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Abstract

We point out that a light scalaron dynamically emerges if scalar fields have a sizable non-
minimal coupling to the Ricci scalar as in the Higgs inflation model. We support this claim
in two ways. One is based on the renormalization group equation; the non-minimal coupling
inevitably induces a Ricci scalar quadratic term due to the renormalization group running.
The other is based on scattering amplitudes; a scalar four-point amplitude develops a pole
after summing over a certain class of diagrams, which we identify as the scalaron. Our result
implies that the Higgs inflation is actually a two-field inflationary model. Another implication
is that the Higgs inflation does not suffer from the unitarity issue since the scalaron pushes
up the cut-off scale to the Planck scale.
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1 Introduction

Inflation plays an essential role in the modern cosmology. It not only solves the initial condition
problems such as the flatness and horizon problems, but also provides seeds for the large scale
structure and the anisotropy of the cosmic microwave background (CMB) in the present universe.

Among many candidates, the Higgs inflation model [1–3] is probably one of the most popular
inflationary models because of its minimality and consistency with the CMB observation [4]. It
identifies the (radial component of the) standard model Higgs doublet as the inflaton. The original
Higgs quartic potential needs to be modified at the large field value region to be consistent with
the CMB, and hence the following interaction

Lξ = ξ |H|2R, (1.1)

is introduced, where ξ is a non-minimal coupling between the Higgs doublet H and the Ricci scalar
R. The CMB normalization requires ξ and the Higgs quartic coupling λ to satisfy ξ2 ' 2× 109 λ,
indicating that ξ ∼ O(104) unless λ is tiny. Such a large ξ triggers a lot of discussions, most
importantly concerning the unitarity issue of the Higgs inflation [5–9]. In the Higgs inflation, the
tree-level unitarity is violated at the energy scale of O(MP/ξ) around the vacuum (where the
Higgs field value vanishes). It does not necessarily spoil the inflationary prediction since the scale
of the violation depends on the Higgs field value and is larger during inflation [10]. Nevertheless,
several issues, such as possible UV completion of the Higgs inflation [11–14] or violent phenomena
caused by the large non-minimal coupling after inflation [15–17], have been discussed so far.

In this paper, we study consequences of the non-minimal coupling one step further, assuming
that ξ � 1. In particular, we see that a scalaron degree of freedom (i.e. the spin-0 part of the
metric) becomes dynamical once we properly take into account quantum effects. Our argument is
based on two distinct (yet closely related) observations. First, we study the renormalization group
(RG) equation of this model. It is well-known that, once we treat the gravity as an effective field
theory, we have to introduce the Ricci scalar quadratic term,

Lα1 = α1R
2, (1.2)

as a counter term to renormalize divergences at the one-loop level [18, 19]. It results in the RG
running of α1. The scalar loop contribution to the beta function is given by

βα1 ≡
dα1

d lnµ
= − Ns

1152π2
(1 + 6ξ)2 , (1.3)

where Ns is the number of real scalar fields (Ns = 4 in the Higgs inflation). It means that
we cannot keep |α1| . O(1) for all energy scales for ξ � 1. Since α1 is inversely proportional
to the scalaron mass squared, a light scalaron inevitably shows up in the theory. This line of
argument is also emphasized in Refs. [20–23]. Second, and more interestingly, we see that the
scalaron dynamically emerges as an intermediate state in 2-to-2 scattering amplitudes.\1 If the
above argument based on the RG equation is true, the unitarity issue of the Higgs inflation has
to be gone after including quantum effects. This is because, once the scalaron exists, the cut-off
scale of the theory is pushed up to the Planck scale [22, 24]. Such a mechanism of healing the
unitarity is indeed discussed in Refs. [25,26], called the self-healing mechanism. We show that the

\1 In this paper, we use the word “dynamical” to indicate that the scalaron emerges after resumming over a
certain class of Feynman diagrams (see Eqs. (3.5) and (4.16)).
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self-healed scattering amplitude is equivalent to an amplitude with the scalaron propagating as
an intermediate state. It strongly supports that the scalaron dynamically emerges once we take
into account quantum effects properly.

This paper is organized as follows. In Sec. 2, we argue that the scalaron inevitably shows up in
the theory based on the RG equation. It also provides some notations used in this paper. In Sec. 3,
we study a 2-to-2 scattering amplitude between the scalar fields. We first review the unitarity issue
of the Higgs inflation based on the scattering amplitude, and the self-healing mechanism. We then
move to our main point, identifying the self-healing mechanism as the dynamical emergence of the
scalaron. Sec. 4 shows the equivalence of our results between the Jordan and Einstein frames. We
consider only the case Ns ≥ 2 in Secs. 2–4. The case Ns = 1 is tricky and is separately discussed in
Sec. 5. Note that the subtlety discussed there is irrelevant for the Higgs inflation that has Ns = 4.
Finally Sec. 6 is devoted to summary and discussions. The appendix is composed of two parts.
In App. A, we provide some computational details for the sake of clarity and completeness. We
review the Higgs scalaron inflationary model, i.e. an inflationary model with the Higgs and the
scalaron, in App. B.

2 Renormalization group equation and scalaron

In this paper, we consider the following action:

S =

∫
d4x
√
−g
[
M2

P

2
R +

1

2
gµν∂µφi∂νφi +

ξ

2
Rφ2

i −
λφ4

i

4

]
+ Sc.t., (2.1)

where MP is the (reduced) Planck scale, φi are the real scalar fields, i = 1, 2, ..., Ns, gµν is the
metric with g its determinant, R is the Ricci scalar, and ξ and λ are the coupling constants. We
ignore the electroweak scale throughout this paper. It is justified as the energy scale of our interest
is significantly higher than the electroweak scale. We focus on the case Ns ≥ 2 in this section,
Secs. 3 and 4. The Higgs inflation corresponds to Ns = 4.\2 The case Ns = 1 is tricky and is
discussed separately in Sec. 5. The last term Sc.t. is the counter term required to renormalize this
theory. It plays an essential role in the following.

The inflationary prediction of this model (without the counter term) is studied in detail in
literature, especially in the case that φi are (the components of) the standard model Higgs doublet.
It reproduces the normalization of the CMB anisotropy when

ξ2 ' 2× 109 λ. (2.2)

It requires that ξ � 1 unless λ is tiny, and hence we assume that ξ � 1 throughout this paper.\3

The spectral index is consistent with the current CMB observation [4], and the tensor-to-scalar ra-
tio is within the reach of the future observations [29]. Because of these features and its minimality,
the Higgs inflation is one among the most popular inflationary models so far.

The inflationary prediction is usually studied at the classical level.\4 Once we consider quantum
effects, however, we have to take into account counter terms. Since this theory contains the gravity,

\2 As far as the beta functions or scattering amplitudes around the vacuum at high energy scale are concerned,
it is appropriate to treat the Higgs doublet as four real scalar fields.

\3 The case with tiny λ is called the critical Higgs inflation model [27, 28]. Our discussion in the following does
not apply to this case as long as ξ . O(1).

\4 See Refs. [30–39] and references therein for quantum effects on the Higgs potential and the non-minimal
coupling. They are also studied based on the exact RG group approach in Ref. [40].
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the following counter terms (among others) are required to cancel divergences at the one-loop
level [18]:

Sc.t. =

∫
d4x
√
−g

[
α1R

2 + α2

(
RµνR

µν − 1

3
R2

)]
. (2.3)

As a result, the coefficients α1 and α2 run according to the energy scale of the system. The (scalar
loop contributions to the) beta functions are given by\5

βα1 ≡
dα1

d lnµ
= − Ns

1152π2
(1 + 6ξ)2 , (2.4)

βα2 ≡
dα2

d lnµ
= − Ns

960π2
. (2.5)

See App. A for the derivation. Two important properties are read off. First, the runnings of
α1 and α2 are additive, not multiplicative. That is, the operators associated with α1 and α2

inevitably emerge at other energy scales even if they are absent at one specific energy scale.
Second, the size of α1 is generically of O(ξ2) (or larger) that is significantly larger than unity since
we assume ξ � 1. It is well-known that the R2 operator introduces an additional scalar degree of
freedom [45–48], which we call “scalaron” in this paper. Its mass is given by

m2
s =

M2
P

12α1

, (2.6)

which is lighter as α1 is larger. Thus, the beta function indicates that the Higgs inflation model
with the large non-minimal coupling ξ necessarily contains the scalaron as a light degree of free-
dom.\6 This line of argument is also emphasized in Refs. [20–23].

