ, ~p) = Tr

[
1

2
(1 + γ4)〈B(τ, ~p)B(0, ~p)〉

]
,

(3)

C3pt(t, τ, ~p
′, ~p,O) = Tr

[
Γ〈B(t, ~p ′)O(~q, τ)B(0, ~p)〉

]
, (4)

where ‘Tr’ denotes a trace in spinor space and the local
vector current O is

Oµ(~q, τ) =
∑
~x

ei~q·~xq(~x, τ)γµq(~x, τ), (5)

where q(~x, τ) is a quark field and ~q is the three-
momentum transfer. The Dirac operator Γ represents
a polarization projection. For example, we use

Γunpol. =
1

2
(1 + γ4), (6)

Γ3 =
1

2
(1 + γ4)iγ5γ3, (7)

for an unpolarized baryon or one polarized in the z-
direction respectively. As the current O is not conserved,
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(a)Doubly-represented quark contributions.
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(b)Singly-represented quark contributions.

FIG. 2. Quark contributions to the Dirac form factor F1 of
the hyperons at the lightest simulation pion mass (mπ,mK) =
(310, 520) MeV. The charges of the relevant quarks have been
set to unity. The lines show dipole-like fits (Eq. (10)).

we enforce charge conservation by using 2/F p,u1 (0) as a
multiplicative renormalization on each ensemble (as ex-
plained later, the quark-level form factors are defined for
quarks of unit charge). We note that quark line dis-
connected contributions to the three-point function of
Eq. (4) are neglected in these simulations. The effect
of this omission will be discussed further in the following
sections. Simulations are performed with zero sink mo-
mentum and six different values of the momentum trans-
fer ~q = ~p ′ − ~p, corresponding to Q2 up to ≈1.3 GeV2.

For the chiral extrapolations presented in this work we
consider only linear combinations of F1 and F2, namely
the electric and magnetic Sachs form factors:

GE(Q2) = F1(Q2)− Q2

4M2
N

F2(Q2), (8)

GM (Q2) = F1(Q2) + F2(Q2). (9)

We focus particularly on the magnetic form factor GM .
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FIG. 3. Quark contributions to the Pauli form factor F2 of
the hyperons at the lightest simulation pion mass (mπ,mK) =
(310, 520) MeV. The charges of the relevant quarks have been
set to unity. The lines show dipole fits (Eq. (11)).

C. Lattice results for F1 and F2

Although the primary focus of this work is the values of
the magnetic form factors at the physical quark masses,
with details of the chiral extrapolation of GM presented
in the following sections, we display here some of the
raw lattice simulation results for F1,2 before finite-volume
corrections or chiral extrapolations have been applied.
Numerical results are tabulated in Appendix A. We also
give the results of a dipole-like extraction of the Dirac and
Pauli mean-squared radii and the anomalous magnetic
moment.

The Dirac and Pauli form factors at the lightest sim-
ulation pion mass (mπ,mK) = (310, 520) MeV are illus-
trated in Figs. 2 and 3. The figures have been organized
as doubly and singly represented quark contributions.
This grouping shows most clearly the environmental sen-
sitivity of the quark contributions to the form factors; for
example, the only difference between the u in the proton
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(b)Isovector Pauli radii.

FIG. 4. Dirac and Pauli radii for the nucleon from recent 2+1
and 2+1+1-flavor lattice simulations [28–32], compared with
the results of this work.

and the u in the Sigma is the mass of the spectator (d or
s) quark. For F1 this sensitivity increases with Q2. The
fits shown use the 2-parameter ansätze:

F1(Q2) =
F1(0)

1 + c12Q2 + c14Q4
, (10)

F2(Q2) =
F2(0)

(1 + c22Q2)2
, (11)

where the cij and the anomalous magnetic moment

FB,q2 (0) = κB,q are fit parameters, while F1(0) is fixed
by charge conservation. As we consider quarks of unit
charge, F1(0) = 2, 1 for the doubly and singly represented
quarks respectively. Clearly, the functional forms chosen
provide excellent fits to the lattice simulation results.

Mean-squared radii are extracted from the Q2-
derivatives of the form factors:

〈r2〉i =
−6

Fi(0)

d

dQ2
Fi(Q

2)

∣∣∣∣
Q2=0

. (12)
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The isovector radii for the nucleon are shown in Fig. 4.
These results are in line with those from other 2 + 1 and
2 + 1 + 1–flavor simulations [28–32]. We note that the
other lattice simulations included here were performed
at a range of values of mK . Although most results were
extracted using dipole or dipole-like fits, some include
a systematic uncertainty arising from that choice of fit
function while others do not. This partially accounts for
the large variation in the quoted errors. Tables of results

for all 〈r2〉B,q1,2 and κB,q extracted from our fits are given
in Appendix A.

III. CONNECTED CHIRAL PERTURBATION
THEORY EXTRAPOLATION

While lattice QCD has made great progress towards a
quantitative understanding of the physics of the strong
interaction in the non-perturbative regime, it is often
necessary to extrapolate lattice results from unphys-
ically large simulation meson masses to the physical
point. Partially-quenched chiral perturbation theory has
been developed in order to address the extrapolation of
partially-quenched lattice studies, which employ different
values for the sea and valence quark masses.

The lattice simulations considered here, although fully
dynamical, include only contributions from ‘connected’
insertions of the current operator. For this reason, we
extrapolate the results using a formalism based on ‘con-
nected chiral perturbation theory’, which is a variant of
partially-quenched chiral perturbation theory.

Partially-quenched chiral perturbation theory has been
widely discussed in the literature [12, 33–39]. Here we
employ the heavy-baryon expansion pioneered by Jenk-
ins and Manohar [40–44]. For completeness, this section
summarizes our adaptation of this formalism and the rel-
evant expressions for the magnetic form factors of the
octet baryons.

A. Partially-quenched chiral perturbation theory

Details of partially-quenched chiral perturbation the-
ory may be found in Refs. [12, 33–39]. Here we outline a
special case of this formalism, termed ‘connected chiral
perturbation theory’ [10].

Partially-quenched QCD includes nine quarks, which
appear in the fundamental representation of the graded
symmetry group SU(6|3):

ψT =
(
u, d, s, j, l, r, ũ, d̃, s̃

)
. (13)

In addition to the three usual light quarks (u, d, s), there
are three light fermionic sea quarks (j, l, r) and three

spin-1/2 bosonic ghost quarks
(
ũ, d̃, s̃

)
. When the ghost

quarks are made pairwise mass- and charge-degenerate
with (u, d, s), their bosonic statistics ensure that closed

q and q̃ quark loop contributions cancel and hence such
loops do not contribute to observables. Thus, if only
(u, d, s) are used in hadronic interpolating fields, these
quarks truly represent ‘valence’ quarks, while (j, l, r) ap-
pear only in disconnected loops and are therefore inter-
preted as sea quarks.

