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ABSTRACT
Self-interacting dark matter may have striking astrophysical signatures, such as observ-
able offsets between galaxies and dark matter in merging galaxy clusters. Numerical
N -body simulations used to predict such observables typically treat the galaxies as
collisionless test particles, a questionable assumption given that each galaxy is em-
bedded in its own dark matter halo. To enable a more accurate treatment we develop
an effective description of small dark matter haloes taking into account the two ma-
jor effects due to dark matter self-scatterings: deceleration and evaporation. We point
out that self-scatterings can have a sizeable impact on the trajectories of galaxies, di-
minishing the separation between galaxies and dark matter in merging clusters. This
effect depends sensitively on the underlying particle physics, in particular the angu-
lar dependence of the self-scattering cross section, and cannot be predicted from the
momentum transfer cross section alone.
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1 INTRODUCTION

Although gravitational probes at all astrophysical scales
yield strong evidence for the existence of dark matter (DM),
its particle physics nature and in particular its interactions
remain unknown. Laboratory experiments constrain the cou-
plings of DM to ordinary matter to be very small, but
they cannot exclude the possibility that DM has large self-
interactions. In fact, self-interacting dark matter (SIDM) is
not only well-motivated from the particle physics perspec-
tive (Carlson et al. 1992; Kusenko & Steinhardt 2001; Mo-
hapatra et al. 2002), but it may even provide a solution to
the well-known small scale problems of the ΛCDM paradigm
(de Laix et al. 1995; Spergel & Steinhardt 2000).1

It is however difficult to infer the role of DM self-
interactions from these observations alone, given alternative
solutions to the small-scale problems such as baryonic feed-
back processes (Navarro et al. 1996; Governato et al. 2010).
Establishing the effects of DM self-interactions on astrophys-
ical scales will therefore require a number of different observ-
ables. A particularly conclusive signature of SIDM would be
the observation of an offset between the stars or galaxies

? Preprint number: DESY-17-089
† janis.kummer@desy.de
1 For further details, we refer to a detailed recent review by Tulin

& Yu (2017).

and the centroid of the corresponding DM halo of a system
moving through a background DM density (Williams & Saha
2011; Dawson et al. 2012; Harvey et al. 2013, 2014; Kahlhoe-
fer et al. 2014; Mohammed et al. 2014; Harvey et al. 2015,
2017; Kim et al. 2017; Robertson et al. 2017b; Wittman et al.
2017). Such a system could for example be a galaxy falling
towards the centre of a galaxy cluster, as recently observed
within A3827 (Massey et al. 2015; Kahlhoefer et al. 2015),
or a merging galaxy cluster like the ‘Bullet Cluster’ (Marke-
vitch et al. 2004; Clowe et al. 2006; Randall et al. 2008).
The former case is conceptually simple, because the lumi-
nous matter component comprises individual stars, which
are clearly unaffected by DM self-interactions. In this arti-
cle, however, we focus on the latter case, where one needs
to compare the DM distribution of the galaxy cluster with
the distribution of galaxies, which have their own DM haloes
and which therefore may also be affected by SIDM.

To make predictions for the effects of DM self-
interactions in such environments and to interpret observa-
tions, highly refined N -body simulations of SIDM have been
developed (Randall et al. 2008; Vogelsberger et al. 2012;
Zavala et al. 2013; Peter et al. 2013; Rocha et al. 2013;
Vogelsberger et al. 2014; Cyr-Racine et al. 2016; Vogels-
berger et al. 2016; Kim et al. 2017; Robertson et al. 2017b).
In state-of-the-art simulations it is possible in principle to
simulate a merging galaxy cluster with sufficient resolution

c© 2017 The Authors

ar
X

iv
:1

70
6.

04
79

4v
3 

 [
as

tr
o-

ph
.C

O
] 

 2
2 

D
ec

 2
01

7



2 J. Kummer, F. Kahlhoefer and K. Schmidt-Hoberg

to resolve the individual galaxies and consistently include
DM self-interactions. However, the relatively small number
of galaxies in a galaxy cluster leads to large fluctuations in
the predicted offset between the galaxies and the DM halo
as well as a strong sensitivity to initial conditions.

A possible way to resolve this issue and extract statisti-
cally accurate predictions would be to perform a large num-
ber of simulations with different initial conditions. A compu-
tationally much less expensive and therefore more popular
approach to solve this problem is to simulate a large num-
ber of effective galaxy particles (Randall et al. 2008; Kim
et al. 2017; Robertson et al. 2017a), which have much smaller
masses than typical galaxies but are much more abundant.
Moreover past and current N -body simulations assume that
these test galaxies can be treated as collisionless test parti-
cles even in the presence of DM self-interactions. It should be
clear however that these test galaxies are no longer a faith-
ful representation of real galaxies and major effects may be
missed due to this simplification. In this article we reconsider
the assumption of non-collisionality for galaxies in merging
galaxy clusters. For this purpose, we extend the formalism
developed by Markevitch et al. (2004) to calculate the be-
haviour of a DM halo as a whole from the interactions of indi-
vidual DM particles. Our calculations yield the evaporation
and deceleration rates of a small (i.e. galaxy-sized) DM halo
moving though a background DM density (a galaxy cluster)
as a function of its escape velocity and its velocity relative
to the background density. The resulting expressions pro-
vide an effective description of DM self-interactions, which
can be used to capture the dominant effects of SIDM on DM
haloes that are not explicitly included in a simulation.

In contrast to Markevitch et al. (2004), we pay special
attention to the case in which the self-interaction cross sec-
tion depends on the relative velocity of the DM particles and
the scattering angle, and we discuss the case of long-range in-
teractions as a specific example (Ackerman et al. 2009; Feng
et al. 2009; Tulin et al. 2013; Kaplinghat et al. 2016; Agrawal
et al. 2017). We demonstrate that the effects of SIDM cannot
be captured by the momentum transfer cross section alone,
but that two independent quantities are necessary to repre-
sent the underlying particle physics: the evaporation fraction
χe and the deceleration fraction χd.

To illustrate our results with a well-motivated exam-
ple, we study the behaviour of galaxies in a merging galaxy
cluster and compare the results obtained with our effective
description to the case of collisionless test particles. We show
that DM self-interactions can significantly alter the trajecto-
ries of the galaxies and therefore reduce the predicted offset
between the galaxies and the DM halo. These effects are
particularly pronounced in the case of self-interactions with
a strong angular dependence, for which evaporation is sup-
pressed, allowing for a larger deceleration.

This paper is organised as follows. In Sec. 2 we derive
the deceleration and evaporation rates of a DM halo from
the fundamental interactions of individual DM particles with
a special emphasis on anisotropic scattering. We provide a
system of differential equations that effectively describes the
evolution of small DM haloes in the presence of DM self-
interactions. Section 3 focusses on the implementation of
these equations to the specific case of galaxies in merging
galaxy clusters. A simple numerical simulation is introduced
in Sec. 4 and the results are presented. Section 5 provides

Figure 1. Collision between two DM particles in the rest frame of

one of the particles (left) and in the centre-of-mass frame (right).

a discussion of these results and our conclusions. Additional
details are provided in the appendices A and B.