We emphasize that we cannot simply ignore the scalaron. In order to make the theory well-
defined at the quantum level, we have to introduce the α1-operator and hence the scalaron from
the beginning. We can make the scalaron heavy at some specific energy scale by taking α1 small
there, but it soon becomes as light as O(MP/ξ) once one goes below that scale.\7 In other words,
one cannot keep the scalaron heavy for all energy scales. It is in contrast to the case of the
α2-operator. It is known that the α2-operator introduces a spin-2 ghost degree of freedom whose
mass squared is [49,50]

m2
2 = −M

2
P

2α2

. (2.7)

It is kept to be of O(M2
P ) for all scales once we take |α2| . O(1) at some scale, since βα2 does

not depend on ξ. Then we might forget about it by, e.g., believing that some UV completion of
the gravity cures the pathology associated with the ghost. The same argument does not apply to
the scalaron. Since the scalaron mass is in general significantly smaller than the Planck scale for
ξ � 1, it has to be distinguishable from the effects of the UV completion of the gravity.

Although this argument might be already convincing, we will support it from a different point
of view in the following, since the statement that the scalaron inevitably exists has a huge impact

\5 Eq. (2.4) agrees with Refs. [20, 23, 41–43], while Refs. [21, 44] have an opposite sign. Note that the sign
convention of the Ricci tensor does not affect that of α1 since the latter depends quadratically on the former.

\6 Here the word “light” means that it is significantly lighter than the Planck scale.
\7 See Sec. 6 for more details on the RG running of the scalaron mass.
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on both the theoretical and phenomenological sides of the Higgs inflation. To be specific, in Sec. 3,
we consider a 2-to-2 scattering amplitude φiφi → φjφj with i 6= j. We will see that the scalaron
dynamically emerges as an intermediate state in the amplitude even if we do not include it at the
beginning. It also reveals that the dynamical emergence of the scalaron is closely related to the
unitarity structure of the Higgs inflation.

3 Self-healing mechanism and scalaron

In this section, we consider the 2-to-2 scattering amplitude φiφi → φjφj with i 6= j around the
vacuum φi = 0, and show that a scalaron degree of freedom dynamically emerges as an intermediate
state in this process. This phenomena is closely related to the self-healing mechanism discussed
in Refs. [25, 26]. Since the self-healing mechanism is studied in the context of the unitarity issue
in the Higgs inflation, we first review the latter in Sec. 3.1. In Sec. 3.2, we review the self-healing
mechanism. The self-healing mechanism in practice sums over a certain class of Feynman diagrams
(see Eqs. (3.5) and (4.16)). As a result, the scattering amplitude develops a pole structure. We
see in Sec. 3.3 that it can be identified with the scalaron propagating as an intermediate state.

3.1 Unitarity of Higgs inflation

As we have discussed in Sec. 2, the Higgs inflation model requires ξ � 1. It triggers huge
discussions, especially concerning the unitarity of the Higgs inflation model. Let us consider the
tree-level 2-to-2 scattering amplitude φiφi → φjφj with i 6= j in the Higgs inflation. It is given as
(see App. A for the derivation)

A
(ii→jj)
tree =

1

M2
P s

[
(1 + 6ξ)2

6
s2 −

(
s2

6
− tu

)]
, (3.1)

around φi = 0, where s, t and u are the standard Mandelstam variables. Here and henceforth
we ignore the contribution from the Higgs potential since it is irrelevant for our discussion. It
indicates that the cut-off of the theory is O(MP/ξ), significantly lower than the Planck scale [5–9].
It does not necessarily spoil the inflationary prediction of this model since the cut-off scale depends
on the Higgs field value, and is higher than the typical energy scale during inflation [10]. It still
seems to require that the Higgs inflation should be UV completed below the Planck scale. More
interestingly, the unitarity could be violated during preheating [15–17], resulting in the necessity
of UV completion to describe the reheating dynamics. These are the (very) rough sketch of the
unitarity issue on the Higgs inflation in literature so far.

In this paper, our viewpoint on the unitarity of the Higgs inflation is totally different. In Sec. 2,
we argue that the scalaron inevitably shows up in the Higgs inflation model due to the quantum
effects. If it is true, the above discussion on the unitarity has to be just an illusion, and the
unitarity of the Higgs inflation has to be remedied below the Planck scale once quantum effects
are properly taken into account. This is because the cut-off scale of the Higgs inflation is pushed
up to the Planck scale once the scalaron is included, as first pointed out in Ref. [22] and further
studied in Ref. [24] (see also App. B.1). Indeed, such a healing mechanism of the unitarity, or
the self-healing mechanism, is discussed in Refs. [25,26]. In particular, Ref. [26] discusses the self-
healing mechanism of the Higgs inflation, concluding that it has no unitarity issue once quantum
effects are included. In the following, we shed a new light on the self-healing mechanism; we
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point out that the self-healing mechanism in the Higgs inflation can be understood as dynamical
emergence of the scalaron. In Sec. 3.2, we review the self-healing mechanism following Refs. [25,26].
We then move on to our main point in Sec. 3.3, identifying the self-healed scattering amplitude
as the emergence of the scalaron.

3.2 Self-healing mechanism

In this subsection, we review the self-healing mechanism discussed in Refs. [25, 26] (see also
Ref. [51]). Since the self-healing mechanism is best described by the large Ns limit with NsM

−2
P

fixed, we take this limit in this and the next subsections. We focus on the 2-to-2 scattering
amplitude φiφi → φjφj with i 6= j. The tree-level amplitude is given by Eq. (3.1), i.e.,

A
(ii→jj)
tree =

1

M2
P s

[
(1 + 6ξ)2

6
s2 −

(
s2

6
− tu

)]
. (3.2)

As we have discussed earlier, it violates the tree-level unitarity for
√
s & MP/ξ. This scale

is usually interpreted as the scale at which the theory is UV completed. Ref. [25] points out,
however, that the scale of the tree-level unitarity violation and the onset of new physics can have
a different dependence on, e.g., the number of flavors (Ns in our case). In other words, the scale
of the tree-level unitarity violation can be parametrically smaller than the onset of new physics,
depending on the number of flavors. In such a case, the tree-level unitarity violation has to be
remedied within the low energy theory itself, without help of new physics.\8 Ref. [25] studies QCD
and the electroweak gauge theory as concrete examples, but it suggests that the Higgs inflation
could also be within this class of theories, as we now review.

In our model, the scalar loop to the graviton vacuum polarization gives the leading order
correction to the scattering amplitude (in the sense of the large Ns limit). It is given at the
one-loop level by (see App. A for the derivation)

A
(ii→jj)
1-loop =

=− Ns

960π2M4
P

[
5

6
(1 + 6ξ)4 s2

(
ln

(
s

µ2
1

)
− iπ

)
+

(
s2

6
− tu

)(
ln

(
s

µ2
2

)
− iπ

)]
, (3.3)

where the dashed (wavy) line denotes the scalar (the graviton). We have renormalized the diver-
gences by the α1- and α2-operators, i.e.,

Sc.t. =

∫
d4x
√
−g

[
α1R

2 + α2

(
RµνR

µν − 1

3
R2

)]
, (3.4)

and the energy scales µ1 and µ2 correspond to the parameter choices of our theory. Note that
we have to specify the values of α1 and α2 at some energy scale after the renormalization. It is
equivalent to specifying the energy scales at which α1 and α2 vanish, which we denote as µ1 and

\8 Here we follow the terminology of Ref. [25]. The usage of “new physics” might be somewhat confusing,
since the self-healing mechanism often accompanies a new dynamical degree of freedom (the scalaron in our case).
Nevertheless it has to be distinguished from introducing a new particle simply by hand, since the new degree of
freedom results from resummation of diagrams that are within the low energy theory itself.
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µ2, respectively. The one-loop contribution is larger than the tree-level one for
√
s &MP/

√
Ns ξ,

and hence we may define a dressed amplitude by summing over the scalar loop diagrams as

A
(ii→jj)
dressed ≡ + +

+ + · · · . (3.5)

Note that it is the leading order contribution of the large Ns expansion, since the loops involving
the graviton and ghost (from the gauge fixing) are suppressed by Ns compared to the scalar loops.