For our application, the sea and ghost quarks are mass-
degenerate with their corresponding valence partners.
Thus, the quark mass matrix is

mψ = diag (mu,md,ms,mu,md,ms,mu,md,ms) . (14)

As we wish to exclude all diagrams with closed quark
loops from contributing to hadronic observables, we set
the sea quark charges to zero. As the ghost quarks(
ũ, d̃, s̃

)
must have the same charges, pairwise, as

(u, d, s), the general form of the quark charge matrix is

Q = diag (qu, qd, qs, 0, 0, 0, qu, qd, qs) . (15)

Individual quark contributions may be extracted by set-
ting all but one charge to zero, for example by taking
qu → 1, dd → 0, qs → 0 to obtain the u-quark contri-
bution. Of course, reinstating the sea quark charges by
Q → diag (qu, qd, qs, qu, qd, qs, qu, qd, qs) will give a for-
malism which reproduces exactly full chiral perturbation
theory [36].

The dynamics of the 80 pseudo-Goldstone mesons
(both bosonic and fermionic) which emerge from the
spontaneous breaking of the symmetry group SU(6|3)L⊗
SU(6|3)R ⊗ U(1)V → SU(6|3)V ⊗ U(1)V are described
at lowest order by the Lagrangian

L =
f2

8
Str
(
DµΣ†DµΣ

)
+ λStr

(
mψΣ +m†ψΣ†

)
, (16)

where

Φ =

(
M χ†

χ M̃

)
, Σ = ξ2 = exp

(
2iΦ

f

)
. (17)

Here M , M̃ and χ are matrices of pseudo-Goldstone
bosons with the quantum numbers of qq pairs, pseudo-
Goldstone bosons with the quantum numbers of q̃q̃ pairs,
and pseudo-Goldstone fermions with the quantum num-
bers of q̃ q pairs, respectively. Made explicit in Ref. [37],
Φ is normalized such that Φ12 = π+. Str denotes the
supertrace. The gauge-covariant derivative is given by
DµΣ = ∂µΣ + ieAµ [Q,Σ].

While the complete partially-quenched theory includes
baryons composed of all types (and all mixtures of types)
of quarks, for our application we need only predominantly
valence states with at most one ghost or sea quark. These
are constructed explicitly in Ref. [37]. In general terms,
the baryon fieldBijk is constructed using an interpolating
field

Bγijk ∼
(
ψα,ai ψβ,bj ψγ,ck − ψ

α,a
i ψγ,cj ψβ,bk

)
εabc(Cγ5)αβ .

(18)
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The usual spin-1/2 baryon octet is embedded in Bijk for
i, j, k restricted to 1–3 as

Bijk =
1√
6

(
εijlB

l
k + εiklB

l
j

)
, (19)

where

B =


1√
6
Λ + 1√

2
Σ0 Σ+ p

Σ− 1√
6
Λ− 1√

2
Σ0 n

Ξ− Ξ0 − 2√
6
Λ

 . (20)

Similarly, the spin-3/2 decuplet baryons may be con-
structed as

Tα,µijk ∼ (ψα,ai ψβ,bj ψγ,ck + ψβ,bi ψγ,cj ψα,ak

+ ψγ,ci ψα,aj ψβ,bk

)
εabc(Cγ

µ)β,γ , (21)

where, for i, j, k =1–3, Tijk is simply the usual to-
tally symmetric tensor containing the decuplet of valence
baryon resonances.

The covariant derivative takes the same form for both
the octet and decuplet baryons:

(DµB)ijk =∂µBijk + (V µ)
l
iBljk

+ (−1)ηi(ηj+ηm)(V µ)jmBimk

+ (−1)(ηi+ηj)(ηk+ηn)(V µ)knBijn. (22)

Here the grading factor ηk tracks the statistics of the
bosonic ghost quark sector:

ηk =

{
1 for k = 1− 6

0 for k = 7− 9,
(23)

and the vector field V µ is defined in analogy with that
in QCD:

V µ =
1

2

(
ξ∂µξ† + ξ†∂µξ

)
. (24)

The coupling of the 80 pseudo-Goldstone mesons to
the baryons is described by

L =2α
(
BSµBAµ

)
+ 2β

(
BSµAµB

)
+ 2γ

(
BSµB

)
Str(Aµ) + 2H

(
T
ν
SµAµTν

)
+

√
3

2
C
[(
T
ν
AνB

)
+
(
BAνT

ν
)]

+ 2γ
′
(
T
ν
SµTν

)
Str(Aµ), (25)

where, again in analogy with QCD,

Aµ =
i

2

(
ξ∂µξ† − ξ†∂µξ

)
, (26)

Sµ is the covariant spin vector and the brackets are
a shorthand for field bilinear invariants employed in
Ref. [45], as summarized in Appendix B. By matching

to the usual QCD Lagrangian for i, j, k restricted to 1–3,
we make the identification

α =
2

3
D + 2F, β = −5

3
D + F, (27)

while C and H map directly to their QCD values.

The heavy-baryon propagators for the octet baryon,
decuplet baryon and meson are [44]

i

v · k + iε
,

iPµν

v · k − δ + iε
, and

i

k2 −M2 + iε
(28)

respectively. Here Pµν = vµvν − gµν − (4/3)SµSν is
a spin-polarization projector that projects out the posi-
tive spin-1/2 solutions to the equation of motion, and δ
denotes the average octet-baryon–decuplet-baryon mass
splitting.

B. Electromagnetic form factors

In the heavy-baryon formalism, the electromagnetic
form factors GE and GM are defined by

〈B(p′)|Jµ|B(p)〉 = u(p′)

{
vµGE(Q2) (29)

+
iεµναβv

αSβqν

mN
GM (Q2)

}
u(p),

where q = p′−p and Q2 = −q2. Here we focus exclusively
on the magnetic form factor GM , at fixed finite Q2.

In the familiar formulation of chiral perturbation the-
ory, the magnetic moments of the octet baryons in the
chiral limit are encoded in the coefficients of the ‘mag-
netic Lagrangian density’ [44]:

L =
e

4mN
Fµνσ

µν
[
µα
(
BBQ

)
+ µβ

(
BQB

)
+µγ

(
BB

)
Str(Q)

]
. (30)

By comparison with the standard QCD Lagrangian, we
make the identification

µα =
2

3
µD + 2µF , µβ = −5

3
µD + µF . (31)

The µγ term contributes only when the quark charge
matrix Q is defined such that Str(Q) 6= 0, for example
when considering individual quark contributions to the
magnetic moments.