2 DECELERATION AND EVAPORATION

In this section we discuss how the scattering of individual
DM particles gives rise to the evaporation and deceleration
of a DM halo moving through a background DM density,
such as a galaxy moving through a galaxy cluster. This ap-
proach follows closely the one from Markevitch et al. (2004),
subsequently applied by Kahlhoefer et al. (2014) and Kim
et al. (2017), except that we do not limit ourselves to the
case of isotropic scattering but instead consider arbitrary
DM self-scattering cross sections dσ/dθ. We begin by dis-
cussing the kinematics of a single scattering event and then
derive the macroscopic effects resulting from a large number
of scatters.

2.1 Scattering of individual particles

For the purpose of describing a single scattering process on
the particle level, it is most convenient to consider the frame
in which the DM halo is at rest (see left panel of Fig. 1). We
assume the relative velocity v0 between the DM halo and
the background density to be sufficiently large compared
to the velocity dispersion of the background DM particles,
such that all incoming DM particles approximately have a
velocity of v0 = (0, 0, v0).2 Similarly, we neglect the velocity
dispersion of the DM particles bound to the halo, i.e. we ap-
proximate their velocity by v2 = (0, 0, 0). The infalling DM
particles accelerate in the gravitational potential of the DM
halo, so when they reach the central region, their velocity
is v1 = (0, 0, v), where v =

√
v2

0 + v2
esc and vesc is the local

escape velocity at the point of scattering.
To make contact to the angular distribution of the scat-

tering cross section, we evaluate the scattering process in
the centre-of-mass system (cms) and then transform back
to the rest frame of the halo (see right panel of Fig. 1).3

In terms of the scattering angle θcms in the cms frame, the
post-scattering velocities are

v′1 =

 0
1
2
v sin θcms

1
2
v(1 + cos θcms)

 , v′2 =

 0
− 1

2
v sin θcms

1
2
v(1− cos θcms)

 , (1)

2 We carefully review this and the following assumptions in
App. A.
3 Note that θcms is related to the scattering angle in the rest

frame of the halo by θcms = 2θ.
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where we have chosen the x-axis perpendicular to the scat-
tering plane. If the magnitude of either of these velocities
is larger than the local escape velocity of the halo, the cor-
responding particle is no longer bound to the halo and will
escape. For particle 1 this will be the case if

θcms < θcrit ≡ arccos

(
x2 − 1

1 + x2

)
, (2)

where we have defined x = vesc/v0. Correspondingly, the
second particle escapes if θcms > π − θcrit. If x < 1 and
hence θcrit > π/2, it is possible for both particles to escape
from the halo, provided π − θcrit < θcms < θcrit. In this
case the halo effectively loses particles and evaporates. The
probability for this to happen can be calculated in terms of
the differential scattering cross section:

χe =
1

σ

∫ θcrit

π−θcrit

dσ

dθ
dθ =

1

σ

∫ cos θcrit

− cos θcrit

dσ

d cos θ
sin θ d cos θ ,

(3)

where σ =
∫

dσ
dθ

dθ. We refer to χe as the evapora-
tion fraction. In the case of isotropic scattering, where
dσ/dθ = 1

2
σ sin θ, we obtain (Markevitch et al. 2004)

χe =
1− x2

1 + x2
. (4)

Note that χe becomes negative if v0 < vesc, in which case
it is impossible for both particles to escape but instead the
DM halo can capture the incoming DM particle. In other
words, rather than evaporating, on average the halo acquires
additional mass during a scattering process.

In addition to evaporating the DM halo will also de-
celerate. The reason is that after the scattering process the
escaping DM particles decelerate in the gravitational field of
the DM halo. The sum of the momenta of the escaping DM
particles will then in general be smaller than the momen-
tum of the original infalling DM particle. In other words,
the gravitational attraction between the escaping DM par-
ticles and the DM halo causes the DM halo to acquire some
of their momentum.

After having left the halo, the particles will have the
velocities vi,E =

√
|v′i|2 − v2

esc. If the interaction point is
not too far from the centre of the DM halo, we can assume
that the particles move approximately on radial orbits so
that vi,E points in the same direction as v′i.

4 We then find

v1,E =

 0
v0√

2
sin θcms

2

√
1− x2 + (1 + x2) cos θcms

v0√
2

cos θcms
2

√
1− x2 + (1 + x2) cos θcms

 , (5)

v2,E =

 0

− v0√
2

cos θcms
2

√
1− x2 − (1 + x2) cos θcms

v0√
2

sin θcms
2

√
1− x2 − (1 + x2) cos θcms

 . (6)

It is understood implicitly that v1,E = 0 for θcms > θcrit and
v2,E = 0 for θcms < π − θcrit.

4 As we discuss in Appendix A, the average scattering position is

close to the scale radius of the halo. Nevertheless, the largest ef-
fects arise from the most tightly bound particles, which are found

close to the centre of the system.

The total change in momentum of the halo can be calcu-
lated by comparing the incoming momentum with the total
outgoing momentum:

∆p = mχ(v0 − v1,E − v2,E) , (7)

where mχ denotes the DM mass. Although the net effect
in the y-direction can be non-zero for a single scattering
process, the effects will average to zero when considering a
larger number of scatters. In the z-direction, on the other
hand, a non-zero effect remains. We can therefore define the
deceleration fraction as

χd =
1

mχ v0 σ

∫
∆pz

dσ

dθ
dθ . (8)

Substituting eqs. (5) and (6), we obtain

χd = 1− 1√
2σ

∫ θcrit

0

cos
θ

2

√
1− x2 + (1 + x2) cos θ

·
(

dσ

dθ
(θ) +

dσ

dθ
(π − θ)

)
dθ . (9)

Note that this expression correctly accounts also for the
cases where one or both of the DM particles remain bound
to the halo. If the cross section is symmetric under the re-
placement θ → π − θ this expression simplifies to

χd = 1−
√

2

σ

∫ θcrit

0

cos
θ

2

√
1− x2 + (1 + x2) cos θ

dσ

dθ
dθ.

(10)

From this expression it is straight-forward to recover the
result for the isotropic case (Markevitch et al. 2004):

χd = 1− 4

∫ 1

√
x2/(1+x2)

y2
√
y2 − x2(1− y2)dy . (11)

2.2 Anisotropic scattering

For isotropic scattering the relative magnitude of χd and χe
depends only on the value of x = vesc/v0. For small values
of x the evaporation fraction will be large, but the escaping
particles are typically too fast to lead to a sizeable decelera-
tion of the halo. For larger x, on the other hand, the majority
of collisions will not change the number of particles bound
to the DM halo and a significant fraction of momentum can
be transferred.