Now we study the unitarity structure of this dressed amplitude. We consider an elastic scat-
tering amplitude between flavor-singlet states,

|1〉 ≡ 1√
Ns

Ns∑
i=1

|φiφi〉 , (3.6)

where |φiφi〉 denotes the state with two φi particles. It is given at the leading order in 1/Ns by

A(1→1) = NsA
(ii→jj)
dressed , (3.7)

as the diagonal parts are suppressed by 1/Ns. The factor Ns originates from the combinatory
factor N2

s divided by the normalization of the state (the prefactor in Eq. (3.6)). We now perform
the partial wave expansion,\9

A(1→1) = 32π
∑
l

(2l + 1) a(l)(s)Pl (cos θ) , (3.8)

where l is the angular momentum, Pl is the Legendre polynomial of degree l with Pl(1) = 1, and
θ is the scattering angle. The Mandelstam variables t and u are given in terms of s and θ as

t = −s
2

(1− cos θ) , u = −s
2

(1 + cos θ) . (3.9)

Since the different spin parts do not mix with each other in the summation (3.5), we obtain the
s-wave part of the partial wave amplitude as

a(0) =
a

(0)
tree

1− a(0)
1-loop/a

(0)
tree

, (3.10)

where the s-wave parts of the tree-level and one-loop amplitudes are respectively given as

a
(0)
tree =

Ns (1 + 6ξ)2

192πM2
P

s, (3.11)

a
(0)
1-loop = −N

2
s (1 + 6ξ)4

36864π3M4
P

s2

[
ln

(
s

µ2
1

)
− iπ

]
. (3.12)

\9 We extract the factor 32π instead of 16π since the final state particles are identical bosons. The unitarity
requires Im

[
a(l)
]

= |a(l)|2 with this convention in our case, since the cross section is divided by the combinatory
factor of the identical final state particles.
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We can check that it exactly satisfies the elastic unitarity,

Im
[
a(0)
]

=
∣∣a(0)

∣∣2 . (3.13)

In this sense, the unitarity is maintained at the leading order in 1/Ns. This is the self-healing
mechanism discussed in Refs. [25, 26]. In the following, we call the dressed amplitude as the
self-healed amplitude.

3.3 Self-healed amplitude as scalaron emergence

In the previous subsection, we see that the (s-wave part of the) self-healed amplitude satisfies the
elastic unitarity. Now we study its structure in more detail. The s-wave part is given by

a(0) = −Ns (1 + 6ξ)2 s

2304πα1

[
s

(
1− iπ

ln (s/µ2
1)

)
− M2

P

12α1

]−1

, (3.14)

where we have defined

α1 ≡ −
Ns (1 + 6ξ)2

2304π2
ln

(
s

µ2
1

)
. (3.15)

It is indeed understood as the coupling α1 at the energy scale
√
s, since it is consistent with the

beta function βα1 with µ1 being the energy scale at which α1 vanishes. We ignore the imaginary
part of the amplitude for now, whose meaning will be clarified soon. The amplitude is then written
as

a(0) = −Ns (1 + 6ξ)2

2304πα1

[
m2
s

s−m2
s

+ 1

]
, (3.16)

where we have defined

m2
s ≡

M2
P

12α1

. (3.17)

We now see that it is equivalent to the tree-level scattering amplitude with the scalaron as a
dynamical degree of freedom. We consider the following action:

S =

∫
d4x
√
−g
[
M2

P

2
R + ᾱ1R

2 +
ξ

2
Rφ2

i +
1

2
gµν∂µφi∂νφi −

λ

4
φ4
i

]
. (3.18)

By introducing an auxiliary field and performing the Weyl transformation, it is equivalent to (see
App. B.1 for details)

S =

∫
d4x
√
−g

[
M2

P

2
R +

1

2
(∂s)2 +

1

2

(
∂φi +

1√
6

φi
MP

∂s

)2

− M4
P

16ᾱ1

(
1− exp

(
−
√

2

3

s

MP

)
− ξφ2

i

M2
P

)2

− λ

4
φ4
i

 , (3.19)
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where s is the scalaron degree of freedom that shows up due to the ᾱ1-term as advertised.\10 We
compute the 2-to-2 scattering amplitude φiφi → φjφj with i 6= j around the vacuum φi = s = 0
in this model (see App. B.3 for the Feynman rules). The tree-level amplitude is diagrammatically
given by

iĀ
(ii→jj)
tree = + + , (3.20)

where the solid line denotes the scalaron. We have added the “bar” to clarify that it is derived
from the action (3.19). It is easily computed, and the s-wave part of the flavor-singlet elastic
scattering amplitude is given by

ā
(0)
tree = −Ns (1 + 6ξ)2

2304πᾱ1

[
m̄2
s

s− m̄2
s

+ 1

]
, (3.21)

to the leading order in Ns, where the scalaron mass squared m̄2
s is given by

m̄2
s =

M2
P

12ᾱ1

, (3.22)

and we have again omitted the contribution from the potential. The factor Ns again comes from
the combinatory factor and the normalization of the state. Thus, it coincides with the s-wave part
of the self-healed amplitude with ᾱ1 = α1. Remember that this identification is consistent with
the beta function βα1 . Based on this observation, we conclude that the self-healed amplitude can
be understood as the amplitude with the scalaron as the intermediate state. It strongly supports
that the Higgs inflation inevitably contains the scalaron as a dynamical degree of freedom.

The physical meaning of ignoring the imaginary part in Eq. (3.14) is now clear. When we
compute the barred amplitude (3.21), we have included only the tree-level contribution. Once
we include loop corrections, however, the scalaron propagator develops an imaginary part that
corresponds to the decay rate. In this sense, it is the tree-level approximation to ignore the
imaginary part. We can indeed verify that the imaginary part of Eq. (3.14) is consistent with
the decay rate of the scalaron. Assuming that | ln(s/µ2

1)| � π and treating the logarithm as a
constant, the imaginary part shifts the position of the pole as

s = m2
s − imsΓs, (3.23)

where we have defined

Γs ≡ −
πms

ln(s/µ2
1)

=
Ns (1 + 6ξ)2

192π

m3
s

M2
P

. (3.24)

On the other hand, the decay rate of the scalaron is computed from the action (3.19) as\11

Γ̄s =
Ns (1 + 6ξ)2

192π

m̄3
s

M2
P

. (3.25)

\10 It should not be confused with the Mandelstam variable.
\11 The scalaron does not decay into a graviton pair although it linearly couples to R in the Jordan frame [52,53].
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They coincide with each other under the identification α1 = ᾱ1. The condition | ln(s/µ2
1)| � π

guarantees that the scalaron has a narrow width. Otherwise the perturbativity of the action (3.19)
is lost. It is also naturally expected that loop corrections induce a logarithmic dependence of ᾱ1

on s as in Eq. (3.15). We leave an explicit confirmation of it as a future work.
In hindsight, the result may be naturally understood as follows. It is the scalar loop contri-

bution to the graviton vacuum polarization that induces the α1-term. The resummation of this
contribution is equivalent to dealing with the α1-term as a zero-th oder term in perturbation, thus
equivalent to treating the scalaron as a fundamental degree of freedom. The above computation
confirms this intuition.