Terms describing the explicit symmetry breaking at
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FIG. 5. Loop diagrams which contribute to GM at leading
order. Single, double, dashed and wavy lines represent octet
baryons, decuplet baryons, mesons and photons respectively.

leading order in the quark masses are generated by

Llin =
[
c1
(
BmψB

)
Str(Q) + c2

(
BBmψ

)
Str(Q)

+ c3
(
BQB

)
Str(mψ) + c4

(
BBQ

)
Str(mψ)

+ c5
(
BQmψB

)
+ c6

(
BBQmψ

)
+ c7

(
BB

)
Str(Qmψ) + c8

(
BB

)
Str(Q)Str(mψ)

+ c9(−1)ηl(ηj+ηm)
(
B
kji

(mψ)liQ
m
j Blmk

)
+ c10(−1)ηjηm+1

(
B
kji

(mψ)mi Q
l
jBlmk

)
+ c11(−1)ηl(ηj+ηm)

(
B
kji
Qli(mψ)mj Blmk

)
+ c12(−1)ηjηm+1

(
B
kji
Qmi (mψ)ljBlmk

)]
Fµνσ

µν ,

(32)

where the shorthand for field bilinear invariants is sum-
marized in Appendix B, and the one-loop diagrams in
Fig. 5 give rise to the leading chiral nonanalyticities of
the quark mass expansion.

For small momentum transfer, the standard perturba-
tive approach would be to generate extensions of Eqs. 30
and 32, with additional derivatives, to form a series ex-
pansion in Q2. In the present work we are interested in
the form factors over a much larger range of Q2 than
can be explored with a perturbative expansion. For this
reason we consider independent chiral extrapolations at
fixed values of Q2.

We take a model that maintains the SU(3) flavor struc-
ture of Eqs. 30 and 32. The parameters µα,β,γ appearing
in Eq. 30 are now interpreted as chiral limit form factors
at some fixed Q2; their numerical values may be different
at each Q2. Similarly, the terms of Eq. 32 are associated
with the symmetry breaking at fixed Q2.

The resulting expressions for the magnetic form fac-

tors, at some fixed finite Q2, may be summarized as

GB,qM (Q2) = αBq +
∑
q′

αBq(q
′)mq′

+
mN

16π3f2

∑
φ

(
β
Bq(φ)
O IO(mφ, Q

2) + β
Bq(φ)
D ID(mφ, Q

2)
)
,

(33)

where mq denotes the mass of the quark q, mN represents
the physical mass of the nucleon, and φ stands for any of
the 80 pseudo-Goldstone mesons of our theory. The pion
decay constant is f = 0.0871 GeV in the chiral limit [46].
Here the contributions from Figs. 5(a) and 5(b) depend
on the integrals

IO =

∫
d~k
k2
yu(~k + ~q/2)u(~k − ~q/2)

2ω2
+ω

2
−

(34)

ID =

∫
d~k
k2
y(ω− + ω+ + δ)u(~k + ~q/2)u(~k − ~q/2)

2(ω+ + δ)(ω− + δ)ω+ω−(ω+ + ω−)
, (35)

where

ω+ =

√
(~k + ~q/2)2 +m2, (36)

ω− =

√
(~k − ~q/2)2 +m2, (37)

and u(~k) is the ultra-violet regulator used in the finite-
range regularization (FRR) scheme. This choice of reg-
ularization procedure is discussed in detail in Refs. [47–
49]. In short, the inclusion of a finite cutoff into the
loop integrands effectively resums the chiral expansion
in a way that suppresses the loop contributions at large
meson masses. This both enforces the physical expecta-
tion, based on the finite size of the baryon, that me-
son emission and absorption processes are suppressed
for large momenta and offers markedly improved con-
vergence properties of the chiral expansion.

For this analysis we choose a dipole regulator u(k) =(
Λ2

Λ2+k2

)2

with a regulator mass Λ = 0.8 GeV. The dipole

form is suggested by a comparison of the nucleon’s axial
and induced pseudoscalar form factors [50] and a similar
value of Λ is deduced from a lattice analysis of nucleon
magnetic moments [51]. All results are insensitive to this
choice; choosing different regulator forms, for example
monopole, Gaussian or sharp cutoff, and allowing Λ to
vary by ±20% yields fit parameters (and extrapolated re-
sults) which are consistent within the quoted uncertain-

ties. Expressions for the coefficients αBq, αBq(q
′), β

Bq(φ)
O

and β
Bq(φ)
D are given explicitly in Appendix C.

IV. FITS TO LATTICE RESULTS

Before fitting chiral expressions to the lattice simula-
tion results, we perform several corrections to the raw lat-
tice data. First, we estimate corrections for small finite-
volume effects, using the leading one-loop results of the
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FIG. 6. Q2 distribution for the lattice simulation results.
Colors indicate the Q2 bin groupings; each bin corresponds
to a single value of the three-momentum transfer in lattice
units.

chiral EFT (see Sec. IV A). As the chiral extrapolation
functions summarized in Sec. III are for fixed, finite Q2,
we analyze the lattice results in fixed Q2 bins. As ex-
plained in Sec. IV B below, there are small variations in
Q2 with different pseudoscalar and baryon masses. In
order to facilitate the fixed–Q2 extrapolation, we inter-
polate the form factors to common points in Q2.

All of the analysis is performed for the magnetic form
factors GM in physical nuclear magnetons. The conver-
sion from lattice natural magnetons to physical nuclear
magnetons was performed at the bootstrap level.

A. Finite-volume corrections

Finite-volume corrections are performed using the
difference between infinite-volume integrals and finite-
volume sums for the leading-order loop integral ex-
pressions from Sec. III. The procedure used here fol-
lows Ref. [52]. We note that before performing the
finite-volume sums, the expressions for the integrands in
Eqs. (34, 35) are shifted from being symmetric (meson
lines with momenta k − q/2 and k + q/2, as illustrated
in Fig. 5) to what is more natural for the lattice, namely
meson lines with momenta k and k + q. The purpose is
to account for the fact that momentum is quantized on
the lattice.