The situation changes significantly if dσ/dθ exhibits a
strong angular dependence (Kahlhoefer et al. 2014; Robert-
son et al. 2017b). For example, if the differential scattering
cross section peaks at small scattering angles, it is possible
that the evaporation fraction remains small even for small x,
because scattering angles in the range π−θcrit < θcms < θcrit

are less likely. A typical example often encountered in the
context of SIDM is the case that DM particles interact with
each other via the exchange of a light mediator with mass
mφ . mχ v0 (Ackerman et al. 2009; Feng et al. 2009; Tulin
et al. 2013; Kaplinghat et al. 2016; Agrawal et al. 2017). Fo-
cussing on the case of t-channel scattering5, the differential

5 We note that in realistic models of SIDM t-channel scattering

does not usually appear in isolation. For the scattering of two
identical particles, also u-channel scattering will be present and
restores the symmetry under particle exchange (θ → π − θ). For
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Figure 2. The top panel shows the normalised differential scat-
tering cross section for anisotropic scattering as a function of the

scattering angle θ for different ratios of v/w. The centre and bot-

tom panels show respectively the evaporation and deceleration
fraction as a function of the velocity v for different values of the

cut-off velocity w. While the evaporation fraction depends sensi-

tively on w, the deceleration fraction is nearly unaffected.

cross section is given by (see e.g. Tulin & Yu (2017))

dσ

dθ
=

2πα2m2
χ sin θ(

1
2
m2
χv2(1− cos θ) +m2

φ

)2 ≡
σ0 sin θ

2
(

1 + v2

w2 sin2 θ
2

)2 ,

(12)

where w = mφ/mχ and σ0 = (4πα2m2
χ)/m4

φ. For w � v this
leads to the well-known expression for long-range (Ruther-
ford) scattering, while for w � v the scattering cross section
is approximately isotropic (see top panel in Fig. 2).

Long-range interactions have the crucial property that
scattering with large momentum transfer is suppressed. As

the scattering of particle and antiparticle, on the other hand, s-

channel scattering will also be possible, but usually only gives a
negligible contribution. Our conclusions remain unchanged when

including these additional scattering channels.

a result, we expect the evaporation fraction (which is most
sensitive to large scattering angles) to depend sensitively on
the velocity scale w. This expectation is confirmed in the
middle and bottom panels of Fig. 2, which show the evapo-
ration and deceleration fractions as a function of the velocity
v0 (in units of the escape velocity vesc) for different values of
the cut-off velocity w. We conclude that for different angu-
lar shapes of the scattering cross section the relative impor-
tance of evaporation and deceleration can change. We will
now turn to the calculation of evaporation and deceleration
rates to make this statement more precise.

2.3 Scattering rates

Having derived the probability for evaporation and the aver-
age fraction of momentum lost in a single scattering process,
we can now calculate the evaporation and deceleration rates
arising from a large number of scattering events. The total
scattering rate of a given DM particle in the halo is

R = σ v0
ρ

mχ
, (13)

where ρ denotes the mass density of the DM background.
The evaporation rate and deceleration rate are then given
by

fe = χe(v0, vesc) ·R , fd = χd(v0, vesc) ·R . (14)

The average relative change in mass and velocity per time
can then be written as

v̇ = −v · fd , Ṁ = −M · fe . (15)

These equations can be used to obtain an effective de-
scription of small DM haloes, which are not explicitly re-
solved in a given simulation, in the presence of DM self-
interactions. As discussed in the introduction, an interesting
application is the simulation of galaxies in merging galaxy
clusters (see Sec. 3). These galaxies are often simply repre-
sented by collisionless test particles even though each galaxy
consists of both stars and DM and should therefore feel the
effect of DM self-interactions. To implement this effect, let
us assume that each test particle representing a galaxy is
characterised not only by its position x and velocity v, but
also by its total mass in stars Mstar, its total mass in DM
MDM and its typical size a. The latter can be thought of for
example as the scale radius of the Hernquist profile:

ρ(M,a, r) =
M

2π

a

r(r + a)3
, (16)

where M = Mstar+MDM. It is important to note that the as-
sumed values for Mstar and MDM need not be related to the
mass of the test particles in the simulation. In other words,
the masses Mstar and MDM should correspond to realistic
galaxies and should not depend on the number of test par-
ticles in the simulation. These masses are used first of all to
calculate the escape velocity of the galaxy. For a Hernquist
profile, the escape velocity is given by

vesc(M,a, r) =

√
2GM

r + a
, (17)

where G denotes Newton’s constant. Of course, vesc depends
on the radius r, but we can approximately assume that a
typical scattering event occurs at r ≈ a (this approximation

MNRAS 000, 1–13 (2017)
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is confirmed by explicit numerical simulation in App. A).
The average escape velocity is hence simply vesc =

√
GM/a.

The equations of motion for a galaxy test particle mov-
ing in the gravitational potential Φ(x) created by a DM
distribution ρ(x) are then given by

v̇ = −∇Φ(x)− MDM

MDM +Mstar
vχd(v0, vesc)

σ v0 ρ(x)

mχ
, (18)

ṀDM = −MDM χe(v0, vesc)
σ v0 ρ(x)

mχ
, (19)

where v0 denotes the relative velocity between the test par-
ticle and the DM distribution.6 For simplicity we assume
that to first order DM self-interactions do not affect the size
of the system (ȧ = 0) and do not lead to the evaporation
of stars (Ṁstar = 0). In other words, the evaporation only
reduces the DM part of the galaxy mass, but not the bary-
onic part. This reduction in MDM then changes the escape
velocity of the galaxy, which enters into the calculation of
χe and χd as well as the ratio Mstar/MDM.

To give an illustration, let us consider the motion of a
test particle representing a typical galaxy through a homo-
geneous DM density (Φ(x) = 0 and ρ(x) = ρ0). In order to
compare the evolution of MDM and v as a function of time
for cross sections with different angular dependence, we eval-
uate the momentum transfer cross section (Robertson et al.
2017b; Kahlhoefer et al. 2017)7

σT ≡
∫

dσ

dθ
(1− | cos θ|)dθ (20)

and require that all cross sections under consideration cor-
respond to the same momentum transfer cross section at a
given reference velocity vref.

For concreteness, we take MDM,0 = 1012M�, Mstar,0 =
2.5 · 1011M� and a = 20 kpc, such that vesc,0 ≈ 530 km s−1,
as well as v0 = 3000 km s−1 and ρ0 = 10−3M�pc−3. We
consider the anisotropic scattering cross section from long-
range interactions introduced in eq. (12) for different val-
ues of w and fix the normalization σ0 by the requirement
σT(vref = 2000 km s−1)/mχ = 1cm2g−1. Our results are
shown in Fig. 3. As expected, we see that small values of
w lead to a differential cross section that favours decelera-
tion relative to evaporation. Correspondingly, the velocity
decreases most rapidly if w is small, whereas the decrease
of the total mass of the galaxy is significantly smaller com-
pared to the isotropic case, but approximately of the same
size for all w.