Here we emphasize that the limit ξ � 1 and Ns � 1 is important since it justifies to include
the α1-term to all orders while drop other terms including the α2-term. The α2-term is suppressed
by ξ compared to the α1-term, while other (higher dimensional) terms are suppressed at least by
Ns. The large ξ limit is probably good for ξ = O(104), while the validity of the large Ns limit
could be a subject of discussion for the Higgs inflation with Ns = 4. We leave a detailed study on
this point as a future work (see also Sec. 6).

Before closing this section, let us clarify differences between our analysis and Ref. [26]. The lat-
ter also discusses the self-healing mechanism of the Higgs inflation, concluding that the unitarity
is self-healed. However, it does not discuss any physical interpretation of the self-healed ampli-
tude.\12 Our main point in this section is that the self-healed amplitude can be understood as the
amplitude with the scalaron as the intermediate state, thus to provide a physical interpretation
to the self-healing mechanism of the Higgs inflation.

4 Equivalence of Jordan and Einstein frames

So far we have discussed the self-healing mechanism and the emergence of the scalaron in the
Jordan frame, i.e. in the frame where the non-minimal coupling to the Ricci scalar is present.
It can be cast into the Einstein frame where the non-minimal coupling is absent by the Weyl
transformation. Since people often discuss physics in the Einstein frame, it is valuable to explicitly
check that the same results are obtained in the Einstein frame. For this purpose, we show the
equivalence of the Jordan and Einstein frames of our results in this section.

We consider our action:

S =

∫
d4x
√
−gJ

[
M2

P

2
RJ +

1

2
gµνJ ∂µφi∂νφi +

ξ

2
RJφ

2
i

]
+ Sg.f., (4.1)

where Sg.f is the gauge fixing term that is important in the following discussion, and we have
ignored the potential as usual. We assign the subscripts J and E to the quantities in the Jordan
frame and the Einstein frame, respectively. We perform the Weyl transformation as

gJµν = Ω−2gEµν , Ω2 = 1 +
ξφ2

i

M2
P

. (4.2)

\12 Refs. [21, 26] rather claim that there is no physical pole in the s-wave sector, saying that the denominator is
of the form 1− sF1(s)/2 with F1(s) < 0. We disagree for two reasons. First, their F1 can be positive depending on
µ1 (or the parameter choice of the theory) since it is proportional to ln

(
s/µ2

1

)
. Second, the amplitude has a pole

even if F1 is negative, although the corresponding particle (i.e. the scalaron) is tachyonic in such a case.

10



The Ricci scalar is transformed as

RJ = Ω2

[
RE +

3

2
gµνE ∂µ ln Ω2∂ν ln Ω2 − 3�E ln Ω2

]
. (4.3)

As a result, the action in the Einstein frame is given by

S =

∫
d4x
√
−gE

[
M2

P

2
RE +

1

2Ω4

(
Ω2δij +

6ξ2φiφj
M2

P

)
gµνE ∂µφi∂νφj

]
+ Sg.f.. (4.4)

The metric of the scalar kinetic term is curved for Ns ≥ 2, and hence ξ is physical. The situation
is different for Ns = 1, which is discussed separately in Sec. 5.

The Weyl transformation is merely a field redefinition, and physics is expected to be the same
in both frames [54–56]. In this section, we explicitly check that this equivalence holds in our case.
In particular, we will see that the Feynman rules around φi = 0 for 2-to-2 scattering are exactly
the same even at off-shell level, once we properly take into account contributions from the gauge
fixing term. It enables us to see the equivalence parts by parts in Feynman diagrams.

4.1 Jordan frame

First, we summarize the Feynman rules in the Jordan frame. Note that all the diagrams of our
interest are constructed from the off-shell 2-to-2 scattering diagram,

. (4.5)

We may take the de Donder gauge in the Jordan frame, namely,

Sg.f. =

∫
d4x

[(
∂νh

µν
J −

1

2
∂µhJ

)(
∂ρhJµρ −

1

2
∂µhJ

)]
, (4.6)

at the quadratic order, where gJµν = ηµν + (2/MP )hJµν , and hJ ≡ ηµνh
µν
J . Then the Feynman

rule for the above diagram is

p1,i

p2,i

p3,j

p4,j

= − i

2M2
P

1

q2
V (0)
µν (p1, p2)P µνρσV (0)

ρσ (p3, p4) +
6iξ2

M2
P

q2

+
4iξ

M2
P

[
(p1 · p2) + (p3 · p4)− (p1 · q) (p2 · q) + (p3 · q) (p4 · q)

q2

]
, (4.7)

where q ≡ p1 + p2 = p3 + p4, we take the external momenta p1, p2, p3 and p4 to be off-shell, and

V (0)
µν (p, q) ≡ (p · q) ηµν − (pµqν + pνqµ) , (4.8)

Pµνρσ ≡ ηµρηνσ + ηµσηνρ − ηµνηρσ. (4.9)

The function V
(0)
µν corresponds to the scalar-scalar-graviton vertex for ξ = 0. See App. A for more

details. Below we see that the same off-shell Feynman rule is obtained in the Einstein frame once
we properly take into account contributions from the gauge fixing term.
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4.2 Einstein frame

Now we derive the Feynman rules for off-shell 2-to-2 scattering diagrams in the Einstein frame.
The action (4.4) contains scalar four-point vertices,

S 3
∫
d4x

[
−
ξφ2

j

2M2
P

∂µφi∂µφi +
3ξ2

4M2
P

(
∂µφ2

i

) (
∂µφ

2
j

)]
, (4.10)

as well as the standard scalar-scalar-graviton vertex. There are additional contributions from the
gauge fixing term. The gravitons in the Jordan and Einstein frames are related as

hJµν =
1

Ω2

(
MP

2
ηµν + hEµν

)
− MP

2
ηµν

= hEµν −
ξφ2

i

2MP

ηµν + ..., (4.11)

and hence the de Donder gauge in the Jordan frame results in additional vertices in the Einstein
frame:

Sg.f. 3
∫
d4x

[
− ξ

MP

(
∂µ∂νφ2

i −
1

2
ηµν∂2φ2

i

)
hEµν +

ξ2

4M2
P

(
∂µφ2

i

) (
∂µφ

2
j

)]
. (4.12)

The Feynman rules are thus given by

p1,i

p2,i

= − i

MP

V (0)
µν (p1, p2) +

2iξ

MP

(
qµqν −

ηµν
2
q2
)
, (4.13)

for the scalar-scalar-graviton vertex, and

p1,i

p2,i

p3,j

p4,j

=
2iξ

M2
P

((p1 · p2) + (p3 · p4)) +
8iξ2

M2
P

q2, (4.14)

for the scalar four-point vertex with i 6= j, where again q ≡ p1 + p2. We now obtain the Feynman
rule for the off-shell 2-to-2 scattering diagrams as

p1,i

p2,i

p3,j

p4,j

+

p1,i

p2,i

p3,j

p4,j

= − i

2M2
P

1

q2
V (0)
µν (p1, p2)P µνρσV (0)

ρσ (p3, p4) +
6iξ2

M2
P

q2

+
4iξ

M2
P

[
(p1 · p2) + (p3 · p4)− (p1 · q) (p2 · q) + (p3 · q) (p4 · q)

q2

]
,

(4.15)
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for i 6= j, which is exactly the same as the Feynman rule (4.7) in the Jordan frame. We can
show the equivalence for i = j in a similar manner once we include not only the s-channel but
also the t- and u-channels, as they all contribute for i = j. The equivalence of the Feynman rules
associated with the counter terms can be confirmed in the same way.\13 Thus, we have shown the
equivalence of the Jordan and Einstein frames at the diagrammatic level. The equivalence of our
argument, especially the self-healing mechanism, follows straightforwardly.