B. Binning in Q2

As the chiral extrapolations used here (Eq. (33)) are
applicable for fixed finite Q2, we bin the lattice simula-
tion results in Q2 before fitting. The bin groupings are
illustrated in Fig. 6. Each bin corresponds to a single
value of the three-momentum transfer in lattice units.
The corresponding physical Q2 values vary slightly be-
cause of the different baryon masses feeding into the dis-
persion relation. The largest variation is 1.29−1.37 GeV2

for the highest Q2 bin.
To account for the small variation in Q2 within each

bin, all simulation results are shifted to the average Q2

value of their respective bin. This shift is performed using
a dipole-like fit to the (finite-volume–corrected) simula-
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3.5
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,u

FIG. 7. Generalized dipole fits (Eq. (38)) upon which the bin-
ning corrections are based. The three fits shown correspond to
the three different pseudoscalar mass points along the primary
simulation trajectory (simulations 1–3 in Table I). Quarks
have unit charge.

tion results. The functional form used is

Gfit
M (Q2) =

µ

1 + d1Q2 + d2Q4
, (38)

where µ, d1 and d2 are free parameters. Several examples
of the fits are shown in Fig. 7. As the shifts are small,
particularly at low Q2 where the fit function has a larger
slope, there is no dependence, within uncertainties, on
the functional form chosen. The simulation results are
shifted by Gfit(Q2

average)−Gfit(Q2
simulation).

C. Fits to lattice results

After the lattice simulation results have been finite-
volume corrected and binned in Q2, we perform an in-
dependent fit, using Eq. (33), to the variation with mπ

for the results in each Q2 bin. An advantage of this ap-
proach [27, 53] is that it allows the fit parameters, which
are the undetermined chiral coefficients, to vary with Q2

without the need to impose some phenomenological ex-
pectation on the shape of their variation. Values of these
fit parameters are shown in Appendix D. The quality of
fit at each Q2 is good, with χ2/d.o.f. ≈ 0.5−1.4 for every
fit. An illustration of the fit quality for the lowest Q2 bin
(Q2 ≈ 0.26 GeV2) is given in Fig. 8. That figure shows
the ratio of the fit function to the lattice simulation re-
sult for each data point; the 24 data points include 6 at
each set of pseudoscalar masses where mπ 6= mK (i.e.,

Gp,uM , Gp,dM , GΣ,u
M , GΣ,s

M , GΞ,s
M and GΞ,u

M ) and 3 at each
SU(3)-symmetric point. We recall that while each Q2 set
is treated as independent, the various octet baryon form
factors are fit simultaneously.

Using these fits, the baryon magnetic form factors may
be extrapolated to the physical pseudoscalar masses at
each simulation Q2. For example, Fig. 9 shows results
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FIG. 8. Illustration of the quality fit for the data set at Q2 ≈
0.26 GeV2, the lowest Q2 bin. Each point denotes one of the
lattice simulation results e.g., Gp,uM , Gp,dM . . . , at one of the
sets of pseudoscalar masses.
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FIG. 9. Up quark (connected) contribution to the proton
magnetic form factor for quarks with unit charge. Each set
of results (top to bottom) represents the fit at a different
(increasing) Q2 value. The lines show these fits evaluated
along the trajectory which holds the singlet pseudoscalar mass
(m2

K +m2
π/2) fixed to its physical value.

for the up quark contribution to the proton magnetic
form factor, plotted along a trajectory which holds the
singlet pseudoscalar mass (m2

K +m2
π/2) fixed to its phys-

ical value. The results display the expected qualitative
behavior; as Q2 increases (moving down the figure), the
extrapolation in m2

π decreases in curvature. This implies
that the magnetic radius of the proton increases in mag-
nitude as we approach the physical pion mass from above.
Magnetic radii are discussed further in Sec. V C.

We note that uncertainty in the value of the lattice
scale a affects the values of both the form factors and Q2

in physical units. At low Q2 the shift in the form factors,
and at high Q2 the shift in Q2 itself, is not negligible
when varying a = 0.074(2) within the quoted uncertain-
ties. Nevertheless, repeating the analysis presented in
the following sections for a values at the extremities of

the quoted range yields fits which are almost indistin-
guishable from those presented for the central value –
essentially the points are shifted a short distance along
the Q2 fit lines – and give entirely consistent results for
each quantity, even when extrapolated to Q2 = 0.

V. ANALYSIS OF RESULTS

In this section we summarize the results of the chiral
extrapolations. In particular, we focus on isovector quan-
tities which do not suffer from corrections associated with
disconnected quark loops (section V A), connected octet
baryon magnetic moments (Sec. V B) and magnetic radii
(Sec. V C). Comparison of the results with experimen-
tal determinations of these quantities gives some insight
into the size of disconnected contributions to the mag-
netic form factors.

A. Isovector quantities

Isovector quantities are of particular interest as they
have the advantage that contributions from disconnected
quark loops, omitted in the lattice simulations, cancel.
It is therefore these isovector quantities which we can
determine with the smallest systematic uncertainty.

The agreement of the extrapolated isovector baryon
form factors with experimental results is impressive. In
particular, Fig. 10 compares the isovector nucleon form
factor extracted from this analysis with the experimen-
tal determination as parameterised by Kelly [54]. While
there is a tendency for the extrapolated values to be
slightly high overall, the agreement, across the entire
range of Q2 values considered, is remarkable. We note
that the uncertainties shown for the Kelly parameteriza-
tion may be overestimated as we were unable to take into
account the effect of correlations between the fit param-
eters.

The isovector combinations of sigma and cascade
baryon magnetic form factors are shown in Figs. 11(a)
and 11(b). As no experimental results are available
for these form factors apart from Q2 = 0, dipole-like
fits (Eq. (38)) to the extrapolated simulation results, as
well as the experimental isovector baryon magnetic mo-
ments, are shown. Again we find fair agreement with
the experimentally measured baryon magnetic moments
at Q2 = 0, even with simple phenomenological fits pa-
rameterizing the Q2-dependence of the form factors. It
is clear, however, that slightly greater curvature in the
Q2 fit functions would improve the agreement with ex-
periment. Isovector magnetic moments, extracted using
these fits, are given in Table II.

We emphasize that lattice simulation results away from
the primary simulation trajectory (see Fig. 1) are essen-
tial to tightly constrain the chiral extrapolations to the
physical point. The effect of adding the additional off-
trajectory points to the fit – a factor of ≈ 6 reduction
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FIG. 10. Isovector nucleon magnetic form factor compared to
the Kelly parameterization of experimental results [54]. The
small (solid blue) points show the results including all lattice
simulations, while the large error bars (pale green) show the
results including only lattice simulations along the primary
simulation trajectory (see Table I).

TABLE II. Extrapolated results for the isovector magnetic
moments, based on the fit to the lattice simulation results. A
dipole-like parameterization (Eq. (38)) has been used for the
Q2-dependence.