These observations obviously depend to some degree on
the choice of the matching scale. Lower values of vref lead
to a further suppression of the effects for anisotropic scat-
tering relative to the isotropic case. This dependence on vref

6 In practice, v0 and ρ are calculated by averaging the velocity

and density of simulated DM particles in the vicinity of the test
particle. While the size of the volume included in this averaging
may depend on the resolution of the simulation, it should not be

smaller than the actual size of the test particle system, charac-

terized by a.
7 Often the momentum transfer cross section is defined as σT ≡∫

dσ
dθ

(1 − cos θ)dθ (Tulin et al. 2013; Agrawal et al. 2017). This

definition however is not suitable for indistinguishable particles
(Kahlhoefer et al. 2017) and does not correctly predict the rate

of core formation in DM haloes (Robertson et al. 2017b).
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]

Figure 3. The top panel shows the momentum transfer cross sec-

tion for isotropic and anisotropic scattering (parametrized by the

cut-off velocity w), scaled to satisfy σT(vref = 2000km s−1)/mχ =
1 cm2 g−1. The centre and bottom panel show respectively the

evolution of the velocity and the total mass of a galaxy-sized halo

moving through a uniform DM background. See text for details
on the assumed astrophysical parameters.

is strongest for the cross section with the strongest angu-
lar dependence (i.e. with the smallest w). For Fig. 3 we have
chosen vref in such a way that the evaporation rate is similar
for all choices of w and the deceleration rates differ signifi-
cantly. Reducing vref would lead to more similar deceleration
rates but a larger disparity in the evaporation rates.8

To conclude this section, let us perform an important
consistency check. Our effective description is based on the
assumption that DM particles are very unlikely to scatter
more than once on the relevant dynamical time scales. In
particular, we have assumed that if both DM particles have
a sufficiently large velocity after the collision to escape from
the galaxy, they will do so without scattering again. We can
check that this assumption is valid for the case considered
above by calculating the surface density of the galactic halo

8 Note that increasing vref beyond 2000 km s−1, or lowering w
below 400 km s−1, would lead to unacceptably large values of

σT/mχ at small scales (Tulin & Yu 2017).
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for the adopted parameters. We find that the average surface
density within r < a is of order 0.05 g cm−2, such that the
probability to scatter again is small as long as σ/mχ �
20 cm2 g−1.

3 GALAXIES IN MERGING CLUSTERS

Having derived the effective equations that describe the mo-
tion of small DM haloes, we now turn to the central ap-
plication of these equations: the simulation of the motion
of galaxies in merging galaxy clusters. Major mergers are
one of the most promising probes of DM self-interactions, as
they may be sensitive not only to the total self-interaction
rate but also to the angular distribution of the DM self-
scattering (Kahlhoefer et al. 2014). A useful observable in
this context is the separation between the centroids of the
distribution of galaxies and the DM distribution inferred
from gravitational lensing. The basic argument is that in the
absence of DM self-interactions galaxies and DM particles
are both effectively collisionless and will therefore behave in
the same way. Any difference in their distributions after a
cluster collision would therefore point to SIDM.

As we have discussed in detail above, however, in the
presence of DM self-interactions galaxies also no longer be-
have as perfectly collisionless particles. Numerical simula-
tions treating galaxies as collisionless therefore risk overes-
timating the differences in the behaviour of DM and galax-
ies and may therefore find larger centroid separations than
expected in a more realistic treatment. In the remainder
of this work we investigate whether the effect of DM self-
interactions on galaxies can significantly modify the pre-
dicted separations obtained from numerical simulations. We
will focus on an unequal merger like the Bullet Cluster and
develop a simplified description to estimate the magnitude
of the expected effects.

For this purpose we consider a system of two galaxy
clusters (see illustration in Fig. 4). The main cluster is mod-
elled by a Hernquist profile with mass Mhalo and scale ra-
dius ahalo and is assumed to be at rest at x = 0. The smaller
cluster (subsequently called the sub-cluster) has mass Msub

and scale radius asub. Its velocity vsub and position xsub

will vary with time as it falls into the main cluster. The ad-
vantage of considering a system with two unequal masses
is that we can – to first approximation – make use of the
effective equations derived above to model the effects of DM
self-interactions on the motion of the sub-cluster, i.e. we can
calculate the evaporation and deceleration rates as a func-
tion of the DM density of the main cluster and the relative
velocity between the two haloes:

v̇sub =−∇Φhalo(|xsub|)

− vsub χd(vsub, vesc,sub)σ vsub
ρhalo(|xsub|)

mχ
, (21)

Ṁsub =−Msub χe(vsub, vesc,sub)σ vsub
ρhalo(|xsub|)

mχ
, (22)

where vesc,sub depends implicitly on Msub and asub. Note
that here we do not make a distinction between the total
mass of the sub-cluster Msub,tot and the mass of its DM halo
Msub, i.e. we assume that Msub,tot ≈Msub. In particular, we
do not model the effects of intracluster gas, which gives a
sub-dominant contribution to the gravitational potential of

Figure 4. Sketch of the two merging galaxy clusters and the

various quantities defined in the text.

the sub-cluster, and only consider the contribution of DM
and galaxies (see below). While this approach is too crude
to derive reliable estimates of the DM-galaxy separation,9 it
is fully sufficient to study the effect of DM self-interactions
on the motion of individual galaxies.

An obvious problem with eqs. (21) and (22) is that for a
Hernquist profile ρhalo(r) diverges for r → 0, introducing an
unphysical dependence on the precise value of the impact
parameter. This unphysical behaviour can be avoided by
averaging the density profile over a sphere with radius given
by the size of the sub-cluster, i.e. we replace ρhalo by

ρavg(r, a) =
3

2 a3

∫ 1

−1

d cos θ

∫ a

0

dr′r′2

· ρ(
√
r2 + 2rr′ cos θ + r′2). (23)

We also note that in contrast to the simplified discussion in
Sec. 2 we can no longer neglect the velocity dispersion vdisp of
the DM particles in the main cluster. As discussed in detail
in App. A, this additional contribution can be adequately
taken into account by replacing

χe(v, vesc) → χe
(√

v2 + v2
disp, vesc

)
. (24)

For the deceleration rate the effect of a non-zero velocity
dispersion is more complicated since not only the magnitude
of the velocities of the incoming DM particles matters but
also the direction. To avoid extrapolation into an unphysical
regime, we include deceleration only if v > vdisp and set χd
to zero otherwise. Since vsub � vdisp at core passage, this
modification has a very minor effect.

Once we have calculated the trajectory of the infalling
sub-cluster in the presence of DM self-interactions, we can
study the motion of galaxies initially bound to this sub-
cluster. As before, the total mass of each galaxy is given by
the sum of the DM component and the stellar component,
Mgal = Mstar + MDM and we assume that Mstar does not

9 In particular, we do not include the deformation of the sub-

cluster due to the tail of escaping DM particles, which has been
shown to significantly shift the centroid of the DM halo (Kahlhoe-

fer et al. 2014).
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change. The underlying differential equations are given by

v̇gal =−∇Φhalo(|xgal|)−∇Φsub(|xgal − xsub|)

− vgal χd(vgal, vesc,gal)MDM

MDM +Mstar
σ vgal

ρavg(|xgal|, agal)

mχ

− vsub χd(vsub, vesc,sub)σ vsub
ρavg(|xsub|, asub)

mχ
,

(25)

ṀDM =−MDM χe(vgal, vesc,gal)σ vgal
ρavg(|xgal|, agal)

mχ
.