In the above argument we have carefully taken into account the vertices arising from the gauge
fixing term. The choice of the gauge fixing term is unphysical, and hence we will obtain the
same result even if we do not include those vertices as far as physical quantities are concerned.\14

Nevertheless, we feel it meaningful to treat the gauge fixing term carefully, since it enables us to see
the equivalence not only at the on-shell level, but also at the off-shell (i.e. Feynman diagrammatic)
level. For instance, we now easily see that the self-healed amplitude (3.5) in the Jordan frame
roughly corresponds to

A
(ii→jj)
dressed = + + + · · · , (4.16)

in the Einstein frame. In other words, the self-healing mechanism in the Einstein frame comes
dominantly from the non-renormalizable interaction in the scalar kinetic terms. This observation
has an interesting implication, which we will briefly discuss in Sec. 6.

5 Single field case

So far we have focused on the case Ns ≥ 2. The single field case Ns = 1 is tricky and is discussed
separately in this section. Remember that Ns = 4 in the Higgs inflation, and hence the subtlety
discussed in the following does not apply to that case. We ignore the potential first, and briefly
comment on effects of the potential in the end.

It is known that the non-minimal coupling ξ is unphysical for Ns = 1 once we ignore the
potential, as emphasized in Ref. [8]. It is best described by the Weyl transformation. We consider
the single field action with the non-minimal coupling:

S =

∫
d4x
√
−gJ

[
M2

P

2
RJ +

1

2
gµνJ ∂µφ∂νφ+

ξ

2
RJφ

2

]
. (5.1)

We can move to the Einstein frame in the same way to obtain Eq. (4.4) from Eq. (4.1). The action
in the Einstein frame is

S =

∫
d4x
√
−gE

[
M2

P

2
RE +

1

2Ω4

(
Ω2 +

6ξ2φ2

M2
P

)
gµνE ∂µφ∂νφ

]
. (5.2)

Now we redefine the scalar field as

dχ =
dφ

Ω2

√
Ω2 +

6ξ2φ2

M2
P

, (5.3)

\13 To the order of our interest, the α1-term in the Jordan frame results in a scalar-scalar-graviton vertex and a
scalar four-point vertex in addition to the graviton quadratic term (A.21) in the Einstein frame. The α2-term in
the Jordan frame does not induce vertices involving the scalar fields in the Einstein frame.
\14 For instance, we can start with the de Donder gauge in the Einstein frame, and compute quantities such as the

scalar loop to the graviton vacuum polarization. We have checked that it reproduces the same result as expected.
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so that the action is recast into the Einstein-Hilbert term and a canonically normalized scalar
field. The non-minimal coupling ξ can be erased by the field redefinition, and hence is unphysical.
The crucial difference between Eq. (4.4) and (5.2) is that the target space of the scalar fields is
curved for Ns ≥ 2, while it is not curved for Ns = 1. The curvature depends on ξ for Ns ≥ 2,
indicating that ξ is physical as the curvature is invariant under field redefinition (that corresponds
to coordinate transformation of the target space).

It is possible to check explicitly that physical quantities such as scattering amplitudes do
not depend on ξ. At the tree-level, the s-channel scattering amplitude of φφ → φφ is given by
Eq. (3.1), i.e.,

A
(s)
tree =

1

M2
P s

[
(1 + 6ξ)2

6
s2 −

(
s2

6
− tu

)]
. (5.4)

In the present case, the t- and u-channels also contribute to the scattering amplitude, and hence
the tree-level amplitude is given by

Atree = A
(s)
tree + A

(t)
tree + A

(u)
tree =

1

M2
P

[
tu

s
+
us

t
+
st

u

]
. (5.5)

In particular, the ξ-dependent part drops since the Mandelstam variables satisfy s + t + u = 0.
At the one-loop level, it is probably easiest to work with the de Donder gauge in the Einstein
frame (that results in additional vertices in the Jordan frame, in a similar way as discussed in
Sec. 4). For instance, we can easily see in the Einstein frame (before the field redefinition) that
the following one-loop diagram vanishes:

iA
(s)
1-loop = = 0. (5.6)

In a similar way as in Sec. 4, the scalar four-point vertex in the Einstein frame is equivalent at
the off-shell level to the diagrams in the Jordan frame as

∼ + (s↔ t) + (s↔ u) + , (5.7)

where we have used the similarity since the right hand side includes the contributions from the
spin-2 part of the graviton as well.\15 It is thus clear that the one-loop diagram (5.6) in the Einstein
frame corresponds to many diagrams including the vacuum polarization, the vertex correction and
the box diagrams in the Jordan frame. It means that the ξ-dependence cancels out among these
diagrams in the Jordan frame. The diagrams with the scalar loop depend on Ns differently from
the other diagrams, and hence this cancellation holds only for Ns = 1.\16

It follows that the cut-off scale of the theory with Ns = 1 does not depend on ξ, and hence
the self-healing mechanism is not at work (at least below the Planck scale). Thus, the dynamical

\15 The de Donder gauge in one frame generates a scalar four-point vertex in the other frame, as in Eq. (4.12).
\16 The beta functions in Sec. 2 take into account only the scalar loop. While there may be additional contributions

from the vertex correction and the box diagrams, the argument in Sec. 2 is intact since the cancellation does not
occur for Ns ≥ 2. Also we can ignore these terms in Sec. 3 as they are sub-leading in the large Ns expansion.
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emergence of the scalaron does not happen in the single field case without the potential. Once
we include the potential, the story could be totally different. The field redefinition (5.3) results
in higher dimensional operators in the potential, whose cut-off scale does depend on ξ [8]. We
emphasize that this case requires a separate discussion from the case Ns ≥ 2. At least, there
is no scalar four-point derivative interaction in the Einstein frame (after field redefinition), and
hence the self-healing mechanism (if at work) will not be in the form of Eq. (4.16). Moreover,
we may expect that a particle that emerges due to the self-healing mechanism (if any) is not
the scalaron, since the scalaron may not cure the low cut-off scale associated with the higher
dimensional operators in the potential sector. A detailed study on this case, albeit definitely
interesting, is beyond the scope of this paper.

6 Summary and discussions

In this paper, we have argued that a light scalaron dynamically emerges if there is a sizable
non-minimal coupling between scalar fields and the Ricci scalar ξφ2

iR as in the Higgs inflation
model, as long as the number of the scalar fields Ns satisfies Ns ≥ 2. This claim is based
on two (closely related) observations. First, the R2-term necessarily emerges due to the RG
running whose coefficient is generically of O(ξ2) for ξ � 1. Since the coefficient of the R2-term
is inversely proportional to the scalaron mass squared, it implies that a light scalaron inevitably
exists in the theory (see also Refs. [20–23]). Second, we have seen that the 2-to-2 scattering
amplitude φiφi → φjφj with i 6= j develops a pole structure after resumming over the diagrams
that are leading order in the large Ns expansion. We have explicitly checked that the resultant
scattering amplitude is equivalent to the amplitude with the scalaron in the intermediate state.
The resummation heals the unitarity of the Higgs inflation, called the self-healing mechanism in
Refs. [25,26], and hence our result identifies the self-healing mechanism as the dynamical emergence
of the scalaron. We have confirmed that our results do not depend on whether we work in the
Jordan frame or in the Einstein frame.

Two implications immediately follow. First, the Higgs inflation is actually a two-field infla-
tionary model, the (radial component of the) Higgs and the scalaron. In particular, the inflaton is
in general an admixture of the Higgs and the scalaron. The inflationary dynamics of this theory
is discussed in App. B and references therein. Second, contrary to the common wisdom, the Higgs
inflation does not suffer from the unitarity issue since the self-healing mechanism is at work. It is
nothing but the fact that the scalaron pushes up the cut-off scale to the Planck scale, as pointed
out in Refs. [22, 24]. Thus, we can follow all the dynamics from the inflation till the end of the
reheating within the validity of the theory.

There are several other points that are not discussed in detail in this paper. Below we list
some of them before ending this paper.