µB (µN )
B p− n Σ+ − Σ− Ξ0 − Ξ−

Extrapolated 3.7(3) 3.0(2) −0.50(6)
Experimental 4.706 3.62(3) −0.60(1)

in statistical uncertainty – is shown in Fig. 10. This il-
lustrates the importance for chiral extrapolations of per-
forming lattice simulations which map out the ml −ms

plane, rather than simply following a single trajectory in
this space.

B. Connected quantities

As well as the isovector quantities presented in the pre-
vious section, we can determine the ‘connected part’ of
all individual baryon form factors. Comparison of these
quantities with experimental determinations is of partic-
ular interest – significant disconnected contributions to
the form factors would cause a systematic discrepancy
between the lattice and experimental results.

Figures 12(a) and 12(b) show extrapolated results for
the connected parts of the proton and neutron magnetic
form factors, compared with the Kelly experimental pa-
rameterization [54]. The level of agreement between the
lattice and experimental results across the entire range
of Q2 values supports the conclusion of Ref. [9] that the
omitted disconnected contributions are relatively small.

Figures displaying connected form factors for each of
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(a)Isovector sigma baryon magnetic form factor.
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(b)Isovector cascade baryon magnetic form factor.

FIG. 11. Isovector sigma and cascade baryon magnetic form
factor with dipole-like fits (Eq. (38)). The red stars indicate
the experimental isovector magnetic moments.

the octet baryons, including dipole-like fits in Q2, are
given in Appendix E. The magnetic moments extracted
from these fits, given in Table III, are close to the exper-
imental values, although we note once again that greater
curvature in the Q2 functional form would improve agree-
ment with experiment.

C. Magnetic radii

The magnetic radii of the octet baryons are defined by

〈r2
M 〉B = − 6

GBM (0)

d

dQ2
GBM (Q2)

∣∣∣∣
Q2=0

. (39)

To evaluate this expression from the lattice simulation
results, we use the dipole-like fits (Eq. (38)) shown in Ap-
pendix E. Results, compared with available experimental
data, are given in Table IV.

It is notable that we find consistently smaller values for
the magnetic radii than those determined experimentally
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TABLE III. Results for the connected contribution to the octet baryon magnetic moments, based on a dipole-like fit (Eq. (38))
to the extrapolated lattice simulation results, compared with experimental values.

µB (µN )
B p n Σ+ Σ− Ξ0 Ξ−

Extrapolated 2.3(2) −1.47(13) 2.12(16) −0.86(10) −1.09(6) −0.58(5)
Experimental 2.79 −1.913 2.458(10) −1.160(25) −1.250(14) −0.6507(25)

TABLE IV. Extrapolated results for the octet baryon magnetic radii, based on our fit to the lattice simulation results, compared
with experimental values. Results labelled ‘free µB ’ result from a dipole-like fit function in Q2 (Eq. (38)), while those labelled
‘general’ come from the ansatz given in Eq. (40) with fixed µB .

〈r2
M 〉B (fm2)

p n Σ+ Σ− Ξ0 Ξ−

Extrapolated (free µB) 0.52(15) 0.52(14) 0.48(15) 0.93(34) 0.28(11) 0.45(25)
Extrapolated (general) 0.73(6) 0.86(6) 0.66(5) 1.07(8) 0.52(4) 0.43(5)
Experimental 0.777(16) 0.862(9)
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(a)Proton magnetic form factor.
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FIG. 12. Extrapolated (connected part of the) proton and
neutron magnetic form factors, compared with Kelly param-
eterization [54] of experimental measurements.

(for the nucleon) or predicted in chiral quark models (for
the octet baryons) [55, 56]. This is perhaps not unex-
pected; comparing Figs. 12(a) and 12(b) with Figs. 16(a)
and 16(b) shows that although our results are quite con-
sistent with the experimental parameterization of the nu-
cleon form factors where they are calculated, the best-
fit dipole function has slightly less curvature. As noted
in the previous sections, greater curvature in the Q2 fit
forms would improve consistency with the experimental
magnetic moments for all of the octet baryons.

To improve the extraction of the magnetic radii, we
consider a second functional form in Q2, inspired by
the Kelly-style parameterizations of experimental results
with a more general polynomial in the denominator:

GBM (Q2) =
µB

1 + cQ2 + dQ4 + fQ6
. (40)

We now fix µB to the experimental magnetic moment,
so there are again three free parameters, c, d and f . As
illustrated for the proton in Fig. 13, the quality of fit us-
ing this functional form is entirely comparable with that
for the dipole-like fit. The shift in the extracted value of
the magnetic radius, however, is significant, as shown in
Table IV. This example confirms that truly robust pre-
dictions for the hyperon magnetic radii from lattice QCD
will require results at much lower Q2 values to eliminate
the significant dependence on the functional form cho-
sen for the Q2 extrapolation. Nevertheless, the level of
agreement of the extracted nucleon magnetic radii with
experimental values indicates that, by taking the exper-
imental magnetic moments as additional input, we have
achieved the first accurate calculation of the magnetic
radii of the entire outer ring of the baryon octet from
lattice QCD, extrapolated to the physical pseudoscalar
masses.
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FIG. 13. Dipole-like (from Eq. (38), dashed red band) and
general (from Eq. (40), solid blue band) fits to the proton
magnetic form factor. The quality of fit is comparable for
both fits.

D. Quark form factors

The chiral extrapolations discussed in previous sec-
tions are in fact performed for the individual doubly and
singly represented quark contributions to the magnetic
form factors. Inspecting these contributions can give in-
sight into the environmental sensitivity of the distribu-
tion of quarks inside a hadron.

Chiral extrapolations for the connected part of these
quark contributions, shown along the trajectory which
holds the singlet pseudoscalar mass (m2

K+m2
π/2) fixed to

its physical value, are presented in Figs. 14(a) and 14(b).
The figures show the lowest Q2 result, at approximately
0.26 GeV2. Of course, the fits shown are simultaneously
constrained by the lattice simulation results for all of the
octet baryons at that Q2.

Comparison of the u quark contributions to the pro-
ton and Σ+ in Fig. 14(a) shows the relative suppression of

GΣ,u
M caused by the heavier spectator quark in the sigma.

This effect is replicated, and is more significant, when
probing the singly represented quark, as can be seen by
the relative suppression (in magnitude) of the u contri-
bution to the cascade baryon compared to the d in the
proton in Fig. 14(b). Changing the mass of the probed
quark – doubly represented in the proton compared with
the cascade, or singly represented in the proton compared
with the sigma – causes a similar effect.