(26)

A number of comments are in order: First, the final term in
eq. (25) is identical to the final term in eq. (21). The rea-
son that this term appears in the differential equation for
vgal is that the deceleration of the sub-cluster is a gravita-
tional effect, caused by the capture of DM particles as well
as by the tail of particles escaping from the sub-cluster. This
gravitational attraction is equally felt by the galaxies bound
to the sub-cluster and causes the galaxies to decelerate as
well. Note that this term would be present even if galaxies
were perfectly collisionless (e.g. because MDM = 0). In addi-
tion the galaxies feel a deceleration effect due to scattering
processes of DM particles bound to the galactic halo with
the background of the main cluster. As a result, the galax-
ies actually experience a larger deceleration rate than the
sub-cluster and – in the absence of any other effect – would
therefore be expected to lag behind the DM halo. This effect
is however expected to be overcompensated by the shift of
the DM centroid due to the deformation of the DM halo,
which is not included in our simulation.

The second important comment is that eqs. (25)
and (26) do not contain terms to model the effect of interac-
tions between DM particles from the galaxies and DM par-
ticles from the sub-cluster, i.e. there is no term proportional
to χd,e(|vgal − vsub|, vesc,gal) |vgal − vsub| ρsub(|xgal − xsub|).
The reason is that for a typical galaxy bound to the sub-
cluster one finds |vgal − vsub| ∼ vdisp,sub ∼ vesc,gal. In this
case our effective description becomes less reliable, but we
expect the evaporation rate to be rather small due to the
non-negligible probability of particle capture and the de-
celeration rate to be small because the effect of different
interactions average out (see App. A). Moreover, the effect
of the sub-cluster on the galaxies is additionally suppressed
because σ|vgal−vsub|ρsub is small compared to σ|vgal|ρhalo.
This suppression can however be compensated if the cross
sections has a strong velocity dependence. We will return to
this issue in Sec. 5.

4 NUMERICAL SIMULATION

A number of different groups have performed numerical sim-
ulations of the Bullet Cluster and have used the results to ob-
tain constraints on DM self-interactions. One of the central
results is that for cross sections σT/mχ ∼ 1cm2 g−1 one can
expect a separation between the centroids of DM and galax-
ies in the sub-cluster in the range from ∼ 10 kpc (Robertson
et al. (2017a)) to ∼ 40 kpc (Randall et al. (2008)), which is
about a factor of 2 below current observational bounds. The
question we want to address here is whether these simula-

tions may actually overestimate the DM-galaxy separation
by assuming galaxies to be collisionless test particles.

For this purpose we have implemented the differential
equations described above in a numerical simulation. Due to
the simplified nature of this simulation, we will not attempt
to map our results onto observations to extract predictions
for the DM-galaxy separation. Instead, our main objective is
to estimate the effect of DM self-interactions on the centroid
of the galaxy distribution, i.e. we will compare the position of
the galaxy distribution obtained when including our effective
description of DM self-interactions to the case where the
galaxies are assumed to be collisionless test particles. In this
section we describe the assumed astrophysical parameters
and the set-up of the simulation and then present our results.

4.1 Astrophysical parameters

The Bullet Cluster is a well-studied example for the kind of
system we are interested in (Markevitch et al. 2004; Clowe
et al. 2006; Randall et al. 2008; Lage & Farrar 2014; Robert-
son et al. 2017a). While we do not attempt to model the
Bullet Cluster realistically, we use it as an orientation in
order to determine reasonable astrophysical parameters for
the various components of the system we simulate. For the
main cluster we adopt the values Mhalo = 3.85 · 1015M�
and ahalo = 1290 kpc, while we model the sub-cluster with
Msub,tot = 2.5 · 1014M� and asub = 280 kpc (using the
values suggested by Robertson et al. (2017a)).

The total mass of the sub-cluster can be written as
Msub,tot = Msub + N ·Mgal, where N is the total number
of galactic sub-haloes bound to the sub-cluster and Msub is
the mass of the smoothly distributed DM component. Fol-
lowing the study by van den Bosch et al. (2005) we assume
that the sub-haloes make up around 5 per cent of the sub-
cluster mass. These sub-haloes are not expected to contain
any significant amount of gas, but they will in general con-
tain stars, i.e. Mgal = MDM + Mstar. As pointed out by Li
et al. (2016) the ratio of galaxy stellar mass to sub-halo
mass is much larger for sub-haloes in the centre of a galaxy
cluster than for field galaxies. Here we take this ratio to be
Mstar/Mgal = 0.2, such that 1% of the total cluster mass is
in stars, in agreement with the value suggested by Robert-
son et al. (2017a), see also the study by Leauthaud et al.
(2012).

From observations of the Bullet Cluster we know that
the main cluster consists of 71 and the sub-cluster of 7
galaxies (Barrena et al. 2002). To account for the fact that
some galaxies may have been tidally stripped from the sub-
cluster during the core passage, we take an initial value of
N = 10. This choice implies Mgal = 1.25·1012 M� and hence
MDM = 1.0 · 1012 M� and Mstar = 2.5 · 1011 M� for each
of the galaxies. A typical scale radius of a galaxy is around
agal = 20 kpc.

For the purpose of simulating the behaviour of the
galaxies during the cluster collision we however do not have
to limit ourselves to simulating onlyN = 10 galaxies. In fact,
doing so would introduce large amounts of statistical noise
and would make it very difficult to extract robust predictions
independent of the specific initial conditions. The great ad-
vantage of having an effective description of the motion of
galactic haloes is that we can simulate a much larger number
of galaxies without the need for each simulated galaxy to be
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dynamically self-consistent. In other words, we can simply
take the parameters derived above for N = 10 and use them
to simulate N = 1000 galaxies. For simplicity we assume all
galaxies to be described by the same parameters, although
it would be straight-foward to consider a distribution of sub-
halo masses, scale radii and stellar mass fractions. We will
now describe how such a simulation is set up in detail.

4.2 Setting up the simulation

As discussed above, one of the great advantages of having an
effective description of self-interactions is to enable the sim-
ulation of a large number of galaxies. The reason that large
samples are important is that we expect the effect of DM
self-interactions on galaxies to depend on their position and
velocity relative to the sub-cluster during the core passage
of the sub-cluster through the main cluster. Galaxies that
are tightly bound and close to the centre of the sub-cluster
are expected to be affected less strongly than the ones that
are further away. Meaningful statements about the typical
effect of DM self-interactions can therefore only be obtained
by averaging over a sufficiently large sample size.

It is therefore essential to consider a realistic and self-
consistent distribution of galaxies in the sub-cluster. Never-
theless, the shape of the individual orbits (i.e. whether the
galaxies move on circular or radial orbits and how the orbits
are oriented relative to the merger axis) is expected to be
less important than the corresponding binding energies. We
can therefore simplify the simulation by limiting ourselves
to the one-dimensional case in which all galaxies travel on
radial orbits aligned along the merger axis.10

To initialize the simulation we then need a random sam-
ple of galaxies from a self-consistent one-dimensional distri-
bution function. Such a distribution function can be derived
by making use of a modified version of the Eddington in-
version formula, which allows to calculate a velocity distri-
bution for given gravitational potential and density profile.
As discussed in detail in App. B, we take the galaxy density
profile to be11

ρ(x) ∝ a

(|x|+ a)2
(27)

and calculate the appropriate velocity distribution such that
the distribution function is time-independent for an isolated
sub-cluster.