Self-healing in other inflationary models

In Sec. 4, we see that the self-healing mechanism of the Higgs inflation is caused by the higher
dimensional operators in the scalar kinetic sector in the Einstein frame (see Eq. (4.16)). There are
other inflationary models that have non-trivial scalar kinetic terms (or a curved target space), such
as the running kinetic model [57,58], the α-attractor model [59], and the Higgs-dilaton model [60].
The Palatini Higgs inflation model [61–65] could also be within this class of models in the Einstein
frame, among probably many others. Since these non-trivial kinetic terms are interpreted as higher
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µ

m2
s

µ1

Figure 1: Schematic picture of the RG running of the scalaron mass squared m2
s.

dimensional operators once expanded around the vacuum, a similar self-healing mechanism may be
at work and a new degree of freedom may show up dynamically in these models. This new degree
of freedom, if any, is not necessarily be the scalaron. In particular, it is possible in some models
that the new degree of freedom is pathological, either ghost-like or tachyonic, that may spoil the
inflationary prediction. Also it is possible that there appear more than one new degrees of freedom,
which might drastically modify the inflationary prediction. These points will be clarified once we
study pole structures of scattering amplitudes resulting from resummation similar to Eq. (4.16).
For instance, the position of the pole tells whether a particle is tachyonic or not, while the sign
of the residue does whether it is ghost-like or not.\17 We believe that it is of great importance to
re-analyze the other inflationary models from this point of view, which will be done elsewhere.

Running of scalaron mass

The running of the scalaron mass squared shows a peculiar behavior. The (scalar loop contribution
to the) RG equation of α1 is given by

βα1 ≡
dα1

d lnµ
= − Ns

1152π2
(1 + 6ξ)2 . (6.1)

Since the scalaron mass squared m2
s in terms of α1 is

m2
s =

M2
P

12α1

, (6.2)

its RG running is schematically given in Fig. 1.\18 An interesting feature is that its mass squared
diverges at the energy scale µ1 at which α1 vanishes, and becomes tachyonic above µ1. It might

\17 The spin-2 (d-wave) part of the self-healed amplitude in our theory also develops a pole. Its residue has an
opposite sign from that of the spin-0 (s-wave) part, as long as the poles are not tachyonic. Since the unitarity
requires that the residues are expanded by the Legendre polynomials whose coefficients have a definite sign, it
indicates that a ghost exists in the spin-2 sector. The position of the pole is consistent with Eq. (2.7).
\18 It crucially depends on the sign of the beta function. See the footnote \5.

16



be hard to imagine that the low energy theory is healthy above µ1. An easy way to avoid such
a situation is to assume that UV completion of the gravity provides α1 > 0 as the boundary
condition, i.e. µ1 > ΛUV where ΛUV is the scale at which the UV completion comes into play. We
may further require ln(µ2

1/Λ
2
UV)� π to guarantee the perturbativity of the action (3.19).

The RG equation indicates that it has some unease to assume that the scalaron is so heavy at
the energy scale of the Higgs inflation (which we call µHI) that it does not affect the inflationary
dynamics. If we assume α1 � ξ2 at µHI, the scalaron becomes tachyonic just above µHI. It
probably requires UV completion just above µHI that is significantly lower than the Planck scale.
Also the scalaron has to be taken into account after inflation such as reheating even if it is heavy
during inflation.

Large Ns expansion

In Sec. 3, we have discussed the self-healing mechanism relying on the large Ns limit. Based on the
discussion in Sec. 2, however, it is natural to expect that the dynamical emergence of the scalaron
is at work for finite Ns as well. A first step to check this expectation may be to include next-to-
leading order (NLO) terms in the large Ns expansion. At the NLO level, one is probably required
to include diagrams with one graviton or ghost inside loops, and diagonal parts of the scattering
amplitude between the flavor-singlet states. Computation will be of course more tedious, but it
is nevertheless valuable to see whether the self-healing mechanism works or not at the NLO level.
We leave it as a future work.

Amplitudes around φi 6= 0

In this paper we have focused on the scattering amplitudes around the vacuum φi = 0. However,
the self-healing mechanism of the Higgs inflation is discussed also around the finite Higgs field
value φi 6= 0 in Ref. [26], which concludes that it works in the same way for φi 6= 0. Thus we
expect that our discussion in this paper can be extended to the amplitudes around φi 6= 0 as well.
It probably requires some cares including the prescription issue (see e.g. Refs. [32, 33, 54, 55, 66]
and references therein) to see the equivalence between the Jordan and Einstein frames in this case.
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A Computational details

In this appendix, for the sake of clarity and completeness, we give our derivation of the scattering
amplitudes and the RG equations in detail.
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A.1 Preliminary

Gravity sector

Here we summarize our convention in this paper. We use the almost-minus convention for the
metric (denoted as gµν). In particular, the flat spacetime metric is given by

ηµν = diag (+1,−1,−1,−1) . (A.1)

The Christoffel symbol is given by

Γρµν =
gρσ

2
(gµσ,ν + gνσ,µ − gµν,σ) , (A.2)

where gµν,ρ ≡ ∂ρgµν . The sign convention for the Ricci tensor is chosen such that

Rµρ = Γννρ,µ − Γνµρ,ν + ΓανρΓ
ν
αµ − ΓαµρΓ

ν
αν , (A.3)

and the Ricci scalar is given by

R = gµνRµν . (A.4)

It follows from these conventions that the variations are given by

δ
√
−g = −

√
−g
2

gµνδg
µν , (A.5)

δR = Rµνδg
µν − gµν �δgµν +∇µ∇νδg

µν , (A.6)

where g ≡ det (gµν), ∇µ is the covariant derivative and � = ∇α∇α.

Energy momentum tensor

In this paper we focus on the following action:\19

S =

∫
d4x
√
−g
[
M2

P

2
R +

1

2
gµν∂µφi∂νφi +

ξ

2
Rφ2

i − V (φi)

]
, (A.7)

where i = 1, 2, ..., Ns is the flavor index (Ns = 4 in the Higgs inflation). With this definition,
ξ = −1/6 corresponds to the conformal coupling. The potential V (φi) is not important in our
discussion, and is ignored henceforth. The energy stress tensor is defined as

Tµν = − 2√
−g

δSm
δgµν

, (A.8)

where Sm is the matter part of the action. It is given in our case as

Tµν =
gµν
2

(1 + 4ξ) gαβ∂αφi∂βφi − (1 + 2ξ) ∂µφi∂νφi

+ 2ξ (gµνφi�φi − φi∇µ∇νφi)− ξ
(
Rµν −

gµν
2
R
)
φiφi. (A.9)

In the flat spacetime it reduces to

T (flat)
µν =

ηµν
2

(1 + 4ξ) ∂αφi∂αφi − (1 + 2ξ) ∂µφi∂νφi + 2ξ
(
ηµνφi∂

2φi − φi∂µ∂νφi
)
. (A.10)

\19 The sign of the Einstein Hilbert action is fixed once the sign convention of the Ricci scalar is fixed.

18



A.2 Feynman rules

Here we summarize the Feynman rules in the flat spacetime derived from the action (2.1). The
ghost degree of freedom associated with the gauge fixing is irrelevant for our analysis, and hence
we ignore it in the following.