VI. CONCLUSION

We have presented the results of a 2+1-flavor lattice
QCD study of the electromagnetic form factors of the
octet baryons. Calculations are performed on one vol-
ume with a single lattice spacing, six different sets of
pseudoscalar masses and six values of Q2 in the range
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(a)Doubly-represented quark contributions.
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FIG. 14. Connected part of the doubly and singly-represented
quark contributions to the baryon magnetic form factors for
Q2 ≈ 0.26 GeV2. The charges of the relevant quarks here
have been set to unity.

0.2–1.3 GeV2. The Dirac and Pauli radii of the nucleon,
extracted using generalized dipole fits, are in line with
other recent 2+1 and 2+1+1 flavor lattice calculations
with similar values of the pion mass.

By performing lattice simulations on configurations
which ‘map out’ the ml−ms plane, rather than following
a single trajectory in this space, we are able to robustly
constrain a chiral extrapolation of the magnetic Sachs
form factor GM to the physical pseudoscalar masses at
each simulation Q2. Systematic uncertainties are con-
trolled by performing finite-volume corrections. The un-
certainties inherent in the determination of the lattice
scale a, the shape of the ultra-violet cutoff and the value
of the cutoff parameter Λ in the finite-range regulariza-
tion scheme are found to be negligible.

As such, the single most significant limitation of this
calculation is that disconnected quark loops are omit-
ted from the lattice simulations. For this reason isovec-
tor combinations, where contributions from disconnected
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quark loops cancel, are of significant interest. The nu-
cleon isovector form factor extracted from this work com-
pares well with the experimental results over the entire
range of Q2 values considered. It is notable that the pre-
cision of these results is such that it is foreseeable that
this generation of lattice QCD simulations will rival ex-
periment in terms of precision.

The proton and neutron magnetic form factors from
this work, which include only the ‘connected’ quark loop
contributions, agree rather well with the experimental
determinations at all simulation Q2 values. The compar-
ison with experiment is also favourable for the magnetic
moments and magnetic radii of the rest of the outer-ring
baryon octet, extracted using a dipole-like form in Q2.
This suggests that the omitted disconnected quark loop
contributions are small relative to the uncertainties of
this calculation.

We point out that a pure dipole form in Q2 does not,
in general, provide a good fit to the lattice simulation
results. A dipole-like function with a more general poly-
nomial in the denominator is significantly better, as de-
scribed above. A comparison of nucleon observables ex-
tracted using both fit forms indicates that the dipole
yields significantly poorer predictions for the magnetic
moments and radii, despite the form factors matching
the experimental values at larger Q2. This suggests that
meaningful extractions of the magnetic moments and
radii from lattice QCD require a more careful analysis
than the standard procedure using a dipole fit in Q2, un-
less simulations are performed for very small Q2 values
much less than 0.2 GeV2. Analyses similar to that per-
formed here may reveal that other existing lattice simu-
lations are in fact more compatible with experiment than
the results of the standard calculations indicate.
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Appendix A: Lattice simulation results

This section presents tables of lattice simulation results for F1 and F2 for the simulation parameters described in

Sec. II. Results for the Dirac and Pauli mean-squared charge radii 〈r2〉B,q1,2 and anomalous magnetic moments κB,q,
discussed in Sec. II C, are shown in Tables V–VII.

mπ (MeV) mK (MeV) 〈r2〉p,u1 (fm2) 〈r2〉p,d1 〈r2〉Σ,u1 〈r2〉Σ,s1 〈r2〉Ξ,s1 〈r2〉Ξ,u1

465 465 0.334 (16) 0.387 (22) 0.334 (16) 0.387 (22) 0.334 (16) 0.387 (22)
360 505 0.368 (11) 0.420 (12) 0.3639 (87) 0.3630 (60) 0.3218 (58) 0.4260 (84)
310 520 0.376 (20) 0.437 (24) 0.399 (13) 0.382 (10) 0.3329 (65) 0.459 (11)
440 440 0.3601 (96) 0.405 (12) 0.3601 (96) 0.405 (12) 0.3601 (96) 0.405 (12)
400 400 0.378 (10) 0.438 (15) 0.378 (10) 0.438 (15) 0.378 (10) 0.438 (15)
330 435 0.396 (13) 0.445 (25) 0.400 (10) 0.412 (14) 0.3650 (74) 0.465 (13)

TABLE V. Dirac mean-squared charge radii, extracted from generalized dipole fits – see Sec. II C.

mπ (MeV) mK (MeV) 〈r2〉p,u2 (fm2) 〈r2〉p,d2 〈r2〉Σ,u2 〈r2〉Σ,s2 〈r2〉Ξ,s2 〈r2〉Ξ,u2

465 465 0.337 (18) 0.3434 (79) 0.337 (18) 0.3434 (79) 0.337 (18) 0.3434 (79)
360 505 0.335 (29) 0.405 (18) 0.340 (20) 0.3358 (99) 0.292 (15) 0.389 (10)
310 520 0.364 (59) 0.379 (32) 0.331 (29) 0.286 (14) 0.282 (15) 0.367 (14)
440 440 0.491 (51) 0.415 (22) 0.491 (51) 0.415 (22) 0.491 (51) 0.415 (22)
400 400 0.377 (48) 0.362 (26) 0.377 (48) 0.362 (26) 0.377 (48) 0.362 (26)
330 435 0.429 (51) 0.416 (28) 0.413 (37) 0.361 (17) 0.369 (26) 0.387 (14)

TABLE VI. Pauli mean-squared charge radii, extracted from generalized dipole fits – see Sec. II C.

mπ (MeV) mK (MeV) κp,u (µN ) κp,d κΣ,u κΣ,s κΞ,s κΞ,u

465 465 0.0518 (17) -0.06113 (95) 0.0518 (17) -0.06113 (95) 0.0518 (17) -0.06113 (95)
360 505 0.0456 (24) -0.0632 (18) 0.0553 (21) -0.0619 (10) 0.0500 (14) -0.0652 (11)
310 520 0.0482 (51) -0.0594 (31) 0.0576 (32) -0.0572 (13) 0.0508 (15) -0.0629 (14)
440 440 0.0526 (42) -0.0643 (24) 0.0526 (42) -0.0643 (24) 0.0526 (42) -0.0643 (24)
400 400 0.0503 (46) -0.0570 (26) 0.0503 (46) -0.0570 (26) 0.0503 (46) -0.0570 (26)
330 435 0.0513 (44) -0.0616 (27) 0.0560 (36) -0.0606 (16) 0.0514 (24) -0.0622 (14)

TABLE VII. Anomalous magnetic moments in nuclear magnetons, extracted from generalized dipole fits – see Sec. II C.
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mπ (MeV) mK (MeV) Q2 (GeV2) F p,u1 F p,d1 F p,u2 F p,d2