The simulations discussed in the following are based
on randomly generated samples of 1000 galaxies each. We
have confirmed that this number is sufficiently large so that
the results for different samples yield qualitatively identical

10 A limitation of the one-dimensional approach is that all galax-
ies pass directly through the central region of the main cluster

(i.e. they have vanishing impact parameter). The effect of non-

zero impact parameter can however be approximately captured
by increasing the radius used for the density averaging. A com-

prehensive study of the effect of varying impact parameters (as
well as different density profiles in the central region) is beyond
the scope of the current work.
11 We note that it is perfectly possible within this approach to

assume that the density profile of galaxies is different from the one
of DM, which gives the dominant contribution to the gravitational

potential.

conclusions. We will denote the ensemble-averaged position
and velocity of the galaxies by xgal and vgal, respectively.
By construction, the initial conditions then satisfy xgal,0 =
xsub,0 and vgal,0 = vsub,0. Over the course of the simulation
the averaging can become significantly biased by galaxies
that are no longer bound to the sub-cluster, for example
because they have been tidally stripped by the main cluster.
To avoid such systematic biases it is essential to restrict the
averaging to galaxies that remain bound to the sub-cluster,
for which we require |xsub − xgal| < 2asub.

The initial position and velocity of the sub-cluster are
taken to be xsub,0 = −1500 kpc and vsub,0 = 1000 km s−1,
respectively, such that we obtain a realistic collision velocity
of approximately vcoll ∼ 3500 km s−1.

4.3 Results

With the astrophysical parameters and the initial conditions
discussed above, we can now proceed to solving the differ-
ential equations presented in Sec. 3 in one dimension. As
discussed above, the question that we will be interested in is
whether it is a good approximation to treat galaxies as colli-
sionless test particles or whether the effective description of
DM self-interactions derived above leads to sizeable correc-
tions. For this purpose, we run two simulations for each set
of initial conditions: one without and one with the effect of
SIDM on galaxies. In the first case the mass of each galaxy
will remain unchanged over the course of the simulation,
whereas in the latter case evaporation will occur: Mgal <
Mgal,0.12 The halo-galaxy separation ∆x = xgal − xsub is
more complicated, as this quantity can become non-zero
even in the absence of self-interactions (Schaller et al. 2015;
Ng et al. 2017) and furthermore depends sensitively on ad-
ditional effects not included in our simulation, such as the
deformation of the DM halo (Kahlhoefer et al. 2014; Kim
et al. 2017).

Nevertheless, to good approximation the position of the
sub-cluster is independent of how exactly we model the
galaxies in our simulation. We can therefore remove the un-
certainties related to the centroid position of the sub-cluster
by studying the difference between the separation observed
in the two simulations:

∆x1 −∆x2 = xgal,1 − xgal,2 ≡ ∆xgal , (28)

where the indices 1 and 2 refer to the simulations without
and with the effects of DM self-interactions, respectively.
The quantity ∆xgal is ideally suited for studying the ef-
fect of DM self-interactions on the trajectories of galaxies
in merging galaxy clusters.

Let us first consider the isotropic case for different val-
ues of σT/mχ. We expect the largest effects to occur during
and right after core passage, when both the velocity of the
sub-cluster and the background density of the main cluster
are largest. In our simulation this core passage occurs at
tcore ∼ 0.7 · 109yr. Indeed, Fig. 5 shows that the two quanti-
ties of interest, Mgal and ∆xgal, remain essentially constant
up to this point and then exhibit significant changes due to

12 Note that we do not include tidal effects on the galaxies,
although our effective description could be extended to include
them.
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Figure 5. Results from the numerical simulation of an isotropic

DM self-scattering cross section for different values of σT/mχ.

The top panel shows the time evolution of the difference between
the average position of collisionless and collisional galaxies. The

bottom panel shows the time evolution of the average mass of

the collisional galaxies. The dark (light) grey bands indicate the
statistical uncertainties from the finite sample size at the 1σ (2σ)

level.

the presence of self-interactions. The grey bands in the top
panel represent the uncertainties in the averaging resulting
from the finite number of simulated galaxies – in the bottom
panel this uncertainty is smaller than the thickness of the
line.

For σT/mχ = 1cm2 g−1, on average more than half of
the mass of each galaxy evaporates due to the scattering of
DM particles. The tail of escaping particles (as well as scat-
tered particles that do not escape) lead to a significant de-
celeration of the DM halo. Compared to the simulation with
collisionless galaxies, the galaxy centroid position in the sim-
ulation with an effective description of DM self-interactions
is shifted by more than 5 kpc. This shift is clearly not a
negligible effect in comparison to the total offset expected
in such cluster collisions (10–40 kpc), demonstrating that it
is not a good approximation to treat the individual galaxies
as collisionless test masses. Unsurprisingly, we find that the
inclusion of DM self-interactions tends to shift the position
of the galaxy centroid towards the back of the sub-cluster
(to smaller values of x), thus reducing the galaxy-halo sepa-
ration. The conclusion is that previous simulations of major
mergers in the literature have likely overestimated the effect
of DM self-interactions on the galaxy-halo separation.

The difference ∆xgal between the average galaxy posi-
tion in the two simulations peaks around 0.4 · 109 yr after
the core passage. At later times, the galaxies that have re-
mained bound to the sub-cluster return to their equilibrium
positions and therefore ∆xgal decreases. Similarly, the skew-
ness of the galaxy distribution peaks shortly after the core
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Figure 6. Time evolution of the average spatial distance be-

tween collisionless and collisional galaxies (top) and time evolu-

tion of the average mass of the collisional galaxies (bottom) for
anisotropic cross sections with different values of w.

passage and then decreases again. The rate of this decrease
depends on the precise definition of the ensemble average
of the galaxy distribution, with tighter cuts on |xsub − xgal|
leading to more rapid relaxation. Crucially, the increase of
∆xgal immediately after the core passage is independent of
the precise definition of the ensemble average.

Let us now turn to the case of anisotropic scattering,
as introduced in eq. (12). As discussed in Sec. 2.3, in or-
der to compare cross sections with different angular depen-
dence (parametrized by the cut-off velocity w) in a mean-
ingful way, we need to specify a matching condition. Here
we make the same choices as for Fig. 3, i.e. we consider w =
400, 800, 1600 km s−1 and determine the parameter σ0 from
the requirement σT(vref = 2000 km s−1)/mχ = 1cm2 g−1.
Since during core passage vgal ≈ vsub > 3000 km s−1 � w
for all chosen values of w, large-angle scattering will be sig-
nificantly suppressed. As a result, we expect smaller evap-
oration rates for the anisotropic case than for the isotropic
case. The probability for small-angle scattering, on the other
hand, remains sizeable and therefore we anticipate DM self-
interactions to significantly affect the galaxy trajectories also
in the anisotropic case.