Propagator

The scalar propagator is given by

=
i

p2 + i0
. (A.11)

We expand the metric around the flat spacetime as

gµν = ηµν +
2

MP

hµν . (A.12)

We take the de Donder gauge in the Jordan frame in this appendix, given by

Sg.f. =

∫
d4x

[(
∂νh

µν − 1

2
∂µh

)(
∂ρhµρ −

1

2
∂µh

)]
, (A.13)

at the quadratic order, and hence the graviton propagator is given by

µν ρσ
=

i

2p2 + i0
Pµνρσ, (A.14)

where

Pµνρσ ≡ ηµρηνσ + ηµσηνρ − ηµνηρσ. (A.15)

Scalar-scalar-graviton interaction

The interaction between the scalar fields and the graviton is given by

Sint =
1

MP

∫
d4x
√
−g hµνTµν . (A.16)

From this expression, the scalar-scalar-graviton interaction reads

p1,i

p2,j

µν
= − iδij

MP

Vµν (p1, p2) , (A.17)

where the vertex function is given by

Vµν (p1, p2) = (1 + 4ξ) (p1 · p2) ηµν − (1 + 2ξ) (p1µp2ν + p1νp2µ)

+ 2ξ
[(
p2

1 + p2
2

)
ηµν − (p1µp1ν + p2µp2ν)

]
, (A.18)

and the momenta are both outgoing or both incoming.\20 Note that the first term in the second
line does not vanish for off-shell momenta.
\20 The factor two from the exchange of the scalars is included in this rule.
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Counter terms

As we will see in the following, we need to include counter terms to renormalize divergences from
the scalar one-loop diagram. Thus we include the following terms in our action:

Sc.t. =

∫
d4x
√
−g

[
α1R

2 + α2

(
RµνR

µν − 1

3
R2

)]
. (A.19)

The term RµνρσR
µνρσ is absorbed into the above two terms up to the total derivative, and hence

we ignore it in the following. To the leading order in hµν , the Ricci tensor is given as

Rµρ '
1

MP

[
∂µ∂ρh

α
α + ∂2hµρ − ∂ν∂ρhµν − ∂ν∂µhρν

]
. (A.20)

The Feynman rules are read off as

µν

α1

ρσ
=

8iα1

M2
P

q4PµνPρσ, (A.21)

for the α1-term, and

µν

α2

ρσ
=
iα2

M2
P

q4

[
PµρPνσ + PµσPνρ −

2

3
PµνPρσ

]
, (A.22)

for the α2-term, where we define the projection operator as

Pµν = ηµν −
qµqν
q2

. (A.23)

A.3 Tree-level amplitude

We consider the 2-to-2 scattering amplitude φiφi → φjφj with i 6= j. Only the s-channel process
contributes in this case, which is given by

iA
(ii→jj)
tree =

p1,i

p2,i

p3,j

p4,j

=

(
− i

MP

)
Vµν(p1, p2)

i

2 (p1 + p2)2P
µνρσ

(
− i

MP

)
Vρσ(p3, p4). (A.24)

It is simplified as

A
(ii→jj)
tree =

1

M2
P s

[
(1 + 6ξ)2

6
s2 −

(
s2

6
− tu

)]
, (A.25)

where the Mandelstam variables are defined as

s ≡ (p1 + p2)2 = (p3 + p4)2 , (A.26)

t ≡ (p1 − p3)2 = (p2 − p4)2 , (A.27)

u ≡ (p1 − p4)2 = (p2 − p3)2 . (A.28)

It correctly reproduces the result in Ref. [25].
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A.4 Scalar one-loop amplitude

Now we compute the one-loop correction to the 2-to-2 scattering amplitude. We focus on the
scalar loop here. It is given by

iA
(ii→jj)
1-loop =

p1

p2

p3

p4l − q

l

=
Ns

2

∫
d4l

(2π)4

(
− i

MP

)4(
i

2s

)2
i

l2 + i0

i

(l − q)2 + i0

× [Vµν(p1, p2)P µνρσVρσ(l,−l + q)]
[
Vαβ(l,−l + q)PαβγδVγδ(p3, p4)

]
, (A.29)

where q = p1 + p2 = p3 + p4, s = q2 is the Mandelstam variable, and the factor 1/2 in front of
the second line is the symmetry factor. We first focus on the real (divergent) part. By using the
Feynman’s trick,

1

AB
=

∫ 1

0

dx
1

(A+ (B − A)x)2 , (A.30)

and moving to the Euclidean momentum space, we obtain

Re
[
A

(ii→jj)
1-loop

]
=
Nsµ

4−d

2M4
P s

2

∫ 1

0

dx

∫
ddlE

(2π)d
1

(l2E + x(1− x)s)
2

×
[
(1 + 4ξ) sl2E − 4

(
ξ (q · lE)2 + (p1 · lE) (p2 · lE)

)
− s2ξ (1 + 6ξ)

]
×
[
(1 + 4ξ) sl2E − 4

(
ξ (q · lE)2 + (p3 · lE) (p4 · lE)

)
− s2ξ (1 + 6ξ)

]
, (A.31)

where we have performed the dimensional regularization. We can simplify the integrals as∫
ddlE

(2π)d
lEµlEνf(l2E) =

ηµν
d

∫
ddlE

(2π)d
l2Ef(l2E), (A.32)∫

ddlE

(2π)d
lEµlEνlEρlEσf

(
l2E
)

=
ηµνηρσ + ηµρηνσ + ηµσηνρ

d (d+ 2)

∫
ddlE

(2π)d
l4Ef

(
l2E
)
, (A.33)

where f is an arbitrary function of l2E. After applying these formulas and some computation, we
obtain the divergent part of the amplitude as

A
(ii→jj)
1-loop

∣∣∣
div

=
Ns

960π2M4
P

1

ε

[
5

6
(1 + 6ξ)4 s2 +

(
s2

6
− tu

)]
, (A.34)

where ε is defined as d = 4− 2ε. It is renormalized by the α1- and α2-terms. The amplitude from
the counter terms is

iA
(ii→jj)
c.t. =

p1

p2

α1

p3

p4

+

p1

p2

α2

p3

p4

=
2i

M4
P

[
(1 + 6ξ)2 s2α1 +

(
s2

6
− tu

)
α2

]
, (A.35)
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and hence the divergent parts of α1 and α2 are given by

α1|div = −Ns (1 + 6ξ)2

2304π2

1

ε
, (A.36)

α2|div = − Ns

1920π2

1

ε
. (A.37)

They coincide with Ref. [18] for ξ = 0. Noting that the amplitude is associated with the factor
µ4−d ' 1− ε lnµ−2, we obtain the real part of the one-loop amplitude after the renormalization as

Re
[
A

(ii→jj)
1-loop

]
= − Ns

960π2M4
P

[
5

6
(1 + 6ξ)4 s2 ln

(
s

µ2
1

)
+

(
s2

6
− tu

)
ln

(
s

µ2
2

)]
. (A.38)

Here µ1 and µ2 are the energy scales at which α1 and α2 are taken to vanish, respectively. They
correspond to the parameter choices of our theory. Next we consider the imaginary part. By the
cutting rule, it is given by

Im
[
A

(ii→jj)
1-loop

]
=

Ns

16M4
P s

2

∫
d3l1

(2π)3 2l01

d3l2

(2π)3 2l02
(2π)4 δ(4) (l1 + l2 − q)

× [Vµν(p1, p2)P µνρσVρσ(l1, l2)]
[
Vαβ(l1, l2)PαβγδVγδ(p3, p4)

]
, (A.39)

where the momenta l1 and l2 are now on-shell, i.e. l21 = l22 = 0. The two-body phase space integral
is reduced in the standard way as∫

d3l1

(2π)3 2l01

d3l2

(2π)3 2l02
(2π)4 δ(4) (l1 + l2 − q) =

1

32π2

∫
dΩl, (A.40)

where Ωl is the solid angle between ~l1 and ~p1. After performing the integral, we obtain

Im
[
A

(ii→jj)
1-loop

]
=

Ns

960πM4
P

[
5

6
(1 + 6ξ)4 s2 +

(
s2

6
− tu

)]
. (A.41)

By combining the real and imaginary parts, the one-loop amplitude is given by

A
(ii→jj)
1-loop = − Ns

960π2M4
P

[
5

6
(1 + 6ξ)4 s2

(
ln

(
s

µ2
1

)
− iπ

)
+

(
s2

6
− tu

)(
ln

(
s

µ2
2

)
− iπ

)]
. (A.42)

It again agrees with Ref. [25].

A.5 Renormalization group equation

The scalar contributions to the RG equations for α1 and α2 are readily derived from Eqs. (A.36)
and (A.37). The operators R2 and RµνR

µν have the mass dimension of 4 in the d-dimensional
spacetime, and hence the bare couplings associated with these operators have the mass dimension
of d− 4 = −2ε. Since the bare couplings do not depend on µ, we obtain

βα1 = − Ns

1152π2
(1 + 6ξ)2 , (A.43)

βα2 = − Ns

960π2
, (A.44)

at the one-loop level. They coincide with, e.g., (the scalar parts of) Ref. [42], noting that their
couplings f 2

0 and f 2
2 are related to α1 and α2 as f−2

0 = 6α1 and f−2
2 = −α2, respectively. The RG

equations of α1 and α2 are also discussed, e.g. in Refs. [20,21,23,41–44,68–70] (although the sign
of βα1 is opposite in some references).
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B Higgs scalaron inflationary model

In this appendix, we summarize basic properties of the Higgs scalaron inflationary model.