465 465 0.26 1.434 (24) 0.666 (11) 0.932 (20) -1.113 (11)
0.51 1.134 (19) 0.4873 (94) 0.722 (18) -0.8298 (94)
0.73 0.936 (17) 0.3744 (88) 0.589 (19) -0.6525 (88)
0.95 0.804 (16) 0.3014 (75) 0.474 (21) -0.5547 (75)
1.15 0.697 (15) 0.2491 (72) 0.392 (16) -0.4621 (72)
1.35 0.616 (15) 0.2058 (73) 0.328 (15) -0.3956 (73)

360 505 0.26 1.3982 (91) 0.6425 (40) 0.822 (28) -1.081 (18)
0.51 1.089 (12) 0.4588 (51) 0.651 (23) -0.792 (12)
0.72 0.884 (17) 0.3412 (66) 0.535 (26) -0.622 (13)
0.92 0.781 (32) 0.284 (11) 0.396 (36) -0.527 (24)
1.12 0.656 (26) 0.2219 (81) 0.341 (22) -0.426 (17)
1.3 0.551 (26) 0.1719 (81) 0.324 (23) -0.339 (15)

310 520 0.26 1.382 (18) 0.6253 (75) 0.885 (58) -1.034 (33)
0.49 1.075 (20) 0.4433 (82) 0.620 (39) -0.792 (24)
0.71 0.883 (29) 0.316 (13) 0.528 (41) -0.586 (34)
0.91 0.754 (41) 0.268 (15) 0.409 (59) -0.519 (38)
1.1 0.633 (29) 0.194 (11) 0.346 (34) -0.435 (25)

1.29 0.535 (36) 0.158 (17) 0.343 (43) -0.342 (30)
440 440 0.26 1.3994 (79) 0.6540 (40) 0.823 (38) -1.080 (24)

0.5 1.078 (11) 0.4689 (56) 0.590 (31) -0.804 (20)
0.73 0.871 (15) 0.3548 (79) 0.451 (31) -0.623 (21)
0.94 0.733 (21) 0.2827 (92) 0.336 (32) -0.479 (20)
1.14 0.616 (19) 0.2264 (89) 0.270 (24) -0.403 (17)
1.33 0.545 (25) 0.189 (11) 0.236 (23) -0.349 (20)

400 400 0.26 1.3974 (91) 0.6411 (53) 0.854 (56) -1.027 (29)
0.5 1.084 (12) 0.4564 (62) 0.692 (38) -0.744 (24)

0.72 0.888 (20) 0.3377 (89) 0.506 (33) -0.596 (25)
0.93 0.787 (28) 0.286 (12) 0.412 (47) -0.533 (28)
1.13 0.668 (20) 0.2299 (85) 0.361 (32) -0.411 (21)
1.32 0.585 (27) 0.184 (10) 0.296 (26) -0.356 (26)

330 435 0.26 1.367 (11) 0.6303 (80) 0.819 (46) -1.029 (28)
0.5 1.057 (14) 0.437 (10) 0.651 (30) -0.773 (16)

0.72 0.875 (17) 0.324 (13) 0.511 (31) -0.593 (20)
0.92 0.726 (33) 0.267 (16) 0.340 (45) -0.473 (31)
1.12 0.614 (26) 0.207 (13) 0.296 (27) -0.395 (21)
1.3 0.544 (29) 0.170 (13) 0.271 (30) -0.319 (24)

TABLE VIII. Raw lattice simulation results for the nucleon.



16

mπ (MeV) mK (MeV) Q2 (GeV2) FΣ,u
1 FΣ,s

1 FΣ,u
2 FΣ,s

2

465 465 0.26 1.434 (24) 0.666 (11) 0.932 (20) -1.113 (11)
0.51 1.134 (19) 0.4873 (94) 0.722 (18) -0.8298 (94)
0.73 0.936 (17) 0.3744 (88) 0.589 (19) -0.6525 (88)
0.95 0.804 (16) 0.3014 (75) 0.474 (21) -0.5547 (75)
1.15 0.697 (15) 0.2491 (72) 0.392 (16) -0.4621 (72)
1.35 0.616 (15) 0.2058 (73) 0.328 (15) -0.3956 (73)

360 505 0.26 1.4008 (72) 0.6829 (21) 0.996 (24) -1.126 (10)
0.5 1.0839 (97) 0.5058 (31) 0.770 (21) -0.8620 (89)

0.73 0.871 (13) 0.3882 (43) 0.615 (20) -0.680 (10)
0.95 0.774 (23) 0.3301 (73) 0.479 (27) -0.587 (15)
1.15 0.646 (20) 0.2611 (60) 0.414 (19) -0.479 (13)
1.34 0.545 (21) 0.2092 (68) 0.367 (18) -0.393 (13)

310 520 0.26 1.372 (12) 0.6776 (36) 1.062 (38) -1.095 (14)
0.51 1.055 (14) 0.5074 (56) 0.796 (25) -0.855 (17)
0.73 0.855 (20) 0.3937 (82) 0.657 (29) -0.681 (24)
0.95 0.731 (24) 0.327 (10) 0.507 (35) -0.592 (21)
1.15 0.641 (22) 0.2667 (94) 0.439 (25) -0.515 (20)
1.35 0.563 (30) 0.222 (14) 0.419 (33) -0.442 (27)

440 440 0.26 1.3994 (79) 0.6540 (40) 0.823 (38) -1.080 (24)
0.5 1.078 (11) 0.4689 (56) 0.590 (31) -0.804 (20)

0.73 0.871 (15) 0.3548 (79) 0.451 (31) -0.623 (21)
0.94 0.733 (21) 0.2827 (92) 0.336 (32) -0.479 (20)
1.14 0.616 (19) 0.2264 (89) 0.270 (24) -0.403 (17)
1.33 0.545 (25) 0.189 (11) 0.236 (23) -0.349 (20)

400 400 0.26 1.3974 (91) 0.6411 (53) 0.854 (56) -1.027 (29)
0.5 1.084 (12) 0.4564 (62) 0.692 (38) -0.744 (24)

0.72 0.888 (20) 0.3377 (89) 0.506 (33) -0.596 (25)
0.93 0.787 (28) 0.286 (12) 0.412 (47) -0.533 (28)
1.13 0.668 (20) 0.2299 (85) 0.361 (32) -0.411 (21)
1.32 0.585 (27) 0.184 (10) 0.296 (26) -0.356 (26)

330 435 0.26 1.3678 (86) 0.6557 (48) 0.915 (41) -1.076 (16)
0.5 1.053 (11) 0.4731 (66) 0.714 (24) -0.815 (13)