Our results are presented in Fig. 6. We observe that the
mass fraction lost by the galaxies due to evaporation is very
similar for the three choices of w and amounts to about 30
per cent over the course of the entire simulation, compared
to a mass loss from evaporation of over 50 per cent for the
isotropic case. The average position of the galaxies, on the
other hand, exhibits a clear dependence on w. Smaller val-
ues of w lead to larger deceleration rates and therefore larger
differences ∆xgal between the simulations without and with
DM self-interactions. As for the case of isotropic scattering,
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∆xgal grows after core passage and reaches maximum val-
ues of between 3 kpc (for w = 1600 km s−1) and 6 kpc (for
400 km s−1).

The crucial observation is that the deceleration rate and
the evaporation rate depend in different ways on the under-
lying particle physics. Figure 6 shows three different particle
physics models of SIDM, which lead to very similar evapora-
tion rates but affect the motion of galaxy-sized DM haloes in
very different ways. Conversely, the values of ∆xgal found for
w = 400 km s−1 are very similar to the ones in the isotropic
case, while the evaporation rates are completely different
in the two cases. We conclude that the momentum trans-
fer cross section alone is insufficient to capture the effects
of DM self-interactions and that the angular dependence is
more accurately captured by the evaporation fraction χe and
the deceleration fraction χd introduced above.

5 DISCUSSION

In this work we have derived an effective description of DM
self-interactions for small DM haloes moving through a DM
background. Our main results are the deceleration and evap-
oration rates in eqs. (18) and (19), with the deceleration and
evaporation fractions χd and χe defined in eqs. (9) and (3).
Crucially, we find that χd and χe capture different aspects of
the underlying particle physics (roughly speaking the frac-
tion of small-angle scatters and large-angle scatters, respec-
tively), which are not captured by the momentum transfer
cross section σT alone. For example, if DM self-interactions
have a strong preference for small-angle scattering, as in the
case of long-range interactions, the deceleration rate can be
significantly enhanced relative to the evaporation rate.

To illustrate this behaviour, we have considered a num-
ber of different particle physics parameters, which yield the
same momentum transfer cross section (at a given reference
velocity) but exhibit very different dependence on the scat-
tering angle and the relative velocity. We show that evapora-
tion can be significantly suppressed relative to the isotropic
case, whereas the deceleration can be comparably large or
even larger. The effective description is most accurate if the
velocity of the DM halo relative to the DM background is
large compared to the velocity dispersion of the background
distribution, but even a sizeable velocity dispersion can be
included in the effective description, leading to an enhanced
evaporation rate and a reduced deceleration rate.

Our central focus has been on the behaviour of galaxies
in the collision of two galaxy clusters. A particularly interest-
ing question in this context is whether DM self-interactions
can lead to a sizeable displacement of the galaxy distribution
from its equilibrium position at the centre of the infalling
DM halo. Clearly, in this context it is essential to model –
at least approximately – the effect of DM self-interactions
on the DM haloes of each individual galaxy. We quantify the
magnitude of this effect using a simplified one-dimensional
numerical simulation of an unequal merger like the Bullet
Cluster. The effect of SIDM on the galaxies is found to be not
negligible, implying that previous studies have likely over-
estimated the galaxy-halo separation in major mergers by
simulating galaxies as collisionless test particles. The effec-
tive description of DM self-interactions that we propose is
well-suited for an implementation in future numerical sim-

ulations of such systems in order to obtain more accurate
results.

The expressions for χd and χe have been derived under
the assumption that each DM particle scatters only once as
it crosses the DM halo under consideration. This assumption
is typically a good approximation for small DM haloes, but it
may break down in the case of scattering with a strong angu-
lar dependence. In this case one enters the regime of frequent
self-interactions. As shown by Kahlhoefer et al. (2014), one
then obtains evaporation and deceleration rates that are for-
mally identical to eqs. (18) and (19), except that χd and χe

now have to be calculated by averaging over a large number
of scatters. Doing so, one finds that χd and χe are essentially
independent of the astrophysical properties of the DM halo,
leading to a universal drag force of the form Fdrag ∝ σ ρ v2m,
where m = −1 for long-range interactions and m = 1 for
velocity-independent interactions. The effective description
of DM self-interactions derived in this work can therefore
straightforwardly be extended to frequent self-interactions,
although the consistent implementation of such a drag force
in numerical simulations remains challenging and is there-
fore left for future work.

In conclusion, we emphasize that galaxy-halo separa-
tions in merging galaxy clusters remain a highly promis-
ing signature of DM self-interactions. In particular, we have
shown that the predicted effects depend in non-trivial ways
on the underlying particle physics, so that an observation
may enable us to infer information not only on the mag-
nitude but also on the microscopic details of the DM self-
scattering. Observables based on systems close to equilib-
rium, such as core formation in isolated DM haloes, on the
other hand, may be more sensitive to the magnitude of the
self-interactions but provide less information on the funda-
mental interactions of individual DM particles. Clearly, both
avenues of studying SIDM should continue to be pursued in
parallel.
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APPENDIX A: REALISTIC PARTICLE
DISTRIBUTIONS

For the derivation of the evaporation and deceleration rates,
eqs. (3) and (9), we have assumed that all incoming DM
particles have the same direction and velocity and that all
DM particles bound to the halo are in rest at the centre of
the halo. In this appendix we review these assumptions and
show that only small modifications of eqs. (3) and (9) are
necessary to capture more realistic situations. These modi-
fications are included in our numerical results in Section 4.

Let us first review the assumption that all incoming DM
particles have the same velocity v0. In practice we expect
the incoming particles to have a velocity dispersion vdisp in
addition to the bulk velocity v0, i.e. we define

v0 = 〈v〉 (A1)

vdisp = 〈(v0 − v)2〉1/2 , (A2)

where the brackets denote averaging over the DM velocity
distribution f(v):

〈x(v)〉 =

∫
f(v)x(v)d3v . (A3)

If we assume for example a Gaussian velocity distribu-
tion, f(v) ∝ exp

[
−3(v − v0)2/(2v2

disp)
]
, we find that the

average velocity of incoming DM particles increases from v0

to 〈|v|〉 = (v2
0 + v2

disp)1/2 (see also app. A of Kim et al.
(2017)). As a result, we expect a slight increase in the av-
eraged evaporation rate 〈χe〉. This change can be approxi-
mately captured by

〈χe(|v|)〉 ≈ χe(〈|v|〉) = χe((v
2
0 + v2

disp)1/2) . (A4)

We confirm that this is indeed a good approximation by
calculating 〈χe〉 numerically for the case of isotropic scat-
tering and setting vdisp = vesc/2 (see top panel of Fig. A1).
While χe(v0) (blue dashed line) underestimates the evapo-
ration rate for small v0, χe((v

2
0 +v2

disp)1/2) (green line) gives
a good description of the numerical data. We conclude that
the velocity dispersion of the incoming DM particles can ap-
proximately be taken into account by adding it to their bulk
velocity in quadrature.