B.1 Einstein frame action and unitarity

We consider the following action:

S =

∫
d4x
√
−gJ

[
M2

P

2
RJ + α1R

2
J +

ξ

2
RJ φ̃

2
i +

1

2
gµνJ ∂µφ̃i∂νφ̃i − V

(
φ̃i

)]
, (B.1)

where i = 1, 2, ..., Ns and we add the subscript J for the quantities in the Jordan frame. With an
auxiliary field χ̃, the above action is equivalent to

S =

∫
d4x
√
−gJ

[
M2

P

2
RJ

(
1 +

ξφ̃2
i + 4α1χ̃

M2
P

)
− α1χ̃

2 +
1

2
gµνJ ∂µφ̃i∂νφ̃i − V

(
φ̃i

)]
. (B.2)

One can indeed see that it returns to Eq. (B.1) after integrating out χ̃. Now we perform the Weyl
transformation,

gJµν = Ω−2gEµν , Ω2 = 1 +
ξφ̃2

i + 4α1χ̃

M2
P

, (B.3)

where the subscript E indicates the Einstein frame. The Ricci scalar is transformed as

RJ = Ω2

[
RE +

3

2
gµνE ∂µ ln Ω2∂ν ln Ω2 − 3�E ln Ω2

]
. (B.4)

We redefine the fields as

s ≡
√

3

2
MP ln Ω2, φi ≡

φ̃i
Ω
. (B.5)

The action is given by

S =

∫
d4x
√
−gE

[
M2

P

2
RE +

1

2
(∂s)2 +

1

2

(
∂φi +

1√
6

φi
MP

∂s

)2

− M4
P

16α1

(
1− exp

(
−
√

2

3

s

MP

)
− ξφ2

i

M2
P

)2

− V (Ωφi)

Ω4

 . (B.6)

In particular, for the quartic potential V (φ̃i) = λφ̃4
i /4, it is given by

S =

∫
d4x
√
−gE

[
M2

P

2
RE +

1

2
(∂s)2 +

1

2

(
∂φi +

1√
6

φi
MP

∂s

)2

− M4
P

16α1

(
1− exp

(
−
√

2

3

s

MP

)
− ξφ2

i

M2
P

)2

− λ

4
φ4
i

 . (B.7)
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This theory is unitary up to the Planck scale since all the higher dimensional operators are
suppressed by MP . In particular, neither ξ nor α1 shows up in the cut-off scale of the higher
dimensional operators. Still the perturbativity of the couplings requires

ξ2

4α1

. 4π. (B.8)

These features are first pointed out in Ref. [22] and further studied in Ref. [24]. They can be
seen in the Jordan frame (B.2) as follows. In order to discuss the cut-off scale and the size of the
couplings, we first have to make the fields canonically normalized. The scalar fields φ̃i are already
canonical around φ̃i = 0,\21 but χ̃ is not canonical as it does not have the standard kinetic term
in the Jordan frame. We have to redefine it as

χ ≡ 4α1χ̃+ ξφ̃2
i

MP

, (B.9)

because the kinetic term of χ̃ is supplied from the non-minimal coupling to the Ricci scalar (that
induces the kinetic mixing between χ̃ and the scalar part of the metric).\22 The couplings ξ and
α1 now enter the action only in the form

Lχ = − M2
P

16α1

(
χ− ξφ̃2

i

MP

)2

, (B.10)

and hence they do not affect the cut-off scale. It is also seen that the perturbativity requires
ξ2/4α1 . 4π. The field redefinitions (B.3) and (B.5), and the resultant action (B.6), are a refined
version of this argument, since the Weyl transformation is essentially solving the kinetic mixing
between χ̃ and the scalar part of the metric.

B.2 Inflationary predictions

Here we briefly summarize the inflationary prediction of the Higgs scalaron model. We may take
the unitary gauge for the Higgs, assuming that the Higgs has a large field value during inflation.
Then the action is given by Eq. (B.7) with Ns = 1. It contains two scalar fields, but effectively
reduces to a single field model for ξ, α1 � 1, as the other mode is heavy in this limit.\23 After
integrating out the heavy mode, the inflaton potential is given by

U(φ) =
M4

P

4

1

ξ2/λ+ 4α1

[
1− exp

(
−
√

2

3

φ

MP

)]2

, (B.11)

where φ is the canonically normalized inflaton which is an admixture of the scalaron and the
Higgs. The CMB normalization requires [4]

ξ2

λ
+ 4α1 ' 2× 109. (B.12)

\21 If we instead expand φ̃i around φ̃i 6= 0, the fields φ̃i mix with the scalar part of the metric. In this case, we
have to make them canonically normalized as well, as in Ref. [10].
\22 The field χ is canonical only up to an O(1) factor, but is enough to estimate the cut-off scale and the

perturbativity condition.
\23 We assume that λ, ξ and α1 are all positive.
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The spectral index ns and tensor-to-scalar ratio r are given as

ns ' 1− 2

Ne

, r ' 12

N2
e

, (B.13)

where Ne is the number of e-folds after inflation. An interesting feature of this model is that
in principle we can determine Ne precisely, as the reheating dynamics is determined from the
couplings to the standard model particles that are known, and the cut-off scale is the Planck
scale. Indeed, Refs. [71, 72] have studied the reheating dynamics of this model in detail. The
former studies particle production at the first oscillation for a generic parameter space, while the
latter finds that the reheating temperature is as high as 1015 GeV (or Ne ' 59) at least for a tuned
parameter space. A complete study on the reheating dynamics of this model is yet to be done.
Assuming that Ne is between 50 and 60, the spectral index is consistent with the current CMB
observation [4], and the tensor-to-scalar ratio is within the reach of the future observations [29].
For more comprehensive analysis on the inflationary perturbation, see Refs. [22,73–77].

B.3 Feynman rules around the vacuum

Here we derive the Feynman rules of the Higgs scalaron model around the vacuum φi = 0 and
s = 0 that are used in Sec. 3.3. We expand the action (B.6) around φi = 0 and s = 0 as

S '
∫
d4x
√
−g
[
M2

P

2
R +

1

2

(
(∂s)2 + (∂φi)

2 +
∂φ2

i ∂s√
6MP

)
− m2

s

2
s2 +

ξms√
8α1

sφ2
i −

ξ2

16α1

φ4
i

]
,

(B.14)

where we have defined the scalaron mass as

m2
s =

M2
P

12α1

, (B.15)

and we have retained only the terms relevant for our computation. As advertised, the scalaron
mass squared is inversely proportional to α1. The Feynman rules for the scalaron and φi are easily
read off from this action. We take the de Donder gauge in the Einstein frame in this subsection.
The propagators for φi and the graviton are then given by Eqs. (A.11) and (A.14), respectively.
The propagator for the scalaron s is

=
i

p2 −m2
s + iε

. (B.16)

We denote the scalaron propagator by a solid line to distinguish it from φi. The scalar-scalar-
scalaron vertex is given by

p1,i

p2,j

= i

[
ξms√
2α1

+
1√

6MP

(p1 + p2)2

]
δij, (B.17)
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where we have included the factor 2 from the exchange of the scalar fields, and the momenta are
both outgoing or both incoming. The scalar four-point vertex is given by

p1

p2

p3

p4

=


−i 3ξ2

2α1

for φiφi → φiφi,

−i ξ
2

2α1

for φiφi → φjφj or φiφj → φiφj with i 6= j,

(B.18)

where we have included the combinatory factors, and ignored the contribution from the Higgs
potential that is irrelevant for our discussion. Finally the scalar-scalar-graviton vertex is given
by Eq. (A.17) with ξ = 0.
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