0.73 0.864 (13) 0.3598 (81) 0.555 (27) -0.633 (17)
0.94 0.734 (24) 0.297 (11) 0.414 (34) -0.529 (20)
1.14 0.624 (22) 0.238 (10) 0.343 (23) -0.442 (17)
1.33 0.554 (27) 0.198 (11) 0.296 (24) -0.368 (21)

TABLE IX. Raw lattice simulation results for the sigma baryon.
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mπ (MeV) mK (MeV) Q2 (GeV2) FΞ,s
1 FΞ,u

1 FΞ,s
2 FΞ,u

2

465 465 0.26 1.434 (24) 0.666 (11) 0.932 (20) -1.113 (11)
0.51 1.134 (19) 0.4873 (94) 0.722 (18) -0.8298 (94)
0.73 0.936 (17) 0.3744 (88) 0.589 (19) -0.6525 (88)
0.95 0.804 (16) 0.3014 (75) 0.474 (21) -0.5547 (75)
1.15 0.697 (15) 0.2491 (72) 0.392 (16) -0.4621 (72)
1.35 0.616 (15) 0.2058 (73) 0.328 (15) -0.3956 (73)

360 505 0.26 1.4537 (51) 0.6457 (27) 0.940 (18) -1.129 (10)
0.51 1.1536 (76) 0.4607 (35) 0.747 (15) -0.8270 (78)
0.74 0.948 (10) 0.3437 (45) 0.616 (14) -0.6411 (82)
0.96 0.841 (20) 0.2909 (69) 0.481 (18) -0.531 (13)
1.17 0.712 (19) 0.2278 (58) 0.422 (16) -0.436 (11)
1.36 0.608 (20) 0.1789 (65) 0.376 (16) -0.354 (11)

310 520 0.26 1.4475 (58) 0.6317 (38) 0.974 (18) -1.114 (13)
0.51 1.1557 (86) 0.4468 (51) 0.762 (16) -0.825 (11)
0.74 0.960 (13) 0.3347 (78) 0.630 (18) -0.640 (14)
0.96 0.834 (17) 0.2742 (66) 0.513 (18) -0.524 (16)
1.17 0.728 (18) 0.2169 (61) 0.442 (17) -0.449 (17)
1.37 0.647 (26) 0.179 (10) 0.403 (21) -0.376 (20)

440 440 0.26 1.3994 (79) 0.6540 (40) 0.823 (38) -1.080 (24)
0.5 1.078 (11) 0.4689 (56) 0.590 (31) -0.804 (20)

0.73 0.871 (15) 0.3548 (79) 0.451 (31) -0.623 (21)
0.94 0.733 (21) 0.2827 (92) 0.336 (32) -0.479 (20)
1.14 0.616 (19) 0.2264 (89) 0.270 (24) -0.403 (17)
1.33 0.545 (25) 0.189 (11) 0.236 (23) -0.349 (20)

400 400 0.26 1.3974 (91) 0.6411 (53) 0.854 (56) -1.027 (29)
0.5 1.084 (12) 0.4564 (62) 0.692 (38) -0.744 (24)

0.72 0.888 (20) 0.3377 (89) 0.506 (33) -0.596 (25)
0.93 0.787 (28) 0.286 (12) 0.412 (47) -0.533 (28)
1.13 0.668 (20) 0.2299 (85) 0.361 (32) -0.411 (21)
1.32 0.585 (27) 0.184 (10) 0.296 (26) -0.356 (26)

330 435 0.26 1.4094 (62) 0.6283 (41) 0.892 (28) -1.082 (14)
0.5 1.1030 (87) 0.4418 (56) 0.684 (18) -0.795 (11)

0.73 0.911 (11) 0.3313 (63) 0.546 (19) -0.623 (13)
0.95 0.792 (19) 0.273 (10) 0.430 (25) -0.501 (16)
1.15 0.677 (19) 0.2178 (86) 0.352 (18) -0.424 (13)
1.34 0.594 (23) 0.1794 (86) 0.306 (20) -0.354 (17)

TABLE X. Raw lattice simulation results for the cascade baryon.
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Appendix B: Field bilinear invariants

We summarize here a compact notation for the field
bilinear invariants, originally employed by Labrenz and
Sharpe in Ref. [45]. In the following expressions, A is an
operator with the transformation properties of the axial
current Aµ, while Γ is an arbitrary Dirac matrix, for
example the spin operator Sµ.(

BΓB
)
≡ BαkjiΓβαBijk,β (B1)(

BΓAB
)
≡ BαkjiΓβαAii′Bi′jk,β (B2)(

BΓBA
)
≡ BαkjiΓβαAkk′Bijk′,β × (−1)(i+j)(k+k′)

(B3)(
BΓAµTµ

)
≡ BαkjiΓβαA

µ
ii′T

β
µ,i′jk (B4)(

T
µ
ΓTµ

)
≡ Tµkji,αΓαβT

β
µ,ijk (B5)(

T
µ
ΓAνTµ

)
≡ Tµkji,αΓαβA

ν
ii′T

β
µ,i′jk (B6)

Appendix C: Chiral perturbation theory
extrapolations

This section gives expressions for the chiral coeffi-
cients in Eq. (33). The labels ‘doubly’, ‘singly’ and
‘other’ indicate whether the quark q′ or q is ‘doubly-
represented’, ‘singly-represented’ or not at all represented
in the baryon B.
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@
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Appendix D: Fit parameters

Figure 15 shows the values of the undetermined chiral
parameters determined by our fits. The parameters µD
and µF are defined in Eq. (31), while the ci appear in
Eq. (32). The di are relevant linear combinations of the
ci:

d1 = c5 −
1

4
c11, d2 = c6 + c11, (D1)

d3 = c6 + c11, d4 = c10 −
5

2
c4 + c12. (D2)

We note that the values of the parameters shown here are
unrenormalized. They are included merely to illustrate
the approximately linear Q2 dependence of the parame-
ters. Recall that the separate Q2 fits are independent.
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FIG. 15. Q2 dependence of unrenormalized fit parameters,
defined in Eqs. (31) and (32).



20

Appendix E: Octet baryon form factors - Figures

Figure 16 shows the connected part of the octet baryon form factors, extrapolated to the physical pseudoscalar
masses. The fits shown are those used in Secs. V B and V C to extract the magnetic moments and radii.
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FIG. 16. Connected part of the octet baryon magnetic form factors. The red stars indicate the experimental magnetic moments.
The lines show dipole-like fits (Eq. (38), dashed green, and Eq. (40), solid blue).
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