For the deceleration rate the situation becomes more
complicated, because not only the magnitude of the velocity
of the incoming DM particles change, but also their direc-
tion. In the extreme case, where the velocity dispersion is
large compared to the bulk velocity, vdisp � v0, we would
expect that the momentum transferred to the DM halo av-
erages to zero. To confirm this expectation, we consider a
simplified distribution of the form f(v) ∝ δ(|v−v0|−vdisp),
i.e. we assume that all DM particles have a proper velocity
of vdisp relative to the bulk velocity v0 with isotropically
distributed direction. For this distribution, we can then nu-
merically calculate 〈χd(v)〉.13

13 Due to the assumed symmetry of the velocity distribution, the
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Figure A1. Comparison of numerical estimates and simplified

descriptions of the effect of realistic particle distributions. Top:
evaporation rate including a Gaussian velocity distribution for in-
coming particles. Middle: deceleration rate including a variation

in direction of the incoming particles. Bottom: evaporation rate
accounting for the variation of the escape velocity. In each panel,

the red dots indicate the numerical estimates, the blue dashed

lines indicate the model prediction when not accounting for the
respective effects and the green solid lines correspond to the pro-

posed simplified description. In the middle panel, an alternative
simplified description is shown in purple (dotted). See text for

details.

As an example we show in the middle panel of Fig. A1
the deceleration rate as a function of v0/vesc for vdisp =
vesc/2. As expected, we find that the deceleration rate devi-
ates significantly from the case with vdisp = 0 (blue, dashed)
as soon as v0 . vdisp. While it is difficult to model this
turnover in detail, we can approximately capture the effect
by setting χd(v0) = 0 for v0 < vdisp and neglecting the effect
of the velocity dispersion for larger velocities (green). For a
more accurate description of the numerical results one can
multiply χd with a smooth function that changes from 0 to 1
around v = vdisp. For example, we find that replacing χd(v)

deceleration must point in the same direction as v0, so we can

still treat it as a scalar quantity.

by χd(v) · v3/(v3 + v3
disp) yields a good fit to the numeri-

cal results (purple, dotted). Crucially, we conclude that no
significant modification to χd(v0) is necessary for v0 � vdisp.

In addition to the velocity dispersion of the incoming
DM particles, a realistic treatment should also include the
velocities of the DM particles in the halo (which we have
set to zero in the derivation of χd and χe above). To a first
approximation, this effect can be included by defining the
effective velocity dispersion vdisp,eff = (v2

disp,1 + v2
disp,2)1/2,

where vdisp,1 and vdisp,2 denote the velocity dispersion of the
incoming DM particles and of the DM halo, respectively.
However, for the situation that we are interested in, i.e. a
small halo moving through the background density of a much
bigger halo, one typically expects vdisp,1 � vdisp,2 and it is
therefore a good approximation to neglect vdisp,2.

A final assumption that we need to review is that all
scatters occur in the centre of the DM halo. This assump-
tion enters via the escape velocity, which is largest in the
central region. Away from the centre, DM particles will be
less tightly bound, so we expect evaporation to occur more
readily. For a given DM density profile ρ(r), we can calcu-
late the escape velocity as a function of the radius r via
vesc(r) =

√
−2Φ(r), where Φ(r) is the gravitational poten-

tial. We can then calculate the average escape velocity

v̄esc =
1

M

∫
ρ(r)vesc(r)d3r , (A5)

where M denotes the total mass of the DM halo. For ex-
ample, for a Hernquist profile with scale radius a, we find
that v̄esc ≈ 1.03

√
GM/a ≈ vesc(a). We then expect that the

density-averaged evaporation and deceleration rates χ̄e,d can
be approximated by calculating the respective rate for the
average escape velocity: χ̄e,d = χe,d(v̄esc). To confirm this
expectation, we explicitly calculate χ̄e for a Hernquist pro-
file with M = 2 ·1012M� and a = 20 kpc as a function of v0.
As shown in the bottom panel of Fig. A1 the results are well
described by χe(v̄esc), while taking χe(vesc(r = 0)) would
significantly underestimate the evaporation rate.

To conclude this discussion we note that an additional
complication may occur when considering arbitrary posi-
tions x of scattering events: If x and v are not parallel, the
two scattering DM particles will no longer move on radial
orbits. For a complete treatment one would then need to
take into account the full three-dimensional distribution of
scattering angles and calculate the trajectories of the outgo-
ing DM particles, which would clearly require a Monte Carlo
simulation. Nevertheless, as long as ρ(r) and f(|v−v0|) are
isotropic, the symmetry of the problem ensures that the only
net effect can be in the direction of v0, so that our simplified
treatment is likely a good approximation.

APPENDIX B: GALAXY DISTRIBUTION
FUNCTIONS

A central challenge of running a one-dimensional toy simula-
tion of galaxies moving inside a DM halo is to find a suitable
distribution function f(x, v) that can be used to randomly
generate the initial positions and velocities for the desired
number of galaxies. The fundamental requirement for such a
distribution function is that it should be time-independent,
i.e. that the distribution of galaxies at any later point in

MNRAS 000, 1–13 (2017)
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time should still be given by f(x, v) (as long as the DM halo
does not experience acceleration). In practice that means
that f(x, v) should only depend on quantities that are in-
tegrals of motion. In particular, f(x, v) is certainly time-
independent, if it can be written as a function of the re-
duced energy E ≡ Ψ − v2/2, where Ψ(x) = −Φ(x) with a
given gravitational potential Φ(x) < 0.

For given f(x, v), we can calculate the density profile

ρ(x) =

∫ vesc

0

f(E(x, v))dv , (B1)

where the escape velocity depends on x via vesc =
√

2Ψ(x).
It is important to note that, as long as we are interested
in describing a component that only gives a sub-dominant
contribution to the total mass of the system, there is no
direct link between ρ(x) and Ψ(x), i.e. it is perfectly possible
for the galaxies to have a density profile different from the
one of DM. Making use of dE/dv = −v = −

√
2(Ψ− E), we

obtain

ρ(x) =

∫ Ψ

0

(x)
f(E)√

2(Ψ− E)
dE , (B2)

which makes explicit the fact that ρ can be thought of as a
function of Ψ. In analogy to the derivation of the Eddington
formula in three dimensions (Eddington 1916), we can now
solve the Abel integral equation for f(E):

f(E) =

√
2

π

∫ E
0

dΨ√
E −Ψ

dρ(Ψ)

dΨ
, (B3)

where we have made use of the fact that ρ(Ψ = 0) = ρ(r →
∞) = 0.

Eq. (B3) can be used to calculate f(E) for given Φ and
ρ. It is worth emphasizing that it is not guaranteed that the
function obtained in this way is physical, i.e. that f(E) ≥ 0
everywhere. For the purposes of our simulation, we consider
a very simple case, namely that Φ is given by the potential
of a Hernquist profile (consistent with what we assume for
the DM distribution in the halo) with total mass M and
scale radius a and that the one-dimensional density profile
is given by

ρ(x) =
ma

(|x|+ a)2
, (B4)

where m is the total amount of mass in galaxies. This density
profile is finite for r → 0, as necessary for a one-dimensional
simulation, and asymptotes to the scaling r2ρ ∝ 1/r2 of the
three-dimensional Hernquist profile at large distances. From
eq. (B3) we then obtain

f(E) =
8
√

2 am E3/2

3πG2
N M

2
. (B5)

This distribution function can be sampled numerically to
generate the initial conditions for our simulations. We have
confirmed explicitly that this distribution function is indeed
time-independent for an isolated halo.

This paper has been typeset from a TEX/LATEX file prepared by
the author.
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